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ABSTRACT.  We generalise some results of 7, 5] and show that if L is
an a-modal logic (for some ordinal o > 3) such that (i) L contains the
product logic K* and (ii) the product of a-many trees of depth one and with
arbitrary large finite branching is a frame for L, then any axiomatisation of
L must contain infinitely many propositional variables. As a consequence
we obtain that product logics like K%, K4%, S4% GL®%, and Grz® cannot
be axiomatised using finitely many propositional variables, whenever o > 3.

Keywords: many-dimensional modal logic, axiomatisation

1 Introduction and results

We consider the problem whether certain propositional a-modal logics can
be axiomatised by a (possibly infinite) set of a-modal formulas contain-
ing only finitely many propositional variables altogether. By an a-modal
formula, for any non-zero ordinal o, we mean any formula built up from
propositional variables using the Booleans and the modal operators &g
and Og for § < a. A set L of a-modal formulas is called a (normal)
a-modal logic if it contains all propositional tautologies and the formulas
Os(p — q) — (Ogp — Ogq), for § < «, and is closed under the rules of
Substitution, Modus Ponens and Necessitation ¢/0g¢p, for § < a. Given an
a-modal logic L and a set 3 of a-modal formulas, we say that 3 axiomatises
L if L is the smallest c-modal logic containing X.

In what follows we assume that the reader is familiar with the basics of
possible world semantics for multimodal logics (see e.g. [2]). The a-modal
logics we deal with are ‘a-dimensional’ in the sense that they have among
their frames a-dimensional product frames: The product of 1-frames §5 =
(Wg, Rg), B < a is the a-frame § = (W, Rg)g<q, where W is the Cartesian
product of the W3, B < «, and for each 3 < a, R is the following binary
relation on W:

(u7)7<aﬁﬁ(vv)7<a iff ugRgvg and uy, =wv,, fory#p<a.

For finite o, we will use the notation § = §g X - - X §a_1. The product of
Kripke complete unimodal logics Lg, / < « is the a-modal logic determined
by the class of all those a-dimensional product frames whose Sth component
is a frame for Lg, for each 8 < a. For example, K® is the a-modal logic
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of all a-dimensional product frames, and S5% is that of all a-dimensional
products of equivalence relation frames. Products of modal logics were
introduced by Segerberg [10] and Shehtman [11] and have been extensively
studied, see [2] for further references and [8] for a more recent survey.

It is not hard to show (see e.g. [8]) that product logics of any dimension
are recursively enumerable whenever for each component logic the class of
its frames is definable by a recursive set of first-order sentences. Gabbay and
Shehtman [3] showed that many 2-dimensional product logics (K? and S52
among them) and products of Alt (the logic of functional frames) in any fi-
nite dimension are finitely axiomatisable. For higher dimensions, that is, for
« > 3, no other ‘positive’ axiomatisation result is known. On the ‘negative’
side, the non-finite axiomatisability of S5% was proved by Johnson [6] and
that of K* by Kurucz [7]. These results were generalised by Hirsch et al. [5]
who showed that no a-modal logic between K® and S5 can be axiomatised
finitely. Here we show that, for many of these logics, any axiomatisation
actually must contain infinitely many propositional variables.

Throughout, an n-fan (for n < w) is a unimodal (reflexive or irreflexive)
tree of depth 1 having n leaves (see Figure 1).

/-

Figure 1. Reflexive and irreflexive 4-fans

THEOREM 1. Let o > 3 and L be any a-modal logic containing K. If
the product of « arbitrarily large finite fans is a frame for L, then L is not
aziomatisable using finitely many propositional variables.

Well-known examples of modal logics having fans among their frames
are K, K4 (the logic of transitive frames), S4 (the logic of reflexive and
transitive frames), GL (the logic of irreflexive and transitive frames with-
out infinite ascending chains), Grz (the logic of reflexive and transitive
frames without infinite ascending chains of distinct points), so we have the
following:

COROLLARY 2. None of the logics K%, K4%, S4%, GL%, Grz® is az-
iomatisable using finitely many propositional variables, whenever o > 3.

Theorem 1 does not apply to product logics where some components have
transitive frames with some restriction on their width. An important ex-
ample of this kind is S5%. Johnson’s [6] non-finite axiomatisability result
was obtained in an algebraic setting: he proved that the modal algebras
corresponding to S5% (representable diagonal-free cylindric algebras of di-
mension «) have a non-finitely axiomatisable equational theory, whenever
a > 3. Representable cylindric algebras of dimension o (modal algebras
of S5% plus diagonal constants) have been extensively studied in algebraic
logic. Strengthening earlier results of Monk [9], Andréka [1] proved (among
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other strong non-finitisability properties) that any possible axiomatisation
of their equational theory must contain infinitely many variables, if o > 3.
She also left open, however, whether one needed infinitely many variables
in the diagonal-free case.

The rest of the paper is devoted to the proof of Theorem 1. To begin
with, given m < w, we call a modal model 9 = (F, ) m-generated if there
are at most m different propositional variables p such that ¥(p) # 0. We
plan to proceed as follows. For every 0 < k < w, we will define an a-frame
S such that:

(a) If 2k > 2™ then M = L for every m-generated model 2 based on Fy.
(b) Tk = K°.

This will prove Theorem 1 because of the following. Suppose that ¥ ax-
iomatises L and ¥ contains m propositional variables, for some m < w. Let
2k > 2™ and take an a-frame Fj satisfying (a). Let 91 be an arbitrary
model based on ;. Let 9, be another model over §j that is the same as
M on propositional variables occurring in X, and @) otherwise. Then 01, is
clearly m-generated and M, = X iff M = 3. So by (a), we have M,,, = L.
As ¥ C L, we obtain 9, = X, and so 9 = X. This holds for any model
M over Fi, so Fr = X follows. Therefore, {¢ : Tk | ¢} is an a-modal logic
containing ¥, and so we have § = L. As K® C L, this implies §; | K,
contradicting (b).

2 Frames

In this section we construct the a-frames §x via some steps, and show that
they have property (a). To make things clearer, we make two simplifications.
First, we work with @ = 3 and then explain how to extend everything to
any « > 3 (see Remark 7). And second, we deal with products of irreflexive
fans only and then, also in Remark 7, we explain how to extend the proof
to the reflexive cases. In drawing ‘three-dimensional’ pictures of 3-frames,
we adopt the following convention in drawing three accessibility relations:

Ri] g Re

m—

Ry

Fix some 0 < k < w. We define a (rooted) 3-frame &;, = (G, RS, RY, RY)
as follows (see also Figure 2):

G = {r000; do10, doo1, d1105 d1015 90115 1005 1111, 1111 Yi<k
RE = {(r000,7100), (do10, d110); (doo1, d101), (i0115 111, (P011, 311 ) Fick
RY = {(7000, d010); (11005 d110); (doo1, 9011), (d101,111)s (d101,9111) i<k

RS = {(r000, d001), (1100, d101), (do10, i011) (d110, 7111)s (d110,9311) Yick
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Figure 2. The 3-frame &y.

Recall that, given two 3-frames $ = (W, S7);<3 and & = (V,S59);<3, a
function f : W — V is called a p-morphism from $ to &, if for all u,v € W,
i < 3, uSPv implies f(u)SP f(v) (forward condition), and for all z € V,
1 < 3, the following

BC;i(x) : VueVV,er(f(u):xande?y =
Jv e W, uSPv and f(v) = y)

hold (backward condition). If f is onto then we say that & is a p-morphic
image of §. It is a well-known property that the validity of modal formulas
in frames is preserved under taking p-morphic images.

Below we show that &y is a p-morphic image of a product of finite fans.
To this end, for any n < w, consider the irreflexive n-fan 9,, = (H,, R""),
where H,, = {u, z0,...,2,-1} and R9" = {(u, 2¢), ..., (v, 2p—1)}.

CLAIM 3. & is a p-morphic image of Hi X Har X Hog.

Proof. For all j,¢ < 2k, let (j 4+ £) denote the sum of j and ¢ modulo k.
We define a function g on Hy, x Hoy X Hoy, as follows, for all i < k, 7,¢ < 2k
(see also Figure 3 where each point in Hy X Ha, X Hay, is labelled with its
g-image):

(4 +k O}y, ifiis odd and either j, ¢ < k
or k <j,0 <2k,
(j +x £)i,, ifiis even and either j < k < ¢ < 2k,
orl <k <j<2k,
(j +x 0)3;, ifiis even and either j,¢ < k
or k <j,0 <2k,
(+x£)3,,, ifiisodd and either j < k < /¢ < 2k,
orfl <k <j<2k,

g(Zi,ZpZé) =
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(J+r€)o11 _ L
(G+x0111
(J+r)611 .
(G+r0)31;
Zj+k doto di1g
)} o
+ il
(H+xl)o11 +r0in
24k
001 d1o1
(J+rl)ofs ]
3+
2
7 dowo di1
J doo1 d101 when
} i3, € < k, i is odd
u 7000 1100 w
[ Y
u 2

Figure 3. The p-morphism ¢ : Hx X Har X Hop — By

g(u, u,u) = ropo, 9(zi,u,u) = i100,

g(u,u, z¢) = doox, 9(u, zj,u) = do1o,
9(zi,u, z¢) = dio, 9(2i, zj,u) = di1o,
9(u, zj, 2¢) = (j +& L)o11-

A tedious but straightforward computation shows that g is a p-morphism
from g X Hax X Ha, onto B. Here we go through two of the trickiest cases.
For BC5(d110), we need to show that for all i < k, j < 2k, n < k, there exist
01,0y < 2k such that g(z;,z;,2e,) = niyy and g(zi, 25, 20,) = n3;,. Given
such i, j,n, we always have an s < k such that s + j = n. Now if either i
isodd and j < k, or 7 is even and k < j < 2k, then ¢; = s and o = s+ k
will do. In any other case, take /1 = s+ k and /5 = s.

For BCy(np11), n < k, we need to show that for all j,¢ < 2k such
that j +5 ¢ = n there exist i1,io < k such that g(z;,,2;,2¢) = ni;; and
9(2iy, 2j,20) = n31,. Now if either j,¢ < k or k < j,¢ < 2k then choose
i1 < k to be odd and is < k to be even. In any other case, choose i; < k to
be even and iy < k to be odd. [ |

Next, we ‘ruin’ &; a bit by adding some more points and arrows to it.
We define the 3-frame § = (F, RS, RS, RY) as follows (see also Figure 4):

F = G U{ao10,a001, 110 1101 }i<k
RS = R§ U {(ao10,%110), (aoo1, i101) Fi<k
R§ = R U{(ro00, ao10), (1100, i110) (@001, io11),
(i1015 3%11)s (1015 111) Yigo<k, 00
R§ = R U {(ro00, aco1), (100, i101) (@010, i011),

(1110, J111)» (11105 €311) Yig o<, 00
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Figure 4. The arrows in § that are not present in &y.

Though, as we shall see in Section 3, F1 = K® and so it cannot be a
p-morphic image of any product frame, it is ‘almost’ such:

CLAIM 4. Fj is a p-morphic image of a subframe § of Hy X Hax11 X Hogr1-

Proof. We give a proof for k > 4 only (for k = 3 a slightly different function
would work). Let

H = (Hp X Hopq1 %X Hopy1) — (Hi % {221} % {221}),

and let 9 be the subframe of $H; X Hapt1 X Hak41 having H as its domain.
Take the p-morphism g : 9 X Hop X Hop — By defined in the proof of
Claim 3. We define a function g+ on H such that g* is an extension of g,
that is, for every © € Hy, x Hap X Hay, gt (z) = g(z).

For the ‘new’ points we define g as follows, for all ¢ < k, j < 2k (see
also Figure 5):

9+(Ua Zok, W) = 10, 9+(Ua u, Zok) = Goo1,
+ N ot _ _ ) Joir, if j <k,

9" (u, 2ok, 25) = g7 (u, 25, 2o8) = { G o, if k< j < 2%,

9" (21, 22k, u) = i110, g (zi,u, 2o1) = 1101,
j%ll’ ifZ:JOrZ:j_k,
Jiins if i # j,iis odd and j < k,

gt (ziy 221, 25) = (G — k)1, ifi#j—k, iisevenand k < j < 2k,
gt if i # 7,4 is even and j < k,
(j— k)3, ifi#j—k iisoddandk < j< 2k,
Jt11s ifi=jori=j—k,
it if i #£ 4,1 is odd and j < k,

g+(zi,zj,22k) = (j— k)3, ifi#j—k, iisevenandk <j <2k,
1115 if i # j,1is even and j < k,
(G— k)b, ifi#j—Fk iisoddand k < j < 2k.
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Figure 5. The p-morphism g* : § — 1 on the ‘new’ points.

Then it is straightforward to show that g is a p-morphism from $) onto §.
Here we give two sample cases only. As concerns BCy(ip11), for each i < k,
we have four new pre-images of ig11: (u, 2;, 228), (U, Zitk, 228), (U, 22k, 2i),
and (u, zak, zi+x). Take first (u, z;, z0r). We need to show that there exist
J1,J2 < k such that g7 (2, 2, 201) = i1y, and g7 (2j,, 2i, 22k) = i31,. Now if
k > 4 then we can choose j; < k to be even and different from ¢ and j, < k
to be odd. For (u, zi4k, z2r), we need to show that there exist ji,jo < k
such that g* (2, 2itk, 226) = @111 and g7 (24, 2itk, 22k) = i311. To this end,
choose j; < k to be odd and different from ¢ and jo < k to be even. The
other two cases are similar.

For BC5(i110), © < k we need to show that for all n < k there exists
J1 < 2k such that g(z;, 22k, 2j,) = niyq, for all n < k, n # i, there exists
Jj1 < 2k such that g(z;, 2ok, 2j,) = n31;. Now if i = n then take j; = n. If
1 # n and i is odd then take j; = n and jo = n+ k, and if ¢ # n and i is
even then take j; =n + k and jo = n. |

CLAIM 5. Let § be a 3-frame, and suppose that f : § — § is an onto
p-morphism such that f(i%,) = f(j14,) for some ¢ # j or n # m. Then §
is a p-morphic image of H X Hogr1 X HDogt1-

Proof. We again give a proof for k > 4 only (for k = 3 a slightly different
function would work). Take the p-morphism gt : §§ — § defined in the
proof of Claim 4. We define a function h on Hy X Hog11 X Hopy1 such that
h is an extension of gt o f, that is, for every z € H, h(z) = fg™ (x).

Let 7,7, m,n be as in the assumption of the claim. For the ‘new’ points
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we define h as follows:

h(u, 2ok, z21) = f(io11),
fif1) = f(Tn),  if =1,

h(ze, 2ok, 2o6) = & f(it17), if ¢ <k, ?+#iand/isodd,
f(3,), if ¢ <k, ¢+#1and ¢ is even.

It is straightforward to check that & is a p-morphism from $Hj X Har1+1 X H2k+1
onto §. Here is the trickiest case only. For BC) (f(iou)), there is no
problem with the ‘old’ h-pre-images of f(ip11) (those that are in H), as
the composition of p-morphisms is a p-morphism. As concerns the only
new one, (u, zax, 225 ), we need to show that there exist j1, jo < k such that
h(zj,, 29k, 221) = f(i111) and h(zj,, 20k, 22k) = f(i%3;,). Now if k > 4 then
we can choose both j; and js to be different from ¢ and such that j; < k is
odd and j; < k is even. |

Now we can show that §} satisfies property (a):

LEMMA 6. Let L be a 3-modal logic such that 9 X Hop+1 X Hopy1 E L
for some k < w. If 2k > 2™ then M = L for every m-generated model M
over §i.

Proof. Fix some k,m with 2k > 2™. Let MM = (§k,) be such that
Y¥(p;) = 0 for every propositional variable p; with j > m.

We call two points in § =-equivalent iff no 3-modal formula can distin-
guish them in 91, that is, for all a,b € F', we let

(1) a=b = (V formula ¢, a € 9(p) < bed(p)).

For every a € F, let [a] denote the =-class of a, and let A = {[a] : @ € F}.
We define a 3-frame oy = (A4, So, S1, 52) by taking, for ¢ < 3,

[a])S;[b] — 3a’ € [a], V' € [b], 'RV
We claim that the function
fla)=l[a], a€F

is a p-morphism from §y onto ™Agy. This is a straightforward consequence
of duality theory and the finiteness of §j, but we give a short direct proof
here. The forward condition holds by the definition of S;. For the backward
condition, observe that since §} is finite, there are finitely many formulas
©0, - -+, Pn—1 such that

(2) a=b = (Vj<n, a €V(p;) & beﬁ(goj))

(these ¥(¢;) are the atoms of the algebra of M-definable subsets of F'). Now
take some ¢ < 3, a,b € F such that [a]S;[b], and let o’ € [a]. Then there are
a" € [a], V" € [b] with a” R¥b”. Let ¢ be the ‘atomic type’ of b”, that is,

o= Neo ~ N e

j<n,b"€d(p;) j<n,b"&9(p;)
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Then b € ¥(p). Therefore a” € ¥(<O;p), and so a’ € J(O;p). So there is
some b’ such that o’ RSY and b’ € 9(p). Now b’ = b” follows by (2).

Next, define Fy11 as the subset of F' containing all ‘dead ends’:
Fiy = {i%naﬁn}Kk-
We define an equivalence relation =,, on Fj1; by taking, for all a,b € Fyqq,
a=,b = (Vi <m, a€d(p;) < bed(p;)).

Now recall the definition of = from (1). An easy induction on formulas
(using that a ¢ 9(<C;9p), for any formula v, a € Fy11, ¢ < 3) shows that

(3) Va,be Fi, (azmb = azb).

As the cardinality of F'q1 is 2k and there are 2™ many =,,-classes, by the
pigeonhole principle and (3), there exist a # b € Fy17 such that a = b, and so
f(a) = f(b). Therefore, the 3-frame 2oy and the p-morphism f satisfy the
conditions of Claim 5, and so 2gy is a p-morphic image of $H X Hag+1 X N2k+1-
As by assumption i X Hor11 X Hok+1 = L, we obtain that Aoy = L as
well. In particular, ' = L for the model M = (g, ?’) defined by taking,
for each propositional variable p, ¥ (p) = {f(a) : a € d(p)}. As f is a
p-morphism between models M and I, M = L follows, as required. |

REMARK 7. If @ > 3 then we can extend the 3-frames &; and §; above
to a-frames by taking Rg = Rg =, for 3 < 8 < . Then in Claims 3-5
and Lemma 6 we should use a-dimensional product frames, where the Gth
component is Ho = ({u}, ) whenever 3 < 3 < a.

If the logic L in Theorem 1 is such that it has products of arbitrarily large
finite fans among its frames, but some (or all) of these fans are reflexive, then
in Claims 3-5 and Lemma 6 we have to define the corresponding relations in
8 and §j and the corresponding ‘fan-components’ in the product frames
to be reflexive as well. Then everything goes through with not much change
in the arguments. In particular, when proving (3) above by induction on

formulas, we need to use that if 7 is one of the ‘reflexive coordinates’ then
for any formula ¢ and any a € Fi11, a € 9(O0) iff a € 9().

3 Formulas

In this section we prove property (b) of our frames, that is, that §j = K<,
for any 0 < k < w. We do this by showing, for each k, a 3-modal formula
that is valid in all a-dimensional product frames but fails in §y.

To this end, for each 0 < k < w, we define ®;, to be the following first-
order sentence of the language having binary predicates Ry, R; and Ry (see
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also Figure 6):
D Yoyzxg...xp—1 [ley AvRoz A\ /\ vRox; —
i<k

Juyo .. Yr_120--- Zk_1UQ - - - Uk_1 (ngu A zRiu N

/\ (yRoyi A ZR()ZZ' A\ ’LLR()’LLZ‘ A xiRlyi A ziRlui A $iRQZZ‘ A yiRg’U,i)>:| .
i<k
Note that ®; is the well-known ‘cubifying’ property of > 3-dimensional
product frames (see [4, 3.2.68] and [7, 8]).

) El

Tr—1

Figure 6. The first-order sentence ®y.

It is easy to check the following claim.

CLAIM 8. For any 0 < k < w, ®f is true in every a-dimensional product
frame.

These first-order properties are modally definable. Namely, for every
0 < k < w, consider the following 3-modal formula ¢y:

©1(Bop1o A O2p12) A O2(Dop2o A O1p21) A /\ (©o(T1ph; A D2ppa)
i<k
A Oo01(ply A pro — Oag;) A OoOa(phy A p2o — Dﬂ’i))}
— 0102(p12 Apar A /\ Oolgi A3)).
i<k
CLAIM 9. For every 0 < k < w and every a-frame §, @y is true in § iff
3 E or

Proof. We prove the harder right-to-left direction only. Fix some k and
suppose that § = (W, Sg)5<a is an a-frame such that § = ¢i. Let v,y, z,
Zoy...,Tx—1 in W be given as in &j. We define a model 9 = (F, ) over §
as follows.

I(phy) = {w e W : z;S5w}, I(phy) = {fw e W : 2;85w}, fori<k,
I(pio) = {w € W : ySTw}, I(p12) = {w € W : ySSw},
I(pao) = {w € W : 285w}, I(pa1) = {w € W : 28%w},
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I(q;) = {w e W :3s € 9(piy) NI (p1o) sSSw}, fori < k,
I(ri) = {w € W : 3s € 9(phy) N V(pao) sSTw}, fori < k.

It is routine to check that the antecedent of ¢y holds in 9t at point v. Thus,
by assumption, <1<, (plg Apar A Njcp Colas A ri)) also holds in M at v.
This implies that there are points u,ug,...,ur_1 such that ySgu, legu,
uSg uj, and ¢; A r; holds in 9t at point u;, for each ¢ < k. By unfolding the
definitions of ¥(g;) and 9(r;), we obtain worlds yo, ..., Yk—1, 20, - -, 2k—1 as
required. |

LEMMA 10. For any 0 < k < w, §r = K.

Proof. By Claims 8 and 9, it is enough to show that ®j fails in §5. To
this end, take the following ‘fork’ in F:

ao10

apo1

0100

7000 2
kE— 1100

that is, let v = 7900, ¥ = ao10, 2 = ago1, and x; = i199 for i < k. Now
the only points in §j suitable for w are ig11, for all i < k. We will show
that none of them can be ‘extended’ with other points as required. To this
end, fix some ¢ < k and let u = i911;. On the one hand, the only points
in § suitable for u; are il;; and i?;;. On the other, the only points in
suitable for y; and z; are i119 and 101, respectively. But (ijo1,%1,,) ¢ Rf
and (iuo,i%u) ¢ Rg |
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