Hindawi

Complexity

Volume 2018, Article ID 8294153, 23 pages
https://doi.org/10.1155/2018/8294153

Research Article

WILEY

Hindawi

Modeling and Dynamic Analysis in a Hybrid Stochastic
Bioeconomic System with Double Time Delays and Lévy Jumps

Chao Liu®,">’ Longfei Yu,"” and Luping Wang">

!Institute of Systems Science, Northeastern University, Shenyang, China
“State Key Laboratory of Integrated Automation of Process Industry, Northeastern University, Shenyang, China
*Department of Applied Mathematics, Hong Kong Polytechnic University, Hung Hom, Hong Kong

Correspondence should be addressed to Chao Liu; singularsystem@163.com

Received 17 December 2017; Revised 30 May 2018; Accepted 12 July 2018; Published 13 August 2018

Academic Editor: Philippe Bogaerts

Copyright © 2018 Chao Liu et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

A double delayed hybrid stochastic prey-predator bioeconomic system with Lévy jumps is established and analyzed, where
commercial harvesting on prey and environmental stochasticity on population dynamics are considered. Two discrete time
delays are utilized to represent the maturation delay of prey and gestation delay of predator, respectively. For a
deterministic system, positivity of solutions and uniform persistence of system are discussed. Some sufficient conditions
associated with double time delays are derived to discuss asymptotic stability of interior equilibrium. For a stochastic
system, existence and uniqueness of a global positive solution are studied. By using the invariant measure theory and
singular boundary theory of diffusion process, existence of stochastic Hopf bifurcation and stochastic stability are
investigated. By constructing appropriate Lyapunov functions, asymptotic dynamic behavior of the proposed hybrid
stochastic system with double time delays and Lévy jumps is discussed. Numerical simulations are provided to show

consistency with theoretical analysis.

1. Introduction

It is well known that a harvest effort has a strong dynamical
impact on the prey-predator system [1-5], which plays a
significant role in bioeconomics management among various
species in a harvested prey-predator system [6-8]. Further-
more, it is more realistic to investigate the coexistence and
interaction mechanism of the harvested prey-predator
system by introducing time delays into a model system,
such as maturation delay and gestation delay of the
population [9-12]. In recent years, combined dynamic
effects of the harvest effort and time delay on the pop-
ulation dynamics of prey-predator systems have been
widely investigated in [13-18] and references therein,
where the asymptotic behavior of the model system
around equilibrium is analyzed and stability of bifurcated

periodic solutions is studied. Yuan et al. [18] incorporated
gestation delay 7>0 as a negative feedback of predator
population density in the harvested prey-predator system,
which is as follows:

Xy () =%, () (1 = byx, (1)) - al,f fi)ftgt) N mlﬁfx;gl(ty
. _ a,%,(t — 1)
(1) =x,(t) (’2 - W>

(1)

where x,(t) and x,(t) represent the population density of
the prey and predator population, respectively. r; and r,
stand for the birth rate of the prey and predator population,
respectively. b, represents the intracompetition rate for the
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prey population, a, is the maximum value of the per capita
reduction rate of the prey population due to predation, and
a, has a similar interpretation to that of a,. k measures the
extent to which the surrounding environment provides
protection to each population. g denotes the catchability
coefficient, E is a constant parameter representing the
harvest effort on the prey population, and 7>0 repre-
sents the gestation delay of the predator population. By
analyzing the dynamical behavior of interior equilibrium
and properties of bifurcation phenomena, it reveals that
sustainable development of the harvested prey-predator
system may be guaranteed by adopting an appropriate
harvest effort.

It should be noted that the dynamical behavior of the
commercially harvested bioeconomic system can be pre-
cisely predicted by using stochastic mathematical models
[19-23], which can provide an additional degree of
realistic reflection in the real world compared to its corre-
sponding deterministic counterpart. Many scholars have
incorporated stochastic perturbations into deterministic
mathematical models to discuss dynamic effects of envi-
ronmental noises on population dynamics of the harvested
bioeconomic system [19-21], which show that persistence
and extinction of population are relevant to time delay
and stochastic fluctuations. Combined dynamic effects of
time delay and Gaussian white noises on population
dynamics of the harvested bioeconomic system as well as
optimal harvest control problems are studied in [22, 23].
Recently, it is proved that Lévy jumps can efficiently depict
sudden and severe environmental perturbations arising in
the real world [24, 25], while these phenomena cannot be
described better by Brownian motion.

Based on the above analysis, some assumptions are
proposed as follows.

Assumption 1. In this paper, we will extend the work in
[18] by incorporating commercial harvesting on prey
into system (1). E(t) represents the commercial harvest-
ing effort on prey at time ¢, w represents the harvesting
reward coeflicients, ¢ represents the cost per unit harvest-
ing effort for the unit weight of prey, and v is the eco-
nomic interest of commercial harvesting on prey. Based
on the economic theory proposed in [26], an algebraic
equation is constructed to study the economic interest of
commercial harvesting:

Net economic revenue = total revenue (TR) — total cost (TC).
(2)

Based on system (1), TR and TC in (2), it is easy to show
that TR = wE(t)x, (¢t) and TC = cE(¢).

Assumption 2. In this paper, the maturity of the prey
population is assumed to be mediated by discrete time
delay 7, > 0. Furthermore, the reproduction of the pred-
ator population after predating the prey population is
not instantaneous but will be mediated by some time
lag required for gestation of the predator population.
T,>0 represents the gestation delay of the predator
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population. Hence, we will extend the work in [18] by
incorporating two different discrete time delays into system
(1), and 7, # 7,.

Assumption 3. In this paper, the population growth of prey
and predator populations affected by environmental
stochastic fluctuations is assumed to be a stochastic
process. Gaussian white noises and Lévy jumps will be
incorporated into system (1) to describe stochastic sur-
rounding environmental factors. o (j,k=1,2) are non-
negative constants, &,(¢) and &,(¢) denote multiplicative
stochastic excitation and external stochastic excitation
related to surrounding environment, respectively. &;(t) (j =
1,2) represents independent Gaussian white noise such that
E[§;(t)] =0(j=1,2). For any time, t, #t,, E[§;(t,)§;(t,)] =
8(t,-1,)(j=1,2), and [E[gj(tl)gk(tz)] =0(jk=1,2,j#k),
where & denotes the Dirac delta function. x,(t—) repre-
sents the left limit of x;(t),i=1,2 and y,(u) >-1,i=1,2.
N denotes a Poisson counting measure with characteristic
measure A on a measurable subset Y with A(Y) < +0o and
A is assumed to be a Lévy measure such that N(dt, du) =
N(dt,du) — A(du)dt and Y denotes a measurable subset
of R,. Throughout this paper, &;(¢)(i=1,2) and N are
assumed to be independent.

In this paper, keeping all these Assumptions 1-3 in
mind, a double delayed hybrid stochastic prey-predator
bioeconomic system with Lévy jumps is established as
follows:

B a,x, (£)x, (1)

dx, (1) = {xl(t-ﬁ)(ﬁ “bhixn(t-m)) k+x,(1)

aEmx( ] N

myE(t) + myx, (1)
+ o X1 ()8, () + 01,8, (1)) de

+ J y (w)x, (t - )N(dt, du),
Y

()= () (1= 22T

+ (o012, (£)8, () + 05,8, (1)]dt

+ J p, (1) x,(t —)N(dt, du),
Y

0=E(t)(wx,(t) —c) - v,

where the initial conditions for system (3) take the
following form:

x,(0) =0,
x,(0) =0,
0 € [-max {1}, 1,},0],

E(0) >0.
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System (3) can be rewritten in the matrix form as follows:

[ Fy(x, %y, E)
Fy (x5 %5, E)

0 L F5 (x> %y, E)

_ax(D)x(t)

qE(t)x (1)

x(t=1)(r =bx, (t-7,)) k+x,(t)

X%, (t = 7,)

Remark 1. Since the algebraic equation in (3) includes no
differentiated variables, the third row in matrix

1 0 0
EH)=|0 1 0 (6)
00 0

has a corresponding zero row.

Recently, some hybrid bioeconomic systems with time
delay and stochastic fluctuations are established in [27-30]
to investigate the combined dynamic effects of stochastic
fluctuation and commercial harvesting on population
dynamics. These proposed systems in [27-30] are also con-
structed by several differential equations with stochastic fluc-
tuations and an algebraic equation. Compared with the
previously bioeconomic systems proposed in [19-23, 31]
and the references therein, such delayed bioeconomic sys-
tems [27-30] can not only discuss coexistence and interac-
tion mechanism of a delayed bioeconomic system under
stochastic environmental fluctuations but also investigate
population dynamics due to variations of economic interest
of commercial harvesting. However, biological characteris-
tics among interacting populations are not considered in
[27-29]; time delays such as gestation delay and maturation
delay for interacting populations in [27-29] are assumed to
be the same discrete value, which contradicts to reality in
the real world. Asymptotical stability of interior equilibrium
and dynamic effects of Lévy jumps on population dynamics
are not discussed in [27-29]. It is proved that Lévy jumps
can efliciently depict sudden and severe environmental
perturbations arising in the real world [24, 25], while these
phenomena can not be described better by Brownian
motion. Although the dynamic effects of double time
delays have been investigated in [30], the combined
dynamic effects of multiple time delays and Lévy jumps
on population dynamics have not been investigated in
[30]. Dynamic effects of multiple time delays on the
hybrid bioeconomic prey-predator system are investigated

myE(t) + myx, (t)

} dt + [y, (£)E, (1) + 0,8, ()] de + val (u)x (2 _)N(dt’ du)

) (0 (- 2t o080 + b0l + | (s N, )

E(t) (wy (1) =€) - v

in [15, 32]. However, the dynamic effect of Lévy jumps
and asymptotical stability of solutions of the stochastic
system are not studied in [15, 32].

To the authors’ best knowledge, population dynamics of
the hybrid bioeconomic system with double time delays
and Lévy jumps have not been investigated. The rest sec-
tions of this paper are organized as follows: in the second
section, qualitative analysis of the deterministic system is
investigated. Positivity of solutions and uniform persis-
tence of the deterministic system are studied. Asymptotic
stability of interior equilibrium of the deterministic system
is discussed due to variations of double time delays. In
the third section, qualitative analysis of the stochastic sys-
tem is investigated. Existence and uniqueness of global
positive solution are studied. In the absence of double
time delays and Lévy jumps, the existence of stochastic
Hopf bifurcation and stochastic stability is investigated.
In the presence of double time delays and Lévy jumps,
by constructing appropriate Lyapunov functions, the asymp-
totic dynamic behavior of the proposed hybrid stochastic
system with double time delays and Lévy jumps is discussed.
In the fourth section, numerical simulations are provided
to support theoretical findings. Finally, this paper ends
with a conclusion.

2. Qualitative Analysis of Deterministic System

In the absence of stochastic fluctuations, positivity of
solutions and uniform persistence of system (3) with initial
conditions (4) will be studied in Lemmas 1 and 2.

Lemma 1. When 0 =0(j,k=1,2) and y,(u) =0(i=1,2),
all solutions of system (3) with initial conditions (4) are
positive for all t > 0.

Proof 1. When 0, =0 (j,k=1,2) and y,(u) =0 (i=1,2), it is
easy to show that F,: R>*! > R’ is locally Lipschitz and
satisfy the condition, F,; > 0, where F; (i = 1,2,3) can be found
in (5).



Due to lemma in [33] and Theorem A.4 in [34],
all solutions of system (3) with initial conditions (4)
exist uniquely and each component of the solution
remains within the interval [0,U,) for some U, >0.
Standard and simple arguments show that any solution
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of system (3) with initial conditions (4) always exist
and stay positive.

Lemma 2. When 0, =0(j,k=1,2) and y,(u) =0 (i=1,2), if
v> 0 and 1, are bounded and satisfy the following inequality:

. \/[blck(mrl + q)]2 + cwkmfr‘ll - byck(mr, +q)

: (7)

then all solutions of system (3) with initial conditions (4) are
uniformly persistent.

Proof 2. When 04 =0(j,k=1,2) and y,(u) =0(i=1,2), by
using Taylor series expansion [35], for x(t), x,(t), 7, >0,
and 7, > 0, it is easy to show that

d

x(t=1)=x(t) -1 a(xl(t) =T (8) ),
(8)
d .
5(t=1,) =X,(t) =7, i (x2(£) = Ta%y (1) + -+,
Hence, it follows that there exists T, > 0 such that
x(t=1,) <x,(),
©)

%(t=15) <x(1).

According to Lemma 1, (9), and the first equation
of system (3), it follows from simple computations that
x,(¢) <ryx, (t = 7,) <ryx,(t), which derives that

X, (t) Sx,(t—7,)en™ (10)

holds for t > T, =T + 7.
For t > T,, it follows from (10) and the first equation of
system (3) that

X (8) <xp(8)[ry = byxy (£ —1p)] <%, (£) [71 - blxl(t)e-%m])
(1)
which gives that

r lel T

lim supx, () < =P,. (12)

t—+00 bl

If 7, is bounded, then P, is bounded for t > T,.

Based on Lemma 1 and the second equation of system
(3), there exists T > T, and it follows from simple computa-
tions that x,(¢) > r,x, (t)(1 — (a,x,(t)/kr,)) holds for t > Tj.
By using standard comparison arguments, it gives that

lim infx, (t) > kry =Q,. (13)

t—+00 612

2
8cmyry

According to biological interpretations, (12) and the
first equation of system (3), it derives that there exists
T,>T; and rx,(t) = bye a3 (t) — ((ayx, (£)x,y(£))/ (k +
(r,/by)e* ™)) >0 holds for t > T,. Furthermore, it follows
from Lemma 1 that a,x,(t) <, (k+ (r,/b,)e* ™) and

lim supx, (t) < h <k + Z_llem) =DP,. (14)

t—+00 a; 1

If 7, is bounded, then P, is bounded for t > T,.
By using the first equation of system (3) and (14), it can
be obtained that there exists T's > T, such that

_ a,Pyx, (1) _ g%, (t)
k m,

&y (t) > rye M (8) = byxi (1)
(15)
holds for t > T's and

m krie 2nm

liminfx, ()> ———M
minta (= 4b,(a,m, P, + gk)

t—+00

= Q]- (16)

Furthermore, by using simple computations, it follows
from (12) and (16) and the third algebraic equation of system
(3) that

o v
lim inf,_,, JE(t) > Wb ¢ =Q;,
y (17)
lim sup,_,,  E(t) < wQ, —¢ = Ps.

If 7, < (1/2r)) In (cb, /wr,), then it is easy to show that
Q; >0 and Q; is bounded.

If 7,<(1/2r;)In (\/[blck(mr1 +q)) + cwkm?rt - b ck
(mr, +q)/8cm,r}), then it is easy to show that P; >0 and
P; are bounded.

Based on the above analysis, if v > 0 and 7, are bounded
and satisfy the following inequality
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1 cb, 1

N \/[blck(mr1 + q)]2 + cwkmfr‘l1 —byck(mr, +q)

T, <min ¢ — In

b
2r;  wry 2r,

then all solutions of system (3) with initial conditions (4) are
uniformly persistent.

Remark 2. From the practical and physical perspective of
viewpoints, positivity of the solution of the proposed hybrid
delayed stochastic bioeconomic system refers to each popula-
tion survival for a long duration under combined dynamic
effects of commercial harvesting, time delay, and stochastic
fluctuations. Since natural resources for each population
survival are relatively limited within a closed environment,
permanence of the hybrid delayed stochastic bioeconomic
system interprets that there exist positive finite upper bounds
and lower bounds for each population density, which may
avoid overpopulation and extinction of each interacting
populations. Furthermore, in order to maintain sustainable
development of commercially harvested population, com-
mercial harvesting should be constrained within a certain
range. It practically interprets there exist positive finite upper
bounds and lower bounds for commercial harvesting amount
on the predator population.

When economic interest v>0, 0 =0(j,k=1,2), and
y;(u) =0(i=1,2), the interior equilibrium of system (3)

H, = {(TpTz» V)

q(a, —1y)(q +myry)

a,rm,

In the following part, some sufficient conditions associ-
ated with double time delays are derived to investigate the
local asymptotic stability of the system (3) around M*. By
using the third algebraic equation E(t) = v/(wx, (t) — ¢), the
system (3) can be rewritten as follows:

X () =% (E-1))[r = byx, (E-1y)] - W
. qvx, (1)
myv+ myx, () (wa, (t) = ¢)’ >
%y (1) =2 (t) | 72 - % '

For mathematical convenience, some transformations
x(t)=x;e"® and x,(t) =xie”(") are made and system
(22) is rewritten as follows:

1
2r,

1120,1220,0<v<min{ y —

, 18
8cm,r? (18)

can be obtained as follows: M* (x7], x5, E*) = (x5, (r,k/a, —
ry), (viwx} —¢)) and x| satisfies the following equation:

xi‘4 + Alxi‘3 + Azxi‘2 + A +A, =0, (19)
where A;, i =1,2,3,4 are defined as follows:

my(a, —1,)[w(bk—1))

wmyby(a; —1,)

—cby]

>

A =

_ wmyklayry =1y (a, = 1y)] + (a = 1) [bymyv — cmy (b k — 1))
wmyby(a, —1,)

A,

>

_cm, [kri(a, -

A ry) —ayrk] +v(a, —1,) g+ my(bik—1)]
,=

>

wmyby (a, = 1,)

_ Gy - qg(a, —r,)(q + myry) )
wmyby(a, —1,)

Ay
(20)

According to Routh-Hurwitz criterion [35], a suffi-
cient condition for (19) has at least one positive root
which is A, <0. Furthermore, M* exists provided that
x5 =(r,klay —r,) >0 and E* = (v/wx] —c)>0. Based on
the above analysis, if (7, 7,, v) € H,, then there exists at least
one positive root for (19), and H, is defined as follows:

\/[blck(mr1 +q))* + cwkmir} = byck(mr, +q)

2
8cm 1y

b, 1
In C—l, — In
wry 2r,

ble e)’l(t"[l)
e)’l(‘)

n(t) =

e

. eyl(t_71> 1 e)’z(t)
+ j—
“1"2< ® k+xt k+x1(t))

e (t-11) 1

+qv
{ e myy + myx; (wxi

—C)

1
myv + myx, (1) (wx, (t) - C)} ’
ayx [x] (1) —1) = (k+x7) (e2"™) - 1)]
B (k+x7) (k+xjen(-m) '

7 (t)

(23)

By utilizing the following mathematical relations:
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t
e)’l(t_71> = e)’1<t) — ' eyl(s) %ds e}’z(t_Tl) — e)’z(t> _ J eyz(s) %ds’
t-T1, ds ' t-1, ds
t
e)’l(t’fz) — e)’l(t) ' e (s) %ds eyl(t_TZ) = eyZ(t) — J eyZ(S) %ds,
t-T, ds ' t-1, ds
(24)
system (23) can be rewritten as follows:
o byxje (1 — 1) ajkx (€20 - 1) . qvm,x; (wxf —¢) (1) - 1)
()= e (t) (k+x, () (k+x7)  [mv+myx}(wx} —c)][m v+ myx, (t)(wx] —¢)]
L (e 1) — gy qv Jt (9 %ds,
e () ' O[myv + myx; (wxi - )]/ )ie, ds

a,x;x; (e}’l(t) -1) a,x; (eyz(t) -1)

LI
axyx;

() = (k+xi)(k+x,(t—1,))  k+x(t—1,)

Some sufficient conditions for local asymptotical stability
of system (3) around the interior equilibrium M* can be
concluded as follows.

Theorem 1. When 0 =0 (j, k=1,2) and y,(u) =0 (i=1,2),
if (t,,7,,v) € Hy N H,, then system (3) is asymptotically stable
around interior equilibrium M*, where H, is defined in (A.10).

Proof 3. The proof of Theorem 1 can be found in Appendix A
of this paper.

3. Qualitative Analysis of Stochastic System
If (7,,7,,v) € H NH,, then it follows from the third

algebraic equation of system (3) that E(t) = v/(wx, (t) - ¢).
Consequently, system (3) is transformed as follows:

dx, () = [xl(t—ﬁ)(rl “bx(t-m) - W

qvx (f) ] dt

myv + myx, () (wx, (t) - ¢)
+[oy1x, (18 (1) + 01,8, (1)]dt

+ Lyl (u)x, (t —)N(dt, du),

_ a%,(t - 1)
dx, (1) = x,(t) <r2 - m) dt

+ [0, (£)8; (£) + 05,8, (t)]dt
+ J ¥, (1), (t = )N (dt, du).

(26)

In the following part, existence and uniqueness of the
global positive solution of system (26) are discussed in
Theorem 2.

(k+x7)(k+x,(t=75))

Jz e (s) % ds + CZZX;

: d
L N 7:() D2 4
ds k+x1(t-rz)Jt,ze P

-1,

(25)

Theorem 2. If [, [y,(u) —In (1 +y;(u))]Adu < y,(i=1,2) and
y; are positive constants and o > 0 (j, k=1,2) is sufficiently
small, then system (26) has a unique global positive solution
for all t>0 and the solution (x,(t),x,(t)) € R* for t>0
almost surely.

Proof 4. The proof of Theorem 2 can be found in Appendix B
of this paper.

3.1. Case I: System (3) without Double Time Delays and Lévy
Jumps. In this subsection, when 7, =7,=0 and y,(u) =0
(i=1,2), it follows from simple computations that the line-
arized form of system (26) around (x},x;) is as follows:

X (1) = oy X, (£) + @y, () +01,%, (£)8, () + 01,8, (F),

X (1) = oy X, (1) + 0%, () + 091 %, (£)8, () + 0558, (1),
(27)
where a, =7, —2b,xt — (ak/((k+x:)%)) = (gmv?/([myv +

* * 2 * * *
(wyx} = )myxi]")), gy =—(axj/(k+x7)), oy = a3/
(k+x7)%), and &y, =1, = (ayx5/((k + x3)°)).

By using Khasminskii transformations, x,(t) = w cos 6,

x,(t) = w sin 0, and system (27) are rewritten as follows:

o(t) = w|ay, cos’+ (a;, +ay) sin 6 cos 0 + ay, sin’6)]
+w (0, cos’0 + 0y, sin’6)&, (1)
+ (0, cos 0+ 0y, sin 0)&, (1),

O(t) = ay; cos’0 — ay, sin’0 + (ay, — ;) cos O sin O

+ (05 — 04y) sin 0 cos O, (1)

&(t)-

0,, cos 0 — 0, sin 0
+
w
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According to Khasminskii limit theorem [36, 37], if
7,=7,=0, y,(u)=0(i=12), and 03 >0(jk=1,2) are
sufficiently small, then {w(t),0(¢)} weakly converges to
the two-dimensional Markov diffusion process. Based on
the stochastic averaging method, the It6 stochastic differen-

tial equation can be obtained as follows:
dw=f, dt+ B,,dW, + ,,dW,, (29)
29
d0 = fodt + B, dW,, + B,dWe,

where W, and Wy represent standard and independent
Wiener processes,

2 L 52

fo= w(ay, — ) 5w(07, +03) _ W00y
@ 2 8 4

2 L2 .2 2

LIt on+oy +oy

>

2w
o
Bl = 3w? (G%l +0§1) 01, +07,+03, +03,  w0,,0y
1= >
8 2 4
Bi,=0,
ﬁZl =Y
2
g = (021 -0n)" o1 +0h,+03 +0%,
2 8 2w? '
(30)

Furthermore, some parameter transformations are
provided as follows:
_ % Ay
.
_ 2 2
€= 5(011 + 021) —20,,05),

>

2 2, 2 w2, 2 2
_ouX T 05X 0y, 0,

€

’ 2 ’ (31)
2l o2

€, =3(07; +03,) +20,0y,
_ %t ay

ST

€= (01 _‘721)2-

According to f3;, = ,; =0 and (31), system (29) can be
rewritten as follows:

>(8¢, +€,)+8 8¢, + €,w°
dwzwdt+ ydwﬂ e@dW,,

\/16€5 + €,w?
6= Jeswdw,, + %dwe.
w

(32)

It follows from the above analysis and f3;, = 3,; =0 that
averaging amplitude w(t) refers to the one-dimensional
Markov diffusion process, which derives that

do = w* (8¢, ;ez) T84, /8¢, +8€4w2dww. (33)
w

Theorem 3. When 1,=7,=0 and y,(u)=0(i=1,2),
stochastic stability of system (26) is discussed due to the
variation of stability of averaging amplitude w(t) in terms
of probability.

(i) w =0 is unstable, and system (26) is unstable around
(x},x3) in terms of probability.

(ii) If 2(8¢; +€,) —€, >0, then w=+00 is attractively
natural and system (26) is unstable around (x}, x5)
in terms of probability; system (26) does not undergo
stochastic Hopf bifurcation around (x}, x5 ).

(iii) If 2(8¢,+e€,) —€,=0, then w=+oco is strictly
natural.

(iv) If 2(8¢, +¢€,) —€, <0, then w=+0c0 is exclusively
natural and system (26) is unstable around (x7, x5)
in terms of probability.

Proof 5. It follows from the formulation of e, that €¢; > 0 and
Bi; #0, which derives that w =0 is a regular boundary of
system (29) (reachable) and w =0 is unstable. Hence, system
(26) is unstable around (x7, x5 ), which is not relevant to the
local stability of the deterministic system around (x7, x5). On
the other hand, if w = +c0, then f = co, which derives that
w=+00 is the second singular boundary of system (29).
Based on the singular boundary theory [36, 37], it is easy to
show that diffusion exponent p,, drifting exponent p,, and
characteristic value p, of boundary w = +00 are computed
as follows:

p1=2
py=1
. 2f wP17P2
P3 = _hmeJroo w42
ﬁu (34)
. 2[8e; + (8¢, +¢,)]
= _hmw~>+oo 2
8e; + wey
__2(8e t )
= c )

If 2(8¢,+€,)—€,>0, then w=+0o is attractively
natural and system (26) is unstable around (x},x5);
system (26) does not undergo stochastic Hopf bifurcation
around (x7,x3).

If 2(8¢, +¢€,) —€, =0, then w=+00 is strictly natural,
which is just the line of stochastic stability demarcation.

If 2(8¢, +¢,)—€,<0, then w=+0c0 1is exclusively
natural and system (26) is unstable around (x}, x5) in terms
of probability.

In the following part, existence of stochastic Hopf
bifurcation will be investigated as w=+00 is exclusively
natural. By using It stochastic equation of amplitude of
w(t), Fokker-Planck equation can be obtained as follows:



op 0 [(8e, +€)w +8e]p  0° (8ez+we)p

ot ow 8w ow? 16 ’
(35)
with the initial value condition
p(w tlwy, ty)—6(w - w,), t—1, (36)

where p(w,t|w,, t,) denotes the transition probability
density of the diffusion process w(t).

By virtue of (35), it follows from simple computations
that invariant measure of w(t) is the steady-state probability
density p,(w), which is as follows:

_ 8¢,\/2meze,I(2-x) 2 K2
p(w) = (86, T (112) = %) W’ (eqw” +8e5)" 7, (37)

where k= (8¢, +¢,)/e, and I(s) = [[“# e dt.

Theorem 4. When 7,=1,=0 and y,(u)=0(i=1,2), if
2(8e; +€,) —€,<0 and 8e, + €, —e, <0, then there exists a
maximum value w = w* for p(w). Occurrence positions and
probabilities of stochastic Hopf bifurcation vary due to values
ofe,i=1234.

Complexity

Proof 6. By using Namachivaya’s theory [36, 37], it is easy to
show that characteristic information of a steady state can be
revealed based on the invariant measure. When intension
of Gaussian white noises tends to zero, the dynamical
behavior of the corresponding deterministic system can be
approximated by extreme values of p (w). Based on Oseledec
ergodic’s theory [36, 37], p,(w) is considered to be the time
measurement in the neighbourhood of w(t), which derives
that e; <0,, €, >0, e;>0,and ¢, > 0.

If there exists a maximum value of p (w) around {* >0,
then it is easy to show that {* is asymptotically stable in terms
of probability. On the other hand, if there exists a minimum
value of p (w) (zero), then the opposite case also holds. It is
assumed that there exists a maximum value as w=w for
p,(w); further computations show that

dp,(w)
2,
do | o
(38)
dzps ((U) < 0
de? | 7

and solutions of the above equation are computed as follows:

w=0or w=®=/(-8¢;/8¢, +€, —€,) as 8¢, + ¢, —€, <0.
Furthermore, it can be computed that

(39)
<0.

2
d ps(w) — 27+3(8€1+€2—4€4)€;1 €2+(8€1+€2_4€4)€Zl >0,
dw? }
w=0
dzps(w) _ (Be +e - e4)3(863 — (Besey/(8e; +¢, - €4)))(8€1+€2)/€4
dw? - 2 _ 3
W 16€3(8e; + €, — 2¢,)

It is easy to show that p (w) = 0 when w = 0. Based on the
singular boundary theory [36, 37], it shows that system (33)
is unstable around w = 0 in terms of probability. Hence, when
7,=7,=0 and y,(u)=0(i=1,2), system (26) undergoes
stochastic Hopf bifurcation around w = w, which derives that

8e;

X () +x5(t) = ,  whenw=w. (40)

8e, +€,—¢,

Remark 3. From practical and physical perspective of
viewpoints, if the proposed hybrid delayed stochastic
bioeconomic system is unstable around the interior equilib-
rium in terms of probability, then it practically implies that
the population density of the prey and predator population
will not eventually reach an ecological balance state with a
high probability, which is not beneficial to sustainable
survival of each population under a commercially harvested
ecological environment. If stochastic Hopf bifurcation does
not occur and boundary is attractively natural, then it
practically interprets that either the prey or the predator
population density will sharply increase with a high

probability within a short duration, which may result in the
corresponding shortage of survival space and resource and
beyond environment carrying capacity. The ecological
balance state will be destroyed in a high probability.

3.2. Case II: System (3) with Double Time Delays and Lévy
Jumps. It should be noted that (xj,x;) is not the
equilibrium of the stochastic system (26); we will show
that solution of system (26) is going around (x},x}) under
certain conditions.

Theorem 5. For (7,7, v) € H NH,, when [ [y;(u)~-In
(1+y,(u)Adu<y,(i=1,2) and y, are positive constants
and 04 >0(j,k=1,2) is sufficiently small, then

t
lim sup % [EJ [x,(s) - x;°ds < By,
lim sup % [EJ [x,(s) = x3)°ds < B,,

t—00 0
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FIGURE 1: Parameter values are given as follows: r; =2,b, =0.4,4, =0.5,k=6,9=0.1,m, =1,m, =2,r,=0.3,a, =2,w=5,c=1,andv=0.5.
When o =0(j,k=1,2)andy,(u) =0(i = 1, 2), dynamical responses of system (21) are plotted, where (a) 7, =0.75, 7, = 2.92, and system (21)
is locally asymptotically stable around (4.5384,1.7647,0.0231) and (b) 7, = 1.4451, 7, =2.92, and system (21) is unstable stable around

(4.5384, 1.7647,0.0231).

where B, and B, are defined as follows:

B - aym kP [x{ P, + x5 (1 + P))] + (k+x7)[gk(P + x7) + a,m, P,x{]

% * 2
. X} (lel + P1)

! km b, (k+x7)

Q

s 2qvQ? (Pf + xi‘z) + myx} (wQ; — ¢) [xi‘ (1+x})ot, + (2 + Q%)O‘%Z +2Q3(1+ x;‘)le]

ZblmszQ%(le —¢)

_ Py(k+P){[(ayPy + x3)(k+ Py) + PPy + x7x3] + ay Py [kP, (1 + x3) + x5 (Py + Py)]}

* 2 2 * 2 I
X503, (022 + 2x2) +0%, +4y,

B, = a,(k+Q)k(1+Q,) +Q]

Proof 7. The proof of Theorem 5 can be found in Appendix C
of this paper.

4. Numerical Simulation

Numerical simulations are carried out to show combined
dynamic effects of double time delays and Lévy jumps
on population dynamics. Parameters are partially taken
from numerical simulations in [18], r; =2, b; =04, a, =
0.5, k=6, g=0.1, m;=1, my=2, r,=0.3, a,=2, w=5,
and ¢=1 with appropriate units.

2a5[k(1+ Q) + Q]
(42)

4.1. Numerical Simulation for Deterministic System. By
utilizing the above parameter values, it follows from (21) that
there exists an interior equilibrium when 0<v<2.38. In
order to facilitate the following analysis, v = 0.5 is arbitrarily
selected within (0,2.38) which is enough to merit the
corresponding analysis in this paper, and an interior equilib-
rium M*(4.5384,1.7647,0.0231) can be obtained as v =0.5.
Based on Theorem 1 and (A.10), if 0< 7, <7} =1.4451
and 0<71,<7;=6.4223, then it is easy to show that
interior equilibrium M*(4.5384,1.7647,0.0231) of system
(22) is asymptotically stable. Based on the above analy-
sis, some numerical simulations are supported. System
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FIGURE 2: Parameter values are given as follows: 7, =2,b; =0.4,a, =0.5,k=6,9=0.1,m; =1,m, =2,r,=0.3,a, =2,w=5,c=1,and v=0.5.
When 0 =0(j,k=1,2) and y;(u) = 0 (i =1, 2), dynamical responses of system (21) are plotted, where (a) 7, =0.81, 7, = 3.65, and system
(21) is locally asymptotically stable around (4.5384,1.7647,0.0231) and (b) 7, =0.81, 7, = 6.4223, and system (21) is unstable stable
around (4.5384,1.7647,0.0231).

TaBLE 1: Probabilities and occurrence positions of stochastic Hopf bifurcation of system (26) with o, = 0.1 and 0,; = 0.5 and different values

of 0, and 0,,.

01, =0, =0.1

01,=0,=02

0,,=0,,=03 01,=0, =05

€ ~0.8982 ~0.8982
€, 1.2 1.2
€ 0.5023 0.5323
€ 0.88 0.88
@ 0.7650 0.7876
p(@) 0.9705 0.9427

—-0.8982 —-0.8982
1.2 1.2
0.5823 0.7423
0.88 0.88

0.8237 0.93
0.9013 0.7983

(22) with 7, =0.75<7] and 7,=2.92 is locally asymp-
totically stable around M*(4.5384,1.7647,0.0231), whose
dynamical responses are plotted in Figure 1(a). System
(22) with 7, = 7] =1.4451 and 7, =2.92 is unstable around
M*(4.5384,1.7647,0.0231), whose dynamical responses
are plotted in Figure 1(b). Furthermore, system (22)
with 7, =0.81 and 7, =3.65<71; is locally asymptotically
stable around M*(4.5384,1.7647,0.0231), whose dynami-
cal responses are plotted in Figure 2(a). System (22)
with 7,=0.81 and 7, =7} =6.4223 is unstable around
M*(4.5384,1.7647,0.0231), whose dynamical responses
are plotted in Figure 2(b).

4.2. Numerical Simulation for Stochastic System. In the
absence of double time delays and Lévy jumps, by taking
0, =0.1 and 0,, = 0.5 as fixed values, it follows from simple
computations that €, =-0.8982, €,=1.2, and ¢,=0.88,
which derive 2(8e, +€,) —€,=-12.8512<0 and 8¢, +
€, —€,=-6.8656 <0. Based on Theorems 3 and 4 of
this paper, when v=0.5, probabilities and occurrence
positions of stochastic Hopf bifurcation of system (27) with
0,,=0.1 and 0,, =0.5 and different values of ¢,, =0,, =
0.1,0.2,0.3,0.5 are computed in Table 1. Corresponding
to the computation results in Table 1, the probability
density curve p (w) and occurrence positions of stochastic
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FIGURE 3: Parameter values for numerical simulations are given as
follows: r, =2, b;=0.4, a; =05, k=6, g=0.1, m; =1, m, =2,
r,=0.3, a,=2, w=5, c=1, and v=0.5. When y,(u) =0 (i=1,2)
and 7, =7, =0, the probability densities p,(w) and occurrence
positions of stochastic Hopf bifurcation of system (27) with o, =
0.1 and 0,, =0.5 and different values of o, and o,,, where (a)
0,,=05,=0.1, (b) 0,=0,,=02, (¢c) 0,,=0,=0.3, and (d)
0, =0, =0.5.

Hopf bifurcation of system (27) due to variations of w are
plotted in Figure 3. According to (40), the corresponding
phase portraits of probability densities p (w) with respect
to x,(t) and x,(t) are plotted in Figure 4.

In the presence of double time delays and Lévy jumps, if
0< 71, <7} and 0 < T, <73, then it follows from Theorem 5
that lim supH(m(l/z‘)[EﬁJ [x,(s) = x}]°ds < B, and lim sup,
(l/t)[ELt) [x,(s) — x;]*ds < B,, where B, and B, have been
defined in Theorem 5. It follows from the mathematical
form of B and B, that o;; and y, (i, j = 1, 2) affect asymptotic
behaviors of system (3) around interior equilibrium M* as
well as fluctuation intensity of population densities of x; ()
and x,(t). By assuming 7, =0.8, 7, =3.5, v=0.5, 04, =0.1,
and 0,, = 0.5, dynamical responses of system (3) with oy, =
0.1 and 0,,=0.1 and different values of p, and y, are
obtained based on Euler-Maruyama method and plotted in
Figure 5, where y, =y, =0.1 and y, =y, = 0.5. Similarly, by
assuming 7, =0.8, 7, =3.5, v=0.5, 0y, =0.1, and 0,, =0.5,
dynamical responses of system (3) with 0, =0.5 and 0, =
0.5 and different values of y, and y, are obtained based
on Euler-Maruyama method and plotted in Figure 6, where
y,=9,=0.1and y, =y, =0.5.

Based on the numerical simulations in Figures 1 and 2, it
follows that local asymptotic stability of system (22) around
interior equilibrium switches due to variations of time
delays. System (22) shows unstable dynamical responses
when time delays cross critical values, which can be
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computed based on Theorem 1. It follows from the math-
ematical formulation of e; and numerical computational
results in Table 1 that the value of e; increases as intensi-
ties of external excitations o,, and o,, values increase.
Furthermore, it follows from Figure 3 the occurrence
positions where system (27) undergoes stochastic Hopf
bifurcation switch higher as the intensities of external exci-
tations 0, and 0,, values increase. On the other hand, the
corresponding stochastic Hopf bifurcation will decrease
in a higher probability, which is observed in Figure 4.
Based on the numerical simulations in Figures 5 and
6, it can be concluded that the magnitude of environmen-
tal external stochastic excitation 0, and 0,, values and Lévy
jump y, and y, values plays significant roles to determine the
magnitude of oscillation of population dynamics. It follows
from the detailed numerical comparison results between
Figures 5 and 6 that oscillation magnitude of dynamical
responses increases as Lévy jump y, and y, values increase
for the fixed environmental external stochastic excitation
04, and 0,, values. On the other hand, oscillation magnitudes
of dynamical responses increase as external stochastic excita-
tion 0, and 0,, values increase for the fixed environmental
Lévy jump y, and y, values.

5. Conclusion

In this paper, a double delayed hybrid stochastic bioeco-
nomic system with commercial harvesting and Lévy jumps
is established, which extends work done in [18] by incor-
porating double time delays and stochastic fluctuations.
The dynamical model proposed in [18] is composed of
ordinary differential equations, which are utilized to study
the interaction mechanism of the prey-predator system
with single time delay. Compared with the system estab-
lished in [18], an algebraic equation is introduced into
system (3), which concentrates on the dynamic effect of
the economic interest of commercial harvesting on popu-
lation dynamics and provides a straightforward way to
investigate complex dynamics due to the variation of eco-
nomic interests. Furthermore, two discrete time delays,
which represent the maturation delay of the prey and
gestation delay of the predator, are incorporated into
system (3). Population growth of the prey and predator
population affected by environmental stochastic fluctua-
tions is assumed to be a stochastic process. Gaussian white
noises and Lévy jumps are incorporated into system (3) to
describe stochastic surrounding environmental factors.
For the deterministic system, positivity of solutions and
uniform persistence of system are discussed in Lemmas
1 and 2, respectively. Some sufficient conditions associ-
ated with double time delays are derived to discuss the
asymptotic stability of interior equilibrium in Theorem 1.
For the stochastic system, existence and uniqueness of
global positive solution are studied in Theorem 2. By using
the invariant measure theory and singular boundary
theory of the diffusion process, the existence of stochastic
Hopf bifurcation and stochastic stability is investigated in
the absence of double time delays and Lévy jumps, which
can be found in Theorems 3 and 4, respectively. By
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FIGURE 4: Parameter values for numerical simulations are given as follows: r;, =2, b; =0.4,a, =0.5, k=6,q=0.1, m; =1, m, =2, 7r,=0.3,
a,=2,w=5, c=1, and v=0.5. The phase portraits of probability densities p (w) corresponding to Figure 3 in the x, — x, — p.(w) space,
where (a) 0, =0,, =0.1, (b) 0\, =0,, =0.2, (¢) 0, =0,, =0.3, and (d) 0, =0,, =0.5.

constructing appropriate Lyapunov functions, the asymp-
totic dynamic behavior of the proposed hybrid stochastic
system with double time delays and Lévy jumps is discussed
in Theorem 5.

From the practical perspective of viewpoints, positiv-
ity of the proposed hybrid stochastic double delayed
bioeconomic system is relevant to the prey and predator
population survival for a long duration under a commercially
harvested environment. Generally speaking, the natural
resources for the prey and predator population survival
are under sever intraspecies competition. Therefore, per-
manence of the proposed hybrid stochastic double delayed
bioeconomic system biologically means that there are
certain positively finite upper constraints and positively
finite lower constraints for the prey and predator popula-
tion, which may, to a great extent, avoid population
extinction and overpopulation. Furthermore, permanence
of the proposed hybrid stochastic double delayed bioeco-
nomic system biologically also means that there exist
positively finite upper constraints and positively finite

lower constraints for commercial harvesting amount on
the prey population. The practical interpretations are
introduced as follows: with the purpose of maintaining
sustainable development of commercially harvested prey
population resources, commercial harvesting should be
regulated within certain harvesting range by formulating
some constructive policies.

From the practical perspective of viewpoints, if the
proposed hybrid stochastic double delayed bioeconomic
system is unstable in terms of probability, then it prac-
tically interprets that the prey and predator population
density will not eventually arrive at an ecological
balance level with a high probability. The biological
interpretations show that such phenomenon is not
advantageous for a sustainable development of interact-
ing populations under a commercial harvest effect. If
the boundary is attractively natural and stochastic Hopf
bifurcation does not occur, then it practically means that
the interacting population densities may dramatically
increase with a high probability during short time and
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FIGURE 5: Parameter values for numerical simulations are given as follows: r, =2, b; =0.4,a, =05, k=6,q=0.1, m; =1, m, =2,7r,=0.3,
a,=2,w=>5, c=1, and v=0.5. Dynamical responses of system (3) with oy, =0.1, 0,; =0.5, 01, =0.1, and 0,, =0.1 and different values of

y, and y,, where (a) y, =y, =0.1 and (b) y, =y, =0.5.

it may reduce the corresponding survival resources and
space, which are beyond the environment -carrying
capacity and destroy the ecological balance state with a
high probability.

From the resource management of viewpoints, the
numerical simulations reveal that population density
may remain an ideal level by controlling double time
delays within certain constraints and the critical
values of time delays may increase as economic inter-
ests of commercial harvesting increase. The sustainable
development of commercially harvested population can
be indirectly achieved by formulating relevant policy
to regulate an economic interest within some appro-
priate ranges.

Recently, some hybrid bioeconomic systems with
time delay and stochastic fluctuations are established in
[27-30] to investigate the combined dynamic effects of
stochastic fluctuation and commercial harvesting on
population dynamics. These proposed systems in [27-30]
are also constructed by several differential equations with
stochastic fluctuations and an algebraic equation. Com-
pared with the previously bioeconomic systems proposed
in [19-23, 31] and the references therein, such delayed
bioeconomic systems [27-30] can not only discuss coexis-
tence and interaction mechanism of delayed bioeconomic

system under stochastic environmental fluctuations but
also investigate population dynamics due to variations of
the economic interest of commercial harvesting. However,
biological characteristics among interacting populations
are not considered in [27-29]; time delays such as
gestation delay and maturation delay for interacting
populations in [27-29] are assumed to be the same
discrete value, which contradicts to the reality in the real
world. Asymptotical stability of interior equilibrium and
dynamic effects of Lévy jumps on population dynamics
are not discussed in [27-29]. It is proved that Lévy noise
can efficiently depict sudden and severe environmental
perturbations arising in the real world [24, 25], while
these phenomena can not be described better by Brow-
nian motion. Although the dynamic effects of double
time delays have been investigated in [30], the combined
dynamic effects of multiple time delays and Lévy jumps
on population dynamics have not been investigated in
[30]. Dynamic effects of multiple time delays on the
hybrid bioeconomic prey-predator system are investigated
in [15, 32]. However, the dynamic effect of Lévy jumps
and asymptotical stability of solutions of the stochastic
system are not studied in [15, 32]. To the authors’ best
knowledge, population dynamics of the hybrid bioeco-
nomic system with double time delays and Lévy jumps
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have not been investigated. Compared with the related ~ Appendix

\C/lvork, we can investigate c01,nbinf3d dynamic effects. of A. Proof of Theorem 1
ouble time delays and Lévy jumps on population
dynamics by analyzing stability analysis and stochastic
dynamical behavior of system (3) in this paper; these  Proof 8. Let W (t) =1y, (t)|, by using Lemma 2 and comput-
analytical findings make this paper have some positive  ing the upper right derivative of W, (¢) along the solution of

and new features. system (24), it can be obtained that
DW, (1)< - bixiPy () =1)  ajka (@1 - i) qvm,x; (wxj —c) (e - 1)
Q (k+Q)(k+x7)  [myv+myxi(wxi = c)][myv+myQ, (wx] - ¢)]
. (bfol L axx, qvx; >J[ e ) dy, Y1 g < _byxiP (eJ’1 -1) ~ a k(1) — 1)
Q P Py[myv+myxi(wxi = ¢)] ) ), ds Q (k+Qp)(k+x7)
om0 (P s | PN
[myv + myxi (wxi = ¢)][myv +m,yQ (wxi = ¢)] Q P Py[myv+mpxi(wxi —c)] )},
_ (bx;‘Pl _ XX qvx; )Jt ayx; kP, (€20~ 1) ds + (bx;‘Pl _ XXy qvxy >
Q P, Py[myv+myxi(wxi —c)] ) ), %7 (k+x7)(k+ Q) Q Py Pymyv + myxi (wxj - c)]
y Jt qvm, P, (wP, (t) - ¢) (e2) - 1) I
oz, [V + myxt (Wi = o) [myv + myQ, (wxi = ¢)]

(A1)
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where P;, Q;(i=1, 2) have been defined in Lemma 2.
Furthermore, let

ot ot
Wz(t)zwl(t)_P1W1[ ‘.b1‘ey'(Hl)—1‘

Jir, )2
ax;klent) -1
i (k+xp)(k+ Q)
Lot qvm,P, W, (wP, ~ c)|e}’l(5> - 1|
! Jr—rl L [myv + myxi (wxj = o)][myv + myQ, (wx] —c)]

(A2)

dsdz

dsdz,

where W, = (bx]P,/Q,) -
my; (wx] - o))

By virtue of (A.l) and computing the upper right
derivative of W,(t) along the solution of system (24), it can
be obtained that

(ayxix5/Py) = (qvxi/(Py[myv +

J‘ O D4, B J’t 20
) )i, ds k+Q )i,

prw, (< B ) a1 axix
(k+x7)(k+Q)) k+P, (k+xt)(k+P

axjx; (e =1)  ayx; (e - 1) L XX
o (k+x))(k+ Q) k+P, (k+x7)(k+P,

a,x;kP, (€219 - 1)

* *
X1 X

15
D'W,(t) < D*W,(t) - b,P Vvlfl‘emr—m _ 1‘
axsz Wt | e -1
x5 (k+x7)(k+Q))
qvm, P, W, T, (wP, —¢) | 1) — 1|
[myv + myxi (wxy = c)][myv + myQ (wx} — )]
t
+W J b,P,(1-e1™))ds
[[] a-e)
('t kP, (1 — 29
+J M—e)ds
t-1, xl (k+xl)(k+ Ql)
~ Jt qvm, P, (wP, —c) (eyz(s) _ 1)
e Ty mox (wx = O)[myy+ myQ (wai — )
(A.3)

Let W;(t) = |y,(t), by using Lemma 2 and computing
the upper right derivative of W,(t) along the solution of
system (24), it can be obtained that

dy,
¥ ds

)Jt b,P, (e”(Hl) - l)ds
-1,

qvm, P, (wP, () —c) () - 1)

+ A X1 Xy J .
(k+x7)(k+Py) )y, x7 (k+x7)(k+ Q)

t
(k+x7)(k+Py) Jt—rz [myv + myxy (wxj —

o)][myv + myQ, (wxy - ¢)]

ax; Jf a,Pox; (@177 — 1)
k+Q t-1, (k+x7)(k+Q)

where P;, Q;(i=1, 2) have been defined in Lemma 2.
Furthermore, let

"
a,kx; P,

W4(t) = W3(t) + WJ[TZJZ '

.
a,kx; P,

™) 1‘dsdz +

qvim, (wP, — )

ay(kx])Q (277 - 1)} i
(k+P))

* *
a,kx; P, a,; x>k

(k+x7)(k+Py) Jtrzﬁx}‘(kﬂi‘)(h Q)

) 1‘dsdz

t
(k +XT)(k + Pl) Jt—rzjz [mlv + mzxf (wxif
a,Pyx;

. a,x; Jt J’
k+Q )i, ). (k+x7)(k+ Q)

By virtue of (A.1) and computing the upper right
derivative of W,(t) along the solution of system (24), it can
be obtained that

= o)|[myv + myQ (wxi —¢)]

y1(5_72>_1‘dd -
e sdz K+ Q

eyz<5>—1’dsdz
ax; (1 [fay(k+x1)Q, ‘yzs o) ‘dsdz
(k+P))

t-1,Jz

(A.5)



16 Complexity
D*W,(t) < D" W,(t) + _akb 5Ty e, 1‘ + @8k Py &(t) _ 1‘
(k+ ) (k+Py) xr<k+xr)2(k+Pl><k+Ql>
a,kx; qvm, P, (wP| - ¢)1, 5 _ 1
e 2 -
(k+x1)(k+P)[m v+ myx (wx] —c)] v+m2Q1(wx1—c)} '

[m
BAT, P,x} _(k+x7)Q, 'ey (1)) a,x; xz Jt
k+Q | (k+x7)(k+Q) (k+P)) k+x1)(k+P)
b,P (eyl (or1) ) L@ X3 kPy ( e)’z( 1) a,X} %} Jt qvm, Py (wP, () - c) (e2) - 1) *
x5 ( k+x1 Ql) k+x1 (k+Py) ) ie, [myv + myxi (wxf = o)][myv +myQ (wxf —c)]

ax; r a,Pox; (1772 — 1)
t—T

e G 1)} 0
S.

k+Q, ). (k+x7)(k+Qy) (k+P)
(A.6)
D*W(t) < —Sl(‘rl,rz)‘emt) - 1‘ =8y (1y, )]0 - 1’,
By defining W (t) = W, (t) + W,(¢), it is easy to show that A7
W (t) > |y, (t)] + ly,(t)|. By virtue of (A.3), (A.6), and simple (A7)
computations, it can be obtained that where S,(7,,7,),i = 1,2 are defined as follows:
8,(r17y) = b P, (x] +Q W) o qm [} (wx{ —¢) + P, W, (wP, - c)] _ akbyxyPy,
e Q [myv +myxi (wxi = o)][myy + myQ(wxi — )] (k+x7)(k+Py)’°
S, (r1y) = ajke; (Wr +x7) a,a,k*x32P, T, _axT, P,x; _(k+x)Q, (A8)
PR+ (k+ Q) xi(k+x1)(k+P)(k+Q) k+Q [(k+x)(k+Q)  (k+P))

a,kx; qvm, P, (wP, — ¢)1,

(k+x7)(k+P))[mv+ m,x} (wx]

where P;, Q, (i = 1, 2) have been defined in Lemma 2 and W,
has been defined in (A.3).
By using the mean value theorem [35], for 9, (¢)

9,(¢) € (0,

D*W(t) <=8, (1,,7,)e" Oy, (1) = Sy(11, 7,) €™ [y, (1)
S =811 1) 1 ()] = S (T 72) 5 ()]
<-—min {S, (71, 75), S, (71, 7o) HIy (O] + [7,()]}-
(A.9)

€(0,1),
1), and 9, (¢) # 9,(¢) it can be obtained that

If min {S, (7, 7,), S,(71, 7,) } > 0, then it is easy to derive
that (7, 7,, v) € H, and H, is as follows:
H,={(1,,15,v)|[0<1, <1],0<1,<75,v>0}, (A.10)

where 7}, 7; satisfies the following inequalities S, (7}, 75) >0
and S, (77, 7;) > 0 hold.

B. Proof of Theorem 2

Proof 9. For system (25), it is easy to show that Lipschitz
conditions hold. Hence, there exists a unique local solution

= ¢)|[mv +m,Q, (wx] - ¢)] )

(x,(£), x,(t)) for t€[-7,,T), where 7,, =max {1,,7,} and
T represents the explosion time [38].

Subsequently, we will show that 7= co, which implies
that solution (x;(f),x,(¢)) is global, by assuming that
jo=1 is sufficiently large such that x(t)€([(1/j,), o)
and x,(t) € [(1/j,), j,| for te€[-1,,,0]. With the purpose of
facilitating the following analysis, the stopping time [38] for
any j > ji is defined as follows:

x, () ¢ G’j))xz(t) ¢ G;)}

(B.1)

t;=inf {te [T, T)

Let & represent an empty set and inf@ = co. It is easy to
show that #; increases as j increases through co, by defining

= hmﬁ00 j» which derives that 7.,>7 almost surely.
Hence, if 7., =00 almost surely, then we can show 7=o00
and the solution (x,(t), x,(t)) € R? for all £ > 0 almost surely.

If 7, # 00, then there exists a pair of constants T > 0 and
0<{ <1 such that P{r,, < T} >{. Hence, there exists some
j1 = jo» and P{t; < T} >{. holds for all j > j,.

Define a C2-function V : R2 — R, as follows:
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By assuming that 0 > 0(j, k = 1, 2) are sufficiently small,
by utilizing Lemma 2 of this paper and Itd’s formula (5), it
can be obtained that

a1 X (£)x,(t) qvx, (1)

df/(xl(t)’xZ(t)) = (1 - b ; ) I:xl(t_‘[l)(rl - blxl(t_ Tl)) - k+x1(t) - myv+ mle(t)(wxl(t) _ C>:| dt

ay %, (t—15)

1
' (1 - xz(t)) [xZ(t) (rz B k+x,(t—1,)
[ -t 1y (A [ o0 - (14,0 A de
BAAS! Y

+ :<<x1(t) - ;_ll)au T (y(t) - 1)021)51(0 + (rll:” +021>£2(t)} dt

[y ()x1 (£ =) = In (1 -+, ()N (dt, du) + L [2 ()% (t =) = In (1 +,(u))IN(dt, du).

n

vh

In order to facilitate the following analysis, ] is defined
as follows:

J= r[Q) + 4P, (b, —1)] 0 -bQ, (i + “1P2>

4,Q, b \m Tk
2 2
r o o
+(Py = 1)(ry +ay) + %, <of1 +05 + 2+ —222>
1 1

+ L%[m(u) “ln (14, (1) Adu

| B =tn (14, )
Y
(B.4)

where P;, Q;(i=1, 2) are defined in Lemma 2.
If fv[yi(u) —In (1 +vy,(u))]Adu<y,(i=1,2) and y, are
positive constants, then

J< r[Q) +4P, (b, —1))] 0 -bQ, (q . a, P,
- 4b,Q, b m k
" 2 , 01, 0%
P,-1 — 1z, 722
+(Py—1)(ry+a,) + 2b, <‘711 +05 + Q + Q%)
ry - ~
+ b_llh Y,
(B.5)

Consequently, it follows from (B.5) that
AV 05200 % 1+ ( (510 2o+ a0 = D 00
+ (’fl“ +021)52(t)] dt
| B (=) - 1n (14 y, ()N (d,du)
v Y

+ Lh’z(”)xz(t =) =1In (1 +y,(u))|N(dt, du).

(B.6)

2 2
r o (o3
dr + - <02 +a§ 2oy T2 >dt
ﬂ 26, \7H! ORI

(B.3)

By integrating both sides of (B.6) from 0 to tj/\T =min
{t; T}, T has been defined in (25) and then expectations
can be computed as follows:

[Ef/(x1 (l‘j/\T),x2 (tj/\T>) < V(x,(0), x,(0)) +IE(tjAT),

which follows that

[Ef/(x1 (tj/\T),x2<tj/\T)) < V(x,(0),x,(0)) + JT.
(B.8)

When j > j;, we define Q; = {t; < T}; it is easy to derive
that P(€);) > based on the fact P{t; < T} > holds for
all j>j,. Furthermore, it can be obtained that x,(t;, &) or
x,(t;, €) equals to either j or 1/j which holds for any e € Q;,
which follows that V(x, (tj»€), x,(t}, €)) is no less than either
j=1-1Injor (1/j) = 1-1n (1/)).

Consequently, it derives that

V(x,(tpe) %, (tpe)) 2 [j-1-InjA

l_ -1-In l}
J J
(B.9)

It follows from (B.8) that

V(x,(0),%,(0)) +JT > E {IQj(s)V(xl (ti €)%, (t) s))]
1 1
i)

(B.10)

>[j-1-InjA
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where I, represents indicator function of ;. When j — oo,
]
it derives that

00 = V(x,(0), %,(0)) + JT < 00, (B.11)

which is a contradiction.

Based on the above analysis, it can be obtained that
T, =00 and (x;(t), x,(t)) will not explode in a finite time
almost surely.

C. Proof of Theorem 5

Proof 10. Firstly, we construct the following function:

x(t+1))

W) =x(t+71))-x} —x} In = (C.1)

*

1

By using simple computations, it can be obtained that

AWy (1) = (x, (t+ 1) —x7)
) { byx, (1)

x (t+1))
x5 % (1) x(t+1)
. (xl(t’rTl)(kerf) - k+x1(t+71)>}dt

+qv(x(t+ ) = x7)

(7 =x, (1)) +ay

. x,(8)
X1 (t+ 1)) [myv + myxt (wxf — o)
- ! dt
mv+myx, (t+1,)(wxj —c)

. Lx; [y, () ~In (1+ yl(u))])tdu} dr
+ (e (1) = x7)0 1€, (1) + x7 01,8, (8)]dt
. Lx; by ()%, (£ =) ~In (1 4y, ())]N(dt, du)
X () (E+7)) — %)
x(t+1))
[t -+
() -x0)

[ ax(t+1) + qv dr
k+x (t+71)) myv+myx (t+71))(wx} -c)

.
P P
k+xi  myv+myxi(wxj —c)

+ {’% (afl " x‘;i)) " L{xf [y () ~In (1 + yl(u))p»du} dt
+ (31 (1) = x7)0o & (8) + x701,8,(¢)]de
| (=) - In (1, )N du)

= [LW+ (%, (F) = x7)01,6, (8) + %7 0,8, ()] dt

+J X [y ()5 (£ =) = In (1t y, () IN (s, du),
Y

(C2)

where ZW; satisfies the following inequalities:

Complexity

LWy <byx (1) (x] —x1 (1)) +x, ()

a%; qv

k+xi  mpy+myxf(wxy —c)

@y (E+7)%(E+ 1))

k+x (t+1))

qvx,(t+71) _ ()
mv+my(wxi —c)x (t+1,) x(t+71))
a,x; qv

b (6 —x (1) + —2 ¢

{1(3‘1 % (1) k+xi  myv+myxi(wxi —c)

o ax(t+n) qv
Uk+x,(t+1))  mv+myx (t+71))(wx; —c)

s

2 (e S o it =t 0

< =by (% (1) = x7)" +x,(¢)
N av
k+xi  mpv+myxf(wxi —c)

t
) (—“lxz(k”l) + L ) +bx; (5} - (1))
1

(1= *1(1) -xj(1+In 10
x(t+1)) x(t+1))
‘ a,x; qv
k+xi  mpv+myxf(wxi —c)

w2 (e S o it e A

a,x; qv
< by (x,(£) = x})% + x, (1) | 22
1(x(8) = x7) +x1()[k+x7 T v+ mox; (wx] - ¢)

2
+x) (7(11%(;: ) + i) +byx; <xf + #() )

m x (t+7y)

- x| (ln *(1) —In x—l(t+T1) + 1)

* *
X X

| ax; qv
k+xt  myv+myxi(wxi —c)
x5 oh «
21 -In (1 Adu.
5 (oh e 35) + [ im0 - (e
(C.3)

Based on (C.3), W, (t) is defined as follows,

ax* t+1, ax*x* t+1,
Wi(t) = _—1J xy(s)ds + - ZJ

; k+x7 ),
: [lnxl—(*s)—lnxl—(:)+1}ds

* t+T
9vx, J !

mv + myx} (wxj —c) ),

: [lnxl—(*s)—lnx—(:)+1}ds.

Xy Xy

(C.4)

By using simple computations, it can be obtained that
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. Secondly, we construct the following function:
LWy <=by (x,(1) = x7)° +x,(1) y &

. a,x; qv
{k +x7 myv+ myx}(wx} — c)} W(f) = [x,(t+1,) - x}]? | )
+xf<u1x2(t+T1) +i) 2
k ™y
bt [+ x3 (1) . X0 24 5 By using similar arguments in (C.3) and (C.5), it follows
PN x(trr)) 2 UM K from simple computations that

| i -n 1y, (@)hdu
(C.5)

LW, = by = 7)) = 500+ b (] 0+ 7)) (6 =) oy 1) =) [ ) = BT

t t+ o1
x (1) X (t+1y) }‘*0?1’&2‘*—12

mv+ (w;xj — ¢)m,xj B mv+myx, (t+ 7)) (wx, (t+71,) —¢)

+q1’(x1(t+71)—xi‘)[ P

+ JV[%(M) =In (14 y; ()] Adu < byacy (x, (1) = x7) = by (g = ;) [ (4 71) =, (8) 26, (1) = 7]

s (O +xi(t+ 7)) - (k+x7)
(k+x) (kv 3 (L7 1)
x;(1) xi(t+71)
' [m1v+ (w,x] = ¢)m,x} B myy +myx, (t+ 1) (wx, (t+71,) —¢)

+ L[Vl(u) —In (14, ()] Adu < by (3, (£) +xp (¢ +7,)) + ayxy (E+7) {

+ay(x(t+ 1) —x7) +qv(x (t+1)) —x7)

2
on
2

x3%, () + X% (t+1))
k+xt  k+x(t+71))

] +olxt+

x (H)x (t+1)) X% (E+7)) 2 w2, Oh _
Ty {m1v+ myx} (wx, (t) —c) " mv+myx (t+ 7)) (wx, (t+71,) — ) oMY 2 * L/h)l(u) In (1 -+, (u))}Adu.
(C.7)
Let W, (t) = W,(t) + Wi5(t); it follows from (C.5) and
(C.7) that
* 2 * 2
B 2 ) qv wf xi(t) X 2, 91
LW <=b(x(t) = x7)" +x, () [k+x}* + v T o (T —c)} +b,x] (xl + xil(t+T1)> + 5 (011 + xz(t))
sx(t)  x{x,(t+T1))
. “In(1 %2 %% ( 1%2 1
o [ 010 (10, )P s, 0+ s ) g e [ 4 T o

ot % (t+ 1) + 1)\ o X (1)x, (E+7)) N X% (t+ 1)
! k my 1 mv+myxt(wx (1) —c¢)  myv+myx(t+1)(wx, (t+71,) = c)
2

o O
+ aflxlz + % + L{[yl(u) —In (1+y,(u))]Adu.

If [ [y,(u) —=In (1 +y,(u))]Adu <y, and y, are positive
constants and 0;; > 0 (j = 1, 2) is sufficiently small, then
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. ax;  q a,P}(x; +x3)
gW S_b £ — 2 P 172 1 1\"*1 2
1 1((8) = x7)" + 1<k+xf m, + ktx
P? a, P q
+hx (xf+ L) +xt 12+—)
ot (s g ) o (oL
+ [ il s }
v
i my+myxi (wQp —¢) - my(wQ, —c)
(2+Qf)of2

(L)l
2
+(L+x0)7, <=by (%, () - x})?
aymy Py[x; (1+Py) +x7 Py +qP (k+x7)
my (k+x7)

2Q?

t

EWKQ—EWK@S—MEL@AQ—ﬁf&

Complexity

byxy (lei‘ + P%) + xy (aym P, + gk)
Q km,

. qv(P% + xi‘z)
myx} (wQ; —c)

2 2 2
B2 A% 14wy,
2Q;

+
xj(1+x7)o3,

2

(C.9)

where Py, P,, Q, are defined in Lemma 2 of this paper.
By integrating both sides of (C.9) from 0 to t and deriving

expectation, it is easy to show that

byx] (lef +P§)+x;‘ (aym, P, + gk) + ‘IV(P% "'xfz)
km, myxi (wQ - ¢)

N {almlpl[x;(l +P) +x{P] +qP, (k+x7)
my (k+x7) Q
X1 (L +x7)ot, + (2+ Q%)”%z F(L+x0)7, bt
2 2Q7
(C.10)
It follows from (C.10) that
. 1 ! %12
lim sup—[EJ [x,(s) —x{]"ds < By, (C.11)
t—00 t 0
where B, is defined as follows:
_ aym kP Py g (14 P+ (k3D [gk(P 4 x7) +aym Poxt] | 3 (Qux + )
kmyb, (k+x7) Q (C.12)

B,

2bmyx; Q%(le -0

Thirdly, we construct the following function:

% (t+1,)

Wi () = x,(t+7,) —x; =, In
2

By using simple computations, it can be obtained that

W, (1) = a2<x2<t+rz>—x5>(
x;"%lo'%z

2

T k+x(f)

o (14 5) = (1) a1

) 2qvQ; (P} +x7%) + myx} (wQ, — o) [x] (1 +x7)o7, + (2+ Q7)ot, +2Q7 (1 +x7),|

+ [ozzw [ ot = (14, 00) A

+ JV[YZ(u)xZ(t =) =1In (1 +y,(u))N(dt, du)

(C.13)
= [Z Wy + 0y (x(E+15) = x5)8, (8) + 05,8, (1)]dt
+ J [y2 ()2, (£ =) = 1In (1 +p,(u))|N(dt, du),
Y

(C.14)

X, (t) >

where ZW,, satisfies the following inequalities:



Complexity

_ o [% =% () X (8)(x () —x7)
3W21—a2(x2(t+T2)_x2)[ k+x; _(k+XT)(k+x1(t))

* 2 2
X505,0
+ 2Y21Y22

¥ L{m(m “1n (1 +y,(w)Adu

_Gy(x5(t+ 1) _x;)z
k+x3

ay (%, (E+7) = x3) (%, (E+T3) —x5(8))
k+x}
ay%, (1) (%, (£ + 75) = X3) (%, () — x7)
(k+x7)(k+x,(t))

xio2 02
+ 22 221 2 4 Jv[yz(u) —In (1+y,(u))]Adu.

(C.15)

If [ [y,(#) —=In (1 +y,(u))]Adu <y, and p, are positive
constants and 0, > 0 (j = 1, 2) are sufficiently small, then

a (% (E+7,) - x;)z

FW, <—
2z k+x}

a5 (t+1,) + X, (8)x;  X303,0%,
k+x7 2
+ 2, (1) [y (£), (F + 75) = %551 (£) = %1%, (E + 7)) + X7 %3]

(k+x0)(k+ 5, (0)
. Lm(w) “ln (14 () Adu

(x5 (t+T,y) - x3)?

B k+x}
Py[(ayPy +x3)(k+ Py) + PPy + x{x)]
(k+x7)(k+ Q)
x;0%,0%,
+ 2 221 22 + YZ~
(C.16)
Based on (C.16), W,,(t) is defined as follows,
W (£) = Wy, (£) + 2 JMZ (x,(s) — x5 )*ds
22 21 (k+xiﬂ) , 2 2 .
(C.17)

By using simple computations, it can be obtained that

o, <@l %)

k+x}
Py[(ayPy +x3)(k + Py) + PPy + x7x7]
(k+x7)(k+Q)
* 22 22

+ xzazzlazz 7))

(C.18)
where Py, P,, Q, have been defined in Lemma 2.
Fourthly, we construct the following function
%12
W (1) = [x,(t +75) — %3] ' (C.19)

2

21

By using similar arguments in (C.16) and (C.18), it
follows from simple computations that
x,(t)
k+x(t)

* 02
rohis 2 | [0 -In (14,0 Ada

=a,%,(t+7,) (%, (t +T,) — x5)
[ (x5 =2, (E+T,) + x5 (E+T,) —
(k+x7)(k+x,(t))
00550, 5 o o
Tk (Rt ))}
" J [12() =1 (1 +7, (1)) Adu
Y

(%, (t+7,) = %3)°
(k+x7)(k+x,(t))
kx, (t+71,) + x5 x,(t)
(k+x7)(k+x,(1))
x5, (1) (kxy (E+75) +%,(1))
(k+x7)(k+x,(t))

2
rogte 2 J [y2() = In (1 +y, (1)) Adu.
Y

(C.20)

* x*
Wiy =a,%,(t+7,)(%,(t+T,) — x3) (—2 -

(1))

< —aykx,(t+1,)

+a,%5(t+T,)

+a,%,(t+T,)

If [, [y,(u) =In (1+y,(u))]du<y, and yp, are positive
constants and 0}, > 0(j = 1,2) is sufficiently small, then

(x(t+71,) - x3)°
(k+xf)(k+P1)
a,P2[kP, (1 + x%) + x*(P, + P o2
2P3[kP,( 5) + x5 (P 2)]+ o2 322 L2

(k+x7)(k+Q)) 2
. j\y[mu) “ln (1 4+, () Adu

2

LW,5 < —a,kP,

(X (E+7;) —x3)
> (k+xt)(k+P))
N a,P3[kP, (1 + x3) + x5 (P, + P,)]
(k+x7)(k+Q)

2

o
2 %2 22 by
+021x2 + —2 + )/2)

< -a,kP

(C21)

where Py, P,, Q, have been defined in Lemma 2.
According to (C.21), W,,(¢) is defined as follows:

T, #\2
i, (25

t (k+x7)(k+Py) 2

Wou(t) = Wy + J

It follows from simple computations that
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B (x2(t) = x3)°
FW,, < —a,kP, —(k+x’1")(k+P1)

a,P3[kPy(1+x3) + X3 (P, + P, )|
(k+xi)(k+Q)

2 w2 0%
. .
+05%,° + - +7,.

(C.23)

Let W, (t) = Wy, (t) + Wy, (2); it follows from (C.18) and
(C.23) that

_az[k(1+Q2)+Q1] a2
krayespy 207 %)
a,P3[kP,(1 +x3) + x5 (P, + P,)]

(k+x7)(k+Q)
0.2 x*O.Z 0.2
+05,%57 + % § 22072 221 2 +29,.

By integrating both sides of (C.24) from 0 to t and
deriving expectation, it gives that

LW, =

(C.24)

Complexity

a,k(1+Q,) + Q] [Er

EW,(f) - EW,(0) < (52(9) ~ x3)%ds

(k+x7)(k+Py) 0
+ {Pz[(azpz +x3)(k+Py) + PPy + x]x;]
(k+x7)(k+Q)
a,P3[kP,(1 +x3) + x5 (P + P,)]
(k+x7)(k+Q)
02, xiol o2
+@g+£+iﬂﬁ+m}.
2 2
(C.25)
It follows from (C.25) that
1 t
lim sup—[EJ [x,(s) — x3]*ds < B,, (C.26)
t—00 t 0

where B, is defined as follows:

_ Py(k+P){[(ayP, +x3)(k+P)) + P\P, + x{x3] + a,P, [kP, (1 + x3) + x5 (P, + P,)]} . x303, (03, +2x3) + 03, + 4y,

B, = ay(k+Q))[k(1+Q,) + Q]
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