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Abstract

Statistical physics cannot explain why a thermodynamic arrow of time exists,
unless one postulates very special and unnatural initial conditions. Yet, we argue
that statistical physics can explain why the thermodynamic arrow of time is uni-
versal, i.e., why the arrow points in the same direction everywhere. Namely, if
two subsystems have opposite arrow-directions at a particular time, the interaction
between them makes the configuration statistically unstable and causes a decay to-
wards a system with a universal direction of the arrow of time. We present general
qualitative arguments for that claim and support them by a detailed analysis of a
toy model based on the baker’s map.

PACS: 05.20.-y, 05.45.-a

Keywords: time arrow, entropy increase, baker’s map

1 Introduction

The origin of the arrow of time is one of the greatest unsolved puzzles in physics [1, 2, 3,
4, 5]. It is well established that most arrows of time can be reduced to the thermodynamic
arrow, but the origin of the thermodynamic arrow of time remains a mystery. Namely,
the existence of the thermodynamic arrow of time means that the system is not in the
state with the highest possible entropy. But this means that the system is not in the
highest-probable state, which lacks any statistical explanation. The fact that entropy
increases with time means that the system was in an even less probable state in the past,
which makes the problem even harder. Of course, the phenomenological fact that entropy
increases with time can be described by assuming that the universe was in a state with a
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very low entropy at the beginning, but one cannot explain why the universe started with
such a very special and unnatural initial condition in the first place.

Recently, Maccone [6] argued that the problem of the origin of the arrow of time can be
solved by quantum mechanics. He has shown that in quantum mechanics all phenomena
which leave a trail behind (and hence can be studied by physics) are those the entropy
of which increases. (The observer’s memory erasing argument and the corresponding
thought experiments discussed in [6] has also been used previously for a resolution of
entropy increase and the quantum wave-packet reduction paradoxes [7, 8, 9].) From
this he argued that the second law of thermodynamics is reduced to a mere tautology,
suggesting that it solves the problem of the arrow of time in physics. However, several
weaknesses on specific arguments used in [6] have been reported [10, 11, 12]. As a response
to one of these objections, in a later publication [13] Maccone himself realized that his
approach does not completely solve the origin of the arrow of time because the quantum
mechanism he studied also requires highly improbable initial conditions which cannot be
explained.

Yet, as Maccone argued in [13], we believe that some ideas presented in [6] and [13]
do help to better understand the puzzle of the arrow of time. The purpose of this paper
is to further develop, refine, clarify, and extend some of the ideas which were presented
in [6, 13, 11], and also in a somewhat different context in [8, 9, 14, 15, 16, 17, 18]. In
particular, unlike Maccone in [6, 13], we argue that quantum mechanics is not essential
at all. Indeed, in this paper we consider only classical statistical mechanics.

The idea is the following. Even though statistical physics cannot explain why a thermo-
dynamic arrow of time exists, we argue that at least it can explain why the thermodynamic
arrow of time is universal, i.e., why the arrow points in the same direction everywhere.
Namely, if two subsystems have opposite arrow-directions initially, we argue that the in-
teraction between them makes the configuration statistically unstable and causes a decay
towards a system with a universal direction of the arrow of time. This, of course, does
not completely resolve the problem of the origin of the arrow of time. Yet, at least, we
believe that this alleviates the problem.

The paper is organized as follows. In the next section we present our main ideas in an
intuitive non-technical form. After that, in Sec. 3 we study the statistical properties of the
baker’s map (some basic properties of which are presented in the Appendix), which serves
as a toy model for studying generic features of reversible chaotic Hamiltonian systems.
As a byproduct, in that section we also clarify the differences between various notions of
“entropy”. Then, in Sec. 4 we study the effects of weak interactions between subsystems
which, without interactions, evolve according to the baker’s map. In particular, we explain
how weak interactions destroy the opposite time arrows of the subsystems, by making
them much more improbable than without interactions. Finally, in Sec. 5 we present a
qualitative discussion of our results, including the consistency with strongly-interacting
systems in which the entropy of a subsystem may decrease with time.

2 Main ideas

To avoid ambiguity in further discussions, let us first explain our basic concepts and
terminology used in the rest of the paper. For that purpose it is useful to visualize time



as a continuous 1-dimensional line. The line is coordinatized by a continuous parameter ¢.
Such a coordinatization necessarily involves an orientation of the time-line with a direction
pointing from a smaller to a larger value of t. We can use this orientation to define the
notions such as “before” and “after”, “past” and “future”, or “initial” and “final”. In this
paper, unless stated otherwise, by these notions we mean the notions defined with respect
to this coordinate time t. However, we stress that such an orientation of coordinate time
is merely a matter of choice and does not have any physical content. In particular, such
an orientation by itself does not involve any arrow of time. Instead, by an arrow of time
we mean a physical phenomenon, like a phenomenon that entropy increases or decreases
with time ¢. When the arrow of time points in the same direction everywhere along the
time-line, then the coordinate time can be defined such that the orientation of ¢ coincides
with the arrow of time. That allows us to abuse the language at some places by arguing
that entropy “increases” rather than “decreases” with time, but one should have in mind
that the difference between increase and decrease with time is really a matter of definition.
In general, the arrow of time and orientation of ¢ are logically independent concepts.

Now let us discuss the thermodynamic arrow of time. A priori, the probability of
having a thermodynamic arrow of time is very low. However, our idea is to think in terms
of conditional probabilities. Given that a thermodynamic arrow exists, what can we, by
statistical arguments, infer from that?

To answer that question, let us start from the laws of an underlying microscopic
theory. We assume that dynamics of microscopic degrees of freedom is described by a set
of second-order differential equations (with derivatives with respect to time) which are
invariant under the time inversion ¢ — —t. Thus, both directions of time have an a priori
equal roles. To specify a unique solution of the dynamical equations of motion, one also
needs to choose some “initial” time ¢, on which initial conditions are to be specified. (The
“initial” time does not necessarily need to be the earliest time at which the universe came
into the existence. For any t; at which the initial conditions are specified, the dynamical
equations of motion uniquely determine the state of the universe for both ¢ > #;, and
t < ty.) It is a purely conventional particular instant on time, which may be even in
the “future”. Indeed, in this paper we adopt the “block-universe” picture of the world
(see, e.g., [4, 19, 20, 21] and references therein), according to which time does not “flow”.
Instead, the universe is a “static” object extended in 4 spacetime dimensions.

Of course, the a priori probability of small entropy at t, is very low. But given that
entropy at ty is small, what is the conditional probability that there is a thermodynamic
arrow of time? It is, of course, very high. However, given that entropy at t; is low,
the most probable option is that entropy increases in both directions with a minimum at
to. (We present an example in Fig. 4 of Sec. 4.4.) Clearly, in such a case the system is
symmetric under the inversion (t —ty) — —(t —tp). The thermodynamic arrow of time for
t >ty has the opposite direction than that for ¢ < ty3. Thus, even though neither direction
of time has a preferred physical role globally, a thermodynamic arrow of time can still be
assigned locally for various times ¢ # .

On the other hand, at times at which we make measurements in practice, the entropy
is indeed low, but entropy does not increase in both directions. Instead, it increases in
only one direction. (In other words, a typical time ¢y at which we make a measurement
is not a time at which entropy attains a minimum, which is why nature does not appear
time-inversion symmetric to us.) This is because, on a typical ¢y, not only the “initial”



entropy is specified, but a particular direction of the entropy increase is specified as well.
At the microscopic level, this is related to the fact that on ¢y one does not only need to
specify the initial particle positions, but also their initial velocities.

And now comes the central question of this section. Given that at ¢y, the entropy is
low, why entropy at ¢, increases in the same (say, positive) direction everywhere? Isn’t
it more probable that the direction of entropy-increase varies from point to point at t?
If so, then why don’t we observe it? In other words, why the arrow of time is universal,
having the same direction everywhere for a given t4?7 We refer to this problem as the
problem of universality of the arrow of time.

In this paper we argue that this problem can be solved by statistical physics. In
short, our solution is as follows. If we ignore the interactions between different degrees of
freedom, then, given that at ¢y the entropy is low, the most probable option is, indeed,
that the direction of the arrow of time varies from point to point. On the other hand,
if different degrees of freedom interact with each other, then it is no longer the most
probable option. Instead, even if the direction of the arrow of time varies from point to
point at ty, the interaction provides a natural mechanism that aligns all time arrows to
the same direction.

To illustrate the arrow-of-time dilemma, the thought experiments of Loschmidt (time
reversal paradox) and Poincare (recurrence theorem) are also often used. The correspond-
ing paradoxes in classical mechanics are resolved as follows. Classical mechanics allows, at
least in principle, to exclude any effect of the observer on the observed system. However,
most realistic systems are chaotic, so a weak perturbation may lead to an exponential
divergence of trajectories. In addition, there is also a non-negligible interaction. As a
simple example, consider a gas expanding from a small region of space into a large vol-
ume. In this entropy-increasing process, the time evolution of macroscopic parameters is
stable against small external perturbations. On the other hand, if all the velocities are
reversed, then the gas will end up in the initial small volume, but only in the absence of
any perturbations. The latter entropy-decreasing process is clearly unstable and a small
external perturbation would trigger a continuous entropy growth. Thus the entropy in-
creasing processes are stable, but the decreasing ones are not. A natural consequence is
that the time arrows (the directions of which are defined by the entropy growth) of both
the observer and the observed system are aligned to the same direction, because of the
inevitable non-negligible interaction between them. They can return back to the initial
state only together (as a whole system) in both Loschmidt and Poincare paradoxes. so
the observer’s memory gets erased in the end. In particular, the observer’s memory gets
erased in the end, because we assume that everything, including the observer’s brain, is
reversed to the state identical to an old state describing the system before the memory has
been created. During this process the time arrow of the observer points in the backward
direction, which has two consequences. First, an entropy growth is observed in the whole
system as well as in its two parts, despite the fact that entropy decreases with coordinate
time. Second, the memory of the observer is erased not only at the end but also close to
that point, because the observer does not remember his “past” (defined with respect to
the coordinate time), but remembers his “future”. Of course, the observer himself cannot
know that the arrow of time has reversed its direction, because he can only observe the
physical “past” and “future” defined not with respect to the coordinate time, but with
respect to the direction in which entropy increases.
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Indeed, it may seem quite plausible that interaction will align all time arrows to the
same direction. But the problem is - which direction? The forward direction, or the
backward one? How can any particular direction be preferred, when both directions
are a prior: equally probable? Is the common direction chosen in an effectively random
manner, such that it cannot be efficiently predicted? Or if there are two subsystems with
opposite directions of time at ¢y, will the “stronger” subsystem (i.e., the one with a larger
number of degrees of freedom) win, such that the joint system will take the direction of
the “stronger” subsystem as their common direction?

The answer is as follows: It is all about conditional probabilities. One cannot question
the facts which are already known, irrespective of whether these facts are in “future” or
“past”. The probabilistic reasoning is to be applied to only those facts which are not
known yet. So, let us assume that the entropy is low at ¢y and that we have two subsystems
with opposite time directions at ty3. Let us also assume that the subsystems do not come
into a mutual interaction before t; (where t; > t;), after which they interact with each
other. Given all that, we know that, for t5 < ¢t < t;, entropy increases with time for one
subsystem and decreases with time for another subsystem. But what happens for ¢ > ;7
Due to the interaction, the two subsystems will have the same direction of the arrow of
time for ¢ > ¢;. But which direction? The probabilistic answer is: The direction which
is more probable, given that we know what we already know. But we already know the
situation for ¢ < ¢; (or more precisely, for ty < t < 1), so our probabilistic reasoning can
only be applied to t > t1. It is this asymmetry in knowledge that makes two directions of
time different. (Of course, the interaction is also asymmetric, in the sense that interaction
exists for ¢ > ¢, but not for ty < ¢t < ¢;.) Thus, the probabilistic reasoning implies that
entropy will increase in the positive time direction for ¢ > t;. Alternatively, if there was no
such asymmetry in knowledge, we could not efficiently predict the direction of the arrow
of time, so the joint direction would be chosen in an effectively random manner.

Note also that the mechanism above does not depend much on relative sizes of the
two subsystems. In particular, if they are of an equal size, i.e., half of the system has the
time arrow oriented opposite to the other half for t; < ¢t < ¢y, the common time arrow for
t >ty will still be determined by the aforementioned asymmetry in knowledge.

Further note that the qualitative probabilistic arguments above refer to expectations
on typical systems, not necessarily on all possible systems. Indeed, there are interesting
physical systems, such as those involving the spin-echo effect, in which a subsystem may
have the arrow of time opposite to that of its environment. The point is that such systems
are exceptions, rather than a rule. Thus, our qualitative probabilistic arguments against
such systems are still justified, provided that one does not misinterpret them as strict
laws without exceptions.

In fact, it is not difficult to understand qualitatively why exceptions such as the spin-
echo effect exist. First, it is a system with a relatively small number of degrees of freedom,
which makes the statistical arguments less accurate and fluctuations more likely. Second,
the interaction of this system with the environment is so weak so that the mechanism of
entropy alignment takes more time than in most other systems. Indeed, even the spin-
echo system will eventually, after a sufficient time, align its time-direction with that of its
environment.

To emphasize that no direction of time is a prior: preferred, let us also briefly discuss
a situation inverse to the above. For that purpose, now let us assume that interaction



exists only for ¢t < t_;, where t_; < ty. By completely analogous reasoning, now we can
conclude that the entropy will increase in the negative time direction for ¢t < t_.

A fully symmetric variant is also possible by assuming that the interaction exists for
both ¢t > ¢; and t < ¢t_; (but not for ¢t_; <t <t;). In this case, the entropy will increase
in the positive time direction for ¢ > t; and in the negative time direction for t < t_;. In
other words, similarly to the case in Fig. 4 of Sec. 4.4, the entropy will increase in both
directions, but for different times.

One additional note on initial conditions is in order. Even when two subsystems
have the opposite directions of the thermodynamic arrow of time, we choose the initial
conditions for both of them to be at the same time ¢y, say in the past. Indeed, the choice
that ¢y is in the past is a natural choice for the subsystem in which entropy increases with
time. However, this choice is not so natural for the other subsystem in which entropy
decreases with time; for that subsystem it would be more natural to choose the “initial”
condition in the future. Or more generally, one might like to study many subsystems,
each with initial conditions at another time. We stress that in this paper we do not study
such more general initial conditions because, when interactions between the subsystems
are present, initial conditions at different times for different subsystems cannot be chosen
arbitrarily. Namely, for some choices of such initial conditions at different times, a self-
consistent solution of the dynamical equations of motion may not even exist. And even
when a solution exists, in general it is not known how to prove the existence or how to
find a solution numerically.

Now we can understand why the arrow of time appears to be universal. If there is a
subsystem which has an arrow of time opposite to the time-arrow that we are used to,
then this subsystem is either observed or not observed by us. If it is not observed, then it
does not violate the fact that the arrow of time appears universal to us. If it is observed
then it interacts with us, which implies that it cannot have the opposite arrow of time
for a long time. In each case, the effect is that all what we observe must have the same
direction of the arrow of time (except, perhaps, during a very short time interval). This
is similar to the reasoning in [6], with an important difference that our reasoning does not
rest on quantum mechanics.

In the remaining sections we support these intuitive ideas by a more quantitative
analysis.

3 Statistical mechanics of the baker’s map

The baker’s map (for more details see Appendix A) maps any point of the unit square
to another point of the same square. We study a collection of N > 1 such points (called
“particles”) that move under the baker’s map. This serves as a toy model for a “gas”
that shares all typical properties of classical Hamiltonian reversible deterministic chaotic
systems. Indeed, due to its simplicity, the baker’s map is widely used for such purposes
22, 23, 24, 25].



3.1 Macroscopic entropy and ensemble entropy

To define a convenient set of macroscopic variables, we divide the unit square into 4 equal
subsquares. Then the 4 variables Ny, Ny, N3, Ny, denoting the number of “particles” in
the corresponding subsquares, are defined to be the macroscopic variables for our system.
(There are, of course, many other convenient ways to define macroscopic variables, but
general statistical conclusions are not expected to depend on this choice.) The macro-
scopic entropy Sy, of a given macrostate is defined by the number of different microstates
corresponding to that macrostate, as
1N N, - N

Sm:—N’;Wklog <Wk> :—;Nklog <Wk> (1)
This entropy is maximal when the distribution of particles is uniform, in which case S,
is S = Nlog4. Similarly, the entropy is minimal when all particles are in the same
subsquare, in which case S, = 0.

Let (z,y) denote the coordinates of a point on the unit square. In physical language,
it corresponds to the particle position in the 2-dimensional phase space. For N particles,
we consider a statistical ensemble with a probability density p(z1,y1;...;zN,yn;t) on
the 2NV dimensional phase space. Here t is the evolution parameter, which takes discrete
values t = 0,1, 2, ... for the baker’s map. Then the ensemble entropy is defined as

Se = —/ﬂ(wl,yl;---;wzv,yzv;t) log p(x1,41; ... @N, yn; t) dX, (2)
where
dX =dx, dy; -+ - dxy dyy. (3)

In general, p and S, change during the evolution generated by the baker’s map and depend
on the initial p. However, if the initial probability-density function has a form

p(xlyyl;---;xNny):p(a:l,yl)"'p(xNny); (4)

which corresponds to an uncorrelated density function, then the probability-density func-
tion remains uncorrelated during the evolution.

As an example, consider p(z;, y;) which is uniform within some subregion ¥ (with area
A < 1) of the unit square, and vanishes outside of ¥. In other words, let

| 1/A  for (z;,y) inside X,
p(xlayla t) - { 0 for ([pl, yl) outside Y. (5)
In this case
So==(3) o () 47— Niogd N

Since A does not change during the baker’s map evolution, we see that S, is constant
during the baker’s map evolution. This example can be used to show that S, is, in fact,
constant for arbitrary initial probability function. To briefly sketch the proof, let us divide
the unit 2N-dimensional box into a large number of small regions ¥,, on each of which
the probability is equal to p,. During the evolution, each region >, changes the shape,
but its 2/N-dimensional “area” A, remains the same. Moreover, the probability p, on the
new Y, also remains the same. Consequently, the ensemble entropy S, = — 3", A¥ p, logp,
remains the same as well. This is the basic idea of a discrete version of the proof, but a
continuous version can be done in a similar way.
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3.2 Appropriate and inappropriate macroscopic variables

The macroscopic variables defined in the preceding subsection have the following proper-
ties:

1. For most initial microstates having the property S, < Sh®*, S, increases during
the baker’s map.

2. For most initial microstates having the property S, = Sn®*, S, remains constant
during the baker’s map.

3. The two properties above do not change when the baker’s map is perturbed by a
small noise.

We refer to macrovariables having these properties as appropriate macrovariables. (They
are “appropriate” in the sense that an appropriate macroscopic law of entropy-increase
can be obtained only when macrovariables obey these properties.)

Naively, one might think that any seemingly reasonable choice of macrovariables is
appropriate. Yet, this is not really the case. Let us demonstrate this by an example. Let
us divide the unit square into 2M equal vertical strips (M > 1). We define a new set of
macrovariables as the numbers of particles inside each of these strips. Similarly to (1),
the corresponding macroscopic entropy is

oM

S, = — ];Nk log (%) , (7)

where N is the number of particles in strip k. For the initial condition, assume that
the gas is uniformly distributed inside odd vertical strips, while even strips are empty.
Then S, < S initially. Yet, for a long time during the baker’s evolution, S, does not
increase for any initial microstate corresponding to this macrostate. However, during this
evolution the number of filled strips decreases and their thickness increases, until only one
thick filled vertical strip remains. After that, Sy, starts to increase. We also note that the
evolution towards the single strip can be easily destroyed by a small perturbation.

Thus we see that vertical strips lead to inappropriate macrovariables. By contrast,
horizontal strips lead to appropriate macrovariables. (Yet, the macrovariables in (1) are
even more appropriate, because they lead to much faster growth of Sy,.) This asymmetry
between vertical and horizontal strips is a consequence of the intrinsic asymmetry of
the baker’s map with respect to vertical and horizontal coordinates. This asymmetry is
analogous to the asymmetry between canonical coordinates and momenta in many realistic
Hamiltonian systems of classical mechanics. Namely, most realistic Hamiltonian systems
contain only local interaction between particles, where locality refers to a separation in
the coordinate (not momentum!) space.

Finally, we note that evolution of the macroscopic variables Ny (t), k = 1,2,3,4, is
found by averaging over ensemble in the following way

Ni(t) = /Nk(mla?h;“-;-TNayN§t)p(xlayl§---;xNayNQt) dX. (8)



3.3 Coarsening

As we have already said, the ensemble entropy (unlike macroscopic entropy) is always
constant during the baker’s map evolution. One would like to have a modified definition
of the ensemble entropy that increases similarly to the macroscopic entropy. Such a
modification is provided by coarsening, which can be defined by introducing a coarsened
probability-density function

P (T, Y TN, YN) = /A(:rl — LY — Y EN — T YN — Yy)

X p(x1, 55+ 2y, y) dX, (9)
where A is nonvanishing in some neighborhood of X’ = 0,0;...;0,0. In this way, the
coarsened ensemble entropy is

Seoar — /pcoar(:cl,yl; N, yn) log p (x,yr; .., yN) X (10)

Of course, the function A can be chosen in many ways. In the following we discuss a few
examples.
One example is the Boltzmann coarsening, defined by

coar (

P 51717915'--555N7?/N) :P(%,yl)"‘p(-TN,?/N)’ (11)

where
p(xlvyl) = /p(xlayl;--';xNayN) dl’Q dyQ "'dmNdy]\U (12)

and similarly for other p(zy, y;).
Another example is isotropic coarsening, having a form

Alzy — 2,y — Y- o8 — 2y, yn — Yy) =
Az —2) A — 1) - Aley — 2y)Alyy — Y )- (13)

Yet another example is the Prigogine coarsening [22]
Alwy =,y =y on — v, yy —Yn) = Al —u) - Alyy —yn), (14)

which is an anisotropic coarsening over the shrinking direction y.

Finally, let us mention the coarsening based on dividing the system into two smaller
interacting subsystems. The coarsened ensemble entropy for the full system is defined as
the sum of uncoarsened ensemble entropies of its subsystems. Such a coarsened entropy
ignores the correlations between the subsystems.

All these types of coarsening have the following property: If the initial microstate
is such that macroscopic entropy increases, then the coarsened ensemble entropy also
increases for that initial microstate. Yet, the Prigogine coarsening has the following
advantages over Boltzmann and isotropic coarsenings:

First, if the initial microstate is such that the macroscopic entropy decreases, then
the Prigogine coarsened ensemble entropy does not decrease, while the Boltzmann and
isotropic coarsened ensemble entropies decrease.



Second, assume that the initial microstate is such that the macroscopic entropy in-
creases, and consider some “final” state with a large macroscopic entropy close to the
maximal one. After this final state, consider the corresponding “inverted” state, (i.e., the
state with exchanged x and y). In the transition to this “inverted” state, the Prigogine
coarsened ensemble entropy decreases, while the Boltzmann and isotropic coarsened en-
semble entropies remain unchanged.

Thus, the Prigogine coarsening provides the most correct description of the ensemble-
entropy increase law without any additional assumptions. For example, to get the same
result with Boltzmann coarsening, one would need to introduce the additional “molecu-
lar chaos hypothesis” to replace p(z1,y1; T2, y2) with p(z1,y1)p(x2, y2) in the equation of
motion for p(z,y,t).

4 The effects of weak interactions

4.1 Small external perturbations

The growth of the ensemble entropy can be achieved even without coarsening, by in-
troducing a small external perturbation of the baker’s map. The perturbation must be
small enough to avoid destruction of the growth of macroscopic entropy, but at the same
time, it must be strong enough to destroy the reverse processes and Poincare returns. For
most such perturbations, the qualitative features of the evolution do not depend much on
details of the perturbation.

There are two ways how the external perturbation can be introduced. One way is to
introduce a small external random noise. The macroscopic processes with the increase of
macroscopic entropy are stable under such a noise. However, the area of a region is no
longer invariant under the perturbed baker’s map. In this way the ensemble entropy can
increase.

The other way is to introduce a weak interaction with the environment (which can
be thought of as an “observer”). Again, the macroscopic processes with the increase
of macroscopic entropy are stable, but the area of a region is no longer invariant under
the perturbed baker’s map. Consequently, the ensemble entropy can increase. However,
such a system is no longer isolated. Instead, it is a part of a larger system divided
into two subsystems. Hence, as we have already explained in Sec. 3.3, the coarsened
ensemble entropy for the full system can be defined as the sum of uncoarsened ensemble
entropies of its subsystems. In the next subsection we study the weak interactions with
the environment in more detail.

4.2 Weak interaction and the destruction of opposite time ar-
rows

To proceed, one needs to choose some specific interaction between two gases. In the
absence of interaction, each of them evolves according to the baker’s map. We put the two
unit squares one above another and specify the interaction with the range of interaction
o, such that, between two steps of the baker’s map, all closest pairs of particles (with
distance smaller than o between them) exchange their positions. (More precisely, we
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first find the pair of closest particles (with distance smaller than o between them) and
exchange their positions. After that, we find the second pair of closest particles (with
distance smaller than o between them and different from previously chosen particles) and
exchange their positions too. We repeat this procedure until we exhaust all particles.)
The interaction happens only between the particles in different subsystems because it
makes no sense to introduce such interaction within a single subsystem. Namely, such an
interaction does not affect the motion of the particles, but only gives rise to the mixing
between the two subsystems when two particles of the pair belong to different subsystems.
When they belong to the same system, we interpret them as trivial irrelevant exchanges,
and consequently think of them as exchanges that have not happened at all.

Note also that such mixing by itself does not lead to the Gibbs paradox, as long as we
consider the two unit squares as separate objects. The macroscopic entropy is defined as
the sum of macroscopic entropies of the two subsystems.

Now let us consider the case in which the time arrows of the two subsystems have the
same direction. The processes in which the macroscopic entropies of the two subsystems
increase are stable under the interaction. Thus, most low-entropy initial conditions lead
to a growth of macroscopic entropy of both subsystems, as well as of the full system.

Similarly, if we inverse a process above with increasing macroscopic entropy, we obtain
a system in which macroscopic entropy of both subsystems, as well as of the full system
- decreases. In this sense, the interaction does not ruin the symmetry between the two
directions of time.

Now let us consider the most interesting case, in which entropy increases in the first
subsystem and decreases in the second. The initial state of the first subsystem has a low
entropy (for example, all particles are in some small square near the point (0,0) of the
unit square). Likewise, the second system has a low entropy (for example, all particles
are in some small square near the point (1, 1) of the unit square) in the final state.

If there was no interaction, the final state of the first subsystem would be a high-
entropy state corresponding to a nearly uniform distribution of particles. Likewise, the
initial state of the second system would be a high-entropy state of the same form.

However, the solutions above with two opposite arrows of time are no longer solutions
when the interaction is present. In most cases, the interaction mixes the particles between
the subsystems. The number of solutions with interaction which have the initial-final
conditions prescribed above is very small, in fact much smaller than the number of such
solutions in the absence of interaction.

Let us make the last assertion more quantitative. After an odd number of (non-trivial)
exchanges, the particle transits to the other subsystem. Likewise, after an even number
of such exchanges, it remains in the same subsystem. The probabilities for these two
events are equal to p = 1/2 and do not depend on other particles, at least approximately.
Further, we can argue that the mixing between the two subsystems is negligible in the
initial and final states, as the entropies of the two subsystems are very different. We want
to calculate the probability of a small mixing in the final state, given that the mixing is
small in the initial state. For definiteness, we shall say that the mixing is small if the
number N, of transited particles is either N, < N/4 or N; > 3N/4. (Recall that the
particle exchange is the only effect of our perturbation, so mixing cannot depend on any
other variable except ;. The factors 1/4 and 3/4 are, of course, chosen arbitrarily, but
we fix them in order to get some concrete results in a simple final form. The qualitative
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results that follow do not depend on this choice.) Thus, the probability is given by the
cumulative binomial distribution F(Ny; N,1/2), given by

F(k;n,p) = % ( ! )pi(l —p)"" (15)

=0 v

where | k] is the greatest integer less than or equal to k. The function F'(k;n,p) satisfies
the bound )
—k
F(k:n,p) < exp (—2M) | (16)
n
Thus, since the opposite time arrows of subsystems are not destroyed when N; < N/4 or
N; > 3N/4, we see that the probability of this is equal to

2F(N/4;N,1/2) < 2e N8, (17)

Clearly, it decreases exponentially with N, which means that such a probability is neg-
ligibly small for large N. Hence, it is almost certain that processes with opposite time
arrows will be destroyed.

In the model above, we need a nearly equal number of particles in the two subsystems
to destroy the opposite time arrows. This is because one particle can influence the motion
of only one close particle. For more realistic interactions, one particle can influence the
motion of a large number of particles in its neighborhood, which means that even a very
small number of particles in one system can destroy the entropy decreasing processes of
the other system.

4.3 Decorrelation in the interacting system

Hamiltonian systems are described not only by a macrostate, but also by complex nonlin-
ear correlations between microstates. These correlations are responsible for reversibility.
The interaction between two subsystems destroys these correlations inside the subsystems,
but the full system remains reversible, i.e., the correlations appear in the full system.
Thus, the decorrelation in the subsystems spreads the correlations over the full system.
(This process is a classical analogue of decoherence in quantum mechanics.)

Let us put these qualitative ideas into a more quantitative form. Linear (Pearson)
correlations have a behavior very similar to the nonlinear correlations described above.
The only difference is that these linear correlations decrease with time. The interaction
we proposed can be approximated by a random noise with amplitude corresponding to
the range of interaction o between the particles. Therefore, we expect that the interaction
not only causes the alignment of the time arrows, but also a decay of correlation which
is even stronger than that without the interactions (Sec. A.5). During this process the
evolution of subsystems is irreversible, but the full system remains reversible.

We can quantify this decay of correlations by calculating the Pearson correlation for
our subsystems, given by

r(m) = : (18)
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where (C™(0)) is the expected variance of the random variable z calculated after m
iterations of the map. The variance C™(0) can be calculated as

gm_q (G+1)27™
C™(0) = Zo / 2"z — j — (z) + S) da, (19)

where S is a random number defined as S = Y7} 2%¢,. Here () is an i.i.d. random
number with zero mean and variance o2, which models the influence of interactions on
the evolution of the system. After a short calculation we get

m—1
(C™(0)) = C(0) +(5%) = C(0) + > 2 (GiG)- (20)
k,k'=0
Using the properties of i.i.d. variables ((x() = dpr0?, it follows that

22m — 1
3 o’ (21)

It is clear that the interactions will enhance the decay of correlations of at least linear
dependencies, because

{C™(0)) = €(0) +

V14422 = 1)o?
Yet, for the full system the Pearson correlation r(m) = 2™ remains the same. Since
(S%)1/2 must be much smaller than the system size (unit square), we can conclude that

our assumptions resulting in (22) are correct only for (S?) = [(2°™ — 1)/3]c? < 1 and
0?27 <« 1.

r(m) (22)

4.4 Numerical simulation

So far, we have been using general abstract arguments. In this subsection we support these
arguments by a concrete numerical simulation. We consider two subsystems (labeled as 1
and 2), each with N; = Ny = 300 particles. The two subsystems occupy two unit squares.
To define the coarsened entropy, each unit square is divided into 16 x 16 = 256 small
squares. Thus, the entropy in the two subsystems is given by

512

Si=—=N; > frilog fr, (23)
k=1

where ¢ = 1,2, fi; = ny;/N;, and ny; is the number of particles in the corresponding
small square. Similarly, the total entropy is defined as

512

S = —(Ny+Np) Y filog fi, (24)

k=1

where fk = (nkJ + nk72)/<N1 + NQ)
For the system 1 we choose a zero-entropy initial state at ¢ = 1 (see Fig. 1). Similarly,
for the system 2 we choose a zero-entropy “initial” state at t = 6. Such initial conditions

13



2
" ';f.- --.-'.:1; u
li " ...- .
0.75 | 1oorsh ittt
fe - -l.l . i
LY | " - . a
X I.fi'l..‘.-. .
> 05| I>o05[*3 " L

025 | 1025 LT Ren o
-. '-1"'.-.".
L n .lr-. :
3 IERE R
0 05 1 % 05 1
X X

Figure 1: The initial particle configuration at ¢t = 1.
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Figure 2: Evolution of entropy without interaction.

provide that, in the absence of interactions, S; increases with time, while S5 decreases with
time for ¢ < 6. To avoid numerical problems arising from the finite precision of computer
representation of rational numbers, (27) is replaced by 2’ = ax — |azx], ¥ = (y + |az])/2,
with @ = 1.999999. The results of a numerical simulation are presented in Fig. 1 and
Fig. 2.

To include the effects of interaction, we define interaction in the following way. (For
the sake of computational convenience, it is defined slightly differently than in Sec. 4.2.
The interaction used in Sec. 4.2 is chosen to make the analytical calculations simpler, while
that in the present section is chosen to make the numerical computations simpler.) We
take a small range of interaction r, = 0.01 in the y-direction, which can be thought of as a
parameter that measures the weakness of interaction. (Recall that y and x are analogous
to a canonical coordinate and a canonical momentum, respectively, in a Hamiltonian
phase space.) The interaction exchanges the closest pairs similarly as in Sec. 4.2, but
now “the closest” refers to the distance in the y-direction, and there is no exchange if the
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closest distance is larger than r,. In addition, now interaction is defined such that only
the z-coordinates of the particles are exchanged. By choosing the same initial conditions
at t = 1 as in the non-interacting case (Fig. 1), the results of a numerical simulation with
the interaction are presented in Fig. 3. We see that with interaction (Fig. 3) S, starts to
increase at earlier times than without interaction (Fig. 2).

Finally, we present an example of a symmetric time evolution with interaction. For
that purpose, we choose a zero-entropy initial state at ¢t = 0 for both system 1 and system
2. The two initial zero-entropy configurations are different. In particular, they are located
within two different small squares, so that the total initial entropy is larger than zero.
The result of a numerical simulation is presented in Fig. 4. We see that the solution is
symmetric under the time inversion t — —t.
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5 Discussion

In this paper, we have used the toy model based on the baker’s map to demonstrate
features which seem to be valid for general systems described by reversible Hamiltonian
mechanics. Clearly, for such systems one can freely choose either final or initial condi-
tions, but one cannot freely choose mixed initial-final conditions. (For mixed initial-final
conditions, the canonical variables are fixed at an initial time for some of the particles, but
at an final time for the other particles. For most such mixed initial-final conditions, an
appropriate solution (of the Hamiltonian equations of motion) does not exist. Similarly,
our toy model suggests that for most Hamiltonians with weak interactions, the number of
solutions with given coarse-grained initial-final conditions is much smaller then the num-
ber of solutions with only coarse-grained initial or only coarse-grained final conditions.
This explains why, in practice, we almost never observe subsystems with opposite arrows
of time, i.e., why the arrow of time is universal.

In a sense, this destruction of opposite arrows of time is similar to ergodicity. Both
properties are valid for most practical purposes only, they are not exact laws. They are
true for most real systems, but counterexamples can always be found [26, 27]. Also, they
both may seem intuitively evident, but to prove them rigorously is very difficult. For
ergodicity the relevant rigorous result is the KAM (Kolmogorov—Arnold-Moser) theorem,
while for the destruction of the opposite time arrows a rigorous theorem is still lacking.

Our results also resolve the “contradiction” between the Prigogine’s “New Dynamics”
[22] (discussed in Sec. 3.3 of the present paper) and Bricmont’s comments [28]. Dynamics
of interacting systems can be divided into two types of dynamics:

1. Reversible ideal dynamics is considered with respect to the coordinate time, in
which case entropy can either decrease or increase.

2. Irreversible observable dynamics is considered with respect to the intrinsic time
arrows of interacting systems, in which case entropy increases as we can see above.
(In other words, the entropy increases rather than decreases with ¢ because the
orientation of ¢ is defined as a direction in which entropy increases.)

In the framework of this terminology, the Prigogine’s “New Dynamics” [22] is one of
the forms of the observable dynamics, while the Bricmont’s paper [28] considers ideal
dynamics. In particular, the observable dynamics does not include Poincare’s returns and
reversibility, that are indeed unobservable by a real observer, which makes it simpler than
ideal dynamics. Yet, in principle, both types of dynamics are correct.

This reasoning can also be applied to the interpretation of numerical results in Sec. 4.4.
Both Fig. 2 and Fig. 3 show that the arrow of time, defined by the total entropy, reverses
at some point. This reversal corresponds to the description by ideal dynamics. But can
such a reversal be observed? For the sake of conceptual clarity we stress that the observer
is nothing but one of the subsystems, and split the question into three different ones.
First, can the observer observe the reversal of his own arrow of time? Second, can the
observer observe the reversal of time arrow of his total environment? Third, can the
observer observe the reversal of time arrow of a small part of his environment?

The answer to the first question is no, because the observer naturally defines the
arrow of time as the direction in which his own entropy increases. Namely, the observer
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perceives a subjective experience of the flow of time because at each time he has access to
his memory on some events which are not happening right now. Such events are naturally
interpreted as “past” by him. It can be argued that memory can only work when entropy
increases in the direction from the memorized event to the time of recalling it (see, e.g.,
[20]). Similarly, other processes in the brain (or a computer) also seem to require an
increase of entropy for their normal way of functioning (see also [3]). In this way, one
expects that the observer’s subjective experience of the flow of time always coincides with
the direction in which the observer’s entropy increases.

The answer to the second question is almost certainly no, because if the total environ-
ment is observed then it interacts with the observer, and consequently their time arrows
tend to be aligned, except, perhaps, during a very short time needed for the process of
aligning.

The answer to the third question is sometimes yes, but usually no. Namely, some
special systems (e.g., the spin-echo system discussed in Sec. 2) can weakly interact with
its environment and still retain a time arrow opposite to that of its environment for a
relatively long time. Such special systems are relatively small parts of the total environ-
ment, and the observer can observe that such a subsystem has a time arrow opposite to
that of the observer. Indeed, as we have already explained in Sec. 2, our results based on
probabilistic reasoning on typical systems do not imply that it is absolutely impossible
to observe a subsystem in which entropy decreases. They only explain why such systems
are expected to be very rare, which agrees with everyday experience.

A closely related observation is that our results are not in contradiction with the
existence of dissipative systems [29] (such as certain self-organizing biological systems) in
which entropy of a subsystem can decrease with time, despite the fact that entropy of
the environment increases. The full-system entropy (including the entropies of both the
dissipative system and the environment) increases, which is consistent with the entropy-
increase law. For such systems, it is typical that the interaction with the environment
is strong, while results of our paper refer to weak interactions between the subsystems.
For example, for existence of living organisms, a strong energy flow from the Sun is
needed. The small flow from other stars is not sufficient for life, but is sufficient for the
decorrelation and for the alignment of the time arrows. To quote from [6]: “However, an
observer is macroscopic by definition, and all remotely interacting macroscopic systems
become correlated very rapidly (e.g. Borel famously calculated that moving a gram of
material on the star Sirius by 1 m can influence the trajectories of the particles in a gas
on earth on a time scale of us [30]).”
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Figure 5: Geometric interpretation of the baker’s map. (a) Initial configuration. (b)
Uniform squeezing in vertical direction and stretching in horizontal direction by a factor
of 2. (c) The final configuration after cutting the right half and putting it over the left
one. (d) The final configuration after two iterations.

A Basic properties of the baker’s map

In this appendix we present some basic properties of the baker’s map. More details can
be found, e.g., in [31].
A.1 Definition of the baker’s map

Consider a binary symbolic sequence
08 9,51,50;51, 59,55 . .. (25)
infinite on both sides. Such a sequence defines two real numbers
x=0.51553..., y=0.55153.... (26)

The sequence can be moved reversibly with respect to the semicolon in both directions.
After the left shift we get new real numbers

o =2 (2], ¥ =+ [22)) (27)

where |z | is the greatest integer less than or equal to x. This map of unit square into
itself is called the baker’s map.

The baker’s map has a simple geometrical interpretation presented in Fig. 5. There
(a) is the initial configuration and (c) is the final configuration after one baker’s iteration,
with an intermediate step presented in (b). The (d) part represents the final configuration
after two iterations.

A.2 Unstable periodic orbits

The periodic symbolic sequences (0) and (1) correspond to fixed points (x,y) = (0,0) and

(x,y) = (1, 1), respectively. The periodic sequence (10) corresponds to the period-2 orbit
{(1/3,2/3),(2/3,1/3)}. From periodic sequence ...001;001... we get {(1/7,4/7),(2/7,2/7),(4/7,1/7)}.
Similarly, from ...011;011... we get {(3/7,6/7),(6/7,3/7),(5/7,5/7)}.
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Any x and y can be approximated arbitrarily well by 0.X,...X, and 0.Yy...Y},,
respectively, provided that n and m are sufficiently large. Therefore the periodic sequence
(Y ... Y9Xo...X,,) can approach any point of the unit square arbitrarily close. Thus,
the set of all periodic orbits makes a dense set on the unit square.

A.3 Ergodicity, mixing, and area conservation

Due to stretching in the horizontal direction, all close points diverge exponentially under
the baker’s iterations. In these iterations, a random symbolic sequence approaches any
point of the square arbitrarily close. In general, such an ergodic property can be used to
replace the “time” average (A) by the “ensemble” average

(A) =" Alzn, yn) = /A(x,y) du(r,y) = /A(m,y)p(r,y) dx dy, (28)

where du(z,y) is the invariant measure and p(x,y) is the invariant density for the map.
For the baker’s map, p(x,y) = 1.

Under the baker’s iterations, any region maps into a set of narrow horizontal strips.
Eventually, it fills uniformly the whole unit square, which corresponds to mixing. Simi-
larly, reverse iterations map the region into narrow vertical strips, which also corresponds
to mixing.

During these iterations, the area of the region does not change. This property is the
area conservation law for the baker’s map.

A.4 Lyapunov exponent, shrinking and stretching directions

If l‘(()l) and $(()2) have equal k first binary digits, then, for n < k,
xff) _ xg) _ Qn(ng) . xél)) _ (x((f) . x(()l))enlog27 (29)

where A = log 2 is the first positive Lyapunov exponent for the baker’s map. Consequently,
the distance between two close orbits increases exponentially with increasing n, and after k
iterations becomes of the order of 1. This property is called sensitivity to initial conditions.
Due to this property, all periodic orbits are unstable.

Since the area is conserved, the stretching in the horizontal direction discussed above
implies that some shrinking direction must also exist. Indeed, the evolution in the vertical

y direction is opposite to that of the horizontal = direction. If (:1:(()1), ysv ) and (IE[()2), y((]Q) )

are two points with xél) = x[()Q), then

yD =y =27 —we) = (o — o )ent T, (30)

n

Hence A = —log 2 is the second negative Lyapunov exponent for the baker’s map.

A.5 Decay of correlations

Since z-direction is the unstable direction, the evolution in that direction exhibits a decay
of correlations. The average correlation function C'(m) for a sequence x, is usually defined
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as

Cm) = lim ~ 3 (a = (2)) (T — (1)), (31)

where (z) = lim >}, x/n. Correlations can be more easily calculated if one knows the
n—oo

invariant measure p(z), in which case

Cm) = [ (z = () (/@) = (@) diu(a) (32)

where f™(z) = x,, is the function that maps the variable z to its image after m iterations
of the map. For the baker’s map du(z) = dx, so we can write

cmy =3 [ @ ta)) @ = (@) 3)
which yields
om_1 23 72 2 (G+127™
Cm = 3 |25 -t ) o+ i (G- we)|

For the baker’s map (z) = 1/2, so the sum above can be calculated explicitly

C(m) = =5~ (35)

This shows that the correlations decay exponentially with m. The Pearson correlation for

the system is given by
r(m)=C(m)/C(0) =27 (36)
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Annoramusa

Crarucrudeckas pusnka He MOXKET 00bSICHUTD, TOYEMY TePMOJIMHAMUIECKAast CTPeJIa,
BPEMEHMU CYIIECTBYET, €CJIU He MMOCTY/INPYIOTCA OUeHb CTelnaabHble 1 HeeCTeCTBEHHbIE
HadabHbIe yeaoBud. OTHAKO, MBI YTBEPZKIAeM, 9TO CTATUCTHYIeCKasT (DU3MKa MOKET
O00bACHUTD, MMOYEMY TEPMOJIUHAMUYECKAs CTPEIa BPEMEHU YHUBEPCAJbHA, TO €CTh,
[oYeMy CTpesia BpeMeHU HallpaBJ/ieHa B OJINHAKOBOM HaIPaBJIEHUN TOBCIOLY. A NMeHHO,
ecJIM y JIByX IIOJICUCTEM €eCTh IPOTUBOIOJIOXKHBIE HAIlpABJIEHUS CTPEJIbl BPEMEHU
[IepBOHAYAJIHLHO, B3aUMOJIEHCTBIE MKy HUMU JieJIaeT KOH(MDUTYPAITUIO CTATUCTUIECKH
HEYCTONYMBON M BBI3BIBAET IIEPEXOJ] K CHUCTEME C yHUBEPCAJHHBIM HaIpaBJIEHUEM
cTpesibl BpeMeHn. MblI jaeM o0IEe KadecTBEHHbIE apryMeHTBhI B I10JIb3Y TaKOT'O
B3IVISI/Ia U ULTIOCTPUPYEM UX JIeTAIbHBIM aHAJIM30M UTIPYIIeTHO ' MO/Ie/N, OCHOBAHHOI

Ha "l[IpeobpazoBanuu Ilekaps".



PACS: 05.20.-y, 05.45.-a

Keywords: cTrpena Bpemenu, yBejmdenne SHTPoOINH, mpeoopasosanue lleunnka

0.1 Bsgeuenne

[IpoucxoxkieHne cTpesibl BDEMEHH - OJIHA U3 CAMbIX OOJIBIINX HEPEIIEHHBIX 3ara/I0K B
dbusuke [1-5]. Xopolio ycraHOBIEHO, 9TO GOJIBITHHCTBO CTPE BPEMEHU MOXKET ObITh
[IPUBEJICHO K TEPMOJIUHAMIIECKON CTpeJie, HO IPOUCXOXKICHUE TePMOIMHAMUIECKO
CTpeJIbl BDEMEHHU OCTAETCsI TAlHOW. A MMEHHO, CyIIEeCTBOBAHNE TEPMOINHAMUIECKO
CTPEJIbl BPEMEHH O3HAYAET, UTO CUCTEMa HE HAXOJIUTCS B COCTOSHUM C MAKCUMAJIbHO
BO3MOKHOIT SHTpOMHei. Ho 9T0 03HawaeT, 910 cucteMa He HAXOIUTCS B CAMOM BEPOSITHOM
COCTOSTHUM, ITO HE UMeeT HUKAKOTO CTATUCTUIECKOTO 00 bsicHeHrsT. PDaKkT yBeInIeHust
SHTPOIUU CO BPEMEHEM O3HAYAeT, 9TO CUCTeMa ObLlIa B JlaykKe MeHee BEpPOSITHOM
COCTOSTHUH B TPOIIJIOM, YTO JieJaeT 3ajady eie bosee ciaoxkuoit. Konewno, pocr
SHTPOIUHU CO BPpeMEHEeM MOKeT OBITH OIHCaH, IIPH ITPE/IT0I0KeHnn, 9T0 Beenernast
OblLTa B COCTOSTHUM C OY€Hb HU3KOH sHTpomnueil BHadase. OTHAKO TIPU 9TOM HUKAK
HeTb3s OObSCHUTH, ToUeMy DBcesleHHas Havda ach ¢ TAKOTO OY€Hb CHEIUAJIbHOIO U
HEeCTECTBEHHOT'O HAYAJIbHOI'O YCIIOBUS.

B nmesasheii crarbe Maccone [6] yrepzkian, 9To 3aj1a4a MPOUCKXOKJIEHUS CTPEJIbI
BpEeMEHU MOXKeT ObITh pellieHa KBaHTOBOM MexaHukoii. OH 1oKa3aJl, 9TO B KBAHTOBOI
MeXaHUKe BCe fBJIEHNsI, KOTOPBIE OCTABJISIIOT CJIe]] B aMsITH Hab/oaress (1, CIe0BaTeIbHO,
MOT'YT ObITh U3ydeHbl (PU3UKOIT) SABJISIOTCS UMEHHO TEeMH, DU KOTOPBIX SHTPOIIHS
yBesmauBaercs. (Creyer 0TMETUTD, 9TO apryMeHT O CTUPAHUN HaMSATH HADJIIOIATe s
1IpU yOBIBAHUU SHTPOIUH U COOTBETCTBYIOININE MBICJIEHHbIE SKCIIEPUMEHTBI, PACCMOTPEHHbIE
B [6] ucnosp3oBasiack u B 60Jiee paHHUX paboTax JPYIUX ABTOPOB JJIs PA3PEIICHsT
apajiokca pocTa SHTPOIUU U KBAHTOBOIO MAPaJIOKCA PEIyKIIUU BOJTHOBOIO ITAKeTa
[7-9].) ]). U3 sToro Maccone 3ak/rodaer, ITo TakuM 06pa3oM BTOPOi 3aKOH TEPMO/THHAMIKH
CBOJIUTCS K IIPOCTOM TABTOJIOTUU, AaBTOMATHIECKU Pelliast IpodJ/IeMy CTPEJIbl BDeMEeHH
B pusuke. OiHAKO, HEKOTOPBIE CJIa00CTH apryMeHTOB, CHoIb3yeMbix Maccone B [6]
ykazaHbl B crarbax [10-12]. Kak orBer ma ogmo m3 3TuxX Bo3pakenuii, B Gosee
no3meit mybsukanuu [13| cam Maccone MOHLT, ITO €ro IOAX0/ ITOJIHOCTHIO He PEIaeT
Ipo0JIeMy MPOUCXOXKICHUSI CTPEJIbl BPEMEHM, ITOTOMY 9YTO KBAHTOBBINH MEXaHI3M
TakKe TpedyeT KpaiiHe HeBePOSTHBIX HAYAIBHBIX YCIOBUI, KOTOPbIE HE MOTYT OBITh
00'bSICHEHBI, UCXOJI U3 €r0 apTyMEHTOB.

Bee ke, kak u Maccone B [13], MbI TIoJ1araem, 9To HEKOTOPBIE HJIEH, [TPEJICTABIEHHbIE
B [6] u [13] meiicTBUTEIBHO HOMOTAIOT JIydIle MOHATH IIPOOJIEMY CTPEJIbI BPEMEHH.
Hesb 9T0#1 CTATHU COCTOUT B TOM, YTOOBI Jlajiee Pa3padoTaTh, Yy IIIUTh, PA3bACHUTD,

U PACIIUPUTH HEKOTOPbIE U3 UJIel, KOTOpbIe ObLIN IpejicTanienbl B [6,11,13], u rakxke

B HECKOJIBKO OTJIMYHOM KoHTeKcTe B [8,9,14-18]. B wactHocTu, B oiinane or Maccone

B [6, 13], MbI yTBepKaeM, 4TO KBAHTOBas MEXaHUKA He SABJIAETCS CyNIeCTBEHHbBIM
dakTopoM sj1s pasperenus 3Toit mpodsembl. [losTomy B 9Tl cTaThe MbI pACCMATPUBAEM
TOJIBKO KJIACCUYECKYIO CTATUCTUIECKYIO (DUBUKY.

N nest pazperiienust 3Toro napajokca cieyiorias. Jlazke npu Tom, 9T0 cTaTUCTHYIECKAs
duznKa HE MOKET 00BICHUTD, IOYEMY TEPMOJIMHAMUYECKAsT CTPeJia BPEMEHU CYIIECTBYET,
110 KpaifHeil Mepe, CTAHOBUTCS BO3MOXKHBIM O0'bsICHUTh, IOYEMY T€PMOIMHAMUIECKAST
cTpesia BpeMeHu yHuBepcasibHa. To ecTb, Mbl MOXKEM OOBbSICHUTH, MOYEMY CTPEJIa
YKa3bIBAET B OJIMHAKOBOM HAIIPAB/IEHUH TTOBCIOTy. A IMEHHO, €CJIN Y JIBYX HOJCUCTEM
€CTb IIPOTUBOIIOJIOYKHbIE HAIIPABJIEHUS CTPEJIbl BDEMEHNU TIePBOHAYAIBHO, B3aNMO,I€HICTBHIE



MEXKJIy HUMH JIeJIaeT KOH(UI'YPAIUIO CTATUCTUIECKU HEYCTONYNBOI U BBI3BIBAECT
[IEPEXO0JL K CUCTEME C YHUBEPCAJTIbHBIM HAIIPAB/IEHUEM CTPEJ/Ibl BDEMEHU. DTO, KOHETHO,
[IOJIHOCTBIO HE PeIraeT mpodJieMy MPOUCXOXKIeHUs cTpesbl Bpemenn. Ho, o kpaitHeit
Mepe, obJierdaeTr eé perreHue.

Crarbs opranmsoBaHa cJie Iy oM odpa3oM. B ciierytorem pasjiesie Mbl IPeICTaBIseM
CBOW TJIABHBIE WJIEN B MHTYUTUBHOI HeTexHn4aeckoit popme. [Tocste sToro, B pazaene 0.3
MbI H3y4aeM craructudeckue coiicrsa "TIpeobpasoanust [Tekaps" (HeKoTOpbIE OCHOBHBIE
CBOWCTBA KOTOPOT'O TIpeJICTaBIeHbl B [IpuitozkeHnn ), KOTopoe CIyzKuT "urpyeaHoit" Moiesbio
JIJIS TOTO, YTOOBI U3YUUTh XapaKTepPHbIe 0COOEHHOCTH OOPATUMBIX Xa0TUIECKUX [ aMUTBTOHOBBIX
cucreM. Kak moOOYHBIN pe3y/IbTaT, B 9TOM pa3jiesie Mbl TaKyKe MMPOsICHIIEM Pa3HUILy
MeKJIy Pas/JIMIHBIME Olpejie/ieHusIMu ToHATus "sarpormn’. 3arem, B pazserne 0.4
MBI n3y4daeM 3(DPEKThI CIabbIX B3aUMOJAEHCTBUN MEXKIy MOJICUCTEMAME, KOTOPHIE,
6e3 B3aMMOJIEHCTBYA, IBOTIONNOHUPYIOT corsacHo "lIpeobpaszopanuio Ilexaps". B
YACTHOCTH MbI OObSICHSIEM, KaK C/1a0ble B3aMMOJIEHCTBISA Pa3pyIIaioT IPOTUBOIO/IOKHBIE
CTpeJIbl BpeMEeHHU IIOJICUCTEM, Jiejiasi UX HaMHOTO MeHee BEpOATHBIMHU, YeM B CJIydae
6e3 BlanmoeiicTBus. Hakoner, B pazzaesne 0.5 MBI JJaeM KadeCTBEHHOE 0OCYKICHIE
HAIINX Pe3y/IbTaToB, BKIIOYasd HX COBMECTUMOCTD C HAJIUINEM CHILHOB3aUMOIEHCTBY IOIIIX
CHCTEM, B KOTOPBIX SHTPOIMS MOJICUCTEMBI MOYKET YMEHBIITUTHCS CO BPEMEHEM.

0.2 T'naBHBIE HjEN.

Yrobbl n3beraThb JBYCMBICJEHHOCTH B JAJbHEHIINX OOCYKJIEHUSX, TO3BOJIBTE HAM
cHadasa OODbACHATH HAIM OCHOBHBIE MOHSITUSI U TEPMHUHOJIOTHIO, UCIOJIB3YEMYIO B
oCTaJIbHOI YacTu craTbu. JIjis Toi 11ein 11oJ1e3H0 1300pa3uTh BpeMsi KAK HEITPEPBIBHY IO
1-mepHyto JuHUO. JIMHUS MapaMeTpu3syeTcs HelnpepbiBHBIM mapameTpoM t. Takast
apaMeTrpusalys 00s3aTe/IbHO CO3/1aeT OPUEHTAIUIO TIMHUU BPEMEHH ¢ HAITPABJICHUEM,
YKa3bIBAIOIINM OT MEHBIIIX K OOJIBITIM BeJinauHaM t. Mbl MOKeM UCIIOIB30BaTh ITY
OPUEHTAITNIO, ITOOLI onpeie/inTh nouarus Tuna "upexie'"n "moce", "aporuioe"u
"oymytee", mian "Hauanpabit"u "3akoanTebubiit" . B 9101t cTaThe, eciin He 3asB/IEHO
UHAME, 10T STUMU TOHATUIMEI MBI TIOPa3yMeBaeM MOHATHS, OIIPE/Ie/IEHHBIC OTHOCUTEILHO
9TOH BpemMeHo KoopnHaThI t. OIHAKO, MBI [IOTY€PKUBAEM, ITO TaKas OPUEHTAIUSI
BPEMEHU KOOP/IMHATHI - IIPOCTO BOIIPOC BHIOOPA U HE UMEET HUKAKOTO (DU3UIECKOTO
cojiepxKaHus. B dacTHOCTH, Takash OpHEHTalldsl camMa 10 cebe He CO3JaeT CTPesTy
BpeMeHn. BmecTo 3TOro, 1moji CTpesioli BpeMeHH MBI IoJipa3yMeBaeM (hu3maeckoe
sIBJIEHIE, KaK, HAIIPUMED, YBeJIUIeHNe WU yMEHBIeHne SHTPOINH CO BpeMeHeM t.
Korja crpenia BpeMenn B OJIHOM U TOM K€ HAIIPABJIECHUH BCIOIY Ha JIMHUM BPEMEHH,
TOTJIa BPEMEHHAs KOODJMHATA MOXKET OBITh OIpejie/ieHa TakK, 9TO OPUeHTaIusd ¢
COBITQJIACT CO CTPEJIOl BPEMEHU. DTO TO3BOJISIET HAM 3JI0YHOTPEO/IATH S3BIKOM B
HEKOTOPBIX MECTax, yTBepK1asi, 9To suTponus "yseandenus", a e "ymenbinerus" co
BpEMEHEM, HO HYy?KHO UMETh B BU/LY 9TO, PA3/IMINe MEXK/Iy YBEJIMIeHUEM U YMEHBITIEHUEM
€O BpPEMEHEM - IIPOCTO BOTIPOC orpeesieHus. Boobie ke, cTpesia BpeMeH! U OPUEHTAINN
t - JIOTMYeCKU HE3aBUCUMBIE TIOHSITHUSI.

Terepb 1103BOJIbTE HAM OOCYIUTH TEPMOIMHAMUIECKYTO CTPEJTY BpeMeHu. ATIpUOpPHO,
BEPOSITHOCTD HAJIUIUS TEPMOIMHAMUIECKON CTPE/Ibl BpeMeH: OvueHb Hu3Ka. OJIHaKO
ujiest COCTOUT B TOM, 9TOOBI JIyMaTh B TEPMUHAX YCTOBHBIX BEPOSITHOCTEM. Y U ThIBASI,

YTO TEPMOJUHAMIYECKAs CTPEIKA CYIIECTBYET, UTO MOXKET MbI, HCIIOJIb3Ysl CTATUCTHICCKIE
apryMEeHTBI, BBIBECTH U3 ITOTO?!

Y1006bI OTBETUTH HA TOT BOIIPOC, IO3BOJILTE HAM HAYATh ¢ 3aKOHOB MUKPOCKOITUIECKO
teopun. MbI mipejiiosiaraem, 9To JUHAMUKA MUKPOCKOIIMYECKUX CTereHeil ¢cBOOOIbI
ormcana HabopoM Jud depeHImanTbHbIX yPaBHEHUIT BTOPOrO HOPSIIKA (C TPOU3BOTHBIMIE



[0 BPEMEHU ), KOTOpbIe sIBJISIOTCS WHBAPMAHTHBIMU [IPU OOpAIeHUN BPeMeHH t —

—t. Takum obpazom, y oboux HAIpaBJIEHUN BPEMEHU €CTb allPUOPHO PaBHBIE POJIN.
Y1005 OIIpeIe/INTh €INHCTBEHHOE PEIlleHIe YPABHEHUIT TMHAMIKY JIBUKEHU ST, TAKKE
HY?KHO BBIOpaTh HEKOTOPOe "HavdasibHOe " Bpems ¢y , Ha KOTOPOM JIOJI?KHBI OBITH OIIPE e/ IeHbI
HauasibHble yesoBus. ("HauaibHoe"BpeMst He 06s3aTeIBHO JIOJKHO OBITH CAMBIM
paHHUM BpeMeHeM, B KOoTopoe Bcesnennasi Boruta B cyriecrBoBanue. [ljs jiroboro

to , B KOTOPOM OIIp€/ie/IeHbI HAYaJIbHbIE YCJIOBUS, YPABHEHUS JTMHAMUKN JIBUKEHUST
eJIMHCTBEHHBIM 00Pa30M OIIPEJIEISIOT cocTosTHre BceestleHHo# Kak s t > ty , Tak

u st t < tg). DTO - TPOCTO OOBIYHBIN CHENUpUIECKIH MOMEHT BPEMEHH, KOTOPBIIi
MOKET OBITH B34T Jlazke B "Oymymem". JleficTBuTe 1bHO, B 9TOM CTATHE MBI TPUHUMAEM
kaptuny "610uH0it Beesrennoit" (cmorpu, Hanpumep, [4,19-21] u cebuiku Tam), coriacHo
kKoTopoit BpeMs He "reuer". Bmecro sToro Beenennast - 3ro mpocto "crarmueckuit" o0 bekT
B 4-€X IPOCTPaHCTBEHHO-BPEMEHHBIX N3MEPEHUSIX.

Konegno, amnpuopHasi BepOATHOCTH HEOOJIBIION SHTPOIUU B MOMEHT tj; OYEHb
Hu3Ka. Ho 1pu ycioBum, 9TO SHTPOINS, JaHHAs B MOMEHT t(, ABJIsSIeTCs HeDOJIbINOIA,
KaKOBa BEPOSITHOCTD, YTO CyIIECTBYeT TepMOIUHAMUIecKas crpesa Bpemenu’! Ona,
KOHEYHO, 0UeHb BbIcoKa. OIHaKO, IojIarasi, 9T0 SHTPOINA B ty HU3Ka, CAMbIil BEPOSTHDII
BBIOOD COCTOMT B TOM, 9YTO SHTPOIMS YBEJIMYMBAETCS B OOOMX HAIIPABJIEHUSAX C
MUHAMYMOM B to. (Mbr pescrasisiem npumep Ha Puc. 4 Pasznena 0.4.4.) fcno, B
TAKOM CJIydae CHCTEeMa SIBJISeTCs CUMMETPHUIHOW 1pu muBepcuu (t — ty) — —(t —
to). Tepmopunamuueckasi crpesia BpeMeHH Jyisi ¢ > to UMeeT MPOTHBOIIOJIOKHOE
HalpaBJieHne, aeM s t < to. Takum 0Opa3om, j1ake IpU TOM, ITO HUKAKOE HAIIPABJICHUE
BPEMEHU He SIBJISIeTCSI IPUBUIETMPOBAHHBIM IJI00A/IbHO, TEPMOIMHAMUIECKAS CTPE/IA
BPEMEHU MOKET, TeM He MeHee, 33J[aBaThCd B MECTHOM MAacIITabe i Pa3/JIUnIHbIX
MOMEHTOB BpeMeHU t # t.

C apyroii cTOPOHBI, B T€ MOMEHTBI BPEMEHH, Ha, KOTOPBIX MBI JIeJIAeM U3MepPeHre
Ha MPAKTHKe, SHTPOIUs JIefCTBUTEIbHO HU3KA, HO SHTPOIUS HE yBEININBACTCS
B 000MX HAIpaBJIEHUSX. BMeCTO 5TOro, 9TO OHa yBEJIUUINBAETCA B TOJBKO OJHOM
Hanpasjerun. (Ipyruvu ciioBaMu, THIHIHOE BpeMsi Ly, B KOTOPOE MbI JIeJIaeM U3MEPeHHe
- 3TO HE MOMEHT BPEMEHH, B KOTOPOE SHTPOIHS JIOCTUTAET MUHUMYMa. DTO SIBJIAETCSI
IPUYIUHOM, 4TO MbI He HABJII01aeM BDEMEHHIO cuMMeTpHio) JIjis THIIHYIHOro MOMeHTa
to, He TOJIBKO "Hada/ibHas " SHTPOINS OIpeIeIeHa, HO U CHeIuPUIeCKOCHAIIPABICHIE
yBeJIMIeHUsI SHTPOIINHU OIIpeiesIeHO TakKe. Ha MUKPOCKOIIMYEeCKOM yPOBHE, 9TO CBA3AHO
¢ paKTOM, ITO B MOMEHT t( MbI JIOJI?KEH OIPE/IETUTDH He TOJIHKO HAYAIbHbIE TIOJTOYKEHUST
YaCTHIl, HO TaK»Ke U UX HAadaIbHble CKOPOCTH.

A Ternepb MeHTpaIBHBIN BOIPOC 3TOrO pa3jiesia. Y 9uThbiBast, YTO B MOMEHT BPeMeH!
to SHTPOIUS HU3KA, TIOYEMY SHTPOIUS B YBETUIMBACTCS B 9TOT MOMEHT t( B OJIHOM
U TOM »Ke HalpasjeHnu (IPUHIMAaEMOM 3a MOJIOKHUTeIbHOoe) noscoay’? Kaszamocsh
ObI, O0JIeE BEPOSITHO, UTO HAIIPABJICHUE YBEIUICHUS SHTPOIIUNA U3MEHSIETCS OT TOUKH
B MOMeHT to? Ecyin tak, Torga mouemy mbl He HaO I0MaeM 3107 JIpyrumu cirioBamu,
[IOYeMY CTpe/ia BpeMeHH YHUBepCaIbHA, NMest OJIHO M TOM K€ HAIIPABJICHUE TIOBCIOJTY
Jtst TaHHOro MoMeHTa to? Mbl Ha30BEM 3Ty IPob/IeMy pob/IeMOil YHUBEPCATbHOCTI
CTpeJIbl BPEMEHH.

B s70i1 cTaThbe MBI yTBepIK1aeM, ITO 9Ta 3a/1a9a MOXKET OBIThH PeleHa CTATHCTUIECKO
dusukoit. Kopote ropopsi, Hatlre perrrenne cieytortue. Ecim Mbl ”THOpUpYeM B3anMO1efCTBHS
MEKJIy Pa3IUIHBIMU TOJCUCTEMAMU, TO, TIPU YCJIOBUM, UTO B ty SHTPONNS HU3KA,

TO CaMbIil BEPOSITHBIN BBIOOP, JIEHCTBUTE/IHHO, UTO HaIPaBJIEHNE CTPEIbl BpeMEeHU
U3MEHSIeTC OT TOYKHU K Todke. C JIpyroil CTOPOHBI, €CIU Pa3/IMIHbIE TTOICHCTEMBI
B3aUMOJIEHCTBYIOT JPYT' € JIPYTOM, TO 3TO OOJIbIIE HE CAMbIil BEPOSITHBIN BBHIOOD.
BwmecTo sroro, make eciim HalpaBjIeHHe CTPEJKH BPEMEHH M3MEHSIETCS OT TOYKH
K TOYKEe B MOMEHT lj, TO B3aMMOJeiicTBIE 0DecrednBaeT eCTeCTBEeHHbBI MEXaHM3M,



KOTODPBIIl BEIDABHUBAET BCE CTPEJIbI BPEMEHU B OJHOM U TOM K€ HAIIPABJICHUH.

Y100bI POULTIOCTPUPOBATE MAPAJIOKC CTPEIbl BPEMEHU, YacTO UCIOJIB3YIOTCH
MBICJICHHBIE 9KcIiepuMenThl Jlomvuara (napagoke obparenns Bpemenn) u [lyankape
(Teopema o Bo3Bparax). COOTBETCTBYIOIIHE TAPAIOKCHI B KJIACCHIECKOH MeXaHUKe
perensbl cieayonuM obpaszoM. Kitaccudaeckas MexaHUKa TO3BOJISIET, 110 KpaifHeit
Mepe B IIPUHIINTIE, UCKJIIOYUTD JTII000i 3 deKT Biansgnmnsa nabd/ogare s Ha HaOJII0[aeMy 1o
cucremy. O1HAKO, OOJBITUHCTBO PEAbHBIX CUCTEM SIBJISTIOTCS XaO0THIeCKUMU. Takmm
obpazomM, J1axke craboe BO3MYIIEHNE MOXKET ITPUBECTH K IKCIIOHEHITNATLHOMY PACXOK IEHUTO
TpaekTopuii. Kpome Toro, cymecTByeT He3HAUNTETHHOE B3ANMO/IEHCTBIE MEXK Ty HAaOTI0IaTe/IeM
u HabJrrogaemoii cucremoii. Kax mpocToil mpumep, paccMOTPHUM T'a3, PACIITUPSIIOIIIICS
u3 HeDOJIBITION 00/IaCTH ITPOCTPAHCTBA B 00JIBINON 00beM. B aTOM 1iporiecce, uiyriem
¢ YBEJIMYECHUEM SHTPOINU, U3MEHEHUE BO BPEMEHH MAKPOCKOIMYECKUX IapaMeTPOB
YCTOMYINBO 110 OTHOMIEHUIO K HEOOJIBIITMM BHEITHUM BO3MYyIieHUusiM. C JIPyToit CTOPOHBI,
€CJIM BCE CKOPOCTH OyJIyT OOpallleHbl, TO ra3 COKMETCd B HadaJIbHBIH HEOOJbIOM
00'beM, HO TOJILKO B OTCYTCTBHE JTIOOBIX BOBMYIIEHNI. DTOT IPOIECC ¢ yMEHbIIIEHIEM
SHTPOIMH OYEBUTHO HEYCTOWYINB, M HEDOJIBIIIOE BHEIITHEE BO3MYIIEHHE TPeodpa30BaJIO
€ro B IIPOIIECC ¢ POCTOM HTponuu. Takum 06pa3oM, IIPOIECCHI ¢ YBEIUIeHIEM SHTPOIIHIH,
YCTOIYUBBI, & ¢ YMEHbIIIEHNEM - HeT. KicrecTBeHHOE CIeICTBIE 3TOTO - TO, UTO HAIIPABJICHUE
CTpeJIbl BpeMeHH (KOTOpOe OMPEJIEJICHO POCTOM SHTPOINH) KAk HaBJII0aTesl, TaKk
1 HAOJTI0/IaeMOil CCTEeMbI BEIDABHUBAETCS K OJIHOMY M TOMY K€ HAIIPABJIEHUIO, U3-3a
Hen30€KHOTO HE3HAYUTETHHOTO B3aUMOJIeHCcTBUS MexK 1y HuMu. OHE MOTYT BO3BPATUTHCS
HAa3a/] K HAYAJILHOMY COCTOSTHHUIO KaK B mapaJiokce JlomMuara, Tak U B MapajoKce
[Tyarkape ToJbKO BMecTe (Kak cucTeMa B 1esioM ). Takum 06pa3oM, maMsiTh HaOJII01aTest
OKAa3BIBAETCS CTEPTOIl B KOHIIE, TOTOMY 9TO MBI IIPEJIOIaraeM, 9To BCe, BKJIIOYas
MO3T HaOJIIOIATe I, TOJTHOCTHIO BEPHYJIOCh K COCTOSTHUIO, WJIEHTHIHOMY IPEKHEMY
COCTOSTHUIO, ONMCHIBAIOIIEMY CUCTEMY IIPErK/Ie, 9eM aMATh Obla co31aHa.. B mporecce
9TOT0 BO3BpAaTa CTPEJIbl BpEMEHN KaK HabJIro1aTesIst, Tak 1 HabJII0IaeMOil CHCTEeMBbI
YKa3bIBAIOT B HAIPABJIEHNN OOPATHOM IMepBOHAYAJIbHOMY. OTCIO/Ta MOYKHO BBIBECTH
JIBa CJIEJICTBUsI. BO-1epBbIX, POCT SHTPONUU HAOJIOIACTCA KaK B IEJI0W CHCTeMe,

TaK U B €€ JIByX YacTIX OTHOCHTE/IHHO COOCTBEHHOI CTPE/Ibl BpEMEHH HA0JII0/1aTe I,
HECMOTPsI Ha TO, ITO SHTPOITHSA YMEHBINAETCA B KOOPJANHATHOM BpeMeHU. BO-BTOPBIX,
naMsTh HAOJIIOJATE ST CTEPTa He TOJIBKO B CAMOM KOHIIE, HO TakK:Ke yzKe U OJIN3KO K
KOHEYHOM TOYKe, TOTOMY ITO HABJII0/IATe b He IIOMHUT cBoero "mporioro” (orpe/ e ieHHoro
OTHOCHUTEILHO KOOD/MHATHOIO BpeMeHH), HO MOMHHUT cBoé "Gymymee". Koneuno,

caMm HabJrfo/IaTe/lb He MOXKET 3HATh, 9TO CTPE/a BPEMEHU IOJTHOCTHIO U3MEHMJIa €e
HAIIPpaBJIEHNE, TTIOTOMY YTO OH MOXKET TOJIbKO Hab/onaTh dusndeckoe "mporioe' u
"Oymymee" onpeiesieHHOE HE OTHOCHTEIHHO KOOPIMHATHOTO BPEMEHH, & OTHOCUTEIHHO
HAITPABJIEHUs, B KOTOPOM SHTPOIIUS YBEJIMIUBACTCS.

JleitcTBUTEIBHO, MOYKET Ka3aThCsl BECbMa BEPOSITHBIM, ITO B3aUMOJICHCTBUE BHIPOBHSIET
BCe CTpEJIbl BpDEMEHU B OJIHOM U TOM ke HarpasjeHuu. Ho TyT Bo3Hukaer Borpoc,

- B KAKOM MMEHHO HaIllPaBJICHUM U3 JIBYX BO3MOXKHBIX! Kak Moxker Kakoe-HUOY/Ib
OJTHO HAaIIpaBJIeHHE OBITH MPEMOYTUTE/IHHBIM, KOrjla 00a HAIPaBJICHUS AIPUOPHO
OJINHAKOBO BeposATHBI! OOIIee HAIIPAB/IEHNE BBIOMPALTCS CIYyIallHO MJIM OHO MOYKET
OBITH 5 heKTUBHO TpeicKa3aHo? Kcm ecTh IBe MOACHCTEMBI ¢ IIPOTHBOIIOIOKHBIMUI
HaIpPaBJIEHUsIMI BPEMEHN B 1, TO COBMECTHasI CUCTeMa BhIOepeT HatpapjeHue "boJree
cubHO# " To/IccTeMBl KaK ux o0Iee HarmpasieHne. Ho kakas mojcucrema Oyer
"6omnee cunbHass"? Ta m, aTo 001a1a€T OOJBIINM YUCIOM cTeneHeir ¢cBoboanl? n
OHa BBIOMpAETCs TI0 WHOMY TPUHITAITY ?

Ha camom nene, "6osee cuiibHast" crpesia BpeMeHH - 3TO Ta, KOTOpasi COHAIIPABJIEHA
¢ KOOp/IMHATHBIM HallpaBJIeHHEeM BpeMeHu. /leiicTBUTe/IbHO, CATYAIHS TYT He CAMMETPUTHASI.
st < to (Korjia crpesibl BpeMeHH IPOTHBOHAIIPAB/IEHBI ) B3aUMO/IeHCTBUE OTCY TCTBYET,



a it t > ty OHO TOSBJISIETCS. DTO ACUMMETPHUsS B3AUMOICHCTBUS U OIpee/iseT
HAOJII0IAEMYI0 ACUMMETPUIO BPEMEHHU.

Ob6paruM BHUMAHHE TaKKe, UTO MEXaHU3M, W3JI0KEHHBIN BBIIE, HE 3aBUCHUT
3HAYUTE/IHHO OT OTHOCUTE/ILHBIX PA3MEPOB 3TUX JIBYX IojIcUcTeM. B yacTHocTu ecin
OHU UMEIOT PaBHbI pa3Mep, TO €CTh, JIJIsI OJIHOM OJIOBUHBI CUCTEMbI CTpejia BpeMeHU
OPUEHTHUPOBaHA IIPOTUBOIIOJIOXKHO JAPYToiil mojoBuHe jijisd tg < t < t1, 00IIIast cTpeska
BpeMeHu it t > ty OyjeT Bce ele ONpeJessiThCd BBIEYITOMAHYTON acuMMeTpueit
B 3HAHUU.

layiee oOpaTnM BHEMAHUE, 9TO KAIECTBEHHbIE BEPOSITHOCTHBIE aPT'yMEHTHI, U3JI02KEHHBIE

BBIITIE, BEPHBI JJI OOJIBIIMHCTBA CUCTEM, HO He 00S3aTeIbHO JJIS BCEX BO3MOYKHBIX
cucremax. JlefictBuresbHO, €CTh HHTEPECHBIE (DU3MYECKHE CUCTEMBI, TUIIA CITTH-3XO0,
B KOTODPBIX IIOJCHACTEMa MOXKET IMETh CTPEJIy BPEMCHH IIPOTHUBOIIOJIOXKHYIO CTPEJIe
BpPeMEHU OKPYzKaloleil ee cpe/ibl. Jleso B TOM, 9TO TaKWe CHCTEMBI - NCKJIIOYEHUs],
a He mpaBmwiIo. TakuM oOpa3oM, HAIllM KadeCTBEHHbIE BEPOSITHOCTHBLIE apr'yMeHTHI,
HECMOTps Ha HaJMYUe TaKHX CHCTEM BCE ellle BepHbI, NP YCJAOBHUHU, YTO OHHU HE
paccMaTpUBAIOTCH KAK CTPOrUe 3aKOHBI 0€3 UCKJ/IIOUeHMIA.

QakTU4YecKn, He TPYAHO MOHITH KAYECTBEHHO, ITOYeMYy UCKIIOUYEeHNS TUIA CIIUH-
9Xa CYIIECTBYIOT. Bo-1IepBbBIX, 9TO cucTeMa ¢ OTHOCUTETLHO HEDOIBIITUM KOJTUIECTBOM
crerneHeit cBOOOIBI, UTO JEIAeT CTATUCTHICCKIE aPTyMEHTHI MEHee TOUHBIMU U (DJTIOKTYAIINN
OoJiee BEPOSTHBI B TaKUX CIydasx. Bo- BTOPBIX, B3auMOJEHCTBUE ITOW CUCTEMBI C
OKpY>KaloIleil cpe10il HACTOJIBLKO ¢J1a00, YTO MEXaHU3M BhIpABHUBAHWSI HAITPABJICHUS
pocTa HTponuu 6epet OOJIbITIE BpeMeH!, YeM B OOIBITUHCTBE JAPyTrux cucreM. JleficTBUTEIbHO,
JlazKe CUCTeMa CIIMH-3Xa, B KOHEYHOM CUeTe, [10CJI€ JJOCTATOYHOI'O BpeMEHU, BhIDABHUBAET
HallpaBJICHUE CTPeJIbl BPEMEHU C €€ OKPYZKaIoIIeil cpeioil.

[TockoyibKy HIKaKOe HAIIPABJICHUE BPEMEHU He ABJISIETCS allPUOPHO TPUBUJIETUPOBAHHBIM,
MIO3BOJIBTE HAM TaK2Ke KPATKO OOCY/IUTH CUTYaIlnIO0, THBEPCHYIO K BBIIIEYTTOMSIHYTOIA.

[l 9701 11e7T1, Terephb MO3BOJIbTE HAM ITPEIITOI0KUTD, YTO B3ANMO/IECTBIE CYIIECTBYET
TONBKO JIsi t < t_1, et < tg. C MOMOIIBIO MTOJTHOCTHIO AHAJIOTUIHBIX PACCY K IeHUIA,
Tenepb MBI MOZKEM 3aKJ/II0UUTD, YTO 9HTPOINA YBEJINIUTCA B OTPUIATEIbHBIN HAIIpABJICHIE
BpeMeHu muid ¢ < {_j.

[TosHOCTBIO CUMMeTpUYecKnil BApUaHT TaKxKe BO3MOozKeH. [lomoxkmum, 910 B3anMo/eiicTBue
cyulecTByeT U jagid t > b, u ggid t < (Ho He g t_q1 <t < tl). B sTom ciyuae,
SHTPONNA YBEJIMYNBACTCH B IIOJIO?KUTEAbHBIM HAIIPABJICHUNA BPEMEHU JJid ¢ > {1 U B
OTPUIATE/ILHOM HAaIpaBJIeHUN BpeMenu Jijid t < t_;. pyrumu cioBamu, mojo0HO K
caydaio na Puc. 4 Paznena 0.4.4, sHTponus yBeJMIUTCS B 000OUX HAIPABJIEHUIX,

HO B pa3jIMYHble MOMEHTbI BPEMEHU.

OjiHo JOTIOTHUTEIBHOE TTPUMEYAHNE OTHOCUTEILHO HAYAJIBHBIX yesoBuil. laxke
KOIJIa JIB€ [10JICUCTEMbI UMEIOT IPOTUBOIOJI02KHbBIE HAIIPaBJIEHUS TePMOJIMHAMUYeCKON
CTpEeJIM BPpEMEHU, Mbl BRIOMpaeM HavdaIbHbIE YCJIOBUS JIJIsT HUX 000UX B OJIMH TOT K€
MOMEHT BpeMeHH tj, CKaxKeM B IponuioM. /leficTBuTe/ IbHO, BBIOOD, /19 KOTOPOTO %
HAXOJIUTCS B IIPOIILJIOM - €CTECTBEHHBII BLIOOD J1/1s TOICUCTEMBI, B KOTOPOI SHTPOTIUS
yBe/manBaeTcs co BpeMeneM. OHAKO, 9TOT BBIOOP HE HACTOJIBKO €CTECTBEHEH JIJIst
JIPYTOi TTOJICUCTEMBI, B KOTOPOIl SHTPOIUs YMEHbBIIAeTCA cO BpeMeneM. s Takoii
HOJICHCTEMBI OBLIO OBbI H0JIee eCTEeCTBEHHO BRIOPATH "HadasbHoe' yeoBue B OyIyIeM.

W 6oJtee IMPOKO, MOYKHO OBLIO OBl U3YYUTH MHOT'O ITOJCUCTEM, KAaXK/IYIO C HAUa TbHBIMU
YCJIOBASIMI B pa3HMeHTBble MOMeHTHI BpeMeHU. [lomdepKHeM, 9TO B 9TOi1 cTaThe MBI

He n3yvaeM Takune 0oJree 00Iue HavYaIbHbIE YCJIOBH, IOTOMY 9TO, KOT/Ia B3aNMO/I€CTBHA
MeZKJTy IIOJICUCTEMaMU CYIIECTBYET, HadaIbHbIE YCJIOBUS, BHIODAHHBIE B PA3HbIE MOMEHTHI
BPEMHU JIJI PA3HBIX MOJICUCTEM, HE MOTYT OBITh 3a/IaHbI ITPOU3BOJILHO. A MMEHHO,

JJ1d TAKUX Ha49aJIbHBIX YCJIOBUI, 38/JaHHBIX B Pa3Hble MOMEHTBI BpDEMEHH, ITOCIIe0BATEIbHOE
pelreHne JUHAMUYECKNX YDaBHEHUI JIBU2KEHHSI He MOXKeT jlayKe CyIlecTBOBaTh. [



Jlarke KOIJIa TaKOe PEIeHre CYIIEeCTBYET, He N3BECTHO, KAaK J0KA3aTh €0 CyIIeCTBOBAHLE
WM KaK HAWTHU 3TO pelleHrne B YNCJIEHHON dopMe.

Tenepb MbI MOXKeM TIOHATD, ITOYEMY CTPEJIa BpeMeHn yHuBepcaibha. [lycTs ecThb
IIOJICHCTEMA, Y KOTOPOIl €CTh CTPeJia BpeMEeH! HallpaBJIeHHas IIPOTUBOIIOIOKHO HaIIeil
o01ieit cTpesie BpeMeHH, U 3Ta MOJICUCTeMa MJIM HAOJII0IaeTCd, UIn He HaOJII0IaeTcs
Hamu. Eciim oHa He HabJIO[aeTcss, TO 3TO HE HapyIllaeT Toro ¢akra, UTO Halla
cTpesyia BpeMeHU KarKeTCsl YHUBEPCAJIbHON HaM. Ecan ona HabJIr01aeTes, Tora OHa,
B3aMMOJIEHCTBYET ¢ HaMU. A 9TO B3aMMOJIEHICTBIE TPUBOIUT K TOMY, UYTO 3TU CTPEJIBI
BpeMeHHn He MOT'yT 6bITb IIPOTUBOIIOJIO?KHBIMHA B T€YeHUE J0JII'OT'O BPpEMEHH. B HIO6OIVI
caydae - TO, 9TO MBI HADJTIOMaeM, JOJIKHO NMETh TO YKe CaMoe HallpaBJIeHne BpeMeHH
(, aro u Haire (Kpome, BOBMOXKHO, OY€Hb KOPDOTKOIO BPEMEHHOI'O MHTEpBaJa). DTO
HOJI06HO paccyKJIeHuio B [6], ¢ Toil BaxKHOiI Pa3HOCTBIO, YTO HAIle PACCYK/IEHHEe He
Ha3mpyeTcs Ha KBAHTOBOI MeXaHUKe.

B ocraromuxcst pasienax Mbl OATBEPZK IAEM 3TH HHTYUTUBHBIE U1en 00JIee KOJTMIeCTBEHHBIM
AHAJII30M.

0.3 Craructuueckas dpusuka IIpeodbpaszopanns Ilekapsi

[Tpeo6paszosanust [lekaps (st 6ostee meranbHOro anansa cmorpu [puioxkenue 1)
oTobpazkaeT JIFOOYI0 TOYKY eMHIIHOTO KBaIpaTa Ha JIPYTYI0 TOUYKY TOTO YKe CaMOro
kBajipaTa. Mbl uzyuaem nabop N >> 1 takux Touek (HasbiBaeMmbix "wactunamu'),
KOTOPBI JiBUzKeTCcs 1o BosjelicreueM llpeobpaszopanust Ilekapst. D1o sBisieTcs
"urpymedroit" Mogeanio g "raza", KoTopblit 0618 aeT BCEMI TUITHIHBIMU CBOMCTBAME
KJIACCHIeCKUX [ aMIIbTOHOBBIX 0OPATUMBIX JI€TEPMUHUPOBAHHBIX XA0TUIECKUX CUCTEM.
JeiicrBuTeE/IBHO, M3-3a €ro mpocToThl, [Ipeobpasosanus [lekapst MMPOKO UCIOIB3YyETCS

B TaKuX IeJsax [22-25].

0.3.1 Makpockornuueckas: SHTPOINs U SHTPOIN aHCaMOJIs

Yro0bI onpeie/inTh YA00HbINH HAOOP MAKPOCKOITMYECKUX MEPEMEHHBIX, MbI JICJIIM
eJIMHUYIHBIN KBaJpaT Ha 4-pe paBHBIX MoakBajpata. [lycth 4-pe mepemeHHBIX Ny,

Ny, N3, Ny, obozragator gucyio "dactui"B cooTBETCTBYIOMIX MMOIKBaapaTax. OHu
SIBJIAIOTCS. MAKPOCKOIIMIECKIMU [IepEeMEHHBIMIE 11715 Hatmedi cucreMbl. (Eerb, KoHeuHO,
MHOTO JPYTUX YI00HBIX CIIOCOOOB OIPEJIEIUTh MaKpPOCKOIIMIECKNEe IIepeMeHHbIe, HO
obIIue CTAaTHCTUYECKUE 3aKOHOMEPHOCTH He JIOJIZKHBI 3aBUCETh OT TOT0 BBIOODA).
MakpocKomumdyecKas SHTPOIHUA Sy, TaHHOIO MaKPOCOCTOSHUSA OIPEIEISIeTCS INCIOM
Pa3JIMYHBIX MUKPOCOCTOSHMI, COOTBETCTBYIOIIUX 9TOMY MaKPOCOCTOSTHIIO, U OIUCHIBAETCS
caemymomeit hpopmyIioit

4 4
Nk Nk Nk
Sm=-—N E —1 — | = - E N1 — . 1

DTa SHTPOINST MAKCUMAJIbHA, KOT/Ia pacipee/ieHre YacThIl pABHOMEPHO, Koraa Sy,
pasHa S = Nlog4. . B To BpeMsi SHTpONNS MUHUMAJIbHA, KOTJa BCE YaCTHIIBI
HAXOJISITCS B OJTHOM TIOJKBaJjpare, T.e. Korma Sy, = 0.

IIycre (z,y) dobosHadaroT KOOpAMHATHI TOYKM Ha €IUHIIHOM KBajpare. Ha
dusnIecKkoM g3bIKE 3TO COOTBETCTBYET MOJIOYKEHUIO YaCTHUIBI B 2-MePHOM (DAa30BOM
npocrpancTBe. [lasg N dacTuil MBI pacCMaTpPUBAEM CTATUCTUYECKUI aHCAMOIb C
IJIOTHOCTBIO BEPOSITHOCTH p(T1, Y15 - - -5 TN, Yn; t) Ha 2N pasmepHoe (ha30Boe IPOCTPAHCTEO.
3/1ech t i- BpeMeHHOi1 TapamMeTp, KOTOPbIi UMeeT JIUCKpeTHbIe 3HavdeHns t = 0, 1,2, ...



fryra IIpeobpasoBanus [lekaps. Torma sHTpONNs aHcaMOJIs OIpPeIEIsieTcst Kak

S, = —/p(rl,yl;.--;xw,yw;t) log p(x1,y15 ... TN, yN; t) dX, (2)

rie

dX = dl’l dyl st dl’N dyN (3)

B obriem ciydae, p u S, M3MEHSIOTCS B IIPOIECCE SBOJIIONIH, otipe/iesisiemoii [IpeobpazoBannem
[Tekaps, u 3aBucaT oT HavaabLHOM p. OHAKO, ecu HAavYabHAA (DYHKIUS JIOTHOCTH
BEPOSAITHOCTU UMeeT (hopmy

p(1, Y15 2N, yN) = p(T,y1) - p(oN, Yn), (4)

KOTOpasi COOTBETCTBYET HEKOPPEIUPOBAHHON (DYHKIINN ILJIOTHOCTH, TOI/Ia (DYHKITUS

IJIOTHOCTU BEPOSTHOCTH OCTAETCSI HEKOPPEJIMPOBAHHO B IIPOTIECCe JlaIbHEHNTIEN SBOTIOINHN.
Tax, nHarrpumep, paceMoTpuM GYHKIHIO p(T;, ) ), KOTOpasi pABHOMEPHA B IIPeJiesiax

HEKOTOPOit To106/1acT X (¢ miomaapio A < 1) e IMHIYHOTrO KBapaTa, 1 00paIaeTcs

B HYJIb 3a Tipejiesiamu Y. /JIpyrumu cioBamMu, mycThb

[ 1/A  for (z;,y) inside X,
p(xla Y, t) - 0 for (ml’ yl) outside X. (5>

I\ I\
- J— N —
Se = (A) log (A) A NlogA. (6)

Taxk kax A dA He u3MeHsIeTCsT B IIPOIECCE SBOJIIONNH, opeesieMoit ITpeobpazoBanmem
[lekapsi, To 1 S, ABJIAETCA OCTOSTHHOMN B IIPOIIECCE IBOJIONNH, Olpejiesisiemoii [IpeobpazoBanuem

) e Y
[lekapsi. DTOT MpUMED WILTIOCTPUPYET, UTO S, ABIAETCH (PAKTHIECKU MOCTOAHHON
JIJTsI IPOU3BOJILHON HadaIbHON byHKInu. [is1 nokazaTebcTBa, O3BOJIBTE HAM Pa3/Ie/nTh
eMHUIHBIH 2/N-MepHBI UK Ha OOJIBIIOe KOJTUIECTBO HEOOIBINX 00IacTeil X,
JUTsT KaXKJI0f M3 KOTOPBIX BEPOSITHOCTHL paBHA p,B mporecce 3BOIONIE KaKIast
obstacTh Y, u3Menser (popmy, Ho ee 2N -mepHast "ttorma s " A, ocraercss HEU3MEHHOIA.
Kpome Toro, BeposiTHOCTH p, HA HOBOW O0JIACTU X, TAKXKE OCTAETCS HEU3MEHHOIA.

7 a a

CuresioBatenbHo, suTpoMst ancambis S, = — y. . AN p, logp, ocraercs HemsmeHHOI
TakKe. DTO - OCHOBHAs WJIesl TUCKPETHON BEPCUH JI0KA3aTe/IbCTBA, HO U HEIIPEPbIBHAS
BepCHS MOYKET ObITb CjlesIaHa MOJI0OHBIM 2Ke CIIOCOOOM.

B sTom cirygae

0.3.2 CooTBeTcTBYIOIIE N HECOOTBETCTBYIONINE MAKPOCKOITITIECKIE TIepeMentble

MakpockonuiecKue mepeMeHHble, OIpeie/;IeHHbIE B TIPEILITYIIEM ITOpa3/ie/ie UMeIOT
CJIeTyIOIIe CBOMCTBRA:

1. Jljs GosbImMHCTBA HAYAIBHBIX MUKPOCOCTOSTHUI, MMEIOINX CBOMCTBO Sy, <
Smax - Shy yBesmuuBaeTcd 1o jgeiictBueM [Ipeodpazosanus [lexapst.

2. Jljst 6OIBIIMHCTBA HAYABHBIX MUKPOCOCTOSHUMN, MMEIOIUX CBOWCTBO Sy, =
Smax S ocraercsd nocrodnnoit noj jeficrsuem IIpeodpazosanus [lekaps.

3. /IBa, ommcaHHBIX bIllle CBOMCTBa ocTaloTcd B cuie, Korja lIpeobpazoBanmus
[Tekapst 10110 THEHO HEOOJIBIITUM IITyMOM.



HaszoBem MakporiepeMeHHbIe, UMEIOIIIE TH CBONCTBA, MOJIXO/ISIIIIMMI MaKpPOIIEPEMEHHBIMU.
(Onu sBiistirorest "moaxoaanuMu" B CMBICTIE, 4TO COOTBETCTBYOIIHUI MAKPOCKOIIMYECK i
3aKOH YBEJNICHUST SHTPOIINU MOKET OBITh ITOJIy IeH TOJIHKO, KOT/a MAKPOIIEPEMEHHbIE
HOBUHYIOTCS 9TUM CBOJICTBAM. )

OTHIOIB He JII000i pa3yMHBIH BEIOOP MAKPOIIEPEMEHHBIX SIBJISIETCS TIOIXO/ISIIIIAM.
DTO MOYKHO HPOUJLIIOCTPUPOBATE IIPIMEPOM. Pasies M e [mHIIHbI KBaapaT Ha 2
OJIMHAKOBBIX BEPTUKAIBHBIX 1mostoc (M > 1)). Msl onpejernsieM HOBOE MHOXKECTBO
MaKpOIepeMEHHbIX KaK HOMepa 9acTHIl B KazK 10l u3 3tux mnosioc. [logobno dhopmyiie
(1), cooTBeTCTBYIOMAsT MAKPOCKOIIMIECKasT SHTPOIUS

oM N
w=—Y Nylog (=2
S kz:; k108 N /) (7)

rie Ny - 9ucjio JacTuil B mojioce k. Beibepem ciieytoliee HavdabHOE yCJIOBUE: Ta3
PABHOMEDHO DPACIIPE/Ie/IEH B HEYUETHBIX BEPTUKAJIBHBIX II0JI0CAX, B TO BpEMs KakK
YeTHBIE TI0JIOCHI ITyCThI. 1Or1a /71 9TOr0 HAYAJIbHOIO YCJIOBUS BBITOJTHAECTCH Sy, <
Shax TIpu 9TOM, B TE€U€HHE JIOJIIOI0 BPEMEHN IBOJIIOINU CUCTEMBI, OCYIIIECTBIISIEMOI
B cooTBercTBuU ¢ [Ipeobpasosanmem [lekapsi, Sy, He yBeluduBaeTcs HI I KAKOTO
HAIATBHOTO MUKPOCOCTOSTHUST, COOTBETCTBYOIIEr0 STOMY HAUATHBHOMY MAaKPOCOCTOSTHITO
. B Tedenue 1ol 9BOTIONNUN YUCIO 3ATI0JTHEHHBIX TIOJIOC YMEHBIACTCS, & U UX TOJIIUHA
YBEJIMIUBAETCs, TIOKa, TOJIBKO OJIHA TOJICTas 3all0THEHHAsA BepPTUKAJIbHAs I0JI0CA He
octaercs. ToOJIBKO MOCIe TOTO, KaK 9TO IMPOU30iIeT, Sy, HAYUHAECT YBEJIUINBATHCS.
Cremxyer obpaTuTh BHUMAHWE, YTO SBOJIOIHUSA I10 HAIPABJICHUIO K €IUHCTBEHHOM
10JI0CE MOXKET OBITH JIET'KO pa3pyliieHa HeOOJIBIITUM BO3MYIIEHUEM.

Taxum 06pazoM, Mbl BUJIUM, 9TO BEPTUKAJIBHDIE TIOJIOCHI IPUBOIAT K HEIIOIXO IATIIM
MaKpoIlepeMeHHbIM. B IIpoTUBOII0I0?KHOCTD 9TOMY, TOPU30HTAIbHBIE TTOJIOCHI ITPUBOIST
K TIOJXOSIIMM MakporepeMenHbiM. (OHAKO, MAKPOIIEPEMEHHbBIE, UCTIOIb30BAHHbBIE
B (1), BCe ke GoJiee CHOAXOJIAIIIE, TIOTOMY YTO OHU HPUBOJAT K HAMHOIO 0oJjiee
OBICTPOMY POCTY Sy, .) DTa aCUMMETPHUS MEKJLy BEPTUKAJIbHBIMU U TOPU30HTATHHBIMIE
[IOJIOCAMH - CJIEJICTBHE XapaKkTepHoit acumMerpun camoro [Ipeobpazosanus [lekapst
OTHOCUTEJIbHO BEPTUKAJIBHON U TOPU30HTAILHON KOOPAUHATEL. DTa ACUMMETPHS 10 I00HA
ACUMMETPUU MEXK/Iy KAHOHMYIECKUMM KOODMHATAMU U UMITYJIbCAMU B ['aMUIbTOHE
KJIACCUYIECKON MEeXaHWKW JIJIsi MHOTUX PeabHBIX CUCTeM. A UMEHHO, JJIsi peabHbIX
CUCTEM FaMUIBTOHOBBI (DYHKITUHU COJIEPIKAT TOTHKO JIOKATBHOE B3aNMOIEHCTBIE MEXKTY
JACTHUIIAMHI, TJI€ JIOKAJBHOCTH TOJpasyMeBaeT OJIM30CTh MO0 KOOpJMHATE, a He II0
UMITYJTBCY.

Haxkomner, oOpatuM BHUMaHHE, YTO SBOJIONUS MaKPOCKOIMIECKUX MTEPEMEHHBIX
Ni(t), k =1,2,3,4, , HallXOAUTCsT yCpeTHEHUEM 110 aHCAMOJIIO CJIETYIOIITIM 00PA30M

Ni(t) =/Nk(xl,yl;---;:cN,yN;t)p(ml,yl;---;fr:N,yN;t) dX. (8)

0.3.3 Orpy6Jienne

Kaxk MbI yzKe cKazaJu, SJHTPOnus ancaM6Jist (B OTJIMYHE OT MAKPOCKOIIIECKON SHTPOIINH )
- BCETJIa KOHCTAHTa B TeYEHUe SBOJIONUIH, oipe/iesieMoit [IpeobpazoBanmem [lekapsi.

O 1HaKO, XOTEI0Ch ObI UMETh MOJINMUITMPOBAHHOE OIIPEJIeIeHIE SHTPOITIHH aHCaMOJIs,
[IPY KOTOPOM SHTPOIIHNs YBEJIUINBAIACH ObI IT0JJ00HO K MaKPOCKOIINIECKONH SHTPOIINN.
Takasg moudukalusa odecrednBaeTcst OrpyoIeHIeM, KOTOPOe MOXKET ObITH 006eCIIeueHo



BBeJIcHIEM Orpy0JIeHHOH (hazoBoil PYHKIINU IIJIOTHOCTA BEPOSITHOCTH.

coar(

PO (1, s TN, YN) = /A(xl—w’pyl—yi;---;:rzv—x']v,yzv—yﬁv)

X p(, yp; -2y, yy) dX, 9)

rje A ormyHa oT HyJisd B HekoTopoil obiactu X' = 0,0;...;0,0. Takum obpaszom,
orpy0JieHHasT SHTPOIUS aHCAMOJIS

S = _/pcoar(371,yl;--~;9ﬁN,yN) log p“™(z1,y15 .. s 2N, yn) dX. (10)

Koneuno, pyaknuss A moxker ObITh BbIOpaHa MHOrUMHU criocobamu. /lagnm rerepb
HECKOJILKO TTPUMEPOB.
[Tepsoblit npumep - orpyod/ienne bosbiiMana , onpeiesisieMoe Ce Ly oM 00pa3oM

coar (

P (wr,y1s s an, yn) = p(rn ) - p(n, YN, (11)

rie
p(x1,41) =/p(fv17y1;---;x1v7yzv) dzy dyy - - - dzy dyn, (12)

U anasnoruyano jyist apyrux p(zy, y;).
Jpyroii mpumep - n30Tponmdeckoe orpyoaenne uMerorniee hpopMmy

Ay — 2,010 — Y- an — Ty, yn — Yy) =

Az = 2)A(yr —yn) - Aley — 2y) Alyy — y). (13)
Eme onun npumvep - orpy6ienne [Tpuroxkuna [22]
Alwy =2y — 128 — 2y —yy) = Al —yn) - Alyy — ), (14)

KOTOPOE SBJISIETCS AaHU30TPOITHBIM OIPYOJIEHNEM BIIOJIb C2KUMBIIOIIETO HAIIPABJICHUS
Y.

Haxower, mo3Bo/ibTe HAM yIIOMHHATH OrpyOJIeHNEe, OCHOBAHHOE HA DPa3/e/IeHUH
CHCTEMBI Ha JIBE€ MEHBIITNE B3aNMOJIEHCTBYOIIIE o/icucTeMbl. Orpyb/ieHHAS SHTPOIIHSA
aHcaMOJIA JJIs TIOJTHON CUCTEMBI OlTpejie/ieHa KakK apudMeTnIecKas cyMMa HeOrpyOIeHHBIX
SHTPONUI ancaMOJIsg STUX ero nojicucreM. Takas orpyO/ieHHAS SHTPOIUS UTHOPUPYET
KOPPEJISIUU MKy MOJICUCTEMAMHU.

Bce st Tunet orpybsienue uMeroT ciiejiyioriee cBoiicTBo: Eciin HavasibHOe MEKPOCOCTOSTHIIE
TAKOBO, YTO MAKPOCKOIIMIECKAsi SHTPOIINS YBEJIMIUBACTCs, TO OrPyOJIeHHAs SHTPOIIUSA
ancamOJisi TakyKe OyJIeT YBEJIMUUBATHCS JIJIs 9TONO HAYAJILHOIO MUKPOCOCTOSTHUS.

[Ipu sToMm, orpyOsenue Ipuroxkuna nMeer cJieIyomre IPpenMyInecTBa Iepe/L orpyoaeHneM
Bonbnmana u u3orponsbiM orpyb/ieHuem:

Bo-tiepBbix, eciin B34Th pacipeie/ieHne HadabHbBIX MUKPOCOCTOSTHUI TaKoe, ITO
€0 MAKPOCKOIIMIECKUsT SHTPOIIUs YMeHbIaeTcs. Torma SHTPOIs: COOTBETCTBYOIIEr0
ancambO,1s1, orpyosiennas o [Ipuroxkuny He ymenbinaercs. B 1o ke Bpemst, SHTpOTIHUS
arncaM0Jis1, orpyo/ieHHas 110 bBoJsibIIMaHy WM COTrVIACHO M30TPOITHOMY OrpyOJIeHHIO,
OyJeT yMEHDbIIATHCS.

Bo BTOpPBIX, TIPeAIIoIoKuM, 9TO 33/I1aHO Pacpee/enrne Hada bHbIX MUKPOCOCTOSTHUI
TaKoe, UYTO ero MaKpPOCKOIMIeCKas SHTPOIUs yBeandnBaercsd. Temepb paccMOTpUM
HekoTopoe "3akirounTepHoe" cocTosiHIE (HA3bIBAEMOE JlaJiee NCXOHBIN aHCcaMOJIb) ¢
OOJIBIITION MaKpPOCKOIIMYIECKO SHTpoIHeil, 6Jim3Koi K MakcuMasibHO. [locte mocTukenns
CHCTEMOIl 9TOT0 3aKJIIOYUTEIHHOIO COCTOAHUS, PACCMOTPUM MOJY9IEHHOE M3 HErO



HOBOE WHBEPCHOE COCTOSIHHE, MMEIOIIEro OOpaTHYI BO BPEMEHH 3BOJIOINHI (DTO
JOCTUT'aCTCA IIPOCTO CUMMETPUIHBIM Hpe6pa3OBaHI/IeM OTHOCHUTEJIbHO JMarOHaJ Il € JMHMYIHOI'O
KBaJ[para ¢ IepeMeHoil MectamMu KoopJauHar X u y). Torjga sHTponms ancamoOss,
[OJIyI€HHOTO T0cie Takoro "obparenus"u orpyosentuas o [Ipuroxuny, ckadkom
yMeHbIaeTcst (110 OTHOIIEHHIO K Orpy0JIeHHO# SHTponnn ""HeoOpaIieHHOro " HCX0IHOTO
aHcaMOJIs1, 13 KOTOPOro oHa nostydena stum "obpariennem" ). B To ke Bpemst, sHTpOITHS
arcaM0Jis1, orpyo/ieHHas 10 BoJbIIMaHy MM U30TPOITHOMY OrpyOJIEHUIO, OCTaéTCs
OYTHN HEU3MECHHON.

Taxum obpaszom, orpyosienue [Ipuroxkuna obecrieqnBaeT, camMoe aJIeKBaTHOE OIMCAHNE
3aKOHA YBEJIMICHUS SHTPOIMUN AHCAMOJIst 6€3 BCAKUX JIOTIOJTHUTE/IHHBIX TPE/ITOI0KEHUIA.
Tax, Harpumep, 9TOOBI IOy IUTH TOT 2Ke CaMbIil pe3yJIbTaT ¢ orpyoseHneM BosibiMana,
HEOOX0IMMO OBLIO ObI UCIIOIHL30BATD JIOTIOJTHUTEIHLHOE TIPE/IITOIOKEHIE, HA3BIBAEMOE
"runoTe30it MosIeKyIApHOrO xaoca'3ak/ovaronieiics B 3amene p(T1,Y1; T2, Yo) Ha

p(x1,y1)p(x2,Y2) B ypaBHeHUU jJBUKeHUS Jijisd p(T, Y, t).

0.4 ddekr ciaaboro B3auMoeiicTBIs

0.4.1 MaJsble BHelTHIE BO3MYIIIECHUS

Poct surpornmu amcaMOyisi MOXKeT OBITH JIOCTUTHYT jJaxKe 0e3 orpyO/eHus, IyTem
BBeJIeHUs HEOOILIITOro BHENHOTro Bo3mytienud B [[peobpazoBanue [lekaps. Bozmymenne
JIOJIZKHO OBITH JTOCTATOYHO HEOOJIBIIINM, UTOOBI He YHHITOKUTH POCT MAaKPOCKOTTIIECKO
SHTPOIIMH, HO B TO K€ CAMOE BPeMs, JIOJIZKHO OBITH JIOCTATOYHO CHUJIbHBIM, 4TOOBI
IIPEJIOTBPATUTE OOpaTHBIE ITpoIecchl 1 Bo3BpaTh! [lyankape. st 60IbIIIMHCTBA TAKIX
BO3MYIIEHUN KadeCTBEHHbIE OCOOECHHOCTU IBOJIONNUA HE 3aBHUCAT CYIIECTBEHHO OT
JIETAJILHOTO BUJIa, BO3MYIIICHUSI.

Cy1ecTBYIOT JIBa METO/Ia, KOTOPHIMU BHEIITHEE BO3MYIICHIE MOXKET ObITh BBEJICHO.
OH MEeTOJ, COCTOUT B TOM, UTOOBI BBECTU HEOOJIBIION BHEITHUN CJIyYailHbIH IIIyM.
MaxpocKkomnuecKue mpoIecchl ¢ yBeJnIeHHeM MaKPOCKOIMIECKON SHTPOIINN YCTORINBbI
110 OTHOIIIEHHIO K TakoMmy Irymy. OHAKO, IO b 00JIacTH Olpe e/ IeHusT (OYHKITUN
¢ a30B0OI1 IJIOTHOCTH OOJIBIIE HE ABJISI€TCsI KHBAPUAHTOM 110 OTHOIIEHHUIO K BO3MYIIIEHHOMY
[Ipeobpazosanuio [lekapsi. DTuM METOIOM SHTPOIHUS AHCAMOJIST MOYKET YBEJIMINBATHCS.

pyroit MeTO1 COCTOUT B TOM, ITOOBI BBECTH CJIa00€ B3aUMO/IEHCTBIE C OKPYKAIOTIIEH
cpeoii (Koropoit MoxeT cirykuTb u "Habsomarens"). CHOBA, MAKPOCKOIMIECKIE
IIPOIIECCHI C YBEJUYEHUEM MAKPOCKOIMUYIECKON SHTPOIUN yCTOWYIUBBI, HO TLIOIIA/Ib
obJtactu onpejesenns MyHKIUN (pa30BOil IJIOTHOCTU OOJIbIIE HE SIBJISIETCA NHBAPUAHTOM
110 OTHOIIIEHHIO K Bo3MyIieHHOMY IIpeobpazosanmio [lekapsi. CiiegoBaTesbHO, SHTPOIIIS
arcam0J1sT MOZKeT yBemanBaThesa. OMHAKO, TaKasl ccTeMa DOJIbIe He W30 IMPOBAHA.
Tereps oHa gacTh OOJIBINEN CHCTEMBI, Pa3/IeJIeHHON Ha /iBe mojicucteMbl. CJre/10BATeTHHO,
KakK ObLI0 y2Ke obbscHeHo B Pazene 0.3.3, orpybJieHnHast SHTponus aHcaMmOJIs JITs
MIOJTHOM CHCTEMBI MOXKET OBITHb OIpe/ie/ieHa KaK CyMMa HeOrpyOJIEHHBIX SHTPOIHU
MHOKECTBa ero rojicucreM. B cie/rytomnem mopas;iesie Mbl U3y4nM cjiabble B3aUMOJICHCTBHA
¢ OKpyzKaroIeil cpesoit 60s1ee Mo IPOOHO.

0.4.2 Craboe B3auMojIeficTBHE U JIE30PTraHU3AIS COCTOAHIA C TPOTUBOIIOIOAKHBIMI
cTpeJlaMi BPEMEHU TIOJICUCTEM

st nasibHeiinero Heo6X0MMO BEIOPATH HEKOTOPOE OIIPE/IE/IEHHOE B3aUMOJIeiCTBIE
Mexk Ty aByms "razamu". B orcyTerBun B3anMoieicTBIS, KaXK bl U3 HUX 9BOJIIOIUOHUPYET
corytacHo [IpeobpazoBanuto [lekapsi. MbI momenaeM JiBa € IMHUYIHBIX KBaJipaTa OJIMH

10



HaJI IPYTUM U OIIPE/Ie/IsieM B3auMOJIEHCTBIE C MAKCUMAJIbHBIM PACCTOTHUEM 0 TAKUM
0o0pa3oM, UTO, MEK /Iy ABYyMs I0oc/IejoBaTesbHbIME maramu [Ipeodbpaszosanus [lekapsi,
BCe caMble OJIN3KUE Mapbl YacTHIl (C PACCTOSTHHEM MEXKJLy YaCTUIIAMU, MEHBIITUM
qeM o ) obmenuBaioTcs Mectamu. (Bosee merasbHO, MBI CHadYasa HAXOAUM APy
caMbIX OJM3KHX 9acTHI] (C PACCTOSIHUEM MEXKJy YaCTUIAMHU, MEHBIIHM UeM O ) U
obMenmnBaeM nx Mecramu. [locjie 3TOro, MBI HAXO/IMM BTOPYIO TIAPY CAMBIX OJIU3KUX
JacTul; (C pacCTOSHUEM MeXKJy YacTUIAMU, MEHBIIUM YeM O , U OTJINYIHbIE OT
paHee yrKe HaiiJIeHHBIX YaCTHI) 1 OOMEHHBAEM WX MecTaMu Takxke. Mbl moBTopsiem
9Ty TPOIEIYPY J0 TeX IMOp, MOKa He HCYEPIBIBAIOTCS BCe TaKWe YaCTHIBL) DTH
B3aMMOJIEIICTBHS OIIPEJIETIAIOTCS TOJTBKO MKy YacTUIIAMHU JIEZKAIIIMU B PA3/INIHBIX
nojicucreMax. Takoe B3anMOJIeiICTBUE He 3aTPArnBaeT JBUKEHNE YaCTHUI], HO BBI3HIBAET
HepeMeImBaine MexKIy AByMs nojcucreMamu. O6paTuM TakzKe BHUMaHKE, 9TO TAKOE
nepeMeInrBanie He BeJeT K mapajiokcy ['mbbca, Tak Kak Mbl PAaCCMATPUBAEM STH
JIBa €JIMHUYHBIX KBaJlpaTa KaK JBe pa3jndHble IojicucTeMbl. MakpockonudecKast
SHTPOIHS OIpejie/ieHa KaK CyMMa MaKPOCKOITMYECKIX SHTPOINI TUX JIBYX HOJICUCTEM.

Tenepb 103BOJIBTE HAM PACCMATPETh CIydYail, B KOTOPOM CTPEJIbl BDEMEHU ITHUX
JIBYX ITOJICICTEM UMEIOT OJIMHAKOBOE HallpaBieHne. [Iporeccol, B KOTOPBIX MAKPOCKOITITYECKTE
SHTPOINH ITUX JIBYX MOJICUCTEM YBEJINUUBAETCH, ABJIAIOTCS YCTONYUBBIMU IO OTHOIIIEHITIO
K B3auMoyieiicTBuio. Takum o6pa3om, OOJIBITMHCTBO HU3KOIHTPOIMITHBIX HAYAIbHBIX
YCJIOBUH BeJIET K POCTY MAaKPOCKOIMYIECKON SHTPOINH 00ENX TOJICUCTEM, TaK YKe KaK
IIOJIHOM CUCTEMBI.

Touno Tak ke, ecjii Mbl OOpaIlaeM OIMUCAHHBIN BBIIIE MPOIECC C YBEJIUIEHUEM
MaKPOCKOITNYECKOM SHTPOITNH, MBI TTOJTy9aeM CUCTEMY, B KOTOPOI MaKPOCKOTIMYIECKas
SHTPOIHSA 00ENX IMOJICUCTEM, TaK Ke KaK IOJIHONH CUCTEeMbI YMeHbIaeTcd. B sarom
CMBIC/IE, B3aUMOJIEHICTBUE HEe Pa3pyIaeT CAMMETPHUIO MEXKJTy JIBYMs HAIIPABICHUAMUI
BPEMEHN.

Tenepb 1M03BOJIBTE HAM PACCMOTPETb CAMBI MHTEPECHBINH CJIydail, B KOTOPOM
SHTPONUS yBEJININBAETCS B IEPBOIT MOJICUCTEME U YMEHBITIEHN X BO BTOopoil. Havanbaoe
COCTOsIHEE TIEPBOIi TTOJICHCTEMBI 06/1a/1a€T HU3KOM SHTPONUel (HaIpuMep, Bee YaCTHUIIbL
HAXOJIATCS B HEKOTOPOM HEGOIIBIIOM KBaJipaTe 0kos10 ToukH (0, 0) e IMHIYHOrO KBaIpaTa,).
Amnanornvno, Bropas mnojicucremMa objialaeT Hu3Koii sHTponueil (HanpuMep, Bee 4aCTHIIbI
HAXOJIATCS B HEKOTOPOM HEOOJIBIIOM KBaJIpaTe OKoJIo ToUKH (1, 1) emHnTHOrO KBaipaTa)
B KOHEYHOM COCTOSTHWH.

Eciin 661 He OBLIO HUKAKOTO B3aMMOJIEHCTBUS, TO KOHEYHOE COCTOsIHUE TIePBOI
IOJICUCTEMDBI OBLIIO ObI BEICOKO-3HTPOIUIHBIM COCTOSHUEM, COOTBETCTBYIOIIUM TTOUTH
PABHOMEPHOMY PACIIPEJIE/IEHIIO 9aCcTHIl. AHAJIOTUYIHO, HAYAIbHOE COCTOSTHUE BTOPOI
CUCTEMBI OBLJI0 Obl BHICOKO-9HTPOIMITHBIM COCTOSTHUEM TOM YKe CaMOil (DOPMHBI.

OjiHaKO ONUCAHHBIE BBIIIE PEIICHUs] C JIBYMsI IIPOTUBOIOJIOXKHBIMEU CTPEJIaMu
BpeMeHU OOJIbITIe He OYJIyT pPEIieHudaMU, KOTa B3anMOJIeCTBUE ITPUCYTCTBYET. B
OOJILIIIMHCTBE CJIyYaeB, B3ANMO/IEICTBAE CMENTUBAET YACTUIIBI MEYK/TY TIOJICUCTEMAMH.
Yucsio perennii co B3anMOJICICTBIEM, KOTOPbIe UMEIOT T€ YKe HAaYabHO-KOHEIHbIE
YCJIOBUS, ONUCAHHBIE BBIIIE , ABJISIETCI OYEHb HEOOJIbITUM, (PaKTHIECCKU HAMHOI'O
MEHBIITUM, Ye€M YUCJIO TAKUX PEIIEHUN B OTCYTCTBUH B3aMMOJIEHCTBUS.

[TozBosIbTE CIIEIATD TTOC/IETHEE yTBEPKIeHne Oosiee KommdecTBeHHBIM. [locsie nedeTnoro
qucyia OOMEHOB MEXKJIy ITOJICUCTEMAaMHU YacTHUIA ITPOXOIUT K JIPYToil MoJICHCTEME.
AHaornvIHo, MOCae YeTHOTO YHC/Ia TaKHX OOMEHOB, OHA OCTaeTCd B TOH 2Ke camoii
noJicucreMe. BeposiTHOCTH JJ1st 9TUX JBYX COOBITHIT paBHBI p = 1/2 1 He 3aBUCAT OT
JIPYTUX YaCTHIL, 110 KpaifHeil Mepe, IpuoInm3uTeIbHO. /laee, Mbl MOYKeM yTBEPK AT,
YTO CMeNNBaHNe MeXK/Ty STUMHU JBYMSI II0/ICUCTEMAaMU HE3HAYNTEIHHO B HAYAJIbHBIX
U KOHEYHBIX COCTOSIHUAX, ITOCKOJIBKY SHTPOINM ITHUX JIBYX IOJICHCTEM COBEPIIIEHHO
pazyimaHbl. Mbl XOTUM BBIYUCIUTD BEPOATHOCTH HEOOIBIIOTO CMEITUBAHUS JJIsT KOHEYHOTO
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COCTOSIHUS, TIPU YCJIOBUU, YTO CMEITUBAHUE ABJISIETCS HEOOIBIIUM B HA9aJIbHOM COCTOSTHUM.
g ompesieIeHHOCTH MBI OyeM CUYATAThH, YTO CMEINTUBAHUE SABJISIETCS HEOOJIBITUM,
€CJIM 9UCJI0 YacTull N; , Mepemenux U3 OJHONU MOJICUCTEMY B JAPYTYIO, ABJISETCS
wim Ny < N/4, wmu Ny > 3N/4. (BcnomauM , 910 06MEH YaCTHIAME - TOJBKO
3ddeKT Bo3MyIeHn, TaKUM 00pa30M IIepeMellnBaHue He MOXKeT 3aBUCETh HU OT
Kakoii Japyroit mepementoii, kpome N;. Paxroper 1/4 u 3/4, KOHEUHO, BBHIODAHBI
MIPOU3BOJILHO, HO MbI YCTAHABINBAEM UX TaK, YTOOBI TIOJIYIUTh HEKOTOPhIE KOHKPETHbIE
pe3yJILTATHI B IPOCTOI nTOTOBOI (popMme. KadecTBeHHBIE PE3y/IbTATHI, KOTOPBIE OTCIO/IA,
CJIEJIYIOT, HEe 3aBUCSIT OT 9TOrO KOHKPETHOI'O BBIOODA. )

Taxum 0OpazoM, BEpOATHOCTD JIaHa COBOKYITHBIM OMHOMUAJIBHBIM PaCIIpe ieIeHIeM
F(Ny; N,1/2), onucbiBaeMbiM

L]

F(kin,p) =)

=0

T i1 —p)n (15)

riae | k| dBagercss caMbiM OOJIBIINM TIETBIM YHCJIOM, MEHBINE YeM WM DABHBIM k.
Oyukuus F(k;n,p) , yIoBIeTBopsieT HEPABEHCTBY

(np — k)°

F(k;n,p) < exp (-2
n

(16)
Cocrosiiue ¢ MPOTUBOIOIOKHBIMI CTPEIAMHI BPEMEHN IO/ICHCTEM He JIe30PraHn30BaHo,
korga Ny < N/4 or N, > 3N/4. BepositHOCTB 5TOr0 paBHA

2F(N/4; N,1/2) < 2eN/8, (17)

;[CHO7 9TO 9Ta BEPOATHOCTbL YMEHBLHIACTCA IIO0 3KCIIOHEHTE C YBEJIMYCHUEM N 9TO
O3HAYAeT, UTO TaKasl BEPOSITHOCTE IIpeHeOpeKMMO MaJia 11 6osbinoro N. CregoBaTesbHo,
OYTHU OECCIIOPHO MOYKHO YTBEPKIATH, ITO IPOIECCHI C TPOTUBOIOIOXKHBIMI CTPEIAME
BpEMEeHN Oy/IyT J1€30PTraHn30BaHBI.

B ommcanHOoit BBINIE MOJETH, MBI HY?KJA€MCsl B IIOYTH PABHOM YHCJIe YACTHI B
9THX JIBYX IOJICUCTEMAX, YTOOBI JIE30PTaHIN30BATH COCTOSTHUSI C IIPOTHBOITOIOKHBIMUI
CTpeJIaMi BPEMEHU. DTO CBA3AHHO C TEM, 9TO OJIHA YACTHUIA MOYKET BJIUATH Ha
JIBUZKEHUE TOJIBKO OJTHOM OJIM3KOi qacTuilbl. J1j1s1 Oosiee peamcTuIecKnX B3auMOIeiCTBIiT
OJIHa, YACTHUIIA MOYKET BJIUSTH Ha JIBUKEHNE OOJIBIIIOr0 KOJIUIECTBA COCETHUX JACTHII,

YTO O3HAYAET, UTO JlayKe OYEeHb HEDOJIbIIOE KOJMYECTBO YaCTUIl B OJHONU CHCTEME
MOXKET Pa3pyIIUTh IPOIECChl ¢ YMEHbIIEHUEM SHTPOIUHU JJIsd APYTOil CUCTEMBI.

0.4.3 [lexoppensius B cHCTeMe C B3aUMOIeICTBIEM

['aMUIBTOHOBBI CUCTEMBI OIIUCHIBAIOTCS HE TOJIHKO MaKpPOCOCTOSTHUSIMU, HO TaKyKe U
CJIOZKHBIMU HEJTUMHEHHBIMI KOPPEJISIITUSIMUA MEXK Ty MUKPOCOCTOSTHUAMU. DTU KOPPEIAIIAN
OTBETCTBEHHBI 382 00paTUMOCTh. B3anMoaeiicTBre MexK /1y JIBYMs TIOJICUCTEMAaMU Pa3pyIaeT
9TU KOPPEJISIUK B IOJICUCTEMAaX, HO IIOJIHAsI CUCTEMa OCTaeTCsl 0OpaTUMOIl, TO €CTh,
KOPPEJIAIIHT TOSIBJISIIOTCS B TIOJTHO# cucTeme. TakuM oOpa3oM, JAeKOPPEIIus B IOICHCTEMAaX
PaCIPOCTPAHSET KOPPEJSIUU Ha TIOJHYIO cucTeMy. (DTOT HpoIece - KIacCuIecKuii
aHAaJIOr JIEKOTEPEeHINN B KBAHTOBON MeXaHUKe).

[TosBoibTe HaM H3JIOXKUTH TU KavdeCTBEHHbIE UJer B 0Oojiee KOJIUYIEeCTBEHHOI
dbopme. Jluneiinas koppensius (kKoppessinust [Tupcona) mmeer nopejieHune, O4eHb
110100HOE TTOBEIEHNI0 HeJIMHENHBIX KOPPEJIAIuil, OInCcaHHOro Bhile. EanHcTBeHHAS
Pa3HUIA B TOM, YTO 3THU JIMHEHHbIE KOPPEJISIINNA yMEHBIITAIOTCA cO BpeMeHeM. BzanmoieiicTsue,
KOTOPOE MbI TPEJJIOKUIIN, MOXKET OBITH AITPOKCUMUPOBAHO CJIYUAfHBIM IIIYMOM C
AMILJIUTYA0M, COOTBETCTBYIONICH PACCTOAHUIO B3AUMOACHCTBUA MEXKJY YaCTUIIAMMU.
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HOSTOMy, MBI 02K J1aeM, 9TO BSaHMO,Z[efICTBHe HE TOJIBKO BbI3bIBA€T BbIpaBHHUBaHUE
CTpeJl BpeMEHU, HO TaK2Ke BeJICT K 3aTyXaHHUIO KOppeﬂHHI/Iﬁ, KOTOpOE IIPOUCXOJIUT
Jazke 6oJtee 3HAUNTENLHO, YeM 9T0 6e3 B3ammogeiicteus (Pasmen .1.5). Bo Bpems
9TOTO IIPOIECCA IBOJIIOIHS MOCHCTEM CTAHOBUTCS HEOOPATUMOIi, HO TIOJIHAS CHCTEMA
oCTaeTcsi OOPATUMOIA.

MbI MOKEM KOJIMYIEeCTBEHHO HAWTHU BEJIMUUHY TOTO 3aTyXaHUA KOPPEIAIUi, BHIUYUC/Ts
Koppesaruio [Iupcona jijig HAINUX TOJICUCTEM, ONUCHIBAEMYIO

C'(m)
C(0){C(0))’

r(m) =

(18)

rae (C™(0)) )> - okumaemasi JUCIEPCHs CJIY9AiHON BEIMIUHBI X, BBIYHCICHHOM
nocsie m urepaiwii orobpazkenus. Jucnepcust C™(0) mMoxkeT ObITH BbIYUCIEHA KaK
as
gm_y (G+1)27™
c™(0) =) / (2™ — § — (z) + S)* du, (19)
=0 iyl

. -1
rJie S - ciydadinoe 1ncIo, onpeienennoe kaxk S = Y -~ 2F(;. 3nech , - HesaBucumoe

1 OJTHOPOJTHO PAacIIpe/ie/IEHHOe C/IyvdaiftHOe YUC/IO C HYJIEBBIM CPEJIHUM U JTUCIIEPCUeit
0%, KOTopoe MOJIe/IMpyeT BIMAHNE B3aNMOJICHCTBHI Ha 9BOJIONIIO CHCTeMBbl. 1locie

KOPOTKOI'O BbIYHCJ/ICHUA MBI IIOJIy9aeM

m—1

(C™(0)) = C(0) +(5%) = C(0) + > 2°*(Gucw). (20)

k,k'=0

Ucnonb3ys caeyioriee CBOMCTBO HE3ABUCUMBIX U OJITHOPOJIHO PACIIPEIETEHHBIX CTY YaiTHBIX
sesmnanH {(Cy) = Opw 02, MBI TIOTydaeM

(C™(0)) = C(0) + ——o0~. (21)

fcno, 9To B3amMOIeiicTBAE YBEJTNYNT 3aTyXaHne KaK MUHIMYM JITHEHHBIX KOPPEJTATNIA,
IIOTOMY YTO

27777,
r(m) = : (22)
V1+4(22m —1)02
OsHako Jyisi TOJIHOM cucTeMbl Koppessius [Tupcona r(m) = 27 ocraercst Toii

e camoit. Tak kak (S2)'/2 no/ken GBITH HAMHOTO MEHBIIHM, YeM PasMep CHCTeMb
(e IMHIYHBII KBAIPAT), MBI MOXKEM 3aKJIIOYATD, ITO HAIIH [IPE/IIOIOKEHNs], TPUBOJIAIIIE
K (22), npaBwibHbl TOIbKO i (S?) = [(22™ — 1)/3]0? < 1 and 02/272™ < 1.

0.4.4 YwucjaenHoe MojeINPOBAHNE

[Toka, MBI UCIIOJIL30BAJIH JIUIITH O0IIHEe abCTPAKTHBIE apryMeHThI. B 9ToM 1o/1pa3;iese
MBI TIOJIJIEPYKAM 9T apryMeHTBhl KOHKPETHBIM YHCJEHHBIM MOJieTupoBanreM. Mbl
MMeeM JBe MOJICHCTeMbl (MapKUpoBaHHble Kak 1 u 2), Kaxjgas ¢ N = Ny = 300
YACTHUIL. DTU JIBE MOJICUCTEMbI 3aHUMAIOT JIBA €JIMHUIHBIX KBaJipaTa. IToObI OlpeIe/TuTh
OrpyOJIEHHYIO SHTPOINIO, KaxK/IbIil € IMHNIHBIN KBapaT pasjeseH Ha 16 X 16 = 256
HEOOJIBIIX KBaIPATOB. TakuM 00pa30M, SHTPOIHS KarXKJI0M U3 9TUX JABYX HOJICUCTEM

JTaeTCs
512

Si==Ni > frilog fua, (23)

k=1
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Puc. 1: Hauanbaaoe pacmpejiesienre 4acTull B MOMeHT ¢ = 1.
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Puc. 2: Dposorust saTpOonnn 6e3 B3auMoAeiiCTBHSI.

rae ¢ = 1,2, fr; = ngi/N; 1 ny,; ABIAIOTCA IUCIOM FACTHI] B COOTBETCTBYIONHAX
MaJIeHbKUX KBaJparax. AHAJIOIMYIHO, HOJIHAsT SHTPOINS OIPEIesIsIeTcss KaK

512

S=—(Ni+N2)Y_ filog fi, (24)
=1

rie fy = (ng1 +nka)/ (N1 + Na)

Jlnst cucrembl 1 MbI BRIOMpaeM HadaJIbHOE COCTOSTHUE ¢ HYJIEBO SHTpoOInel B ¢ =
1 (cm. Puc. 1). Touno Tak ke, misg cucreMsl 2 Mbl BbiOHpaeM "KoHewHOE" COCTOSTHIE
¢ HysaeBoit sHTponueit B t = 6.. Takue HavabHBIE YyCIOBUS 00ECIIEUUBAIOT, ITO B
OTCYTCTBUU B3aUMOJCHCTBUN S| 1yBe/IMIMBAECTCS CO BPEMEHEM, B TO BpeMsl KakK S
YMEHBITTaeTcs co BpeMeHneM s t < 6.

Yr1o0bl n36€KaTh YUCICHHBIX ITPOOJIEM, SIBJISIONIUXCS PE3YJILTATOM KOHEYHOIM
TOYHOCTH KOMIIBIOTEPHOTO MPEJICTABICHNs PalUOHAJBHBIX dnces, (27) 3aMeHeHO
Ha *' = axr — |az], ¥ = (y + |az])/2 ¢ a = 1.999999. Pesynbrarsr uncieHHONo
MOJIe/INPOBaHus 1pejacTaBieHsl B Puc. 2 u Puc. 3.

Y1006bI BKIIOUNTH 3D (PEKTHI B3aUMOIEHCTBUsI, MbI OIIPe/Ie/IsgeM B3auMO/IeiCTBIE
caenytomum obpazom. (Pagn BeraucuTeIbHOrO ya006CTBa 9TO OMPeIeIeHO HEMHOTO
no-apyromy, dem B Paznene 0.4.2.) ). (Bsanmogeiictsue, ucnosb3yemoe B pasjesie
7?7 BBIOPAHO Tak, YTOOBI CesIaTh aHAJIUTHIECKHEe MEeTOIbI pacuera 60jee TPOCTHIMHA,
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4000 : ‘ : :

3500,
3000

2500
» 2000
15004
1000
500

s R—— 8 10 20
Puc. 4: CuMmMeTpuaHas SBOJIONUS SHTPOIUH IIPU B3aUMOJICIICTBUN.

B TO BpeMs KaK B CYIIECTBYIOIIEH CEKIINI OHO BEIOPAHO TaK, YTOOBI JIe/IaTh YUC/IOBbIC
BbIUUC/IeHUst 6ojiee TpocThiMu.) Mbl Gepem HeOOIBINON Uana3oH B3auMOIeHCTBIS

ry = 0.01 B y-HanpaB/IeHUH, KOTOPBLIIL, 110 CYyTH, SBJISETCS IAPAMETPOM, OIIMCHIBAIOIIAM
cs1abocThb B3auMogieiicTust. (BecroMHuM, 9T0 Y U T SBJISIFOTCST aHAJIOTAMYI KAHOHIUIECKOI
KOOP/IMHATHI 1 KAHOHUIECKOT'0 UMITY/IbCa, COOTBETCTBEHHO, B ['aMuIbTOHOBOM (hazoBOM
npocTpaHcTBe). BaanmoseiictBre oOMeHnBaeT caMble OJIM3KHe HAapbl Tak YKe KakK B
Paznene 0.4.2, vo Teneps "camoe 61u3K0e" OTHOCATCS K PACCTOSTHUIO B iy-HAIIPABJICHUH,

1 HeT HUKaKoro obMeHa, eciu caMoe OJIM3KOe paccrodHue Gosibiie dem 71,. Kpome
TOTO, TENIEPh B3aNMO/IEHCTBIE OIIPeIeIEHO TAKIM 00Pa30M, ITO TOTHKO T-KOOPTHHATHI
JacTull, oOMeHnBaloTcsd. BeiOupas Te »Ke caMble Hada/bHbIC ycJIoBud B ¢ = 1 Kak B
cirydae oTcyTeTBUs B3anmosasucumoctu (Puc. 1), pe3yabrarbl YuCI€HHOIO MOIeTHPOBAHIST
¢ B3anMOJIelicTBIEM TpejcTaBienbl Ha Puc. 3. Mbl BuanM, 9TO ¢ B3amMo/IeficTBIEM
(Puc. 3) Sy S2 HaumHaeT yBeImInBaThCs B 60Jiee paHHee BpeMsi, 4eM 6e3 B3auMo/ieiicTBus
(Puc. 2).

Haxkomnerr, Mbl jaeM mpuMep CUMMETPUIHOIO PA3BUTHUS BPEMEHH ITPU B3aUMOJIEiCTBUN.
Jlst 9701 11e7IM, MBI BBIOMPAEM HYJIEBYIO SHTPOIUIO HAYAJbHOIO cocTosduus Bt = 0 u
Juist cucteMbl 1 1 yist cucreMbr 2. JIBa HAwaIbHBIX pacpeieieHus JacTull (JJ1s By X
[OJICKCTEM) TP HYJIEBON SHTPOIMEil pa3jimdHbl. B 9acTHOCTH OHUM DACIIOJIOKEHBI
B IIpejiesiax JIBYX PAa3/INYIHbIX MaJeHbKUX KBaJIPATOB, TAK UTO IMOJIHAS HavaIbHAsT
SHTPOIUS OOJIbINE, YeM HOJIb. Pe3y/ibraT YucI0BOro MO TMPOBAHNUS IIPE/ICTAB/IEH Ha,
Puc. 4. Mbt Bugum, 9TO peleHne sB/isieTCst CAMMETPUYHBIM [IPU UHBEPCUN BPEMEHU!
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0.5 BriBojbr

B »sroii cTaThbe MBI HCIIO/IB30BAH "UTIPYIIIeTHY 0" MOIe/1b, OCHOBaHHYIO Ha [[peobpasoBanun
[lekapst, 9TOOBI IPOAEMOHCTPUPOBATH OCOOEHHOCTH, KOTOPBIE, CIPABEIIUBBI s
OOIIMX CHCTEM, OITMCAHHBIX 00PATUMON ['aMu/IbTOHOBOI MeXaHUKOM. ZFIcHO, j1j1st Takux
CUCTEM MOYKHO CBODOJIHO BBIOpATh MJIM KOHEYHBIC, WM HAYAJIbHBIC YCJOBHS, HO
HeJIb3sl CBOOOHO BBIOpATh CMelIaHHbIEe HAYaJbHO-KOHEUYHBIX ycJjioBus. HadaybHo-
KOHEYHBIX YCJIOBUSI - 9TO YCJOBHUS, IPU KOTOPBIX KAHOHMYECKUE ITapaMeTphl JIIs
OJIHOI 4YacCTU YacCTUIl OlIpe/eJeHbl B HaYaJIbHBIA MOMEHT BPEMEHH, a JJId JAPYyroil
YACTH - B KOHEUHBIN MOMEHT. J[J1s1 MHOTUX CMeIaHHbIX Ha9aIbHO-KOHEIHBIX YCIOBHI

He CYIIECTBYET COOTBETCTBYIONIEro perernst (/1 [aMIIbTOHOBBIX yPaBHEHNUIT JIBUXKEHNSA ).
Touno Tax ke, Kak 15 HaIeit "urpymednoit mogenn" | 1y 6oabmuHCTBA [ aMIIbTOHTAHOB
€O CJaObIMH B3aUMOJICHCTBUEM, YUCJIO PEIICHHUil ¢ JAHHBIMU KPYIHO3EPHUCTHIMU
HAYaIbHO-KOHEYHBIMU YCJIOBUSIMU HAMHOTO MEHBIIIE, 9eM YHUCJIO PENIeHUH ¢ TOJIHKO
KPYITHO3EPHUCTBIMU HAYATHLHBIME YCJIOBUSAMU, U TOJBKO KPYITHOZEPHUCTHIMU KOHEUHBIMHI
YCJAOBUAMU. ITO OODBACHAET, MOYEeMy, NMPAKTUICCKH, Mbl HUKOIJIA He HabJIIoTaeM
MIOJICUCTEMBI C ITPOTUBOIOJIOKHBIMU CTPEJaMU BPEMEHHU, TO eCTb, IoYeMy CTpea
BpeMeHHU yHUBepcaJbHa.

B HekoTopoMm cMmbIcIe, JIe30praHu3aliid COCTOSTHUN ¢ IIPOTHBOTIOIOKHBIMI CTPEIaMU
BpeMeHn 11o100Ha sproaugHocTu. Oda cBOCTBa CIIPaBeIUBbI BO BCEX IPAKTHICCKUX
CUTYAIUSIX, OJTHAKO OHH HE SIBJIAIOTCS TOUHBIMU 3aKoHaMu. OHE BEePHBI /11T OOJIBIITHHCTBA
PEAJIbHBIX CUCTEM, HO KOHTP-TIPUMEDBI MOTYT Beerjia ObITh HaiijeHbr [26,27]. Kpowme
TOro, 0ba CBOMCTBA KaKyTCsl MHTYUTUBHO OYEBUJIHBIMU, HO JOKA3aTh UX CTPOI'O
OYeHb TPYAHO. /15 Spron<IHOCTH COOTBETCTBYIONIUM CTPOTUM PE3YIBTATOM SIBJISIETCS
KAM (Kosmoropos-Aproiib-Moszep) Teopema, B TO BpeMsi Kax Jijisl Je30praHiu3aI[ii
COCTOSTHUIT C TPOTUBOIIOJIOZKHBIMY CTPEJIAMEI BPEMEHH TaKasl CTPOTasi TEOPEMa OTCY TCTBYET.

Harmmmm pesyprarsr Takake pazpernraior "nporusopedne' mex 1y "Hopoit {unamukoit" [[puroxxuna
[22] (obcyxnennoit B Pasmene 0.3.3 u3 jgannoil paborhl) m KoMMeHTapuem Bric-
mont [28|. IuHamuKka B3aMMOIEHCTBYIONUX TIOJCHCTEM MOXKeT ObITh pa3Jie/ieHa Ha
JIBa TUTIA JIMHAMUK:

1. ObpaTumyio ujieaabHyIO JUHAMUKY, PACCMATPUBAEMYIO0 OTHOCUTETHHO KOOPIHHATHOTO
BpPEMEHN, KOTJIa SHTPOINA MOZXKET WM YMEHBITUTHCA WJIN YBEJIUINTHCS.

2. Heobparumyro HaO/II01a€MYI0 JUHAMIKY, PACCMATPUBAEMYIO OTHOCUTEILHO XapaKTePHbIX
CTpeJI BpEMEHHU B3AMMOIeHCTBYONINX IOJCHCTEM, OTHOCUTEIBHO KOTOPBIX SHTPOIINS
MOYKET TOJIBKO YBEJIMYNBATHLCS, KAK Y7Ke ITOKA3aHO BHIIIIE.

B pamkax stoit repmunosiornn "Hosast Junamuka"Ilpuroxkunua [22] sBisercs onHoil

13 popM HABJIIOIAEMOI IMHAMIKH, B TO BpeMs Kak craTbs Bricmont |28 paccmarpusaer
nJleaIbHyIo IMHaMUKYy. B vactnocTu, nad/oiaeMas IMHaMUKa He BKJIIOYAET BO3BPAIIEHUA
[Iyankape n oOpaTMMOCTh, KOTOpbIE SIBJISIIOTCS JI€HCTBUTEILHO HEHAOJII0aeMbIMUI
peaibHbIM HaOJII0aTe/IeM. DTO JieaeT e€ 6oJiee MPOCTO, YeM nieaThHasT JTUHAMUIKA.
OjHako, B npuHIuIe, oda T IUHAMUKN TPABUIbHBIL.

DTO paccyKJIeHne MOMXKeT TaKKe ObITh MPUMEHEHO K MHTEePIPEeTAIluN IUCIOBBIX
pesyibraroB B Paznene. 0.4.4. Kak Puc. 2, tak u puc. 3 moka3bIBaloT, 9TO CTpeJia
BPEMEHH, OIIpe/ieJIeHHasI IIOJIHOM SHTPOIINE, IIOJHOCTHIO 00paIIaeTcs B HEKOTOPBIi
MOMEHT BpeMeHN. DTO 00paIeHne COOTBETCTBYET OMMUCAHUIO UIeaTbHON TUHAMIKOM.

Ho mozker in 661TH HAOTIOMaeMO Takoe obparierne? Pajin KOHIENTYaJIbHONW sICHOCTH
MBI TIO/TYEPKUBAEM, UTO HAOJIOIATEb - TOJHKO OJIHA U3 IOJCUCTEM, U pa3jesisdeM
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BOIIPOC Ha TpU pasjimydubix. [lepBoe, MoxkeT jin HAOIOIaTE/Ib HAO/IIOIATH OOpAIleHIe
CBOeit COOCTBEHHBII cTpesibl Bpemenn! Bo- Bropbix, HaO/I01aTe/ b MOYXKET HADJIIOIATD
obpallieHue CTPe/Ibl BpeMEeHU ero OJTHOTO OKPYy2KeHus? T perbe, MozKeT i HabJII0/IaTe/Th
HAOJTIOATH OOpaIlleHre CTPEJIbl BPEMEeHH MaJjIioil YaCTH OKPYZKAOIIEH ero cpe/ibl?

OTBer Ha IEPBBII BOIIPOC - HET, TOTOMY UTO HAOJIIOIaTe/Ih €CTECTBEHHBIM 00Pa30M
OIIpeJIeIsIeT CTPeJIy BPEMEHN! KaK HAIIPaBJIEHEe, B KOTOPOM €r0 COOCTBEHHA SHTPOIIHS
YBEJIMYINBAETCA. A UMEHHO, HAOJIOIATE/Ib IYBCTBYET CyOBEKTUBHBIN OIBIT ITOTOKA,
BPEMEHNU, TIOTOMY 9YTO KaKJbIil pa3 OH MMeeT JOCTYII K €ro MaMATH O HEKOTOPBIX
COOBITHUSIX, KOTOPBIE HE CTyIatoTCst IPsiMO ceffdac. Takue coObITHS eCTeCTBEHHO MHTEPIIPETUPYIOTCST
kak ero "mpormioe". MoXKHO yTBEpKIATH, UTO MAMATH MOXKET PabOTATh, TOJBKO
KOT/Ia SHTPOINS YBEJIMINBAETCS B HAIIPABJIEHNN OT 3aIIOMIHAEMOT'O CJIyvast 10 BpeEMEHN
BenMuHaHust ero (eMm., Hanpumep, [20]). Touno Tak e Apyrue mponecchl B MO3TY
(MM KOMITBIOTEPE) TaKKe, KaxKeTCsd, TPeOYIoT yBeJMYeHns SHTPOIIUH [Tl ©X HOPMAJILHOTO
dbyukimonnposanus (cm. Takxke [3]). Takum o6pazom, oxKuaeTcst, 9To CyObLEeK TUBHBIH
OIIBIT HAOJIIOATEIS O IIOTOKE BPEMEHH BCer/Ia COBIIA/IAET ¢ HAIIPABJIEHIEM, B KOTOPOM
SHTpONUs HAOJIIOIATE IS YBEJIUINBACTCS.

OtBeT Ha BTOPOIT BOMPOC - MOYTH HABEPHSKA HET, MIOTOMY YTO, €CJIM IIOJIHA
OKpY2KeHIe HAOJIOIAeTCs, TOTIa OHO B3aUMOJIeCTBYeT ¢ HabJII0/IaTesIeM, U, CJIe/IOBATEILHO,
UX CTPEJIbl BPEMEHM UMEIOT TEHJCHINIO ObITh COHAIIPABJICHBI, KPOME, BO3MOXKHO,
OY€Hb KOPOTKOT'O0 BPEMEHU, HEOOXOIMMOT0 JIJIst IPOTIECCA BHIDABHUBAHUS HAIIPABJICHMUIA.

OtBer Ha TpeTuil BOIPOC MHOTJA Ja, HO OOBIYHO HET. A MMEHHO, HEKOTODPBIE
CIIENUAJIbHBIE CHCTEMBI (HAIIPUMED, CIIMH-3X0, 0OcyxKiaemoe B Passene. 77) moxker
c1ab0 B3aMMO/IEICTBOBATh C MX OKPYXKaIoIeil cpejioit u Bce elle COXPaHUTh CTPELy
BPEMEHNU MTPOTUBOHAIIPABIEHHON OKPYIKAOIIEH Cpejie OTHOCUTEIHLHO JIOJIT0e BPEeMs.
Taxwue crienuabHBIE CHCTEMBI - OTHOCUTETBHO MaJIeHbKIE TaCTH ITOJTHOM OKPY KAl
Cpesibl, W HADJIOMATE/Ib MOMKET 3aMEeTHTh, YTO TaKas IOJCHCTeMa HUMEET CTPEesTy
BPEMEHN TTPOTUBOIIOJIOKHYIO CTpeJie BpeMeHH 9TOTo HabJoaares . JleficTBuTeIbHO,
MMOCKOJIbKY MBI y2Ke o0bscumin B Pazmene. 0.2, namm pe3yabTarThl, OCHOBAHHBIE HA
BEPOSATHOCTHBIX PACCYKIEHUAX JJIsi OOTBITMHCTBA CUCTEMA W HE I0/IPa3yMeBaloT,

YTO aOCOJTIOTHO HEBO3MOXKHO HAOJIIOIATH TOJCUCTEMY, B KOTOPOI SHTPOIHS Y MEHBITIAETCS.
OHHU TOJBKO OODBSACHSIOT, TTOYEMY TaKHe CHCTEMbI, KaK OXKHJIAeTCs, OY/IyT OYeHb
PEJIKUMU, YTO COOTBETCTBYET HAIEMY KAaXKJIOTHEBHOMY OIIBITY.

Tecno cBsizaHHOE € BBIIEN3JIOXKEHHBIM HAOJIIO/IEHUE - TO TO, YTO HAIIU PE3YJIbTaThI

HEe HAXOJISITCS B IPOTUBOPEYHH C CYIIECTBOBAHUEM JINCCUIIATUBHBIX cucTeM [29] (Takux
KaK, HAIIPUMED, OIPeJIeJIeHHbIe CAMOOPIaHU3YIOIHeCs] OHOJIOTHIECKUE CHCTEMbI), B
KOTOPOM SHTPOIUS IOJICUCTEMbl MOXKET YMEHBIIUTbCS CO BPEMEHEeM, HeCMOTPsI Ha
TO, YTO SHTPOIIHS OKPYKAIOIIEH CPE/Ibl yBEININBACTCA. JHTPOIIUS TOJTHON CUCTEMbI
(BKJIFOUAOIIEHT KAK SHTPOIIKIO JIMCCUTIATUBHOl CUCTEMBI, TaK U OKPY2KAIOIIeil Cpe/Ibi)
YBEJIMYUNBAETCSI, ITO OTBEYAET 3aKOHY yBeaumdeHus sHTpormu. s Takux cucrem
TUIUYHO, YTO B3aUMOJEHCTBUE C OKPYZKaIOIIEid cpelioil CUIIbHO, B TO BpeMs Kak
PEe3YIbTATHI HAIIEH CTATHH OOPAIAIOTCSA K CJIA0BIM B3aNMOIEHCTBUSIM MEXK Ty TOJCHCTEMAMA.
Hanpumep, y1s cymecTBOBaHUs KUBBIX OPraHU3MOB, HEOOXOIUM OOJIBITION ITOTOK
suepruu ot Costaria. Hebo1bImoit ToToK SHEprun OT 3Be3/1 He JIOCTATOYEH I X KU3HH,
HO JIOCTATOYEH JIJIsI JIEKOPPEJISIINT U )T BBIpABHUBaHUSI CTpeJsl BpeMmenu. B pabore
[6]: mpuBoaMTCH TITaTa: "O/MHAKO, HAGIIOIATED SBJISETCS MAKPOCKOMMIECKHIM 10
OTIpeJIeJIEHNIO, U BCe OT/AJIEHHO B3aMMOJIECTBYIONINE MaKPOCKOIITIECKNE CHCTEMBI
CTAHOBSATCS KOPPEJUPOBAHHBIME OYeHb ObicTpo (Hampumep, Borel samedaresnbho
BBIYHUC/IMJI, 9TO, MEPEMeIeHre OJIHOTO T'paMMa Marepuasa 1o 3se3ge Cupmyc Ha
OJINH MEeTP MOKET BJIMATH Ha TPAeKTOPUU YaCTHUIl B Ta3e Ha 3eMJie Ha BPEMEHHBIX
MaciTabax nopsjka Mukpocekyss [30])."
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(a (b) (©) (d)

Puc. 5: leomerpuueckas unrepnperarus [Ipeobpasosanus [lekaps. (a) Havanbhas
kouduryparnus (b) OpHOpojHOE CKaTue B BEPTUKAJILHOM HAIPABJICHUU U
pacimpeHre B rOpU30HTAILHOM HAIIPABJIeHNN Ha BeJmanny (akropa 2 (¢) Mrorosast
KOH(MUrYpaIyst OCIe OTPE3aHus [IPaBoil ITOJOBUHBI U €¢ MOMeIeHnsT Ha JeByio (d)
Nrorosoe Kondurypalus 1mocje JIByxX UTeparuii.

brarogapuocTn

Mg 6s1arojilapuM aHOHUMHOTO PEIleH3eHTa 3a PA3JIMYHbIE UJIeH, IO3BOJIUBIINE YIIYIIINTh
Ka4veCcTBO U ICHOCTH u3jioxkenus. Paboret H.N. u V.Z. 6bu1u nojiiepkanst Munucrepersom
Haykn pecnyonmuku Xopsarum corsiacHo KorTpaktam Howmep 098-0982930-2864 n
098-0352828-2863, cOOTBETCTBEHHO.

[Ipunoxkenne

.1 Ocnosuble cpoiicTBa [IpeodbpaszoBanust [lexaps

B sTom nputozkenuun MbI IpejicTaB/IsseM HEKOTOPhIe OCHOBHBIE cBoficTBa [IpeobpazoBanus
[Tekapsi. Bosbine jieraseit Moxker ObITh HalijeHo, HApUMep, B [31].

.1.1  Oumnpenenenne [IpeodbpazoBanust Ilekapst

PaCCMOTpI/IM 61/1HapHy10 CUMBOJIMYECKYIO ITOCJIEJOBATE/IbHOCTD.
...S,Q,Sfl,SO;Sl,SQ,Sg... (25)

OeCKOHETHYI0 ¢ 00erX CTOPOH. TaKast I10c/Ie/I0BaTe/IbHOCTD OIIPeJIe/IsdeT JIBa BEIeCTBEHHbIX
qUCIA

Tr = 0.513253 ey Yy = O.S()S_ls_g e (26)

HOCJIG,Z[OB&TG.HBHOCTB MOYKET OBITH IepeMelieHa O6paTI/IMO OTHOCHUTEJIbHO TOYKHU C
3aIITON B 000MX HallpaBJICHUAX. ITocme meBoro CJIBUI'a MBI IIOJIy49a€eM HOBbIE ,HeﬁCTBHTeHbeIe
YHuCJIa

=2z 2z], Y= %(y + | 2z]), (27)

rjie || aBisieTcsa caMbIM OOJIBIIIAM IEJIBIM Y9UCI0OM, MEHBIIE YeM WA PABHBIM X. DTO
oTOOparkeHne eJMHUTHOTO KBajipaTa B ceOs HasbiBaioT [Ipeobpaszosanuem [lekapsi.

Y IlpeobpazoBanus [lekapsa ecTb ecTh IpocTasi reoMeTpUYecKasd MHTEPIPETAITHS,
npescrasiernas B Puc. 5. Tam (a) - nauanbHas Kordurypaiwsi, u (¢) 3aKI09nTeIbHAS
KoHduryparus rocje ogaoi nrepanuu [Ipeodbpazosanug [lekaps, ¢ mpoMeKyTOUHBIM
marom, npejcrasieHabM B (b). Hacts (d) mpeicraBiiser 3akII09UTEIBHY 0 KOH(MUTYPAITTIO
ocJie ABYyX UTepalui.

18



1.2 Hecrabuibuble nepuoinieckie OpONTEI

ITepronnaeckne cuMBosmdeckue nocaegosarenbaoct (0) 1 (1) COOTBETCTBYIOT HEIIOBHKHBIM
rouxaM (z,y) = (0,0) u (z,y) = (1, 1)), coorBercrenno. [leproauteckas mocIe10BATEILHOCTD
(10) coorsercrByer nByxnepuoautnoii opoure {(1/3,2/3), (2/3,1/3)}. I3 nepuonmaeckoit
rocsretoBaTesbHOCTH . . . 001; 001 . . . Mur mostywaem {(1/7,4/7),(2/7,2/7),(4/7,1/7)}.
Touno rak xke u3 ...011;011... mbr nomyuaem {(3/7,6/7),(6/7,3/7),(5/7,5/7)}.

JI1060#t & 1 Yy MOTYT OBITH AIMTPOKCUMHUPOBAHBI ITPOU3BOJILHO Xoporo 0. Xy ... X,
n 0.Yy...Y,,, COOTBETCTBEHHO, TIPU YCJOBUU, UTO N U M SIBJIIOTCH JTOCTATOTHO
Gosbumu. [loaromy nepuogndeckas mocsenoBareabHocTh (Y, ... Yo Xy . .. X)), Moxker
IpUOIM3UTHCS K JII0001 TOUKE eMHUTHOrO KBaJIpaTa IIPOU3BOJILHO OJ13K0. Takum
06pa30M, MHOYKECTBO BCEX MEPUOJNIECKIX OPOUT JAET IIIOTHOE MHOXKECTBO Ha € INHUITHOM
KBaJIpare.

1.3 DproaumvuHoCTb, lepeMelnBaie, 1 COXpaHeHne ILI0MA NI

N3-3a pacTszKeHns B TOPU30HTAJILHOM HAIIPABJIECHUH, BCE OJIN3KIE TOUKN PACXOIITCS

110 9KCIIOHEeHTe TOo/1 jAeficTBueM ureparuii [ [peobpazopanus [lekaps. [Ipu stux ureparumsax
Jiobast ciryvdaiiHast CHMBOJIMYIECKas TOC/IeI0BATETLHOCTD ITPUOJINZKAETCST IIPOU3BOIBHO
0113KO K J1100011 TOUKe e IMHIIHOTO KBaipaTa. Boobiie, Takoe 3proandeckoe CBOMCTBO
MOXKET HCIIOJIL30BaThCs, 4TOObI 3aMeHUTh cpejHee 1o "Bpemenu"(A) cpegnum 1o
"aHcamO.110"

(A) =" Alwa ) = / Ale,y) du(z,y) = / Az, y)ple,y) dedy,  (28)

rjie dy(x, y) siBasgeTcst HHBAPUAHTHON Mepoii u p(, y) HHBaApUAHTHAS [IJIOTHOCTD JIJIsi
[Tpeobpazosanus Ilekapst. s [Ipeobpasosanust [lekaps, p(x,y) = 1.

[Tox neitctBuem ureparuit [Ipeobpazosanus [lekaps jiodas ob1acTb oToOparkaercs
B PsJT Y3KUX TOPU30HTAIBHBIX MI0JIOC. B KOHEYHOM c1eTe, OHU 3aI0/IHII0T PABHOMEPHO
BeCb €JIMHUYHBIN KBaJpaT, 9TO U COOTBETCTBYET IepeMermuBannio. TOIHO Tak ke
oOpaTHbIe UTepanuu 0TOOPaXKaloT 00JIaCTh B y3KNE BEPTUKAJIBHBIE JICHTHI, KOTOpas
TaKKe COOTBETCTBYET IEePEMEITUBAHUIO.

Bo Bpems sTux wmreparuii He M3MEHSIETCS TLIOMAIb 00JaCTh. DTO CBOMCTBO -
3aKOH coxXpaHeHus 1uiomaan obsactu g IIpeodopasopanus Ilekaps.

1.4 Tlokazarenu crenienn JIgmyHOBa, C2KIMATONTUECH U PACTIATUBAIONINECS
HallpaBJICHUS

1
Ecim ZL‘(() ) u xéz) UMeEIOT paBHbIE IepBbIe k aBOMYHbIE TUMPLI, TO jisd for n < k,

xif) - IS) = 2"(x((]2) — xgl)) = (xgz) — x((]l))e”bg?, (29)

ryie A = log 2 igBigeTcst ePBBIM MOJIOKUTEIbHBIM [TOKa3aTesieM crereHn JIsamynosa
qtst [Tpeobpazosanus [lekapst. CieoBaTebHO, pacCTOSTHUE MEK/TY JIBYMST OJTM3KAMM
opOuTaMM yBEJIMIUBAECTCS 110 SKCIIOHEHTE C YBEJUYEHUEM N, U 1ocje k imreparun
CTAHOBUTCSI TIOPsIJIKA 1. DTO CBOMCTBO HA3BIBAIOT IYBCTBUTEILHOCTHIO K HATATbHBIM
ycsoBusiM. M3-3a 3TOr0 cBOiCTBaA, BCe IMEpUONTIecKre OPONThI HEYCTONINBHI.
Tax Kak 1mIomaIp 00/1aCTh COXPAHIETCs, PACTAYKEHNE B TOPU30HTATLHOM HAIIPABJICHUH,

00Cy>KJIeHHas BBIIIE, MOJIPa3yMeBaeT, YTO HEKOTOPOe HAIIPABJIECHUE CXKATUsT TaKKe
JIOJIZKHO CYIIeCTBOBaTh. /leficTBUTEIbHO, SBOIIONMUS B BEPTUKAILHOM HAIlPaBICHUN

19



(1 )y (52 )

y oOpaTHa SBOJIIONNE B TOPH30HTAILHOM Hanpasiennn. Ecin (47, v, o s Yo
ABJIAIOTCA ABYMA TOYKaMU C ]3[()1) = .TéQ), TOoTr1a
— 2 1 2 1 —
yD =y =27 — ) = (o — o e, (30)
CuenoBarenbio, A = —log2 2 - 9170 BTOPOil OTpUIATEIHLHBIN OKa3aTe/Ib CTEIECHN

Jlanynosa jyisa [Ipeobpazosanus Ilekapsi.

1.5 3aryxanune KoppeJaimii

Tak KaK z- HeyCTOIYINBOE HaIlpaBJIEHNE, SBOIIONMS B 9TOM HAITPABIEHUN TPUBOIUT K
3aTyxaHuio Koppessiuii. Cpeasist Koppessiuontas Gyukius C(m) s Moc/ie10BaTeIbHOCTH
X}, OOBIYHO OIPEJIesIsIeT s KaK

C(m) = lim =3 (2 — (2)) (@hem — (). (31)

n—oo N,
k=1

rae (x) = nhrgo > i xx/n. Koppessinuu MoryT GbITb G0Jlee JIerKO BBIUHC/IEHBI, €CIIH
—

M3BECTHA WHBapUAHTHAs Mepa [(x), B 9TOM ciiydae

C(m) = / (& — (2)) (f™(z) — {x)) du(z), (32)

rae f™(x) = x,, - yHKImMs, KoTopas oToOparXKaer MepeMeHHyYIo T Ha ee 00pas moce
m ureparmii [Ipeobpazosanus [lekaps. g [Ipeobpazosanus [lekaps du(x) = dx,
TaKNM O6pa30M, MBI MO2KEM HalluCaTb

—m

2n-1 a2
Comy =3 [ @)@ o) 33

KOTOPBIH TIPHBOIAT K .
Cm =3 2 E e+ @) S+ = (5 - ) T s

~|" 3 2 2 P

Hng Tlpeobpazosanus Ilekapst (x) = 1/2, u, Takum o6pa3oM, HAIMCAHHASI BBIIIE
CyMMa MOXKeT 6bITb BbIYUCJIEHA ABHO

C(m) = —. (35)

DTO TIOKA3BIBAET, UTO 3aTyXaHNE KOPPEJISIINi ITPOUCXO/INT MO FKCIIOHEHTE ¢ YBEJIMIeHIEM
m. Koppesanua [Tupcona jijist cucTeMbl HAXOUTCS CJICIYIONIIM 00Pa3oM

r(m)=C(m)/C(0) =2"". (36)
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