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abstract. We generalise some results of [7, 5] and show that if L is

an α-modal logic (for some ordinal α ≥ 3) such that (i) L contains the

product logic Kα and (ii) the product of α-many trees of depth one and with

arbitrary large finite branching is a frame for L, then any axiomatisation of

L must contain infinitely many propositional variables. As a consequence

we obtain that product logics like Kα, K4α, S4α, GLα, and Grzα cannot

be axiomatised using finitely many propositional variables, whenever α ≥ 3.
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1 Introduction and results

We consider the problem whether certain propositional α-modal logics can
be axiomatised by a (possibly infinite) set of α-modal formulas contain-
ing only finitely many propositional variables altogether. By an α-modal
formula, for any non-zero ordinal α, we mean any formula built up from
propositional variables using the Booleans and the modal operators 3β

and 2β for β < α. A set L of α-modal formulas is called a (normal)
α-modal logic if it contains all propositional tautologies and the formulas
2β(p → q) → (2βp → 2βq), for β < α, and is closed under the rules of
Substitution, Modus Ponens and Necessitation ϕ/2βϕ, for β < α. Given an
α-modal logic L and a set Σ of α-modal formulas, we say that Σ axiomatises
L if L is the smallest α-modal logic containing Σ.

In what follows we assume that the reader is familiar with the basics of
possible world semantics for multimodal logics (see e.g. [2]). The α-modal
logics we deal with are ‘α-dimensional’ in the sense that they have among
their frames α-dimensional product frames: The product of 1-frames Fβ =
(Wβ , Rβ), β < α is the α-frame F = (W, R̄β)β<α, where W is the Cartesian
product of the Wβ , β < α, and for each β < α, R̄β is the following binary
relation on W :

(uγ)γ<αR̄β(vγ)γ<α iff uβRβvβ and uγ = vγ , for γ 6= β < α.

For finite α, we will use the notation F = F0 × · · · × Fα−1. The product of
Kripke complete unimodal logics Lβ , β < α is the α-modal logic determined
by the class of all those α-dimensional product frames whose βth component
is a frame for Lβ , for each β < α. For example, Kα is the α-modal logic
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of all α-dimensional product frames, and S5α is that of all α-dimensional
products of equivalence relation frames. Products of modal logics were
introduced by Segerberg [10] and Shehtman [11] and have been extensively
studied, see [2] for further references and [8] for a more recent survey.

It is not hard to show (see e.g. [8]) that product logics of any dimension
are recursively enumerable whenever for each component logic the class of
its frames is definable by a recursive set of first-order sentences. Gabbay and
Shehtman [3] showed that many 2-dimensional product logics (K2 and S52

among them) and products of Alt (the logic of functional frames) in any fi-
nite dimension are finitely axiomatisable. For higher dimensions, that is, for
α ≥ 3, no other ‘positive’ axiomatisation result is known. On the ‘negative’
side, the non-finite axiomatisability of S5α was proved by Johnson [6] and
that of Kα by Kurucz [7]. These results were generalised by Hirsch et al . [5]
who showed that no α-modal logic between Kα and S5α can be axiomatised
finitely. Here we show that, for many of these logics, any axiomatisation
actually must contain infinitely many propositional variables.

Throughout, an n-fan (for n < ω) is a unimodal (reflexive or irreflexive)
tree of depth 1 having n leaves (see Figure 1).
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Figure 1. Reflexive and irreflexive 4-fans

THEOREM 1. Let α ≥ 3 and L be any α-modal logic containing Kα. If
the product of α arbitrarily large finite fans is a frame for L, then L is not
axiomatisable using finitely many propositional variables.

Well-known examples of modal logics having fans among their frames
are K, K4 (the logic of transitive frames), S4 (the logic of reflexive and
transitive frames), GL (the logic of irreflexive and transitive frames with-
out infinite ascending chains), Grz (the logic of reflexive and transitive
frames without infinite ascending chains of distinct points), so we have the
following:

COROLLARY 2. None of the logics Kα, K4α, S4α, GLα, Grzα is ax-
iomatisable using finitely many propositional variables, whenever α ≥ 3.

Theorem 1 does not apply to product logics where some components have
transitive frames with some restriction on their width. An important ex-
ample of this kind is S5α. Johnson’s [6] non-finite axiomatisability result
was obtained in an algebraic setting: he proved that the modal algebras
corresponding to S5α (representable diagonal-free cylindric algebras of di-
mension α) have a non-finitely axiomatisable equational theory, whenever
α ≥ 3. Representable cylindric algebras of dimension α (modal algebras
of S5α plus diagonal constants) have been extensively studied in algebraic
logic. Strengthening earlier results of Monk [9], Andréka [1] proved (among
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other strong non-finitisability properties) that any possible axiomatisation
of their equational theory must contain infinitely many variables, if α ≥ 3.
She also left open, however, whether one needed infinitely many variables
in the diagonal-free case.

The rest of the paper is devoted to the proof of Theorem 1. To begin
with, given m < ω, we call a modal model M = (F, ϑ) m-generated if there
are at most m different propositional variables p such that ϑ(p) 6= ∅. We
plan to proceed as follows. For every 0 < k < ω, we will define an α-frame
Fk such that:

(a) If 2k > 2m then M |= L for every m-generated model M based on Fk.

(b) Fk 6|= Kα.

This will prove Theorem 1 because of the following. Suppose that Σ ax-
iomatises L and Σ contains m propositional variables, for some m < ω. Let
2k > 2m and take an α-frame Fk satisfying (a). Let M be an arbitrary
model based on Fk. Let Mm be another model over Fk that is the same as
M on propositional variables occurring in Σ, and ∅ otherwise. Then Mm is
clearly m-generated and Mm |= Σ iff M |= Σ. So by (a), we have Mm |= L.
As Σ ⊆ L, we obtain Mm |= Σ, and so M |= Σ. This holds for any model
M over Fk, so Fk |= Σ follows. Therefore, {ϕ : Fk |= ϕ} is an α-modal logic
containing Σ, and so we have Fk |= L. As Kα ⊆ L, this implies Fk |= Kα,
contradicting (b).

2 Frames

In this section we construct the α-frames Fk via some steps, and show that
they have property (a). To make things clearer, we make two simplifications.
First, we work with α = 3 and then explain how to extend everything to
any α ≥ 3 (see Remark 7). And second, we deal with products of irreflexive
fans only and then, also in Remark 7, we explain how to extend the proof
to the reflexive cases. In drawing ‘three-dimensional’ pictures of 3-frames,
we adopt the following convention in drawing three accessibility relations:

-
R0

6R1 ��7
R2

Fix some 0 < k < ω. We define a (rooted) 3-frame Gk = (G,RG
0 , R

G
1 , R

G
2 )

as follows (see also Figure 2):

G = {r000, d010, d001, d110, d101, i011, i100, i
1
111, i

2
111}i<k

RG
0 = {(r000, i100), (d010, d110), (d001, d101), (i011, i1111), (i011, i

2
111)}i<k

RG
1 = {(r000, d010), (i100, d110), (d001, i011), (d101, i

1
111), (d101, i

2
111)}i<k

RG
2 = {(r000, d001), (i100, d101), (d010, i011), (d110, i

1
111), (d110, i

2
111)}i<k
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Figure 2. The 3-frame Gk.

Recall that, given two 3-frames H = (W,SH
i )i<3 and G = (V, SG

i )i<3, a
function f : W → V is called a p-morphism from H to G, if for all u, v ∈W ,
i < 3, uSH

i v implies f(u)SG
i f(v) (forward condition), and for all x ∈ V ,

i < 3, the following

BCi(x) : ∀u ∈W, y ∈ V (
f(u) = x and xSG

i y =⇒
∃v ∈W, uSH

i v and f(v) = y
)

hold (backward condition). If f is onto then we say that G is a p-morphic
image of H. It is a well-known property that the validity of modal formulas
in frames is preserved under taking p-morphic images.

Below we show that Gk is a p-morphic image of a product of finite fans.
To this end, for any n < ω, consider the irreflexive n-fan Hn = (Hn, R

Hn),
where Hn = {u, z0, . . . , zn−1} and RHn = {(u, z0), . . . , (u, zn−1)}.
CLAIM 3. Gk is a p-morphic image of Hk × H2k × H2k.

Proof. For all j, ℓ < 2k, let (j +k ℓ) denote the sum of j and ℓ modulo k.
We define a function g on Hk×H2k×H2k as follows, for all i < k, j, ℓ < 2k
(see also Figure 3 where each point in Hk ×H2k ×H2k is labelled with its
g-image):

g(zi, zj , zℓ) =



(j +k ℓ)1111, if i is odd and either j, ℓ < k
or k ≤ j, ℓ < 2k,

(j +k ℓ)1111, if i is even and either j < k ≤ ℓ < 2k,
or ℓ < k ≤ j < 2k,

(j +k ℓ)2111, if i is even and either j, ℓ < k
or k ≤ j, ℓ < 2k,

(j +k ℓ)2111, if i is odd and either j < k ≤ ℓ < 2k,
or ℓ < k ≤ j < 2k,
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1
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2
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2
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1
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(j+kℓ)011

(j+kℓ)011

(j+kℓ)011

when

i, j, ℓ < k, i is odd

Figure 3. The p-morphism g : Hk × H2k × H2k → Gk.

g(u, u, u) = r000, g(zi, u, u) = i100,

g(u, u, zℓ) = d001, g(u, zj , u) = d010,

g(zi, u, zℓ) = d101, g(zi, zj , u) = d110,

g(u, zj , zℓ) = (j +k ℓ)011.

A tedious but straightforward computation shows that g is a p-morphism
from Hk×H2k×H2k onto Gk. Here we go through two of the trickiest cases.
For BC2(d110), we need to show that for all i < k, j < 2k, n < k, there exist
ℓ1, ℓ2 < 2k such that g(zi, zj , zℓ1) = n1

111 and g(zi, zj , zℓ2) = n2
111. Given

such i, j, n, we always have an s < k such that s +k j = n. Now if either i
is odd and j < k, or i is even and k ≤ j < 2k, then ℓ1 = s and ℓ2 = s + k
will do. In any other case, take ℓ1 = s+ k and ℓ2 = s.

For BC0(n011), n < k, we need to show that for all j, ℓ < 2k such
that j +k ℓ = n there exist i1, i2 < k such that g(zi1 , zj , zℓ) = n1

111 and
g(zi2 , zj , zℓ) = n2

111. Now if either j, ℓ < k or k ≤ j, ℓ < 2k then choose
i1 < k to be odd and i2 < k to be even. In any other case, choose i1 < k to
be even and i2 < k to be odd. �

Next, we ‘ruin’ Gk a bit by adding some more points and arrows to it.
We define the 3-frame Fk = (F,RF

0 , R
F
1 , R

F
2 ) as follows (see also Figure 4):

F = G ∪ {a010, a001, i110, i101}i<k
RF

0 = RG
0 ∪ {(a010, i110), (a001, i101)}i<k

RF
1 = RG

1 ∪ {(r000, a010), (i100, i110)(a001, i011),

(i101, j2111), (i101, ℓ
1
111)}i,j,ℓ<k, ℓ 6=i

RF
2 = RG

2 ∪ {(r000, a001), (i100, i101)(a010, i011),

(i110, j1111), (i110, ℓ
2
111)}i,j,ℓ<k, ℓ 6=i
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Figure 4. The arrows in Fk that are not present in Gk.

Though, as we shall see in Section 3, Fk 6|= K3 and so it cannot be a
p-morphic image of any product frame, it is ‘almost’ such:

CLAIM 4. Fk is a p-morphic image of a subframe H of Hk×H2k+1×H2k+1.

Proof. We give a proof for k ≥ 4 only (for k = 3 a slightly different function
would work). Let

H = (Hk ×H2k+1 ×H2k+1)− (Hk × {z2k} × {z2k}),
and let H be the subframe of Hk ×H2k+1 ×H2k+1 having H as its domain.
Take the p-morphism g : Hk × H2k × H2k → Gk defined in the proof of
Claim 3. We define a function g+ on H such that g+ is an extension of g,
that is, for every x ∈ Hk ×H2k ×H2k, g+(x) = g(x).

For the ‘new’ points we define g+ as follows, for all i < k, j < 2k (see
also Figure 5):

g+(u, z2k, u) = a010, g+(u, u, z2k) = a001,

g+(u, z2k, zj) = g+(u, zj , z2k) =
{
j011, if j < k,
(j − k)011, if k ≤ j < 2k,

g+(zi, z2k, u) = i110, g+(zi, u, z2k) = i101,

g+(zi, z2k, zj) =


j1111, if i = j or i = j − k,
j1111, if i 6= j, i is odd and j < k,
(j − k)1111, if i 6= j − k, i is even and k ≤ j < 2k,
j2111, if i 6= j, i is even and j < k,
(j − k)2111, if i 6= j − k, i is odd and k ≤ j < 2k,

g+(zi, zj , z2k) =


j2111, if i = j or i = j − k,
j2111, if i 6= j, i is odd and j < k,
(j − k)2111, if i 6= j − k, i is even and k ≤ j < 2k,
j1111, if i 6= j, i is even and j < k,
(j − k)1111, if i 6= j − k, i is odd and k ≤ j < 2k.
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i, j, ℓ < k, i 6= j, ℓ, i is odd

Figure 5. The p-morphism g+ : H→ Fk on the ‘new’ points.

Then it is straightforward to show that g+ is a p-morphism from H onto Fk.
Here we give two sample cases only. As concerns BC0(i011), for each i < k,
we have four new pre-images of i011: (u, zi, z2k), (u, zi+k, z2k), (u, z2k, zi),
and (u, z2k, zi+k). Take first (u, zi, z2k). We need to show that there exist
j1, j2 < k such that g+(zj1 , zi, z2k) = i1111 and g+(zj2 , zi, z2k) = i2111. Now if
k ≥ 4 then we can choose j1 < k to be even and different from i and j2 < k
to be odd. For (u, zi+k, z2k), we need to show that there exist j1, j2 < k
such that g+(zj1 , zi+k, z2k) = i1111 and g+(zj2 , zi+k, z2k) = i2111. To this end,
choose j1 < k to be odd and different from i and j2 < k to be even. The
other two cases are similar.

For BC2(i110), i < k we need to show that for all n < k there exists
j1 < 2k such that g(zi, z2k, zj1) = n1

111, for all n < k, n 6= i, there exists
j1 < 2k such that g(zi, z2k, zj2) = n2

111. Now if i = n then take j1 = n. If
i 6= n and i is odd then take j1 = n and j2 = n + k, and if i 6= n and i is
even then take j1 = n+ k and j2 = n. �

CLAIM 5. Let F be a 3-frame, and suppose that f : Fk → F is an onto
p-morphism such that f(im111) = f(jn111) for some i 6= j or n 6= m. Then F
is a p-morphic image of Hk × H2k+1 × H2k+1.

Proof. We again give a proof for k ≥ 4 only (for k = 3 a slightly different
function would work). Take the p-morphism g+ : H → Fk defined in the
proof of Claim 4. We define a function h on Hk ×H2k+1×H2k+1 such that
h is an extension of g+ ◦ f , that is, for every x ∈ H, h(x) = fg+(x).

Let i, j,m, n be as in the assumption of the claim. For the ‘new’ points
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we define h as follows:

h(u, z2k, z2k) = f(i011),

h(zℓ, z2k, z2k) =

 f(im111) = f(jn111), if ℓ = i,
f(i1111), if ℓ < k, ℓ 6= i and ℓ is odd,
f(i2111), if ℓ < k, ℓ 6= i and ℓ is even.

It is straightforward to check that h is a p-morphism from Hk×H2k+1×H2k+1

onto F. Here is the trickiest case only. For BC0

(
f(i011)

)
, there is no

problem with the ‘old’ h-pre-images of f(i011) (those that are in H), as
the composition of p-morphisms is a p-morphism. As concerns the only
new one, (u, z2k, z2k), we need to show that there exist j1, j2 < k such that
h(zj1 , z2k, z2k) = f(i1111) and h(zj2 , z2k, z2k) = f(i2111). Now if k ≥ 4 then
we can choose both j1 and j2 to be different from i and such that j1 < k is
odd and j2 < k is even. �

Now we can show that Fk satisfies property (a):

LEMMA 6. Let L be a 3-modal logic such that Hk × H2k+1 × H2k+1 |= L
for some k < ω. If 2k > 2m then M |= L for every m-generated model M
over Fk.

Proof. Fix some k,m with 2k > 2m. Let M = (Fk, ϑ) be such that
ϑ(pj) = ∅ for every propositional variable pj with j ≥ m.

We call two points in Fk ≡-equivalent iff no 3-modal formula can distin-
guish them in M, that is, for all a, b ∈ F , we let

(1) a ≡ b ⇐⇒ (∀ formula ϕ, a ∈ ϑ(ϕ) ⇔ b ∈ ϑ(ϕ)
)
.

For every a ∈ F , let [a] denote the ≡-class of a, and let A = {[a] : a ∈ F}.
We define a 3-frame AM = (A,S0, S1, S2) by taking, for i < 3,

[a]Si[b] ⇐⇒ ∃a′ ∈ [a], b′ ∈ [b], a′RF
i b
′.

We claim that the function

f(a) = [a], a ∈ F
is a p-morphism from Fk onto AM. This is a straightforward consequence
of duality theory and the finiteness of Fk, but we give a short direct proof
here. The forward condition holds by the definition of Si. For the backward
condition, observe that since Fk is finite, there are finitely many formulas
ϕ0, . . . , ϕn−1 such that

(2) a ≡ b ⇐⇒ (∀j < n, a ∈ ϑ(ϕj) ⇔ b ∈ ϑ(ϕj)
)

(these ϑ(ϕj) are the atoms of the algebra of M-definable subsets of F ). Now
take some i < 3, a, b ∈ F such that [a]Si[b], and let a′ ∈ [a]. Then there are
a′′ ∈ [a], b′′ ∈ [b] with a′′RF

i b
′′. Let ϕ be the ‘atomic type’ of b′′, that is,

ϕ =
∧

j<n, b′′∈ϑ(ϕj)

ϕj ∧
∧

j<n, b′′ /∈ϑ(ϕj)

¬ϕj .
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Then b′′ ∈ ϑ(ϕ). Therefore a′′ ∈ ϑ(3iϕ), and so a′ ∈ ϑ(3iϕ). So there is
some b′ such that a′RF

i b
′ and b′ ∈ ϑ(ϕ). Now b′ ≡ b′′ follows by (2).

Next, define F111 as the subset of F containing all ‘dead ends’:

F111 = {i1111, i2111}i<k.

We define an equivalence relation ≡m on F111 by taking, for all a, b ∈ F111,

a ≡m b ⇐⇒ (∀j < m, a ∈ ϑ(pj) ⇔ b ∈ ϑ(pj)
)
.

Now recall the definition of ≡ from (1). An easy induction on formulas
(using that a /∈ ϑ(3iψ), for any formula ψ, a ∈ F111, i < 3) shows that

(3) ∀ a, b ∈ F111,
(
a ≡m b =⇒ a ≡ b).

As the cardinality of F111 is 2k and there are 2m many ≡m-classes, by the
pigeonhole principle and (3), there exist a 6= b ∈ F111 such that a ≡ b, and so
f(a) = f(b). Therefore, the 3-frame AM and the p-morphism f satisfy the
conditions of Claim 5, and so AM is a p-morphic image of Hk×H2k+1×H2k+1.
As by assumption Hk × H2k+1 × H2k+1 |= L, we obtain that AM |= L as
well. In particular, M′ |= L for the model M′ = (AM, ϑ′) defined by taking,
for each propositional variable p, ϑ′(p) = {f(a) : a ∈ ϑ(p)}. As f is a
p-morphism between models M and M′, M |= L follows, as required. �

REMARK 7. If α ≥ 3 then we can extend the 3-frames Gk and Fk above
to α-frames by taking RF

β = RG
β = ∅, for 3 ≤ β < α. Then in Claims 3–5

and Lemma 6 we should use α-dimensional product frames, where the βth
component is H0 = ({u}, ∅) whenever 3 ≤ β < α.

If the logic L in Theorem 1 is such that it has products of arbitrarily large
finite fans among its frames, but some (or all) of these fans are reflexive, then
in Claims 3–5 and Lemma 6 we have to define the corresponding relations in
Gk and Fk and the corresponding ‘fan-components’ in the product frames
to be reflexive as well. Then everything goes through with not much change
in the arguments. In particular, when proving (3) above by induction on
formulas, we need to use that if i is one of the ‘reflexive coordinates’ then
for any formula ψ and any a ∈ F111, a ∈ ϑ(3iψ) iff a ∈ ϑ(ψ).

3 Formulas

In this section we prove property (b) of our frames, that is, that Fk 6|= Kα,
for any 0 < k < ω. We do this by showing, for each k, a 3-modal formula
that is valid in all α-dimensional product frames but fails in Fk.

To this end, for each 0 < k < ω, we define Φk to be the following first-
order sentence of the language having binary predicates R0, R1 and R2 (see
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also Figure 6):

Φk : ∀ vyzx0 . . . xk−1

[
vR1y ∧ vR2z ∧

∧
i<k

vR0xi −→

∃uy0 . . . yk−1z0 . . . zk−1u0 . . . uk−1

(
yR2u ∧ zR1u ∧∧

i<k

(yR0yi ∧ zR0zi ∧ uR0ui ∧ xiR1yi ∧ ziR1ui ∧ xiR2zi ∧ yiR2ui)
)]
.

Note that Φ1 is the well-known ‘cubifying’ property of ≥ 3-dimensional
product frames (see [4, 3.2.68] and [7, 8]).
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Figure 6. The first-order sentence Φk.

It is easy to check the following claim.

CLAIM 8. For any 0 < k < ω, Φk is true in every α-dimensional product
frame.

These first-order properties are modally definable. Namely, for every
0 < k < ω, consider the following 3-modal formula ϕk:[

31(20p10 ∧22p12) ∧32(20p20 ∧21p21) ∧
∧
i<k

(
30(21p

i
01 ∧22p

i
02)

∧2021(pi01 ∧ p10 → 22qi) ∧2022(pi02 ∧ p20 → 21ri)
)]

−→ 3132

(
p12 ∧ p21 ∧

∧
i<k

30(qi ∧ ri)
)
.

CLAIM 9. For every 0 < k < ω and every α-frame F, Φk is true in F iff
F |= ϕk.

Proof. We prove the harder right-to-left direction only. Fix some k and
suppose that F = (W,SF

β )β<α is an α-frame such that F |= ϕk. Let v, y, z,
x0, . . . , xk−1 in W be given as in Φk. We define a model M = (F, ϑ) over F
as follows.

ϑ(pi01) = {w ∈W : xiSF
1w}, ϑ(pi02) = {w ∈W : xiSF

2w}, for i < k,

ϑ(p10) = {w ∈W : ySF
0w}, ϑ(p12) = {w ∈W : ySF

2w},
ϑ(p20) = {w ∈W : zSF

0w}, ϑ(p21) = {w ∈W : zSF
1w},
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ϑ(qi) = {w ∈W : ∃s ∈ ϑ(pi01) ∩ ϑ(p10) sSF
2w}, for i < k,

ϑ(ri) = {w ∈W : ∃s ∈ ϑ(pi02) ∩ ϑ(p20) sSF
1w}, for i < k.

It is routine to check that the antecedent of ϕk holds in M at point v. Thus,
by assumption, 3132

(
p12 ∧ p21 ∧

∧
i<k 30(qi ∧ ri)

)
also holds in M at v.

This implies that there are points u, u0, . . . , uk−1 such that ySF
2 u, zS

F
1 u,

uSF
0 ui, and qi ∧ ri holds in M at point ui, for each i < k. By unfolding the

definitions of ϑ(qi) and ϑ(ri), we obtain worlds y0, . . . , yk−1, z0, . . . , zk−1 as
required. �

LEMMA 10. For any 0 < k < ω, Fk 6|= Kα.

Proof. By Claims 8 and 9, it is enough to show that Φk fails in Fk. To
this end, take the following ‘fork’ in Fk:

r

r
r

r r-

6

�
��7

◮
p p pr000

a010

a001

0100

k − 1100

that is, let v = r000, y = a010, z = a001, and xi = i100 for i < k. Now
the only points in Fk suitable for u are i011, for all i < k. We will show
that none of them can be ‘extended’ with other points as required. To this
end, fix some i < k and let u = i011. On the one hand, the only points
in Fk suitable for ui are i1111 and i2111. On the other, the only points in Fk
suitable for yi and zi are i110 and i101, respectively. But (i101, i1111) /∈ RF

1

and (i110, i2111) /∈ RF
2 . �
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