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Note on information measurement

TARALD O. KVALSETH
University of Minnesota, Minneapolis, Minnesota

The information measures by Hartley (1928) and Shannon (1948) have been extensively used
in human performance studies. An alternative and most general information measure is briefly
introduced in this paper, as a potentially useful measure in behavioral research. This new gener-
alized measure contains a number of arbitrary parameters, making it a parameterized family
of measures whose members include Hartley’s and Shannon’s measures and various others. Some
of the well-known measures are shown to be special cases of the generalized measure, called the
(o, B, ) information measure. Some of its properties are also pointed out.

For measuring human performance in a variety of task
situations, and for analyzing the capabilities and limita-
tions of various basic human processes, certain measures
from information theory have been extensively used (see,
e. g., Sheridan & Ferrell, 1974; Wickens, 1984). In par-
ticular, the entropy (information) measures of Hartley
(1928) and Shannon (1948) have been widely used. For
a set of n random events, these measures are, respectively,
defined by

I(n) = logn 0))

and
I(P) = —Zp, logp,, @
where P = (p,, ..., p,) is the probability distribution of

n events; the logarithm is to the base 2 as is customary
in information theory (and hence the unit of measurement
is bits); and L stands for the summation from i = 1 to
i = n as used throughout this paper. Of course, if all
n events have equal probabilities, that is, if p, = ... =
P» = 1/n, then Equations 1 and 2 are equivalent.

In behavioral research, the random events are frequently
considered to be occurrences of certain stimuli, with p;
being the probability that the ith stimulus will occur dur-
ing any replication of the experiment. The words ‘un-
certainty,”” *‘surprise,”” and ‘‘information”’ are often used
interchangeably, with the entropy I(P) in Equation 2 con-
sidered as a measure of their amount or extent. Thus, I(P)
is used as a measure of the average amount of (a) uncer-
tainty about the set of events before any one of the events
occurs, (b) surprise as one of the events occurs, and (c) in-
formation gained after an event has occurred.

The use of such measurements in the behavioral
sciences appears to be confined to the measures in Equa-
tions 1 and 2. There are, however, other information
measures that may be equally appropriate for such appli-
cations. The purpose of this communication is to identify
some of the best-known alternative measures, and in par-
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ticular, to define a new generalized information measure
that includes most other proposed measures as special
cases.

GENERALIZED INFORMATION MEASURE

A number of alternative measures have been proposed
as parameterized generalizations of Shannon’s entropy.
These have generally been developed axiomatically. That
is, starting with a set of axioms or propositions that seem
to be reasonable and desirable properties of a measure
of information, it is then proved mathematically that there
is one and only one function that satisfies those given ax-
ioms. Thus, each set of axioms yields its unique measure.
For reviews of such developments, the interested reader
may refer to Aczél and Dardezy (1975), Kapur (1983),
and Mathai and Rathie (1974) (see also Klir & Folger,
1988, especially concerning Equations 1 and 2).

By means of such axiomatic characterization, a new
measure of information has recently been formulated by
this author, which appears to be the most general mea-
sure developed to date. While the detailed mathematical
developments and proofs of properties are better suited
for a different journal publication, this communication will
simply present the expression for the measure, a few of
its important properties, and some of its special cases.
The measure may be defined as follows:

BP) = NE@prsppyensen 1], Ga)

with
A= (@Q"- (3b)

and where a, 6, and B = (8,, ..., 8,) are arbitrary
parameters subject only to the restrictions that o and 6
are different from 1, 6 is nonnegative, and the 8; and
a—1+p, are positive for all i. This measure also applies
to the so-called generalized distribution P, that is, when
the sum of the probabilities p;, ..., p, is less than or equal
to unity, although in human performance experiments this
sum is typically equal to 1.
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It is customary in information theory to use a normal-
ization such that an information measure has the value
of 1 for the case of two events with equal probabilities
(p1 = p2 = 1/2). The expression for A in Equation 3b
comes from this normalization condition. However, such
normalization is not strictly necessary, and N in Equa-
tion 3a may be treated as an arbitrary parameter for which
we may select any real value as long as A = 1 for
0 <6< land\ < Oforé > 1. In this case, we should
use Ig2(P) to denote the measure in Equation 3a.

The new measure may be called the («, B, §) informa-
tion measure, or («, B, 8) entropy measure, and the (a,
B, 8, ) information measure if \ is treated as a separate
arbitrary parameter (i.e., if normalization is not consid-
ered). According to this measure, information cannot be
negative. It is equal to zero when one of the p; values
equals 1 (and the other probabilities are all 0). It achieves
its maximum value when all probabilities are equal
(p: = ... = p,. = 1/n). These are also the conditions un-
der which Shannon’s measure in Equation 2 achieves its
limiting values. While the maximum value of Shannon’s
entropy is log n, the maximum value of the new measure
is Mn'?—1) or 2"*—1)"'(n""*—1) for the N\ in Equa-
tion 3b. Other properties of the generalized measure in-
clude continuity and expansibility. That is, the measure
is a continuous function of the probabilities p;, i = 1,

, n; and if a component with zero probability is added
to the distribution P, the value of the information mea-
sure remains unchanged. Also, when the §; parameters
are all equal (8, = ... = 8, = 8, where 8 > 0), the
measure is symmetric in the p;, that is, the measure is
invariant with respect to any permutations of p,, ..., pa..

Let us now consider some of the special cases of the
(a, B, 6) information measure. If we choose 6 = o # 1
and 3, = ... = 3, = 1, then Equations 3a and 3b reduce
to, for Xp; = 1, the expression

L*(P) = @™ — )'(&pr — 1), @

which is the Havrda-Charvat-Dardczy information mea-
sure (Dardczy, 1970; Havrda & Charvat, 1967). For (3,
= = B, = B, a + 1, and when we consider the limit
of IB (P) in Equations 3a and 3b as § approaches 1, and
using the Bernoulli-1’Hospital theorem, we find that

lim [3*(P) = I;'(P) = (1—)"*1og(Epr™*/pf), (5)

which is the information measure proposed by Kapur
(1967). With =1 in Equation 5 and Ip,=1, we get

I§'(P) = (1—a)'log Lpt, (6)

which is the well-known measure by Rényi (1961). The
fact that Shannon’s measure in Equation 2 is also a spe-
cial case of I§’(P) is seen from Equation 6 when one takes
the limit as « goes to 1. Thus, for 8, = ... = 8, =
and Zp,=1 in Equation 3a, we have that

lim —Xplogp.. (1)
a

—~1

lim [*(P) = Ii'(P) =

Fmally, Hartley s measure in Equation 1 is a limiting case
of I§%(P), since

lim llm I*P) = I'(P) =

a—0+6—

log n. ®)

It should also be mentioned that, whenever one or more
of the p; are zero, we shall use the usual conventions
0log0=0,0=0fora >0and 0° = 1 fora = 0.

CONCLUDING COMMENTS

While measurements of information in the behavioral
sciences have almost exclusively been based on Hartley’s
and Shannon’s classical entropies, other measures may
be equally appropriate in many cases. This paper has de-
fined a most general information measure that includes
many of the proposed measures, with Hartley’s and Shan-
non’s as particular cases among them. The generalized
measure Ig’(P) in Equations 3a and 3b, or Ig3(P) given
by Equation 3a with \ as a separate arbitrary parameter
when normalization is not imposed, has the advantage of
offering the considerable flexibility provided by the var-
ious parameters. Such flexibility may prove useful in some
behavioral research applications. A very simple special
case of Ig’(P) would, for example, be (when Ip,=1)

I*(P) = 2(1-Xpd),
or the nonnormalized measure
Ii(P) = 1-Lpt. -

Some such applications of the new information measure
are currently being explored by this investigator in studies
of human information processing during tasks involving
choice reaction time, process monitoring, and subjective
versus objective uncertainty.
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