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THE JOURNAL OF SYMBOLIC LogIC
Volume 71, Number 4, Dec. 2006

DIAGONAL ACTIONS AND BOREL EQUIVALENCE RELATIONS

LONGYUN DING AND SU GAO

Abstract. We investigate diagonal actions of Polish groups and the related intersection operator on
closed subgroups of the acting group. The Borelness of the diagonal orbit equivalence relation is char-
acterized and is shown to be connected with the Borelness of the intersection operator. We also consider
relatively tame Polish groups and give a characterization of them in the class of countable products of
countable abelian groups. Finally an example of a logic action is considered and its complexity in the Borel
reducbility hierarchy determined.

§1. Introduction. We are interested in the following question in the descriptive
set theory of Polish group actions:

Let G be a Polish group and X, Y be Borel G-spaces with the orbit
equivalence relations EX and EY Borel. Consider the diagonal action
of GonX x Y:

g-(xy)=(g-x.g ).
When is E é( XY Borel?

The question appeals to us for various reasons. On the one hand, it is fundamental
and simple, but the solution seems to be non-trivial. On the other hand, it has
potential applications to important classification problems such as that of bounded
linear operators of the separable Hilbert space. In fact, if we denote by U, the
group of all unitary operators on a separable Hilbert space, it is well known that the
classification problem for all bounded linear operators is equivalent to finding the
complexity for the orbit equivalence relation of the diagonal conjugacy action of
Uso 0n Uy X Uy (c.f, e.g., Introduction of [7]) . The Borelness of this equivalence
relation is still open.

Borelness of orbit equivalence relations has been one of the main focuses of
investigation in the descriptive set theory of Polish group actions (c.f. [6, 1, 8]).
One of the first characterizations used a uniform bound on the Borel complexity of
orbits (when the space is Polish) and was due to Sami.

THEOREM 1.1 (Sami [6]). Let G be a Polish group acting in a Borel manner on a
Polish space X . Then E is Borel iff there is o < oy such that every orbit is T19.

Becker and Kechris considered the stabilizer groups of the actions and charac-
terized the Borelness of the orbit equivalence relation by the stabilizer map.

Received February 24, 2005.
2000 Mathematics Subject Classification. Primary 04A15, 54H05, 22F05.
The second author’s research was supported by the U.S. NSF grant DMS-0501039.

© 2006, Association for Symbolic Logic
0022-4812/06/7104-0001/$2.60

1081

This content downloaded from 129.120.93.218 on Thu, 18 Mar 2021 00:58:26 UTC
All use subject to https://about.jstor.org/terms



1082 LONGYUN DING AND SU GAO

TueoreM 1.2 (Becker-Kechris [1]). Let G bea Polish group and X a Borel G-space.
Then the following are equivalent:
(i) EZ& is Borel.
(i) The map

X — 7(G)
x— G, ={geG:g -x=x}

is Borel.
(iti) The map

X xX - F(G)
(x,u)—» Gru={g€G:g-x=u}
is Borel.

Both these theorems will play a central role in our study below. For the diagonal
action of G on X x Y, the stabilizer is simply

G(x,y) =G, N Gy.

Thus to guarantee Borelness of EJ *¥ under our hypothesis that EX and E} are
Borel, an immediate sufficient condition is the Borelness of the intersection operator
on ¥ (G).

In this article we give some characterizations for the Borelness of E g *Y and also
for the Borelness of the intersection operator on closed subgroups of G. We call
a group G relatively tame if the intersection operator on its closed subgroups is
Borel. Then we will investigate the notion of relative tameness and characterize
them completely within a class of Polish groups. In fact, the class of Polish groups
we will consider is that of all countable products of countable abelian groups, as
considered in [8]. In [8] Solecki has characterized the tame groups within this class.
We will show that a group in this class is relatively tame if and only if it is tame.

The article is organized as follows. In section 2 we recall some basic notation and
define some other notation to be used throughout the rest of the article. In section 3
we give characterizations for the Borelness of the diagonal orbit equivalence relation.
In section 4 we give the characterizations for the Borelness of the intersection
operator. In section 5 we consider countable products of countable abelian groups
and characterize relative tame groups of this form. In section 6 we consider some
specific examples of diagonal actions by the permuation group S, and completely
characterize the complexity of these equivalence relations.

Acknowledgement. We thank G. Hjorth and A. S. Kechris for helpful discussions
on the subject of this article. This article was written during the first author’s visit
to the University of North Texas. He would like to thank UNT for the hospitality.

§2. Basic notation. Let G be a Polish group and X a Polish or standard Borel
space. An action of G on X is a function

a:GxX—=X

satisfying, forall g,2 € G and x € X, a(g,a(h,x)) = a(gh,x) and a(lg, x) = x,
where 1¢ is the identity element of G. We say that G acts on X in a Borel manner or
that the action is Borel if a is a Borel function. In case X is a standard Borel space

This content downloaded from 129.120.93.218 on Thu, 18 Mar 2021 00:58:26 UTC
All use subject to https://about.jstor.org/terms



DIAGONAL ACTIONS AND BOREL EQUIVALENCE RELATIONS 1083

on which G acts in a Borel manner, we say that X is a Borel G-space. When there
is no danger of ambiguity we also write g - x for a(g, x).

Let X be a Borel G-space. The orbit equivalence relation, denoted by E g,{ ,1s an
equivalence relation on X defined by

x1E&x; <= g€ G(g-x1=x)

for x1, x, € X. When there is no danger of confusion we will write EX instead of
E¥, especially when the acting group G is uniquely determined from the context.

If X and Y are both Borel G-spaces, then the diagonal action of G on X x Y is
defined by

g-(xy)=(g-xg-y)

for x € X and y € Y. Unless we specify otherwise this will be the standard action
of G on the product space X x Y. We also follow a similar convention for products
with more than two factors.

If X is a Polish space the Effros Borel space 7 (X) is defined as the space of all
closed subsets of X with the Borel structure generated by sets of the form

{FeF(X):FNnU +#0}

for U an open subset of X. Basic properties of the Effros Borel space can be found
in [4] §12.C. Here we only recall that #(X) is a standard Borel space and the
following selection theorem due to Kuratowski-Ryll-Nardzewski.

THEOREM 2.1 (Kuratowski-Ryll-Nardzewski). Let X bea Polishspace. Then there
is a Borel function s : F (X) — X such that for non-empty F € ¥ (X), s(F) € F.

We call the above function s a Borel selector for F(X).

In fact we will be mostly considering the Effros Borel space & (G) for a Polish
group G. In this context we also define the following subclasses of  (G). Let £(G)
denote the collection of all closed subgroups of G. Then £(G) is a Borel subset

of 7(G). To see this, let & be a countable basis for the topology of G. Then for
Fe9(G), Fec2(G)iff

VUeZ(lge U= FNU#DANVU € BFNU 40 FNU' #£0)
AVUV e B(FNU#ODANFNV #0)— FnUV # 0]

Thus Z(G) is a standard Borel space with the Borel structure inherited from that
of 7(G).

Let 2(G) denote the collection of all cosets of closed subgroups of G, i.e., sets of
the form gH where g € G and H € Z(G). To see that #(G) is also a Borel subset
of 7 (G), we recall the following theorem of Dixmier (c.f. [1] Theorem 1.2.4).

TueoreM 2.2 (Dixmier). Let G be a Polish group. Then there is a Borel set T' C
G x%(G) such thatforany H € 9(G), T}y, = {g € G: (g, H) € T'} is a transversal
for the left-cosets of H , i.e., T}y contains exactly one element of each left-coset of H .
Now themap o: T! — F (G) defined by o (g, H) = gH is a Borel injection with

range Z(G). Hence Z(G) is Borel in ¥ (G) and also a standard Borel space with
the inherited Borel structure.

We remark that Dixmier’s theorem can also be used to obtain a Borel set T for
the right-cosets of closed subgroups in G.
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1084 LONGYUN DING AND SU GAO

Let G be a Polish group and X be a Borel G-space. For each x € X, the stabilizer
is defined as

G.={geG:g -x=x}

Each G, is a closed subgroup of G. The stabilizer map is the map x — G from
X into £(G). Part (ii) of Becker-Kechris theorem states that EZ is Borel iff the
stabilizer map is Borel. For x,u € X, we also denote

Giu={g€G:g-x=u}.
Each G, , is an element of #(G). We will use the following notation:
S¥(G) ={G,: x € X} and T¥(G) = {Gr: x,u € X}.

In general ¥ (G) is a £ subset of (G) and 7% (G) is a £} subset of #(G). The
following diagram summarizes their relationship:

s¥(G) < 2(G) ¢
N N F(G)
¥ c #(G) C

A final piece of notation: we let .#" denote the Baire space NN.

§3. Products of stabilizers. In this section we consider the diagonal action of G
on a product X x Y and characterize the Borelness of the orbit equivalence relation
on an invariant Borel subset Z C X x Y.

THEOREM 3.1. Let G be a Polish group, X and Y be Borel G-spaces with EX
and EY Borel, and Z C X x Y an invariant Borel subset. Then the following are
equivalent:

(i) EZ is Borel.

(ii) {(gh,x,y): g € Gx,h € Gy, (x,y) € Z} is Borel.
(iii) There is o < oy so that for any (x,y) € Z, GG, isIIY.

Proor. (i)=(ii). By the Becker-Kechris theorem cited in the Introduction, the
maps x — G, from X to #(G), y — G, from Y to #(G) and (x, y) — G, ) from
Z to 7 (G) are Borel. Let T? and T" be Borel subsets of G x Z(G) giving Borel

transversals for left- and right-cosets, respectively, by Dixmier’s theorem. Now
define D C G3 x X x Y as follows:

(g.hk,x,y) €D & (x,y) €EZNk € Gy Ng € Gx N(g. Gy ) € T
ANheG,N(hGy)eT.
Thenlet f: D — G x X x Y be

f(g.hk,x,y) = (gkh,x,y).

Then it is easy to check that f is continuous and one-to-one. Note that the range
of f is exactly {(gh,x,y): g € Gx.h € G,,(x,y) € Z}, which is Borel being an
injective image of a Borel map.

(ii)=> (i) is trivial.

(iii)=(i). Again by the Becker-Kechris theorem, the maps (x,u) — G, from
X2 into (G) and (y,v) — G,, from Y? to F(G) are Borel. Let s be a Borel
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DIAGONAL ACTIONS AND BOREL EQUIVALENCE RELATIONS 1085

selector of 7 (G). Define tx(x,u) = s(Gyx,) for x,u € X. Then ty is Borel and
Gyu = tx(x,u)Gy. Similarly define zy (y,v) = s(G,,) for y,v € Y.
Now forany x,u € X, y,v € Y we have
G- (x,y)=G-(uv) < geG(g-x=uNg-y=1v)
= GruNGyy #0
= 1x(x,u)Gy N1y (3, v)G, # 0
= tx(x,u) ly(y,v) € G,G,.
Now fix Polish topologies on X, Y and Z so that the topology on Z is finer
than the subspace topology on it inherited from the product space X x Y (c.f, e.g.,

Theorem 13.1 in [4]). Assume that tx and ty are of Baire class & for & < w;. Then
for any (x, y) € Z, the orbit is characterized as

G- (x.y) = {(v): tx(x.0) ey (,0) € GGy}
and is 1:[2 +o DY Our assumption. By Sami’s theorem E7 is Borel. —
Clause (iii) of this theorem is particularly interesting: it reduces the question of

Borelness of the diagonal orbit equivalence relation to questions about the collection
S%(G). The following corollary is immediate.

COROLLARY 3.2. Let X1, X3, Y1, Y, be Borel G-spaces with EX1, EX: EY1 EY2 g]]

Borel. Assume that S¥1(G) C $%(G), 81 (G) C $2(G). If EX2*Y2 js Borel, so is
EXIXYl‘

A curious question at this point is whether there is a version of Theorem 3.1 for
finite products with more than two factors. We do not know the answer.

Next we characterize subsets of £(G) that can arise as $¥ (G) for some Borel
G-space X on which E¥ is Borel. As we remarked before, $¥(G) is in general Z}.
Recall that a subset § C Z(G) is said to be closed under conjugation if for g € G
and H € § we have gHg ™! € 8. $¥(G) is always closed under conjugation.

THEOREM 3.3. Let S C Z(G). Then the following are equivalent:

(i) There is a Borel G-space X on which EX is Borel such that S = S¥X(G).
(ii) Sis §{ and closed under conjugation.

ProoF. (i)=-(ii) is trivial.

(i)=(i). Let p: # — Z(G) be a Borel map with & = ¢(#). Let s be a Borel
selector of 7 (G). Define

X ={(k,x) € G xSk =s(kp(x))}.

Then X is a Borel subset of G x /", and hence is a standard Borel space. Define an
action of G on X as follows:

g (k’x) = (s(gkgo(x)),x)
It is straightforward to check that this is a Borel action on X. Note that
g € Gy = s(ghp(x)) =k = s(kp(x))
= gko(x) = kp(x)
— gekpx)k™.
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1086 LONGYUN DING AND SU GAO

Thus G ,) = ko(x)k~! € S and the map (k. x) — Gy ) is Borel. It follows that
EX is Borel and that § = ¥ (G). -

§4. The intersection operator. In this section we give various characterizations
for the Borelness of the intersection operator on €(G) and other related classes. It
turns out that one of the characterizations is the Borelness of a particular diagonal
orbit equivalence relation.

Recall that #(G) is the collection of all (left-) cosets of closed subgroups of G,
ie.,

&(G)={gH: g€ G He¥%(G)}.

#(G) is a Borel G-space with the natural action k - gH = kgH. Note that E¢(G)
is Borel, since it is in fact smooth with a Borel transversal £ (G). We will make use
of the diagonal action of G on &(G)?.

THEOREM 4.1. Let G be a Polish group. Then the following are equivalent:
(i) E®S) is Borel.
(ii) Themap (H,K) — H N K from Z(G)* to 2(G) is Borel.
(iii) For any Borel G-spaces X and Y with EX and EY Borel, EX*Y is Borel.
(iv) Thereis o < oy so that for any H,K € Z(G), HK isT1Y.

Proor. (i)=(ii). If E¥(®)’ is Borel then the map (hH, kK) — Gumikk) = G N
Gri from&(G)? into Z(G) is Borel, and therefore its restriction on Z(G)% (H, K ) —
Gy NGg = HN K is Borel.

(i1)=(iii) and (iii)= (i) are trivial.

(i)=(iv) and (iv)=-(iii) follow from Theorem 3.1. 4

Note that the clauses in the above theorem are also equivalent to the following
statement:

(i)’ For any Borel G-spaces Xi...., X, with EX: Borel for all i < n,
EX>xX: is Borel.

We say that a Polish group G is relatively tame if it satisfies one of the equivalent
conditions in Theorem 4.1. Recall that a Polish group is tame if EX is Borel for any
Borel G-space X. If G is tame then it is relatively tame. Also it is easy to see that
if G is relatively tame then so are all of its closed subgroups and topological factor
groups.

We now turn to Borelness of the intersection operator on other, more general
subclasses of Z(G)?. Some of these classes we consider will be £] and non-Borel.
For them we need the following curious fact.

LemMmA 4.2. Let X, Y and Z be standard Borel spaces, A C Y be ;1, fiA4—Z,
and ¢: X — Y be a Borel function with ¢(X) = A. If f o ¢ is Borel, then f is Borel.

Proor. For B Borel in Z, we will show that f~!(B) is Borel in 4. Let C =
¢~'(f~1(B)), then C is Borelin X. Then both f~1(B) = #(C)and 4\ f ~1(B) =
#(X \ C) are g} in Y. By Lusin Separation Theorem, there is a Borel set D C Y
such that f~1(B) C D and (4\ f~'(B)) N D = 0. This means f~'(B) = AN D
is Borel in A4. -

The following corollary is immediate from the above lemma.
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DIAGONAL ACTIONS AND BOREL EQUIVALENCE RELATIONS 1087

COROLLARY 4.3. Let X and Y be standard Borel spaces and f : X — Y. Then the
following are equivalent:
(i) f is Borel.
(ii) For some standard Borel space Z and Borel surjection ¢p: Z — X, f o ¢ is
Borel.

(iii) For every standard Borel space Z and Borel surjection ¢: Z — X, f o ¢ is
Borel.

THEOREM 4.4. Let S| and S, be L} subsets of (G) both closed under conjugation.
Then the following are equivalent:

(i) Themap (H,K) — H NK from S, x S, to (G) is Borel.
(ii) For any Borel G-spaces X and Y with EX and EY Borel, if SX(G) C &) and
SY(G) C &, then EX*Y is Borel.
(ili) There are Borel G-spaces X and Y such that $¥(G) = &1,8Y(G) = &, and
EX,EY and EX*Y are Borel.
(iv) There is a < oy such that for any H € §; and K € 85, HK € 19,
Proor. (i)=-(ii) is trivial.
(ii)=(iii). By Theorem 3.3 there are Borel G-spaces X and Y with EX and EY
Borel such that §¥(G) = &) and S ¥ (G) = &,. By (ii) EX*Y is also Borel.
(iii)=-(i). Denote the map (H,K) — H N K from & X &, into £(G) by f. Let
the Borel G-spaces X and Y be given. Define ¢: X x ¥ — Z2(G)? by ¢(x,y) =
(G, Gy). Then ¢ is Borel and also the map (x,y) — G, ,) = Gx N G, which is
exactly f o ¢, is Borel. By Lemma 4.2, f is Borel.
(iii)=(iv) and (iv)=-(ii) follow from Theorem 3.1. -
Next we consider even more general subclasses of £(G)?. For Z an invariant
Borel subset of X x Y, we let

2%(G) ={(G+. G)): (x,y) € Z}.

The following is a strengthening of Corollary 3.2 but it also follows immediately
from Theorem 3.1.

COROLLARY 4.5. Let X1, X», Y1, Y, be Borel G-spaces with EX1, EX>, ET1 ET2
Borel. Let Z; be an invariant Borel subset of X; x Y; for i = 1,2. Assume that
2%(G) C 2%(G). If E* is Borel, so is E?'.

We say that a subset  C Z(G)? is closed under conjugation if for any g € G
and (H,K) € 9, we have (gHg !, gKg™') € @. 2%(G) is £} and closed under
conjugation. In contrast to Theorem 3.3 we can only deal with Borel classes below.

LeMMA 4.6. Let @ C Z(G)? be Borel. Then the following are equivalent:

(i) There are Borel G-spaces X and Y with EX and EY Borel, and an invariant

Borel subset Z C X x Y, such that & = 9% (G).
(i) 9 is closed under conjugation.

Proor. (i)=-(ii) is trivial.

(ii)=(@). Let X = Y = &(G). Let Z = G? - &. Then clearly Z is invariant and
is Borel since the action of G on #(G)? has a Borel transversal Z(G)2. -

We suspect that in this general context the analog of Theorem 3.3 is no longer
true. However, we do not know a counterexample.
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1088 LONGYUN DING AND SU GAO

THEOREM 4.7. Let & C Z(G)? be Borel and closed under conjugation. Then the
following are equivalent:
(i) The map (H,K) — H N K from @ to %(G) is Borel.
(ii) For any Borel G-spaces X and Y with EX and EY Borel and any Borel invariant
ZCXxY,if2%(G) C D, then EZ is Borel.
(iii) There are Borel G-spaces X and Y and a Borel invariant Z C X X Y such that
9%(G) = P and EX,EY, EZ are Borel.
(iv) Thereis a < ey such that for (H,K) € &, HK € TIY.
Proor. (i)=-(iii) is from the preceding lemma. The other directions are similar
to the proof of Theorem 4.4. -

Now we are ready to present our last theorem on Borelness of the intersection
operator on a general subclass of Z(G)?.

THEOREM 4.8. Let & € Z(G)? be L} and closed under conjugation. Then the
following are equivalent:

(i) Themap (H,K) — H N K from P to Z(G) is Borel.
(ii) There are Borel G-spaces X and Y and a Borel invariant Z C X x Y such that
P2%(G) = @D and EX,EY, EZ are Borel.

ProOF. (ii)=(i). Define ¢: Z — Z(G)?, ¢(x,y) = (G, G,). Then ¢ is Borel
and I = 9%(G) = ¢(Z). Since EZ is Borel, the map (x,y) — G(.,) = G: N G,
is Borel. By Lemma 4.2, the map (H, K) — H N K is Borel.

(i)=(ii). Letp: # — Z(G)? be a Borel map with & = (). Let p = (1, ¢2).
Let s be a Borel selector of 7 (G). Define

X={(hx)€GxH:h=s(hpi(x))}
and
Y={(k,y) € G x N k=s(key(y))}.

Then X and Y are Borel subsets of G x .#'. Define actions of G on X and Y
respectively:

g - (h,x) = (s(ghp1(x)), x),
g (k.y) = (s(gkea(y)). »)

forg € G, (h,x) € X and (k,y) € Y. Similar to Theorem 3.3, these are Borel
actions of G on X and Y, respectively, with E¥ and EY Borel, and G, ) =

ho1(x)h~Y, G,y = kpa(x)k ™. Now define

Z = {((h,x), (k.x)) € X x Y: ho1(x) Nkeo(x) # 0}

Then Z is a Borel subset of X x Y. To see this, note that the following subset of
G x J is Borel:

Z' ={(g.x) € G x #: g = 5(q(p1(x) N p2(x)))}.
Ifwelet f: Z' — X x Y be defined as

f(g.x) = ((s(ge1(x)), x). (s (gp2(x)). x)),

then f is a Borel injection and Z = f(Z’). Thus Z is Borel. We next verify
that Z is invariant. For g € G and ((h, x), (k,x)) € Z, let b’ = s(ghyp(x)) and
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DIAGONAL ACTIONS AND BOREL EQUIVALENCE RELATIONS 1089

k' = s(gkpa(x)). Then g((h,x),(k,x)) = ((h',x),(k’,x)). Since h'p;(x) =
gho(x) and k' 2 (x) = gkpo(x), we have that

B o1(x) NE'pa(x) = ghepr(x) N ghpa(x) = g(hp1(x) Nkpa(x)) # 0.

Thus g - ((h, x), (k,x)) = (W', x),(k',x)) € Z.

For ((h, x), (k,x)) € Z, suppose q € hp1(x) Nkpy(x). Then hpi(x) = gp1(x),
and

ho1(x)h ™" = (ho1(x)) (1 (x)) ™! = qpr(x)g "
Similarly, we have k¢, (x)k ™! = qp,(x)g~!. Since & is closed under conjugation,
(Glhxy ) = (hp1(x)h ™" ko (x)k ™) = (q1(x)g 7", qa(x)g ™) € 2.

Thus & = 2%(G). Since G((4x),(kx)) = Gnx) N Gx.x) it follows from (i) that EZ
is Borel. -

Unlike the previous theorems we do not have a clause involving the Borel rank
of group products in the above theorem. We do not know if the boundedness of the

Borel ranks of the groups GG, for (G, Gy) € 9 is equivalent to the Borelness of
the intersection operator on 9.

§5. Countable products of countable groups. In this section we focus on the notion
of relative tameness. Recall that a Polish group G is relatively tame if for any Borel
G-spaces X and Y with EX and EY Borel, EX*Y from the diagonal action is Borel.
Following [8] we study a special class of Polish groups, namely countable products
of countable groups. To emphasize the relevance of [8] we also follow the notation
there. We first review some notation and facts.

A typical group in our class will be

H® =Hyx H X -+ x Hy, x -+,
where each H, is a countable group. We also denote

m:mxmxmqmmm=Um.
n

A tree S C H<* is called a group tree (coset tree) on (H,) if S N H™ is a subgroup
of (cosetin) H™ for any n € w. Let S be a coset tree on (H,,). Then foreach n € w

there is a unique subgroup G, of H” such that SN H" = ¢G, foranyoc € SN H".
Define

a(S) =G

Then it is easy to see that a(S) is a group tree.
Let 7 be the family of all trees on (H,) with the topology generated by sets of

theform{T € T:o0 € T}and{T € T:0 ¢ T} fora € H<*. 7 is a Polish
space. The mapping

¢:{T € 7 : Tispruned} —» F(H®)
given by
$(T)={xeH”: Vnew(xneT)}
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1090 LONGYUN DING AND SU GAO

is a Borel isomorphism. In particular the class of all pruned trees is a Borel subset
of 7. We denote by 7, and §, the families of all pruned coset trees and pruned
group trees, respectively. Note that 7" is a pruned group (coset) tree iff ¢(7T') is a
closed subgroup (coset) of H*. Hence 7, = ¢~ (& (H®)) and S, = ¢~ (Z(H?)),
and both of them are Borel subsets of 77, hence are standard Borel spaces. The
map a: I, — &, is Borel.

We also use the following notation. For T € 9 ando € T, let T, =
{tr:06771 € T} € . For a well-founded tree S the height of S, denoted ht(S), is
just the usual well-founded rank. For a general tree T, the height of T is defined by

ht(T) = sup{ht(7,): T, is well-founded}.
The following theorems characterize relative tameness in terms of height of coset
trees and group trees. The results are certainly motivated by those in [8].

THEOREM 5.1. H® is relatively tame iff there is f < w; such that, for any two
pruned coset trees S and T, if S N T is well-founded, thenht(SNT) < B.

PROOF. (=) Define an H® action on 7, by

x-S=J xtm)(snH™).

mew
Then Hig o= ¢(S) and
H®.-S=H" T < aS) = a(T).
It follows easily that 7, is a Borel H®”-space and E77 is Borel.
Now if H is relatively tame, then E7 » is Borel too. Thus the set
o ={(S.T): (S,T) and (a(S), a(T)) are not in the same orbit}
is also Borel. However, forany S, T' € 7,
(S, T) and ((S),a(T)) are in the same orbit
= H;’(S))S ﬂHa‘:’(T),T =¢(S)N¢(T) #0
< S NT isill-founded.
Since (S, T) — S N T is continuous from 7, } to 9, we have that
{SNT:(8T)eAd}={SNT: 8T € T,and SNT is well-founded }

is a £} family of well-founded trees. By the boundedness principle, there is f < oy
such that, for any S, T' € 7, if S N T is well-founded, then ht(S N T) < B.

(<) Let X and Y be Borel H-spaces with EX and EY Borel. For any x,u € X,
y.v €Y, letS(x,u) =¢ " (H®,)and T(y,v) = d)_l(H)‘,‘fv). Then (x,u) — S(x,u)
and (y,v) — T(p,v) are Borel maps into 7,. We have that

H? - (x,y)=H"-(uv) < HZ,NHp, #0
< S(x,u) N T(y,v) is ill-founded.

Since {T € 7 : T is well-founded and ht(T') < B} is Borel, EX*Y is Borel. =

THEOREM 5.2. H® is relatively tame iff there is f < w; such that, for any two
pruned group trees S and T, ht(SNT) < B.
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PrOOF. (=) Since H is relatively tame the map (G, K) — G N K from £ (H®)?
to Z(H®) is Borel. For anyo € H<?,let U, = {x € H®: ¢ C x}. Then

{(G,K) € 2(H*)?: GNK N U, # 0}
is Borel forany o € H<”. Let S = ¢~!(G)and T = ¢~!(K). Then S, T € S, and
GNKNU, #0 < (SNT),is ill-founded.

Therefore
{(S.T) e eS'f,: (SN T), is well-founded}

is Borel. By the boundedness principle, there is f, < w; such that, whenever
(SN T), is well-founded, ht((S N T),) < f,. Put B = sup{f,: 0 € H<*}. Then
ht(SNT) < pforany S, T €S,.

(<) By reversing the above argument the converse can be similarly proved. -

For the rest of this section all groups will be abelian. We will use + for the group
operation and 0 for the group identity.

Recall the following definition from [8]. An abelian countable group H is said
to be manageable if there exist two decreasing sequences of subgroups (G?), (G})
with (), G} = {0} for i = 0,1, and a homomorphism ¢: H x H — H such that
¢[G? x G!1 = H for any n € w. It was proved in [8] that Z and @,Z(p), where
p is prime, are manageable. For Z, put G0 = {2"k: k € Z},G}! = {3"k: k € Z}
and o(m,l) = m + 1. As to ®,Z(p), let (m,n) be an enumeration of ® x w
and put G0 = {0},G! = {x € ®,Z(p): x|n = (0,0,...,0)} and ¢(0,x) =
(5,0 (. )).

LemMA 5.3. Let H be a countable abelian group. If H is manageable, then for any
B < wy, there are pruned group trees Sg, Ty C H<® such that ht(Sp N Tp) > . Fur-
thermore, we can find such Sg, Tp that the only infinite branch in Sg N\ T is 0,0,...).

PrOOF. Let (G?), (G)) witness manageability of H. We will produce group trees
Sg and T} for all § < w; with the following properties:

(a) (0,0,...) is the unique infinite branch of Sp N T;
(b) if B is a successor, then

Vh € H (h # 0= ht(Sg N Tp)n > B);

in particular Sg N Ty NH = H;
(c) if Bis alimit, thenVy < f3n € @

V(ho, 1) € GY x GL((ho, h1) # (0,0) = ht(Ss N T8) (hoohy) = 7)-
We define Sy and T by transfinite induction on < w;. For f = 0, put
So={(hhh,....h): h€ H} and Tp = {(h,0,0,...,0): h € H}.

Then obviously Sy and T are pruned and Sy N Tp = H U {(0,0,...,0)}.
If =y + 1 and y is a successor, put

Sp={0}UHU{c(0)"c:0 € S,,0 #0},
Tp={0}UHU{c(0)"c:0 € T,,0 # 0}
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Then Sg and Ty are pruned since S, and 7, are, and since S, "NH =T, N H = H
by the inductive hypothesis. We also have

SpNTg={0UHU{c(0)"0:0€S,NT,,0 #0}
and thus (b) is satisfied by the inductive hypothesis.

We assume f < wj is a limit ordinal. Fix an increasing sequence of successors
7, — B,n € w. Fixalso a partition (X,,) of w into infinite sets. Denote @, = min X,.
For simplicity assume that (a,) is an increasing sequence. For any m € o, let
ky = max{n: a, < m}. For i = 0,1 define group trees S} and T} by letting, for
m >0, S/ii' N H™! be

k,

{h"o:Yn <ky(c|X, €S, Na(a,) € G)) Nh — Za(an) = G,imH};
n=0
and similarly letting Tj N H™*' be
. km
{h"o:Vn <ky(c|X, €T, No(a,) € G,) Nh — Za(an) €G; .}
n=0

Let S;NH = Ty N H = Gj. Itis easy to see that S; N H”*! and T N H™*! are
groups for allm € w. To see that S/’_;, and T;; are trees, letm’ < m, h"o € S};mH”’“
(similarly for T; N H™*') and h~a’ = h~a [(m’ 4 1). Then it follows from

Vn <km(c1X, €S, ANa(an) € GL)

that
Vi <k < km (' X, € S,, Aa(a,) € GL).
Also from
km
h— Za(an) € G 41
=0
it follows that
Kot Kom . kem+1
h—> o(a,) € z a(an) + Gy, 1 C Z G, C Gy 11
n=0 n=k,,s+1 n=k,,1+1

since the sequence (G?) is decreasing. Thus h~¢’ € S/§.

We claim that S and Té are pruned. By inductive hypothesis all S,, and T;, are
pruned. Fix an arbitrary 2”0 € S/i? and let m = Ih(o). Forany n < k,,, let x, be an
infinite branch of S, such thato [ X, C x,. Notethath’ = h —Z’;’; 00(an) € G ).
Since yx,,+1 is a successor, we can find an xx, 11 € S, ,, such that h = xi,.+1(0).
Let x be given by

Vo <k, +1(x]X, =x,) AV >k, + 1 (x]X, = (0,0,...)).

Clearly x[m = o. In fact 2™ x is an infinite branch of S;. ‘We have thus shown that
S /t‘? is pruned. Similarly T;; is also pruned.
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Next we claim that the only infinite branch of S N T} is (0,0,...). Suppose
h™x is an infinite branch of S; N T5. Then x X, is an infinite branch of S,, N Ty,
for all n € w, and therefore by the inductive hypothesis x[ X, = (0,0,...) for all
n € w. Hence x = (0,0,...). Now foranym € w, h™(x[m) € S;NT;NH™!, s0
h € G .. Itfollows that 4 = 0 and the only infinite branch of S;', n T/; is (0,0,...).

The following computation will be useful for the verification of (c). If & € G/,
h # 0, consider o = (0,0,...,0,k) € H**!. By our construction 2"¢ € S; n T;}
and ht(S;; N T/;),N > ht(S,, N Ty )k > Yn-

Finally define

Sp={c € H”:o|{2k: k€ w} € S Ac|{2k +1: k € »} € S}}
and similarly

Tp={c € H”:o{2k:k c o} e Ty Ao {2k + 1: k € w} € Ty}

Then Sy and T} are pruned group trees. The requirements (a) and (c) follow from
the properties of Slg. and T;} noted above.

The remaining case in our inductive definition is when f = y + 1 and y is a limit.
In this case let Sg be the tree generated by {¢(a(0),0(1))"6: ¢ € S,,1h(s) > 2}
and Tj the tree generated by {¢(c(0),0(1))"c: 6 € T,,lh(s) > 2}. Then Sp
and T} are pruned group trees. Requirement (b) holds by manageability and the
inductive hypothesis on S, and T,,. B

COROLLARY 5.4. Let H be a countable abelian group. If H is manageable, then
{(G,K) € (H®”): G N K = {0}} is not Borel, hence H” is not relatively tame.

PrROOF. Assume H is manageableand {(G, K) € ¥(H®): GNK = {0}}is Borel.
Using the Borel isomorphism ¢ between &, and & (H®), we get that

& ={(S,T)e eS’;: S N T has only one infinite branch (0,0,...)}

is Borel. By the boundedness principle, there is f < w; such that ht(SNT) < g for
all (S, T) € . This contradicts the preceding lemma. B

THEOREM 5.5. Let (H,) be a sequence of countable abelian groups. Then H® is
relatively tame iff H® is tame.

Proor. The (<=) direction is trivial. We only argue for the (=) direction. If H®
is not tame, then by Lemmas 8 and 9 of [8], there are infinitely many » € w
and a prime number p such that either H, is torsion-free or there is a surjective
homomorphism mapping a subgroup of H, onto ®,Z(p). It follows that either
there is a closed subgroup of H® isomorphic to Z® or there is a closed subgroup
of H® with a continuous homomorphism from it onto (©,Z(p))®. In either case
H? is not relatively tame by the preceding corollary. -

We say that a Polish group G is g-relatively tame if for any infinite sequence (X,,)
of Borel G-spaces with each EX» Borel, E I1X: is Borel. The concept of o-relative
tameness implies relative tameness but is weaker than that of tameness. Thus H®
is o-relatively tame iff it is relative tame. In general we do not have any examples to
distinguish these three concepts. We conjecture that there are such examples in the
class of countable products of countable groups.
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§6. Logic actions. In this last section we make some observations and remarks
on logic actions of the infinite symmetric group S.,. Basic notation and facts
can be found in [1]. Borel equivalence relations induced by S,-actions were also
investigated in [2] and [3]. The reader can find most of the well known facts
mentioned below in one of these sources.

Let L be a countable relational language and Mod(L) be the space of all countable
L-structures with underlying universe w. The logic action of S, on Mod (L) makes
it a Polish S..-space. The orbit equivalence relation EM°4(L) js the isomorphism
relation on Mod(L), which we denote by 2;. Let 6 € L, be a sentence. Then
Mod(c) € Mod(L) is an invariant Borel subset. We also denote =; [Mod (o)
by &,.

It is well known that =2, is Borel iff there is a uniform bound on the Scott ranks of
models in Mod(c), i.e., there is « < w; such that sr(M) < « for all M € Mod(L).
The stabilizer map, on the other hand, is exactly M — Aut(M), where Aut(M) is
the automorphism group of M.

Diagonal actions of S, can be interpreted in the following sense. Let L and
L' be disjoint relational languages, ¢ € L, and ¢’ € L, , be sentences and
7 € (LU L')y,, be a sentence in the expansion. Assume that =7 — (¢ A¢’) and
that 2, and 22, are Borel. Then Mod(7) is essentially an invariant Borel subset of
Mod(a) x Mod(c’) € Mod(L) x Mod(L'), where the action of S, on the product
space is the diagonal action. By our Theorem 4.7 =, is Borel iff there is a <
such that Aut(M)Aut(M/) € IIY for all M € Mod(z), where My and My, are
the reducts of M to L and L', respectively. In particular this holds if Aut(My) is
locally compact for all M € Mod(z).

We now turn to a concrete example of S..-action and determine the complexity
of the orbit equivalence relations up to Borel reducibility.

THEOREM 6.1. Let E,, n € w U {w}, be the orbit equivalence relation induced by
the conjugacy action of S on S,. Then for each 1 < n < w, E, is Borel bireducible
to F,, the identity of countable sets of reals.

Proor. Clearly for m < n < w, E,, <g E,. Thus it suffices to show that
E, <p F,and F, <p E).

Given f = (f,) € S, define the structure My = (w,(f»)). Then E, is the
isomorphism relation on the class of structures {M fese © }. Wefirst analyze the
structure M 7. Each M - 7can be decomposed into a disjoint union of substructures.
For each a € w, let C, be the smallest subset of @ containing a and closed under
all £, and f!; call C, the component of a. Then w is decomposed into at most
countably many components, and each component induces a substructure.

Let F, be the free group generated by the alphabet {0, : n € w} with symbols o,.
For u € F and given f €S2 letu( f ) be the permutation resulting from replacing
each occurrence of g, by f,. Consider a pointed structure N Fa= (c,, f 1C,,a)
and define a relation R, on Fs by Rfa(u v) iff u(f)(a) = v(f)(a). Then
Rz, is an equivalence relation and the 1somorph1sm type of Nz . 18 completely
determined by R . More specifically, N~ = Ny, iff R = Rg 5. Since R
can be coded by a subset of w, this shows that the 1somorph1sm relation between
pointed components is smooth. We let r( 7. a) € 2 be the real coding R Far
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Now for each @ € w and u € Fa let 0,(f.a) = r(f,u(f)(a)). Note
that C,(7y,) = Ca. We have thus obtained countably many Borel functions
0,: S© x @ — 2% such that for any f.g €82 and ab € w, (C,. f1C,) =
(Cp, Z1Co) iff {0, (Fa): u € Foo} = {0u(g,0): u € Fo } iff {0,(f.a): u € Fou} N
{6,(g.b): u € Foo } # 0.

For / € §2 and a € w, let n( f»a) be the number of distinct components Cp in
M so that C = C,, if this number is finite; and let n(f,a) = 0 if this number is
infinite. It is easy to check that n: S2 x w — w is a Borel function.

Finally fix a continuous bijection (-,-): 2% x @ — 2°. For f € S2 define p(f)
to be the set {(8,(F"a),n(f,a)): a € w,u € Fy.}. p(f) is a countable set of reals.
Now p(f) codes the isomorphism types of all components of M 7as well as the
number of isomorphic components within M . Thus M » = My iff p( ) = p@).
This completes the proof that E,, <p F.

It remains to show that F, <p E;. If A C w is infinite, let n4 denote the n-th
element of A4; thus 4 can be enumerated in the increasing order as 04, 14,.... For
any permutation f € S, and infinite 4 C w, let f4: A — A be the permutation
given by

falng) =my = f(n)=m.

Arbitrarily fix a continuous injection x — f* from 2% into S.,. For instance, fixing
a recursive bijection (-,-): @ X w — w, we can let /* contain a cycle

((0,n), (1,n),....(n+ 1,n))
for each n € x, and no other cycles. Thus for any n € w, f* contains a cycle of
length n +2iff n € x iff x(n) = 1.
Finally fix a partition of w into a doubly indexed family of disjoint infinite sets
Ay, for k,I € w. For instance, we can let 4x; = {(p.(k,I)): p € w}. Then for
each x = (xg,x1,...,Xk,...) € 2°*® where each x; € 2?, define permutations

m() =%,
k,l

and

m(x) = UgA,,,,,
kil

where g € S, is the fixed permutation (...,4,2,0,1,3,...). We claim that for
x,x" € 29%% {xg,x1,...,} = {x4,x{,... } iff (m1(x),72(x)) and (71 (x’), m2(x"))
are conjugate. To see this, just note that z;(x) codes the partition {Ag;} of w,
and within each 4y, 7;(x) codes the permutation f*, and hence in turn codes
the real x;. Thus each real x; is coded infinitely many times by the cycle structure

of (m1(x),n2(x)), and therefore only the set of {x¢,x1,...,xk,...} (rather than
the sequence itself) is coded by the cycle structure. This finishes the proof of the
theorem. n

It is well known and implicit in the above proof that the conjugacy equivalence
relation on S, is smooth. The above theorem gives a non-trivial example of the
diagonal equivalence relation being Borel. It is easy to see that for any permutation
f € S, the stabilizer group G, can be expressed as the product of a number of
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wreath products (c.f. [5] for definition and notation); in particular, G is isomorphic
to a group of the form

(1) LI Sm x (Z/(n)™

where m, < w. Let§ = {G/: f € S }. Then by our Theorem 4.4 the intersection
operator on & is Borel. This Borelness is obscure when the intersection operation
is considered directly. Moreover, from the above proof we can obtain that for
(f1. f2) € S the stabilizer G4, 7,y = Gy, N Gy, is also a product of a number of
wreath products. More specifically, G, /,) is isomorphic to a group of the form

(2) [ISm x G

where G, is a countable group with 2 generators. It is clear that the groups G, can
range over all 2-generator groups. In general, given a group of the form (2) with
arbitrary countable G,, by considering the Cayley graphs we may construct an at
most countable sequence of permutations f so that the given group is isomorphic
to the stabilizer of f in the diagonal action. It follows that one can rewrite the
group as an intersection of at most countably many groups of form (1). Moreover,
if there is k£ € w such that all G,,’s are k-generator groups, then we need only k

many functions in f and thus k¥ many groups of form (1) in the intersection.
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