A Many-Valued Probabilistic Conditional Logic

Francois LEPAGE
University of Montreal

Prolegomenas

In his celebrated paper, ‘ Probability of Conditionals and Conditional Probabilities', David
Lewis[Lew76] showed that, contrary to aclaim of Robert Stalnaker’s [Sta68], [Sta70], itis
not possible to introduce into the classical propositional calculus a counterfactual conditional
‘if A werethe case, B would be the case’ (hereafter ‘A > B’) in order to obtain alanguage
and a semantics for that language having the following properties:

(1) the classical part behaves classicaly, i.e., any proposition which contains no
counterfactual hasits classical truth conditions;

(2) starting from any possible world, possible worlds are linearly ordered, so we can
speak of the distance of aworld from the starting world, and the truth conditions of the
counterfactual arethefollowing: A > B istruein aworld w iff either B istrue at the closest
world tow where A istrue (hereafter * A-world’) or there is no A-world;

(3) any probability function defined on the classical part can be extended to the set of al
propositions by stipulating that the probability of the counterfactual is the probability of the
consequent, given the antecedent i.e., P(A > B) = P(B/A) if P(A) 1 0.

Clause (2) wil be called Stalnaker’ clause. Lewis has shown that if clauses (1), (2) and
(3) are not, strictly speaking, inconsistent, they can be satisfied only by trivial probability
functions, i.e., by probability functions which give to any proposition either the value O or
thevalue 1.

In the same paper, Lewis suggested another way to interpret the probability of a
conditional, preserving clauses (1) and (2) and giving up clause (3).

Let P be a probability function defined on the classical part. Lewis suggested an
extension of P in the following way:

(4) P(A > B) = PA(B) where Pa isthe probability function obtained from P by shifting
the probability of any @A-world on the nearest A-world according to Stalnaker’s clause.

Lewis has shown that this definition is compatible with the general constraint that the
probability of any proposition A isthe sum of the probability of the A-worlds. Thisis called
Imaging.

But Stalnaker’s clause is far from being intuitive. If in some situations, thereis clearly a
nearest A-world, this does not obtain generally. Let’s suppose adice is thrown and gives a 6.
It isquite natural to think that there is one closest world where the throw gave, say, 5.



What, now, about the closest world where the throw didn’t give a 6? According to
Stalnaker’ s clause, the worlds where the throw gave 1, 2, 3, 4 or 5 are linearly ordered: one
of them is the nearest, another the second nearest, etc. For obvious reasons of symmetry, this
consequence of Stalnaker’s clause is unintuitive and casts discredit on the clause itself.

Curioudy, Lewis[Lew73] had already provided a semantics for counterfactuals that
can bypass this difficulty, namely his System Of Spheres semantics (hereafter SOS).

In this semantics, possible worlds are not linearly ordered, but weakly ordered, i.e.,
many worlds may be at the same distance from a given world. The best image is of embedded
spheres of possible worlds centered on the world of evaluation. All the worlds of agiven
layer are equidistant from the world of evaluation. The truth conditions of the counterfactual
are then the following:

(5) A>Bistrueinaworld w iff B istrue at all the nearest A-worldsto w or thereis no
A-world.

Unfortunately, Imaging is not compatible with Lewis SOS semantics.

It can be shown [Lep97] that if we generalize imaging as defined by clause (4) by
sharing out the probability of any world on the nearest worlds where the antecedent is true,
then the probability of a conditional is the probability of the consequent after this sharing out
if and only if each layer of the system of spheres around any world contains exactly one
world. In short: imaging worksin a SOS if and only if this SOSis a Stalnaker system.

But there is another way to introduce imaging in SOS. It is by changing the truth
conditions of the conditional. Let A > B have asitstruth value the ratio of A U B-worlds on
the A-worlds of the smallest sphere having at least one A-world. In the limit cases where all
A-worlds are A UB-worlds or no A-worlds are A U B-worlds, the truth value of the
conditional isthesame asin Lewis SOS, i.e, 1 or 0. Intheintermediary caseswhere some
but not all of the A-worlds are A U B-worlds, the conditional will have afractionary value. A
brief presentation of that semantics will be the task of the first part of my paper.

The introduction of fractionary values raises the well-known problems associated with
many-valued logic, that is, there is no extensional many-valued extension of the classical
logic in the following sense:

(5) All instances of tautologies are valid;

(6) If all the sub-expressions of a proposition have classical truth values, then this
proposition also has aclassica truth value.

In the second part of the paper, | present anon extensional logic satisfying (5) and (6) which
uses a counterfactual for the definition of the truth conditions for conjunction.

Imagingin a SOS



Let’sfirst present the syntax of the system.
The set of atomic propositionsisA ={p}i; » wWherenisafinite number, and the set of

propositions is the smallest set L such that

(i) foranyil n,pT L

(i) ifAT L, then @AT L

(iii)if A, BT L,then (AUB), (A>B)1 L.

We can now provide the system with an interpretation.

Let W be the set of possible worlds defined as W = {0,1}A (where 0 and 1 respectively

expressthe falsity and thetruth) and let f: L~ W ® A (W). f is a selection function such

that, for any world w and any proposition A, f(A,w) isaset of worlds containing at |east one
A-world. | will consider two classes of selection functions. Firstly, | will consider Salnaker
functions, where f selects, for any <A,w>, one and only one world. All the worlds selected

by varying A are linearly ordered (the closest world being the actua world).

For a Stalnaker function, f(<A,w>) isthe closest A-world to w (or equivaently, the smallest

set containing one A-world).



| will also consider Lewis selection functions. Selected worlds are in embedded spheres and
the smallest sphere contains only the actual world. Thus a given Lewis selection function

selects for each A the smallest sphere containing at least one A-world.

Stalnaker functions are just a special case of Lewis functions, the case where each layer

contains exactly one world.

Letf be a Stalnaker function.

An interpretation based onw I W isafunctionh: L ® {0,1} such that

(i) h(p) = w(p)

(i) (@A) = 1 - h(A)

(iii) h(A UB) = h(A) . h(B)



(iv) h(A > B) = ' (B) where h’ istheinterpretation based on f(A,w).

Wewill call h a“Stalnaker model”. In short, (A > B) istrue at w iff B istrue at the closest
A-world tow.

No confusion being possible, | identify the characteristic function w with its extension h, and

I will write w(A) even in thee case where A is not an atom.. Let P be a probability

distribution on W. As usual, we define P(A) = é P(w)w(A) and so we trivialy have

wiw
(i) P(A) = 1if A isatautology

(i) P(GA) =1 - P(A)

(iii) P(A UB) = P(A) + P(B) if w(A UB) = 0.

Letd beafunction such that d(w', w, A) = 1iff w =f(<A,w>)

Following Lewis[Lew76], | define

PaW )= & Pw)d(W,w,A)

wiw
P, isthe probability function obtained by imaging on A, i.e., the probability function
obtained from P after projecting the probability of any world on the nearest A-world
[Lew76], [Nut80], [Gar82] and [Gar88]. Lewis has shown that the functions obtained by

imaging have the following property:

Proposition For any probability function P, any Stalnaker function f and any worldw, if A

is not a contradiction, then

(*) P(A>B) =@ P(WW(A>B) = Pa(W)W(B) = Pa(B)

wi w wi W



This technique is radicaly different from conditiondization as shown by Gérdenfors

[Gars2].

The restriction to Stalnaker functions, i.e., the hypothesis that, from the point of view of any
world, W islinearly ordered, is avery constraining one. It would be very interesting to
obtain asimilar result using Lewis functions. Unfortunately, as suggested by Nute [Nut80],

itisnot possible.

Let usdefine aLewismodel [Lew73]. It isamodel similar to the one above except that f is a

Lewisfunction and (iv) becomes
(iV)W(A>B)=1iffw (B)=1foranyw 1 f(<A, w>) suchthatw’ (A) = 1.

For example, in the following situation

A-worlds

B-worlds

we havew(A>B)=0etw(B > A) = 1.

We could try to adapt the imaging technique to Lewis models by defining

(**) PaW) = @ PW) W ,W,A) Guw.a

wi W



wherethec,, A ae weighting coefficients, i.e., for any w,

a dw, w,A) Cuw,a = 1.

wiw

Hence we obtain the following result [Lep97]:

Proposition For any Lewis model and any P, the function P, obtained by imaging

according to (**) satisfies the equation

P(A>B)= @ P(WW(A> B) = & P(W)W(B) = Pa(B)

wi w wi W

iff f isaStalnaker function.

The reason for thisis simple: According to the truth conditions of Lewis conditional,

when the smallest sphere around w containing at least one A-world contains (A U B)-worlds

and (A U@B)-worlds the conditional isfalse, so P(w)w(A > B) = 0 and the probability

projected on A-worldsislost. Thus, in that case P(A > B) < PA(B). Therefore, imaging is
not compatible with Lewis' origina semantics.
Fortunately, if we modify this semantics, imaging is possible again. The modification

consist in allowing conditionals to take fractiona truth values. The truth value of a
conditional (A > B) isthe ratio of the number of (A U B)-worlds on the number of A-worlds
in the smallest sphere containing at least one A-world. When al the A-worlds are B-worlds

or no A-worlds are B-worlds, we find the classical truth values 1 and 0 again. But in halfway

cases, the truth value of the counterfactual is afraction.



aw()
wiV(A W)

Formally, we definew(A > B) = where

Naw

V(A,w) [ f(<A,w>) isthe set of A-worlds of f(<A,w>).

é w (B) isthe sum of the truth values of B in the A-worlds belonging tof(<A,w>) (when

wiV(A W)

B has not itself afractional value, é W (B) isjust the number of A-worlds among the A-

wiV(A W)
worlds of f(<A,w>));

Naw IS the number of A-worldsin f(<A,w>).

Take, for instance, the following diagram:

B-worlds

Here, the smallest sphere containing at least one A-world contains four A-worlds, three of

them are B-worlds and thus w(A > B) = 3/4.
With this new definition of w(A > B), it iseasily proved that (*) holds again. But now, what

happens to complex propositions?



The natural truth conditions of negation are surely given by
W(DA) =1- w(A).

Thereisno natural definition of truth conditions for the conjunction. Thisis avery well-
known problem for any many-valued logic [Urg86]. One can easily show that no extensiona
definition of conjunction resultsin a many-valued logic which is an extension of classical

logic, i.e., one where

(i) any instance of atautology isvalid and two tautologicaly equivalent expressions are
equivaent;
(it) any formulain which only classical connectors have occurences takesits classical value

for any classica vauation.

This brings us to the second part of our paper. | will now introduce the notion of normal
form (hereafter NF) for propositions of L and provide an interpretation for these normal
forms using the counterfactual truth conditions to define the truth conditions of the

conjunction.
A New Semantics for Conjunction

An NF isjust aslight modification of the notion of full normal disunctive form in order to
take into account the occurrences of counterfactuals.

By afull normal digunctive form of aclasscal formulaA, | mean the following :
If A isacontradiction, the full normal digunctive form of A is 0 (acanonica name for

fagty); the full normal digunctive form of @0 is1 (acanonical namefor truth); otherwise

the full normal digunctive form of A isthe shortest formulawhich is tautologically equivalent

to A of the form @(@A, U ... U @A) where each A; isaconjunction of litterals in some

canonical order.



In the general case, we defineafunction NF: L ® L such that

(i) NF(l;) = l; (wherel; isalitteral, i.e., p; or @p; for somej)

(i) NF(A > B) = NF(A) > NFK(B)

@iti) If Alisnot asin (i) and (i), then NF(A) isthe full normal digunctive form of A where
any counterfactual C > B istreated like an atom and is replaced by NF(C > B).

So, any NF is of the following form

7] [JOQA; where A isitself aconjunction of litterals or of counterfactualsin normal form.
J:

We can now define an interpretation for formulasin normal form. We will need the following
tools.

An interpretation based onw T W is defined as usual, with the additional hypothesis that the

SOSissuch that if A and B have no atom in common, then the atoms of B have the same
valuein w and in the closest A-worldsto w. This constraint can be interpreted as meaning
that if A and B areindependent, then w(A > B) isjust w(B).

So,

(i) W(ZA) = 1- w(A)

aw ()
(iYw(A>B)= LYAY  (asabove)

Naw

(iii) Let u A be aconjunction of m propositions. We define
=

wUa)= d@lw(A;)-E"')l w(A> A

j=0 j k=0
Theideaisto interpret aconjunction of m formulas not only as the logical product of the
values of the conjuncts but to take also into account akind of "proximity” between the
conjuncts, which is expressby w(A, > A)) A
Let us consider the following examples:

! The ideato use counterfactuals as amesure of proximity was suggested to me by Professor Jian-Y un Nie.
10



(D) w(p;Up)=

JwW(p) - wp,) - w(p, >p,) - w(p, >p)=

JwW(p) - w(p;) - w(p,)- w(p)=
w(p;)- w(p)

(2 w(p; U p;)=w(p)
©) W(pj U ij )=

JW(p,) - W(@p,) w(p, >3p) wW(dp, > p;) =

JW(p) W(@) 0. 0=0

(4) w(p; U2p)=1
) W(pj u P U P) =
yw(p,) w(p) w(p) -w(p, >p) W(p >p,) wp,>p) wp,>p)
W(p, >p) W(p>p)=

w(p;) - w(p)-w(p,)
(6) Inthe general case, if A, and A, have no atom in common,

- m-1
wUa) =P wia)
Unfortunately, the definition of the truth conditions for the conjunction given above isnot

recursive, because it depends on the number m of conjuncts. This difficulty can easily be
bypassed. L et us define the following two functions:

Conj(A) isafunction which counts the number of conjunctsin A.

Comp(A) isthe set of conjuncts of A.

Conj(l) = 1 (whenl isaliteral)

Conj(A UB) = Conj(A) + Conj(B)
Conj (QA)=1

Conj(A>B)=1

11



Comp(l) = {1}

Comp(DA) = { DA}
Comp(A UB) = Comp(A) E Comp(B)

Comp(A > B) ={(A>B)}

Using these two functions, we can replace the truth condition for the conjunction givenin (iii)

by

(iv) w(A>=coni<A\>/ Owa). Owna>a)

Ajl Comp( A) A k1 Comp(A)
(1), (i) and (iv) arerecursive clause that provide avaue for any NF. We obtain the following
results.

Proposition

Any instance of atautology isvalid.

This property istrivial since we work with NF and the NF of any instance of atautology is
1

The next result is (at first sight) lesstrivial:

Proposition

Any classical proposition (in which there is no occurrence of conditionals) hasits classical
truth conditions.

Proof

We just have to check that clauses (i) and (iv) behave classically for classical arguments, and
thisis straightforward.

Thislast result means that the complicated truth conditions given by (i), (ii) and (iv) are just

the classical ones when all the arguments are classical ones. So, this semanticsisan
extension of the classical one.

12



Let us now turn to the question of providing a system for that logic.

Itisan interesting fact that for any axiom of the complete system of Stalnaker'slogic, the
corresponding ruleis valid (by the corresponding rule | mean the replacement of - A E B by
A+ B)

Proposition

All the rules of the (complete) Stalnaker system arevalid, i.e.,
F T if T isaninstance of atautology

(A>B) U(A>C) - (A>(B U Q)
F A>T

F A> A

(A UB) - (A> B)

(A>B) - (A E B)
(W>C)U(B>C)F (AUB)>C)
(W>B) U(A>C)) F (AUC)> B)
F ((A > B)U(A > @B))

If (B E C),then(A> B) E (A> C)
If H(A° B),thensk(A> C) E (B> C)
If (A E Byand A, then B

Thelaw of the conditional excluded middleisvalid becausew(A > B) and w(A > @B) are
always complementary numbers, i.e., they sum up to 1. A completeness proof is still to
come.

13
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