SUCCESSIVE CARDINALS WITH NO PARTIAL SQUARE

JOHN KRUEGER

ABSTRACT. We construct a model in which for all 1 < n < w, there is no
stationary subset of R, 11 N cof(R,,) which carries a partial square.

Let x be an uncountable cardinal and let p < x be regular. A set A C k™ Ncof (i)
is said to carry a partial square if there exists a sequence (¢, : @ € A) such that
each ¢4 is club in « with order type u, and for all 4 which is a common limit point
of ¢, and cg, ¢, Ny = cg Ny. Such a sequence is called a partial square sequence.

It was shown by Shelah [6] that if u < k are regular cardinals, then there exists
a stationary subset of k™ N cof(u) which carries a partial square. In a model of
Magidor [4] which satisfies a strong form of stationary set reflection, there is no
stationary subset of Ng N cof(R1) which carries a partial square (this was pointed
out by several authors; see [7] and [5]). The exact consistency result was obtained
in [3], where we showed that the existence of a greatly Mahlo cardinal is equicon-
sistent with the statement that for some regular uncountable cardinal &, there is
no stationary subset of £* N cof(x) which carries a partial square.

In this paper we demonstrate how to obtain models in which there are successive
cardinals with no partial square. Specifically, starting with an increasing sequence
(kn : 1 <n < w) of supercompact cardinals, we collapse each &, to become X, 1 in
such a way that in the final model, for all 1 < n < w there is no stationary subset
of Ry, 41 Ncof(R,,) which carries a partial square.

1. THE BAsic IDEA

Let x be a regular uncountable cardinal. To obtain a model with no stationary
subset of KT Ncof (k) carrying a partial square, we first Lévy collapse a greatly Mahlo
cardinal A > k to become T, and then iterate to kill the stationarity of all subsets
of kT which carry a partial square (see [3]). The purpose of the Lévy collapse is to
prepare the ground model so that the iteration of club adding preserves xT.

Suppose we would like to continue further and force that there is no stationary
subset of k™ N cof(k™) which carries a partial square. A naive approach would
be to Lévy collapse another large cardinal g > A = k™ to become k*, and then
iterate to kill subsets of £ Ncof (k™) which carry a partial square. The problem is
that the Lévy collapse of i to become 71 adds subsets of ¥, and hence could add
a stationary subset of k™ N cof(k) which carries a partial square, thereby ruining
what was achieved in the first construction (see Section 5).

A solution is that instead of first forcing no partial square on ™ and then
collapsing p to become T, we blend the two forcings together. In other words,
we iterate with < xT-support alternating between collapsing cardinals above s and
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adding club subsets of x*. It turns out that the Lévy collapse which made ) into
kT prepares the ground model so that this iteration preserves k. Moreover, this
iteration itself serves as a preparation for the next iteration of adding club subsets
of kT+. This process can be continued w many steps to obtain the consistency
result which was described in the introductory section of the paper.

2. THE FORCING ITERATION

Fix a regular uncountable cardinal £ and a supercompact cardinal A > x. We
define a < kT -support forcing iteration of length A. The purpose of this iteration is
threefold. First, we would like to add club subsets of x* so that in the final model
any subset of £ N cof(k) which carries a partial square is non-stationary. Second,
we would like to collapse A to become x*+. Third, we would like to prepare the
ground model so that we can destroy stationary subsets of k™ N cof(x™) which
carry a partial square without collapsing £17.

The main challenge is to ensure that £ is not collapsed by this forcing iteration.
This is achieved by preparing the ground model with either a Lévy collapse or a
forcing iteration of the same form as we are describing now but on smaller cardinals.
The preservation of kT is demonstrated in the next section. For now we just assume
w1 is preserved by the forcings we describe in order for the definition of the forcing
iteration to make sense.

Fix a Laver function [ : A — V). We define a forcing iteration
(P;,Q; i < \j <)

by induction.

Let Py be the trivial forcing. Now assume that a limit ordinal § < X is given and
PP; is defined for all ¢ < §. Define Ps as the forcing poset consisting of all functions p
with dom(p) C ¢ and |[dom(p)| < k* such that for alli < 6, p | i € P;. The ordering
on Ps is defined by letting ¢ < pif for all t < 4, ¢ [ ¢ < p [ 4 in P;. (Equivalently,
q < p if dom(p) C dom(q) and for all i € dom(p), ¢ | i I q(i) < p(i) in Q;.)

Now let & < X\ and assume that P, is defined. The definition of Qa will depend
on which of the following cases hold.

Case 1: « is an inaccessible cardinal larger than %, and for all 8 < «, |Ps| < a.
Case 2: Not Case 1.

In Case 2, let Q, be a P,-name for the collapse COLL(kT, x1).

Assume Case 1. Then by standard arguments, P, is a-c.c. Since Case 2 occurs
cofinally below «, all cardinals in the open interval (xT, ) are collapsed by P,.
Hence if P, preserves xT, an assumption which will be justified in the next section,
then P, collapses a to become x*+.

We consider three subcases.

Subcase la: I(a) = 6 for some regular cardinal 6 larger than «.
In this case, let Q, be a Py-name for the collapse COLL(k, 0).

Subcase 1b: I(a) = S for some P,-name S such that P, forces that S is a subset
of k* N cof(k) which carries a partial square.
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In this case, let Q, be a Py-name for P(S), where P(S) is the forcing poset for
adding a club subset of x* which is disjoint from S, ordered by end-extension.
Specifically, P, forces that a set c is in IP’(S) if ¢ is a closed, bounded subset of x*
disjoint from S, and d < ¢ in P(S) if d N (max(c) + 1) = ¢. It is not hard to see

that P(5) is forced to be k-closed.
Subcase 1c: Neither Subcase 1a nor Subcase 1b.

In this case, we let Q, be a P,-name for the collapse CoLL(k, k17).

Note that in all cases, P, forces that Q, is k-closed. Therefore the forcing
iteration is k-closed. Thus all cardinals and cofinalities less than or equal to k are
preserved.

Let us assume that the iteration Py preserves x¥, and we show it forces that
there is no stationary subset of k™ N cof(x) which carries a partial square. Since A
is inaccessible, Py is A-c.c., and Py collapses A to become k1.

Consider a Py-name for a subset of kK% N cof(x) which carries a partial square.
Since a partial square sequence can easily be coded as a subset of kT, we can choose
a nice Py-name $ for the set and also a nice Py-name for the partial square sequence
on S. As Py is A-c.c., there is v < A such that these names are P.,-names. Now
being a partial square sequence is upwards absolute, so for all v < 8 < A, Sis a
Ps-name and Py forces that S carries a partial square.

Since [ is a Laver function and S € Vy, an easy argument shows that there are
stationarily many inaccessibles o < A such that /() = S. As Case 1 holds for club
many inaccessibles a < A, we can find a > = such that Case 1 holds for o and
I() = S. Then Subcase 1b holds at o. So Q, = P(S). Therefore P, forces that
there is a club subset of x* which is disjoint from S. Hence Py forces that $ is
non-stationary.

3. PRESERVING CARDINALS

Assume that we are given regular cardinals
k<KkT <A<p,

where A and p are supercompact.

We consider a two-step iteration Py x IP,. After forcing with Py, A will be
collapsed to become x*+. Then P, is the <™ *-support forcing iteration of length
p which collapses i to become s+ and forces that there is no stationary subset
of KT Ncof (k™) which carries a partial square. The reason for forcing with Py is
to prepare the ground model so that P, preserves k™.

The forcing poset Py can take two forms. First, Py can be the Lévy collapse
CorL(k™, < A). Second, Py can be the < kT-support forcing iteration which col-
lapses A to become s while forcing that there is no stationary subset of k™ Ncof (k)
which carries a partial square. In the second case, we make two additional assump-
tions: that  is uncountable, and that P preserves x7.

We will prove that P, preserves x** after forcing with Py. Since the first case
that Py is the Lévy collapse is similar to, but somewhat easier than, the second
case, we will provide the complete details only for the second case. We include
some comments as to how the proof can be modified to handle the Lévy collapse.

We will use the following two results.
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Theorem 3.1 (Magidor [4]). Let v be a regular uncountable cardinal, and let P be
a v-closed forcing poset. Suppose 6 > |P(P)|. Then COLL(v,0) factors as Px Q,
where P forces that Q is v-closed.

Proposition 3.2 ([3]). Let pu be an ordinal of uncountable cofinality, and let (d., :
v < ) be a sequence such that d, C v for all v < p. Let P be a proper forcing
poset. Then P forces that if ¢ is a club subset of p such that for all v € lim(c),
cNy =d,, then c is in the ground model.

Fix a Laver function Iy : A — V). Let
(PO, Q7 i <A <A

be the < kT-support forcing iteration defined in the previous section using o which
collapses A to become £+ and forces that there is no stationary subset of k™ Ncof (k)
which carries a partial square. We assume that this iteration preserves xT. Let
Py =Y.

Let G be a generic filter on Py over V. Then in V[G)], A = 7" and p is

supercompact. Working in this model, fix a Laver function {; : p — V},, and let
(P}, Q) i< p,j <p)

be the < k™ T-support forcing iteration defined in the previous section using I. This

forcing iteration is kT-closed, and assuming that it preserves ™+, which we will

prove below, it collapses u to become xT++ and forces that there is no stationary

subset of kK™ N cof(k*) which carries a partial square.

To show that the iteration IP’}L preserves kT, we will prove by induction on o <
that P! is k™ -distributive. So fix a < p, and assume as an induction hypothesis
that for all 8 < «, ]P’é is kT t-distributive. Let D be a family of fewer than x*+
many dense open subsets of P, and let p € PL. We will prove that there exists a
condition ¢ < p in the intersection (] D.

Fix a regular cardinal § large enough so that A, PL, and P(PL) are in H(0).
Since [y is a Laver function for A, we can fix an elementary embedding j : V — M
with critical point A such that MY C M, j(\) > 6, and j(lp)(\) = 6.

Consider in M stage A of the forcing iteration j((PY, Q? 11 < A7 < A)). Since
J(PS) I A =PY, clearly Case 1 is satisfied in the definition of the forcing iteration
given in the previous section. As j(lp)(A) = 0, and 0 is a regular cardinal larger
than A in M, Subcase la is satisfied.

So by the closure of M we can factor j(PY) as

§(PY) =P+ CoLL(k™,0) « P, ;(y)-

Since P, is k*-closed in M[G,] and 6 > |P(PL)|, we can apply Magidor’s Theorem
3.1 to get
J(B) =P« Py« Q*PY,, 5n),

where Q is forced to be r*-closed. Then P§ «P, forces that QP3| ;) is s-closed.

Remark: In the case that Py is the Lévy collapse, we use a similar factorization.
In that case, choose 0 as above, and let j : V' — M be an elementary embedding with
critical point A such that M? C M and j(\) > 6. Then j(P)) = CoLL(x™T,j()\)).
So using Magidor’s Theorem we can factor j(Py) as Py * PL x Q * R, where Q * R
is forced to be rkt-closed. In either case, the quotient j(Py)/Py * P is Ri-closed,
and hence proper.
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Let us generically extend the elementary embedding 5 : V- — M to V[G,]. So
choose a generic filter H, * I x J for P, *Q*P}\H,j(x) over V[G,] such that p € H,.
Since j[GA] = Gx C Gy *x Hy I+ J, in the model V[Gy x H,, * I x J] we can extend
jtoj:V[G\] = M[Gy x Hy x I x J] such that j(Gy) = Gy * Hy * I % J. (In the
case that P is the Lévy collapse, we extend j in a similar manner).

So we have a generic elementary embedding j : V[GA] — M[j(G))]. By the
elementarity of j, to prove that there exists a condition below p in (D, it suffices
to show in M[j(G))] that there is a condition ¢ < j(p) in (j(D). Since |D| < A,
Jj(D) = j[D]. So it suffices to construct in M[j(G,)] a condition ¢ < j(p) which is
in j(D) for all D € D.

By the closure of M, standard arguments show that j | H(0)VI is in M|[G].
Thus the set j[H,] is a member of M[j(G)]. We will use the set j[H,] to construct
the condition gq.

By standard facts about iterated forcing, a set s is in PL provided that s is a
function whose domain is a subset of « of size less than A, and for all v in dom(s),
if s [ v €P) then s I- s(v) € Q}Y For then it can be shown that s | 3 € Pj by
induction on 8 < a.

We define ¢ in j(PL) with domain jla]. In M[j(G))], |ila]] = || < kT < j(N),
so the domain of q is of the correct form. By the preceding comments, it suffices to
define ¢(j(B)) by induction on 5 < « so that

a1j(B) €j(Ph) = q1ji(B)IFq(i(B)) € j(Qf).

We would also like g to be below j[H,]. So we will maintain by induction on 8 < «
that ¢ [ j(B) is below j[Hg|, where Hg = {s | f : s € Hy,}. Note that ¢ [ j(8)
is below j[Hg| provided that for all v < 3, if ¢ [ j(v) is below j[H,] then for all
s € Ha, q [ j(7) Fa(i(v)) < j(s(7))-

So let 8 < a be given, and assume that ¢ [ j(8) is in j(]P’é) and is below j[Hg].
We claim that there is a j([%)—name a for a condition in j(@}}) such that ¢ [ j(8)
forces a < j(s(B)) for all s € H,. Then we let ¢g(5(5)) = @ and we are finished.
Suppose for a contradiction this is false. Then there is a condition r < ¢ [ j(5)
in j(Pj) which forces over M[j(G)] that the set {j(s(8)) : s € Ha} has no lower
bound in j(Q}j,) Fix a generic filter Kp for j(P) over V|G * Hp * I % J| which
contains 7.

Now Hyp is a generic filter for Py over V[G,]. Since r < g, ¢ is below j[Hg], and
risin Kg, it follows that in V[Gy* Hy * I * J+« Kg] we can lift j to j : V[GyxHg| —
MGy x Hy I % J % Kg] such that j(Gxx Hg) = Gy * Hy x I % J x Kg.

We will abuse notation and write s(8) for s(8)¢ for s € H,. Let H(B) =
{s(B) : s € Ha}, which is a generic filter for Q} over V|G * Hg]. Then j[H(5)] =
{j(s(B)) : s € Hy} has no lower bound in j((@é). Note that the set j[H(B)] is
directed and has size kT in M[j(Gx x Hg)].

We consider the two possibilities for the forcing poset @é. On the one hand,
Q}a can be a Lévy collapse of the form COLL(}),&) for some &, as in Case 2 and
Subcases 1la and 1c in the definition of the forcing iteration. In that case, j (Qé)
is j(A\)-directed closed. But j[H(S)] is directed and has size less than j()), and
therefore has a lower bound, which is a contradiction.

Let us assume the other case that Subcase 1b holds for 5. Then in V[G,], 5 is
strongly inaccessible and for all v < 3, |[P1| < 8. So P} is f-c.c. By the induction
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hypothesis, Pj is x**-distributive. Therefore P} collapses 3 to become £+, By
the definition of Q}a in Subcase 1b, @}3 is equal to P(S), where S is a subset of
kT Ncof (k™) which carries a partial square.

Fix a partial square sequence (¢, : v € S) in V|G x Hg]. Write j({c, : v € S)) =
(¢l v e j(S)). Note that j(S)N A =S and ¢/ = j(c,) = ¢, for all v € S. So
(el :vej(S)IA={c,:veSI).

Recall that H(B) = {s(B) : s € Hu} is a generic filter for P(S) over V|G * Hgl,
and we are assuming that in M[j(Gx x Hg)], j[H(B)] has no lower bound. Since
the critical point of j is A, and each condition in H(S) is a bounded subset of A,
JIH(B)] = H(B). By the genericity of H(f), it follows that the set

d=JiH@BIU{N

is a closed, bounded subset of j(A) with maximum element A such that d N A is
disjoint from j(S). Also d end-extends e for all e € j[H(5)]. Since the set j[H(3)]
has no lower bound in j(P(S)), d cannot be a condition, and therefore A must be
in j(5).

Consider the set ci, which is a club subset of A in M[j(G % Hg)] of order type
kT, For all y € lim(c}), ¢k Ny = ) = c,. But

Mj(Gr* Hg)] = M|Gx*Hg * (Hy/Hg) x I * J x Kgl,
which is a generic extension of M[Gy * Hg] by the forcing poset
P /Py x QPS50 5 (Pp),

which is k-closed. Since s is uncountable, this forcing poset is proper. Thus by
Proposition 3.2, ¢} is in M[Gy * Hg]. But ¢} is a club subset of A with order
type 7. This is a contradiction as A\ = k™ in M |G, * Hg]. Remark: A similar
argument is made in the case that Py is the Lévy collapse, using the factorization
of j(Py) described above.

This completes the construction of ¢. Since ¢ is below j[H,] and p € H,,
q < j(p). Also for each D € D, by genericity we can fix s € DN H,. Then
j(5) € §(D) M jlHa). As q < j(s) and j(D) is open, g € j(D). Thus q € N[D],
which completes the proof.

4. THE CONSISTENCY RESULT

Fix an increasing sequence of supercompact cardinals (k, : 1 < n < w). Let
ko = Ny. We will define a forcing poset P, which forces that for all n < w,
Kn = Rp41, and for all 1 < n < w there is no stationary subset of W,,11 N cof(R,,)
which carries a partial square. We will define Q,, by induction on n < w, and let
P,, be the full-support limit of the finite-step iterations Qg * - - - * Q,,.

Let Qg be the Lévy collapse COLL(kg, <k1). So Qg collapses k1 to become Na.
Let Q; be a Qg-name for the < ki-support forcing iteration from Section 2 which
collapses k2 to become k7 = N3 and forces that there is no stationary subset of
k1 Ncof(kg) = Ny Ncof(Ry) which carries a partial square. Since Q; was preceded
by the Lévy collapse of a supercompact cardinal, Q; is forced to be xi-distributive
by the material from the previous section.

Let n > 0 and suppose we have defined Qq,...,Q,. Assume as an induction
hypothesis that the finite-step iteration Qg * - - - * Q,,—1 forces that (1) Kk, = Rypq1
for all m < n, (2) Q, is k,-distributive, and (3) Q,, is the < k,-support forcing
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iteration which collapses k,41 to become f-@j{ = N, 42 and forces that there is no
stationary subset of k,, Ncof(k,—1) = V41 Ncof(N,,) which carries a partial square.

Let Q41 be a Qg * - - - x Q,-name for the <k, 41-support forcing iteration which
collapses Ky,42 to become K;?f 11 =Npg3and forces that there is no stationary subset
of kpt1Necof(ky) = Vy42Ncof (Ry,41) which carries a partial square. By the material
from the previous section, Q1 is forced to be k,1-distributive.

This completes the definition. The induction hypothesis implies that for all
n < w, Qg*---*xQ, forces that (a) Ky = Nypgq for all m < n+ 1, (b) Qpy1 is
kn-closed and £,,41-distributive, and collapses £,12 to become X, 13, and (¢) Q11
forces that there is no stationary subset of R,, 12 Ncof(X,,4+1) which carries a partial
square.

Define P, as the full-support iteration of these finite-step iterations. Specifically,
a condition in P, is a function p with domain w such that for all 1 < n < w,
plne€Qy* - *xQ,_1. Let ¢ < pin P, if ¢(0) < p(0) in Qp and for all 1 <n < w,
q | n forces that ¢(n) < p(n) in Q.

Standard arguments show that for all n < w, we can factor P, as

Pw:QO*"'*Qn*Pn+l,wz

where P, 41, is forced to be k,,-closed.

Let us prove that P, forces that for all n < w, Kk, = N, 41, and for all 1 <n < w,
there is no stationary subset of 8,11 N cof(R,,) which carries a partial square. For
the first part, let n < w be given. Then Qg * - - - x Q,, forces K, = N,,11. It also
forces that P, 41, is kp-closed. So P, = Qg * - - - x Q,, * P41 , forces k,, = Ny41.

For the second part, let 1 < n < w be given. Then Qg *- - - *Q,, forces that there
is no stationary subset of N, 11 N cof(N,) which carries a partial square. It also
forces Q41 that is k,41-distributive, that is, N, ;o-distributive, and hence adds
no subsets of N, ;. Thus Qg * - - - * Q41 forces no partial square. Since P42, is
forced to be k,41-closed, that is, R,,o-closed, P, = Qg * - - - % Q41 * Py 42, forces
no partial square.

5. ADDING A PARTIAL SQUARE

Let us now see that the naive approach for obtaining no partial squares on
successive cardinals discussed in Section 2 does not work. Suppose that k < kT < A
are regular uncountable cardinals, where X is strongly inaccessible, and there is no
partial square on any stationary subset of K Ncof(x). We will show that the Lévy
collapse CoOLL(kt,< \) adds a stationary subset of k* N cof(x) which carries a
partial square.

The next proposition involves a variation of a forcing poset introduced in [2].

Proposition 5.1. Let k be a regular uncountable cardinal. Then there exists a
kT -closed forcing poset which adds a stationary set S C k™ N cof(k) which carries
a partial square.

Proof. Define P as the forcing poset whose conditions are sequences (¢, : a € A)
satisfying:

(1) AC kT Neof(k);

(2) [A] < &;

(3) each ¢, is a club subset of o with order type k;

(4) if v € lim(cq) Nlim(cg), then co Ny = cg N 7.
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Given conditions p = (¢q : & € A) and ¢ = (dg : B € B), let ¢ < p if B is an
end-extension of A, and for all « € A, ¢, = dq.

To see that P is kT -closed, let § < T be a limit ordinal and let (p; : i < d) be a
descending sequence of conditions. By the definition of the ordering, we can write
pi = {(Co : a € A;) for each @ < §. Let A =|JA;. Then ¢ = (¢, : a € A) is a
condition in P and is a lower bound.

Let S be a P-name such that P forces

S=|J{A:3pe G A=dom(p)}.

Then P forces that S carries a partial square. It suffices to prove that S is forced
to be stationary.

So assume that p forces C' is a club subset of kT, and we will find a condition
¢ < p and an ordinal « such that ¢ IF o € SN C. Fix a regular cardinal 0 large
enough so that P and C are in H(0), and let < be a well-ordering of H(6).

Construct an internally approachable chain (N; : i < k) of elementary sub-
structures of the model (H(f),e,<,P,p,C), each of size x and containing x as a
subset. Let N = |J; N;, and let @« = N N «x*. Note that o has cofinality x. Let
c={N;NkT :i <k}, so that ¢ is a club subset of a with order type &.

Define by induction a descending sequence (p; : i < k) of conditions as follows.
Let po = p. Suppose p; is defined, and assume by induction that p; € N;y1. Since
P is kT-closed, it is kT -distributive. As N; is in N;;; and has size k, we can apply
the xk*-distributivity of P and let p;;1 be the <-least condition below p; which is
in every dense open subset of P in N;. By elementarity, p;11 is in Nj;1.

Now suppose § < k is a limit ordinal and for all i < §, p; is defined and is in V;11.
Moreover, assume that the sequence (p; : ¢ < 0) is definable in N from (N; : i < §).
Let ps = [J; 4 i; then the domain of pj is a subset of N5 N «™. Let 5 be the least
ordinal of cofinality x greater than NsN k™. Define ps as (c5 : 8 € dom(ps) U{vs}),
where cg = p§(5) for 8 € dom(p}), and c,, is a club subset of s of order type x
such that

cys N(NsNET) =cnN(NsNkT) = {N;NkwT i < 5}

This is possible since this set has order type less than k. By elementarity, ps is in
Nsy1-

To see that ps is a condition, we only need to check the coherence requirement
for cy;. Suppose cy; and c¢ have some common limit point. By the minimality
of 75, £ < Ns N k™. So by the choice of ¢, this common limit point is of the
form Ng N k" for some limit ordinal 3 < §. As f§ is a limit ordinal, pg was
defined in the same manner as we described for ps. Hence N3 N«™ is a limit point
of ¢y,. But § and g both appear in the domain of some condition. Therefore
ceN(NgNet)=cy, N(NgN&T) ={N; Nkt i < B} =cyy N(NgNKT).

This completes the definition of the sequence of conditions (p; : i < k). Let
A= U, dom(p;). Let ¢ = (cc : ¢ € AU{a}), where ¢ = p;(() for some (any)
i < k such that ¢ € dom(p;), and ¢, = ¢. The same argument as in the preceding
paragraph shows that ¢ € P. Clearly q < p; for all i < k.

For each dense open set D € N, there is ¢ < k such that p; € N N D. It follows
by standard arguments that ¢ forces that « is a limit point of C, and hence is in
C. Also g forces a € S, because « is in the domain of ¢. Thus ¢ forces that « is in

SncC. 0
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Let us go back to the situation described at the beginning of the section. Let
k < kT < X be regular uncountable cardinals, where X is strongly inaccessible. We
will show that the Lévy collapse COLL(k™, < \) introduces a stationary subset of
kT N cof(k) which carries a partial square.

Let P be the xT-closed forcing poset for adding a stationary subset of £ Ncof (k)
which carries a partial square. Fix a regular cardinal § < A\ which is larger than x*
and the power set of P. By Magidor’s Theorem, we can factor COLL(x ™, 6) as PxQ,
where Q is forced to be k*-closed. Tt follows that the Lévy collapse COLL(k™, <))
can be factored as

CoLL(kT, <)) =P+ Qx CoLL(kT, A),

where A = X\ {0}.

Let G = H I % J be a generic filter for CoLL(kT, <\) = P*Q* CoLL(xT, A).
Then in V[H], there is a stationary set S C x* N cof(x) which carries a partial
square. Since S carries a partial square, S is in the approachability ideal I[x"],
which implies that the stationarity of S is preserved by k*-closed forcing (see [1]).
As QxCorrL(k™, A) is kT-closed, S remains stationary in V[G] = V[H * I % J] and
carries a partial square in that model.

Although the naive attempt to produce a model with successive cardinals satis-
fying no partial square does not work, we do not know what kind of large cardinals
are necessary. For example, suppose for some regular uncountable cardinal x, both
k+ Ncof(k) and k™ N cof (k™) have no stationary subsets which carry a partial
square. Does it follow that 0% exists?
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