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We propose a class of neutral type quaternion-valued neural networks with delays in the leakage term on time scales that can unify
the discrete-time and the continuous-time neural networks. In order to avoid the difficulty brought by the noncommutativity of
quaternion multiplication, we first decompose the quaternion-valued system into four real-valued systems. Then, by applying the
exponential dichotomic theory of linear dynamic equations on time scales, Banach’s fixed point theorem, the theory of calculus
on time scales, and inequality techniques, we obtain some sufficient conditions on the existence and global exponential stability
of pseudo almost periodic solutions for this class of neural networks. Our results are completely new even for both the case of the
neural networks governed by differential equations and the case of the neural networks governed by difference equations and show
that, under a simple condition, the continuous-time quaternion-valued network and its corresponding discrete-time quaternion-
valued network have the same dynamical behavior for the pseudo almost periodicity. Finally, a numerical example is given to

illustrate the feasibility of our results.

1. Introduction

The quaternion, which was discovered by the Irish mathe-
matician Hamilton [1] in order to generalize complex number
properties to multidimensional space, is extensively used in
several fields, such as modern mathematics, physics, and
computer graphics [2-4]. One of the advantages by the use
of quaternions is that it can treat and operate three- or four-
dimensional vectors as one entity, which allows a significant
decrease of computational complexity in three- or four-
dimensional problems, so the effective information process-
ing can be achieved by the operations for quaternionic vari-
ables. Therefore, the quaternion-valued neural network is
able to cope with multidimensional issues more efficiently by
employing quaternion directly.

In this respect, the quaternion-valued neural network is a
fast growing field of research in both theoretical and applica-
tion points of view (see [5-9]). Quaternion neural networks
have been widely used in many fields and demonstrated

better performances than the real number neural networks in
chaotic time series prediction [10], approximate quaternion-
valued functions [11], 3D wind forecasting [12, 13], image
processing [14, 15], color-face recognition [16], vector sensor
processing [17], and so on.

In reality, it is well known that the time delay is inevitable.
In the circuit implementation of neural networks, time delays
occur naturally due to the processing and transmission of
signals in the network and the finite switching speed of
amplifiers. And they may change the dynamical behaviors of
considered neural networks. Therefore, the consideration of
time delays is more and more significant in the study of the
dynamics of neural networks.

Many scholars have devoted themselves into the dynam-
ics analysis of neural networks with various types of time
delays and many valuable results have been achieved in the
existing literature see [18-26]. There are three typical types
of time delays for incorporating time delays into neural
networks: (i) introduce transmission delays into the neural
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networks, and consider discrete delays, distributed delays,
mixed delays, even state depended delays, or complex delays;
(ii) consider the delays in the leakage term; (iii) take into
account neutral type delays. All of the above three types of
time delays may alter the dynamics of the neural network
under consideration.

On the one hand, the concept of pseudo-almost peri-
odicity was introduced by Zhang [27, 28] in the early
1990s. It quickly aroused the interest of some mathematical
researchers [29-31]. The pseudo almost periodicity is more
general and complicated than the periodicity and the almost
periodicity. In the last few years, the pseudo almost periodic-
ity has become a hot research topic, especially for the pseudo
almost periodic oscillation of neural networks [32-39].

On the other hand, as it is known, both continuous-time
and discrete-time neural networks are important in theo-
cratic studies and applications. Moreover, discrete-time neu-
ral networks are more convenient for computation and
numerical simulation than continuous-time neural networks.
Therefore, we must not only study continuous-time neural
networks, but also study discrete-time neural networks.
Fortunately, the theory of time scales, which was initiated by
Hilger [40] in his Ph.D. thesis in 1988, can unify the con-
tinuous and discrete cases. Studying dynamic equations on
time scales can unify the differential equation case and the
difference equation case. In recent years, the time scale theory
has been widely concerned and rapidly developed [41-45].
And, many authors have studied the dynamical behavior of
neural networks on time scales [46-54].

However, to the best of our knowledge, there is no paper
published on the existence and stability of pseudo almost
periodic solutions of quaternion-valued neural networks on
time scales. This is important in theory and application, and
it is also a very challenging issue.

Motivated by the above statement, in this paper, we
propose the following neutral type quaternion-valued neural
network with delays in the leakage term on time scales:

x;‘, (t)=—c,(t)x,(t-8,)

+ Zapq (®) fq (xq (t ~Tpg (t)))
g=1

n @
* Zlbpq (t) gq (x5 (£ =110 ®))) + 11, ©),
4=
teT,
where T is an almost periodic time scale, p € {1,2,...,n} =

A, xp(t) € H®T is the state of the pth neuron at time t; cp(£) >
0 is the self-feedback connection weight, H ® T denotes the
set of all quaternion-valued functions defined on time scale T;
a,q(t) and bpq(t) € H®T are the delay connection weight and
the neutral delay connection weight from neuron g to neuron
p at time ¢, respectively; u,,(t) is an external input on the pth
unit at time t; 8,,(t) denotes the leakage delay satisfying ¢ —
Sp(t) € Tfort eT; ‘rpq(t) and npq(t) are transmission delays
satisfying t — 7,,,(t) € Tand t —1,,(t) € Tfort € T.
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The initial condition of system (1) is of the form
%, () =9,(5), peA se[-6,0], 2)

where 60 = max{§,7,9}, § = maxPeA{suptd(Sp(t)}, T =
maxp)qu{suptevaq(f)}, n= maxp,qu{supteT"]pq(t)}’ (Pp(s) €
C([-6,0]y, H"®T).

Throughout this paper, we denote [a,b]y = {t | t € [a,b]Nn
T}. For convenience, for an rd-continuous pseudo almost
periodic function f : T — R, we denote f~ = inf,¢|f(?)]
and f* = sup, | f(@®)I.

Our main purpose of this paper is to study the existence
and global exponential stability of pseudo almost periodic
solutions of (1). Our results are completely new even for both
the case of the neural networks governed by quaternion-
valued differential equations and the case of the neural net-
works governed by quaternion-valued difference equations.

The rest of this paper is organized as follows. In Section 2,
we introduce some definitions and preliminary lemmas and
transform the quaternion-valued system (1) into four real-
valued systems. In Section 3, we establish some sufficient
conditions for the existence and global exponential stability
of pseudo almost periodic solutions of (1). In Section 4, we
give an example to demonstrate the feasibility of our results.
This paper ends with a brief conclusion in Section 5.

2. Preliminaries

In this section, we shall first recall some fundamental defini-
tions, lemmas which are used in what follows.
The skew field of quaternions is denoted by

[H]::{q:qR+qu+q]j+qu}, (3)

where g%, ¢, ¢’, and ¥ are real numbers and the elements i,
7, and k obey Hamilton’s multiplication rules:

ij=—ji=k,
jk = —kj =1,

4
ki = —ik = j, @

i’ =j =k =ijk=-1.

The quaternion conjugate is defined by g = g*—q = ¢* - ¢'i -
q’ j— 4k, and the norm |gq| of g is defined as |g|* = qq = gq =
(@) + (@) + (@) + ().

A time scale T is an arbitrary nonempty closed subset of
the real set R with the topology and ordering inherited from
R. The forward jump operator o : T — T is defined by o(t) =
inf{s € T, s > t},t € T, while the backward jump operator
p: T — Tisdefined by p(t) = sup{s € T, s < t},t € T,
and the graininess function gy : T — [0, 00) is defined by
u(t) =o(t) —t.

The point t € T is called left-dense, left-scattered, right-
dense, or right-scattered if p(t) = t, p(t) < t, o(t) = t,
or o(t) > t, respectively. Points that are right-dense and
left-dense at the same time are called dense. If T has a left-
scattered maximum m, define T = T - {m}; otherwise,
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set T* = T.If T has a right-scattered maximum m, define
T, = T — {m}; otherwise, set T, = T.

Assume that f: T — R is a function and let t € T¥. Then
we define f A(#) to be the number (provided its exists) with
the property that, given any € > 0, there is a neighborhood U
of t such that

|fe@)-f&) - @) -9)|<elo)-sl, ©)

for all s € U. We call f2(t) the delta derivative of f at t.
Moreover, we say that f is delta differentiable on T* provided
that fA(t) exists for all t € T .

By writing f € H®Tin the formof f = fR+if'+jf/ +kf¥
with f' € H® T,1 € {R,I,],K} = E, it is easy to verify that
f is delta differentiable if and only if £, f', £/, X are delta
differentiable. Moreover, if f is delta differentiable, then

o= o) () ©
k(£ 0.

(6)

A function p : T — R is said to be regressive provided
1+ u(t)p(t) +# 0forallt € T". The set of all regressive and rd-
continuous functions p : T — R is denoted by # = Z(T).
We define Z = {p € & : 1+ ut)p(t) > 0forallt € T}
For more knowledge about calculus on time scales, we refer
to [41, 42].

Definition 1 (see [47]). A time scale T is called an almost
periodic time scale if

M={reR:t+7€T, Vt €T} +{0}. (7)

Definition 2 (see [47]). Let T be an almost periodic time scale.
A function f € C(T,R") is called an almost periodic on T if
for any given e > 0, there exists a constant [(¢) > 0 such that
each interval of length I(¢) contains at least one 7(¢) € IT such
that

|[ft+T)—f(t)| <e VteT. (8)

Let AP(T,R") = {f € C(T,R") : f be almost periodic}
and BC(T,R") denote the space of all bounded continuous
functions from T to R".

Similar to Definition 4.1 in [55], we introduce the follow-
ing definition.

Definition 3. A function f € C(T,R") is called pseudo
almost periodic if f = g + h, where g € AP(T,R") and
h € PAP,(T,R") = {f € BC(T,R") : f is A-measurable such

. tot+r

that lim,_,, ., (1/2r) L:_J; | f(s)|As = 0, where t, € T, r € IT}.
We denote by PAP(T, R") the set of all pseudo almost

periodic functions defined on T.

Lemma 4 (see [56]). If f,g € PAP(T,R"), then f +g, fg €
PAP(T,R"); if f € PAP(T,R"), g € AP(T,R"), then fg €
PAP(T, R").

Similar to the proof of Lemma 2.10 in [56], one can show
the following.

Lemma5. If f € C(R, R) satisfies the Lipschitz condition, ¢ €
PAP(T,R), € CY(T,II), and inf,.;(1 — 78(t)) > 0, then
flo(t - 1(t))) € PAP(T,R).

Definition 6. Function f = fR+if" + jf + kfX e C(T,H"®
T) is called pseudo almost periodic if for each [ € E, fl €
C(T, R") is pseudo almost periodic.

Definition 7 (see [47]). Let A(t) be an n x n matrix-valued
function on T. Then the linear system

LH=A0x@), teT, 9)

is said to admit an exponential dichotomy on T if there exist
positive constant K, «, projection P, and the fundamental
solution matrix X(t) of (9), satistying
|[x ®PX7 (9)], < Keaw (t:9),
ssteT, t>s,
1 (10)
X ® (1 -P) X7 (5)], < Keoa (5,1),

s;tel, t<s.
Consider the following pseudo almost periodic system:
BB =ANxE)+f(), teT, (1)

where A(f) is an almost periodic matrix function and f(¢) is
a pseudo almost periodic vector function.

Lemma 8 (see [47]). If the linear system (9) admits an expo-
nential dichotomy, then the pseudo almost periodic system (11)
has a unique pseudo almost periodic solution x(t) as follows:

x(t) = Jt X () PX " (0 (5)) f (s) As
- (12)

- J:OO X (t)(I-P)X " (0 (s)) f (s) As,

where X(t) is the fundamental solution matrix of (9).

Lemma 9 (see [46]). Let cp(t) : T — R be an almost
periodic function, —c,(t) € R, p € At € T, and
min, ., {inferc, (£)} > 0; then the linear system

x* (1) = diag (—¢; (), ¢, (£) ..., —¢, (1)) x (£) (13)

admits an exponential dichotomy on T.



Throughout the rest of this paper, we assume the follow-
ing:

_ R T ] K R I J K
(Hy) Letx, = x, +ix,, + jx,+ kx,, where x,, x,, X, x, €

R, p € A. Then fp(xp) and gp(xp) can be expressed
as

fp(xp) = fp(x§)+lfp( )+pr( )
+ka( ) pEA,
s (%) +ig, (%) + g (%)

+kgp( ) peA.

(14)

9p(xp) = g

By (H,), we can transform system (1) into the following four
real-valued systems:

(xp (t))A = ¢, (1) x, (£ -8, (1))
#3015 (x4 (£ =7 )
g=1
- a;,q ®) qu (sza (t ~Tpq (t)))

- ai{?q () fq[ (xé (t ~Tpq (t)))
=, (0 £y (xg (£ =74 1))

¥ qz (68,0 % ((<F)" (£ = 154 )

b, ) g5 (=) (1=, )

AOPA(CANGREMO))

by (t) gy ((xf)A (t =1, (t)))) +uy (),
(x, ®)°

INCRCETCCRND)

+ay, () £y (x5 (=150 (1))

a0 3 (xg (=750 ®))
= ay, () f; (%) (t =154 )

= (R @ gk ((x)) (£, )
gq=1

+ bfiq ®) gf; ((xg)A (t “Mpq (t))>

=, (t)x,, (t-8,)
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w0, (0 g5 (<) (- 1,y )

O A(CANEEMO) ) ESTA0R
(<L )" =, 1) %} (1 -8, (1))

NCCHACTERND)

+ a{]q (t) qu (xg (t ~Tpg (t)))
=y, (1) f (xg (£ =759 ®))
a0 f; (g (£ =155 ®)))

Z(b 09 ()" (t = 1 )

+BL () gF ((xf;)A (=15 )

= b g5 ((x5)" (=154 )

+ by 005 () (=15 ®))) + 10, 0,
() =

DACRCIACACEND)

+ap, () £y (g (E=750 (1))

+ay, () ] (%] (t =7,y 1))

AR CAGEMON)

+ Y (08 0 8 (%) (£ -,y )
gq=1

—c, (1) x; (t-3,(1)

+bK (®) g, (( f;) (t_'lpq (t)))
NOrA(CANETMO))

0,0 g (<) (£ = 15 ) ) ) + 15 ),
(15)

Apg t) = apq (t) + zapq (t) + ]a (t) + ka (t)

by (£) = b (1) +ib} () + jbl, (1) + kbl (1), -

u, (t) = u§ t) + iu; ) + ju; () + ku;f ),

peA.
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According to (15), we can get
-8,(1)

+ ZAPq (t) Ey (Xq (t ~Tpg (t)))
gq=1

Xf, (1) =—c, () X, (t

17)
+ 3By (06, (X} (=1 ) + U, 0
p
pEA,
where
ay, (t) —ay, (1) —a), (t) —ay, (b)
@y, (1) ap (t) —ay, (t) a] (1)
A= 0 a0 al o a0
Pq Pq P Pq
ay, (t) —ay, (t) ay, () ay (©)
by, (£) by, (£) =) (8) ~by, (1)
B, (1) - by, (1) by, (£) —bK (t) b, (t)

szni (®) bzlfq ® pq pa () _bziq ® ’ (18)
bﬁi (t) —b;q (t) b;q (t) bjjq (t)

X, () = (x5 (1), x, (8), %) (), x; (t))
) = (uy (1), 1, (1),
Eo= (5 L £ )

ul, (6),u5 )"

_ ( R I J K)T
- gq’gq’ gq’gq .
The initial condition associated with (17) is of the form

X, () =D,(s), peA se[-0,0], (19)

where ,(s) = ($R(s)BL(s) PL(s) K (), Bh(s) e

C([-0,0]1,R), I € E.

Remark 10. It is obvious that if x(¢) =
(1 (1), 7 (1), 2 (), %7 (1), x5 (1), x5,(5), X5 (£), 5 (£, ..
xﬁ(t), xi(t), xfl(t), an(t))T is a solution to system (17), then

y() = (X, (1), X, (1),...

where x,,(t) = x () +ix,,(t) + jx},(t) + kx (D), p = 1,2,...,n
must be a solution to (1). Thus, the problem of finding a
pseudo almost periodic solution for (1) reduces to finding one
for system (17). For considering the stability of solutions of (1),
we just need to consider the stability of solutions of system
(17).

X, (1), (20)

3. Main Results

In this section, we will study the existence and global
exponential stability of pseudo almost periodic solutions of
system (17).

Let X = {f | f,f* € PAP(T,R")} with the norm

Iflx = max{lIfIL 151} where Ifll = max,gepdfn )
IF21 = maxlshgn{(f,f)*}; then X is a Banach space.

Throughout this paper, we assume that the following
conditions hold:

(H,) ¢, € C(T,R") with —c, € %" is an almost periodic
functlon A, B,y € AP(T, R*), U, € PAP(T,

P
R¥), 6, € C(T 1'[) TpgpTpg € CH(T,TD), infep(1 -

70, (£) > 0, infy (1 =775 (1)) > 0, p,q € A,

(H;) Functions f;, g; € C(R,R) and there exist positive
constants ocfz, ,sz such that for all x', y' € R

[y () = £ ()] = o < =¥

g () = 9, ()] = By = = ]

and f1(0) = g}(0) =0,q € A, I € E.

(H,) There exists a positive constant « such that

Fl " +

Pty Cp ] I
max 4 max {4 —,| 1+ — (FK+u )
per | IcE ¢, ¢, P b

<K, (22)

max 4 max
pEA leE C

peA l€eE,

n
R _ R R JtT K)
Ap—g(a q+aoc+aoc+a o

P4 P4 Pq P q
9=1
pEA,
R c Tl K* HK
BPZZ( WA B +b q/”qJ’bpq'Bq)’
g=1
pEA,
n
I _ R" 1 T J
Ap - Z; (apq &gt apq“q + apq“q tapg ‘xq)
=
pEA,

By = ) (bpy B+ bj B + bl + b B1)),

pEA,



n
.
Al =Z(aR oc]+a]cx +a1cx +ak oc1>

b4 raTq " Tpqaq Pqaq Pq79
gq=1
pEA,
n
J R* ] Tt Tt K K* ol
Bp_z;(bpqﬂ +b ﬁ +b qﬂq+bpqﬁq>’
9=
pEA,
n
K _ R K* " j NI
AP = z‘i(apq“q +a, ocq + a0 +apqocq),
9=
pEA,
n
K _ R I* o Tt ol
By = 2o (050 By + U B+ by + Hafy).
9=
peA
(23)

Theorem 11. Assume that (H,)-(H,) hold; then system (17)
has a unique pseudo almost periodic solution in the region
X" ={p e X[ llgplx <}

Proof. System (17) can be written as

Xf, (t) = —c, () X, () + ¢, (t) L_8 Y Xf, (s) As

P

+ ZAPq (t) Fy (Xq (t ~Tpg (t)))
=1

58,006,
=1

(24)
— 1y (1)) + U, (1),
peAN teT.

For any ¢ € X, consider the linear dynamic system

X§ () =—c, ()X, (1) +¢, (t)J

P

5o (pp (s) As

+ ZAM 1) F, (‘Pq (t ~Tpq (t)))
gq=1

[CONOIE “w e, (60 (9) <cp ® L%(s) (¢5)" ) au

INCAEYACIEE L) (o (-

g=1

) (B 005 ((95)" (5= 100 ©)) -
1

+ u}; (s)) As| < J_OO e, (t,o(s)) <c; L—ap(s)

Tpq (5) ))

((pﬁ)A (u)l Au

T ())) = apy () £ (9} (s =754

b, )95 ((0h)” (s =150 1)) -
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+ ZBM )G, (¢2 (t ~pg (t))) +U, (1),

gq=1
peA teT.
(25)

Since min, _,_,{inf,cyc, (1)} > 0 and —¢, € %", it follows
from Lemma 9 that the linear system

X, (1) = ¢, (1) X, (1) (26)

admits an exponential dichotomy on T. Thus, by Lemma 8,
we see that system (25) has exactly one pseudo almost
periodic solution which can be expressed as follows:

X0 (t) = Lo e (£,0(s)) (cp (s) L_6 . Py (1) Au

4

+ ZAPq (s) Fy (‘Pq (S ~ Tpq (S)))
q=1 (27)

+ ZBM (s) Gq (goqA (s ~Tpg (s))) + Up (5)> As,
g=1

pEA

Now, we define the operator @ : X* — X" as

T

T
(@100, — (XLX5,...X7) . (28)

where ¢, = (¢§, (P;’ 9‘4’ gof), X;‘,’ is defined by (27), p € A.
First, we show that, for any ¢ € X*, we have ®¢ € X".
From (27), we have

5))) = a5 9 fy (97 (5= 74 9))

0, 0 ((2))" (=150 9)) = b ) a5 ()" (5= 1y )
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" + I +
o 3 (e o D) 5 o s~ o]+ 15 g ) 15 o -5 09
s
i + A + A
# 3 (05 o (03" (5 =g )|+ i ((03) (5 =1y )+ 0 ((93) (5 =1 0))] + 835 i ((93)” (5= 1y )]
s
+ ”‘1:) As < Jt e (t0(s)) <c;8;;c + Z (apq‘qu + apq"‘q" + a{)qoc K+ “pq a, zc) + i ( [)’f;;c + b;;ﬁéx + b;;ﬁ;l( + bgﬁfx)
—00 q= q=1
R R*
+u§*>As < % (c;6;K+A1;K+B§K+u§) = ertuP » PEA
“ %
(29)
In a similar way, we have On the other hand, we have
F K+ u;
’(qxp (t)l — P peA I=LJK.  (30)
P
(@) @[ =l @, (0)" @ e . (afy 007 5 (1= 7 0)) =y 00 (9} (1= 7 0)) - afy 00 ] (9] (1= 7 1))
el gq=1
=y 7 6 (=7 )+ 2. (850 05 ((00)” =1 ) =50y 06, () (1= 10 ) = Uy 03 ((07)" (=10 0)
t s
5 0 g5 ((#5)" (= 1pg ) + 1 () - ¢, ) J, e, (t0(9)) <cp (s) Jia . (#%)" () du
“ (31)

*2 (g (5) £ (95 (5= g (9))) = g (5) f5 (95 (s = 7pq (9))) = a3 () £ (@ (5 = 75 (9))) = apg (5) 5 (25 (5 = 7 9))))
92 (60 © 95 ((25) (=115 9))) =3, ) 95 ((9)" (s =110 ) ) = by 9} (9))" (s =110 ©)) =15, 9 05 ((95) (5= 154 1))

+ +

C + C

R P + ot R R R _ P
+up(s)>As S<1+Cp>(CP8PK+APK+BPK+uP )_<1+c >(F K+up ), peA.

P
In a similar way, we have ( (s) I

+

(COARCE <1 . 1) (Mesid). S RO U o o) - 2155 59))
P

(32)
peAl=LJK. = U (90 (=10 0)) = 3 (v (=5 0)))
It follows from (29) to (32) and (HI,) that “n@ Um0~ Aol rm9)
4
o], < ) = ) (fy (9 (5 =70 9)) = 13 (v (s =74 9)))
ol <, )

A A
which implies that ®p € X', so the mapping ® is a self- &0 e (00 = 90) =65 (0" (4= )
mapping from X* to X*. Next, we shall prove that ® is a : L AP
contraction mapping. In fact, for any ¢,y € X*, we have =y (9 (95 ((92)” (s =10 9)) = 03 ((v2)" (s =1 ))))

(@9 - o9)" () =539 (g ()" (5= 124 9)) = 2, (1) (5= 1y )

[m e (0 (s) b O (a5 ((05)" (s =1y ©)) = gl ()" (s =1y ) ) As




L g A,
—< 8 +Z(upqocq+a of 0 T Aoty +aP ocq

)

R* ' Tt ] K HK
R R+ ﬁq+bpqﬁq+bpqﬁq>>

R

l—‘P
do-vlx=Zle-vl, pen
P

(34)

In a similar way, we have

(@0 - @y, ()] < - ||<P vl

(35)
peA I=1]K

On the other hand, we have

(aR+ (XR + a1+ OCI
pa% * %pa%q

M=

1

(@0-ow)) 0] < <;6;+

q

7t R* "ol ] o)
+a,,0, +apq q+b ﬁ +b qﬁq+bpqﬁq

+b B )>||<p W||x+—( +Z(pqq

T T R*
+apqoc +a,,0, +apq q+b ﬁ +b ﬂ

N c,
At ) Jlo-vi= (102 )it

P

(36)

“Ylx, pea

In a similar way, we have

|((<D<P oY), (t)l (

'b\l*tr+

)ru¢ vl

peA I=1],K

(37)

From (34) to (37) and (H,) it follows that

|Pp - Dyl

Hence, we obtain that @ is a contraction mapping. Then,
system (17) has a unique pseudo almost periodic solution
in the region X* = {¢p € X : |¢lyx < «}. The proof is
complete. O

<plo=vl- 68)

Theorem 12. Assume that (H,)-(H,) hold; then system (17)
has a unique pseudo almost periodic solution that is globally
exponentially stable.

Proof. From Theorem 11, we see that system (17) has a pseudo
almost periodic solution X*(t) = (X} (1), X5 (t),... ,X;(t))T
with initial value ®*(s) = (¢} (t), @} (t),..., 9" (). Sup-
pose that X(t) = (X,(t), X,(t),..., X, ()" is an arbitrary

Complexity

solution of system (17) with initial value ®(s) = (¢,(t),
@, (1), ..., (pn(t))T and let Z(t) = X(t) — X" (t); then we have

Zﬁ (®) = {_“p ®) (XP (t - 617 (t)) - X; (t B 617 (t)))
+ ZAPq () (Fq (Xq (t N
g=1

Tpq (t)))

)+ 2By ) 9

q=1

_Fq(X; (t_TPq(t

: (Fq (Xr? (t “Mpq (t)))

—F ((X;)A (£=11pg (t))))} . peA

For p € A and! € E, we define ®; and H; as follows:

@; @) =c,-C—exp (C sup (s)) (C;(S; exp ({6;)

+ Alp €xp ( ) + B €xp (C”pq))
M, ¢) =¢, ¢ (c exp ((supu(s)) () (#0)
(e 0pexp (687) + Alpexp (¢73,)
+B p&XP (C”Pq))
By (H,), we have
®,(0)=c, ~T, >0,
IT, (0) = ¢, = (c; +¢,) T, >0, (41)
peA LeE.
Since ©, and II, are continuous on [0,+0c0) and

@;(C),H;(C) —-00, as { — +0o0, there exist 51, E*l > 0
such that ®;(EP) = H;(f;l) = 0 and @;(() > 0 for
¢ e (0,8,)), Q) > 0for € (0,€)), p € Al € E. Take
y = minPEA,lGE{Epl, E;l};we have @;(y) > O,H;(y) > 0.So, we

can choose a positive constant 0 < A < min{y, min A{c;}}
such that

I
®p (A) >0,

IT, (A) > 0, (42)

peA l€E,
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which imply that, for p € A, € E,

exp (Asup;cy 44 (s))
c}; -A

(¢85 exp (15;)
+ Alp exp (AT;q) + Bfo exp (M];q)) <1,

chexp(Asu (s)
<1 + 2 p(Asupicrp ))(C;S;; exp (AS;)

¢ —A
+ Alp exp (AT;q) + B; exp (Aq;q)) < 1.

(43)

17 0 = max {max {|<, 0 - 7, )] |(x

||¢>||0 = max {max{ sup |(p; (s) - ‘P*; (s)
s€[-6,01y

1<p<n | I€E

Then, for any € > 0, it is obvious that

1Z )l < (|¢]l, +e€) (46)

IZ @)1 < M(|¢]l, +€)eon (t:0), Vi€ [-0,0]y. (47)

We claim that

1Z @) < M (|g]l, +€) eer (£,0), Vi € (0,+00);. (48)

t
Zp (t) = {Zp (0) e, (t,0) + L e, (t,o (s)) (ap (s) j

+ Z;qu (s) (Fq (Xq (S ~Tpq (S))) - F (
o

Let M = maxpeAmaxleE{c;/F;,}; then by (H,) we have
M > 1. Thus,

1 _ exp (Asup,rp (s))
i i PO (15 xp ()
(44)
+ Alp exp (/\T;q) + B; exp (/\n;q))]» <0.
Let
-4 ol
(45)

, sup
se[-6,0];

(@) ©-(s7)

i

If (48) is not true, then there must be some ¢, € (0,+00)y
such that

12 Dl = M ([l + €) een (£1,0).

(49)
1Z O < M (@], +€) ear (£,0), ¢ € [-6,¢,);.
Therefore, there must exist a constant ¢ > 1 such that
1Z )l = M (|, + €) een (£1,0)
1Z B < cM (|, +€) eon (1,0), (50)

tel[-0,t));.

Multiplying the both sides of (39) by e, (0, 0(t)) and inte-
grating over [0, t], we get

S
zﬁ (1) Au
s—é},(s)

X, (s =154 (9))) (51)

+ ZBM (5) (Fy (35 (5= 1pg 0)) = By ((%5)" (5= 1 (s>)))> As} peh

In view of (46), (47), and (50) and M > 1, we have
|(x = %), (1))

= ‘(X‘I: (0) - x;R (O)) e—cp (tl’ 0)

+ Ltl e (t1,0(9))
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<e. (t10) (¢l +
+ cMegy (11,0) (|6, +€)
: L oo (10 (9) (8, x ey (0(5),5 -8, (5)
+ Aler (0(5),5 =7, (5))
+Byey (0(5),5 = 11pq (5))) As

)

< cMeg, (t,,0) (”(/5”0 te

ech) (t > ) 3}
{A_+ [ eqontno®)
0

cM

- exp (/\ sup u (s))

seT

x (c;6; exp (Aé;) + Af, exp (/\T;q)

+B§ exp (Aq;q)) As}
< cMee,\ t,,0 ||¢||0 + e

e, (t,0) 1-e o y(t,0)
: +
M ¢~ A

- exp </\ sup u (s))

seT

x (c;8; exp (AS;) + Af, exp (/\T;q)

+By exp (A1) }

’(x - x*); (ﬁ)' < cMeg, (t,0 (||¢||o +€)

(=) 1)

Complexity

= cMee,\ 1,0 ||¢>||0 + e
11 exp(Asuppp(s))
M ¢~ A

. (C;S;; exp (/\6;) + AI; exp (AT;q)
VB exp (M) ] o (1,0)

, &P (Asupicr p(9))
- A

. (c;8; exp (/\8;) + AI; exp (A‘L‘;q)
e (11,) |

< cMegy (11,0) (|¢lly +€).  p e
(52)

Similarly, we can get

(53)
peA I=1],K

On the other hand, we have

A

< —cpe, (11,0) (|9, +¢)

+ cMegy (11,0) (|9l +€) (¢, 05 (11:11

-9, (tl))+A ey (tits = 7p (t1)) + Byey (t1.ty

~ g (1)) + 6 cMegy (£,0) (gl + )
(+8pe)t (0(s),s-0 (s))+A er(0(9),s

—Tpg (s)) + Bpe,\ (0 (8)>$ = 1pq (s))) As

1
< cMee,\ t,0 ||</>||0 +€ { [M
(54)

_exp(Asupyr p(5))
¢ - A

(c; 6; exp ()»6;)
+ AI; exp (A'r;rq) + Bf; exp (/\’7;14))] c;e_(cp_)t) (t,,

cp exp (A supey 44 (s))
0 1 p +ot
)+ ( + coa X (Cp )

- exp (AS;) + Alz exp (AT‘;}) + Blg exp (/\r/;q))]»

< cMeg) (t1,0) (|¢], +€)» pe€A.
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Similarly, we have

< cMegy (t1,0) (|9, + €)»

(G=x,) )

peA I=L],K
It follows from (52) to (55) that

12 (£)]] < cMegy (£, 0) ([[¢ll, +€) (56)

which contradicts the first equation of (49). Therefore, (48)
holds. Let e — 0" leads to

IZ @) < Meg, (£,0) ]|, V¢ € (0, +c0)y. (57)

Hence, the pseudo almost periodic solution of system (17) is
globally exponentially stable. The proof is complete. O

Remark 13. From Theorems 11 and 12, we can find that the
time delays in the leakage term are harmful for the existence
and stability of almost periodic solutions of quaternion-
valued system (1). Therefore, the time delays in the leakage
term cannot be ignored.

Remark 14. In view of Theorems 11 and 12, we can also find
that the neutral terms have an influence on the existence
and stability of the almost periodic solution. Therefore, they
cannot be ignored too.

Remark 15. According to Theorems 11 and 12, it is clear that if
the coeflicients of leakage terms of (1) are positive regressive,
then the continuous-time network and its corresponding
discrete-time network have the same dynamics for the pseudo
almost periodicity.

4. An Example

In this section, we give an example to illustrate the feasibility
and effectiveness of our results obtained in Section 3.

Example 1. Let n = 2. Consider the following quaternion-
valued neural networks with time delays on almost periodic
time scale T:

xg (t)=—c,(t)x, (-8, )

+ q;apq ®) f, (xq (t ~ Tpg (t))) (58)

+ prq t) g4 ("3 (t ~Mpq (t))) +up (£),
g=1

11
where p = 1,2,¢ € T and the coefficients are as follows:
¢ () =04+0.1 |sin \/§t| )
¢, (t) =0.5-0.1[sint|,
fi () = fo(x)
= % sinxi2 + il—l5 |cosx{ - 1' + ]3—10 sinzx{
1 K
+k— tanh x,
15
g1 (x1) = g, (%)
1 R R 1o
= 3—2 ('xl + 1| + |x1' - 1) +13—251n X
. 1 ] 1 .2 K
+ 16 'x2| + k3—251n Xy
ay (£) = ay, (t)
= 0.2|cos (V2t)| +i0.1 |sin (V3t)|
+ j0.24 |cost| + k0.26 |sint|,
ay (t) = ay, (t)
= 0.28 [sin ( V2t )| +i0.32 |cos ]
+j0.25 |cos (\/ft)' + k0.22 |cost]|, (59)

by (t) = by, (1)
= 0.16 |cos ¢ +i0.2 |cos (V3t)|
+ j0.15 |sin (V3¢ )| + k0.25 |cos (V2t)|,
by () = by, (1)
=02 |sin (x/§t)| +10.18 |sin t| + j0.3 |cos |
+k0.26 |sin (v2t)|,
uy () = uy (t)
= 0.1cos (V2t) +i0.15sint
+ j0.09sin (V2t) + k0.12 cos (V2t) ,
8, () = 0.01|sin (271)),

8, (t) = 0.02sin” (11t),

V14
Ccos <7Tt + —>|,
2
3
cos|mt+ — ||,
2

Tpq (t)=0.2

Mg (t)=10.3

p,q=12.
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Obviously, (H,) holds. By calculating, we have
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FIGURE 1: Transient states of four parts with continuous time t of (58) in Example 1.

¢ =03,
¢, =04,
¢, =04,
¢ =05,
04 _OCI !
1~ "2~ 15’
Bi=P=
16

l€E,

Complexity

K
-—- %,

R =028,
T =032
1 =0.25,
K~ 022,
bR =0.16,
bl =02,
bl, = 0.15,
bK = 0.25,
bR =02,
bl =0.18,
bl, =03,
bE = 0.26,
Wk =01,
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13

g

FIGURE 2: Transient states of four parts with discrete time ¢ of (58) in Example 1.

I I

u, =u, =0.15,
JU_ T

u; =u,; =0.09,

K* K*
u; =u, =012,

8 =0.01,
5, =0.02,
+ —_

Tpg = 0.2,

Mpg = 03,

pg=12.
(60)

It is easy to see that the following conditions hold. Take x = 2;
then, we have

=1 =1/ =1 = 0.2057,

=T =) =T = 02702,

i+ c; : -
max 4max{ —,( 1+ — (FK+u )
1<p<2 | 1B c ¢, P P
=18713 <k =2, (61)
r; %\
max ymax{—,| 1+ — |T =0.6857=p < 1.
1<p<2 | I€E c‘; CI: p

Therefore, whether T = R or T = Z, all the conditions of
Theorems 11 and 12 are satisfied; hence, we know that system
(58) has a unique pseudo almost periodic solution, which
is globally exponentially stable. This is, the continuous-time
neural network and its discrete-time analogue have the same
dynamical behaviors for the pseudo almost periodicity (see
Figures 1and 2).

5. Conclusion

In this paper, we have proposed a class of quaternion-valued
neural networks of neutral type with delays in the leakage
term on time scales. Based on the exponential dichotomy
of linear dynamic equations on time scales, Banach’s fixed
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point theorem and the theory of calculus on time scales, we
obtain some sufficient conditions on the existence and global
exponential stability of pseudo almost periodic solutions
for the quaternion-valued neural networks. An example has
been given to demonstrate the effectiveness of our results.
To the best of our knowledge, this is the first time to study
the pseudo almost periodic solutions for quaternion-valued
neural networks on time scales. Our methods used in this
paper can be applied to study other types of quaternion-
valued systems on times scales.
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