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Introduction. 
The Lanczos scalar is defined by [1]: 
 * *    

2     
i j r c

i j r cK R R= , (1) 
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where     i j r cR  is the curvature tensor [2] and its double dual is given 
by: 

 * *        
       

1
4

i j i j r t p q
a c r t p q a cR Rη η= , (2) 

with     i j r cη denoting the Levi-Civita tensor. The Bianchi identities [2] 
for the Riemann tensor adopt the following compact form [3]: 
 *    *

; 0i j a c
cR = , (3) 

where ;c denotes covariant derivative. 
Here we show the usefulness of (1) in several topics of general 

relativity. In fact, the embedding of Riemannian 4-spaces into 5E  [2, 
4] has an algebraic character if 2 0K ≠ and, furthermore, in this case it 
is possible to construct Gauss-Codazzi equations [5, 6] for the inverse 
matrix of the corresponding second fundamental form. On the other 
hand, 2K  is an ordinary divergence [7-9] which implies the existence 
of the Lanczos potential [3, 10-12], whose physical meaning is an 
open problem. Finally, when 2 0K ≠  the spacetime does not accept 
non-null constant vectors, that is, the presence of a non-null constant 
vector leads [13] to 2 0K = , which is a result of interest in various 
studies of Riemannian geometry. 

R4 embedded into E5 
A 4-space can be embedded into 5E  (that is, 4R  has class one) if and 
only if there exists the second fundamental form  a c c ab b=  satisfying 
the Gauss-Codazzi equations [2, 4-6, 11, 12]: 
 ( )         a c i j a i c j a j c iR b b b bε= − , ε = +1, (4) 
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   ;    ; ji j c i cb b= , (5) 

It is well known [14] that whenever ( ) det 0i
jb ≠  then (4) implies 

(5); in other words, if a non-singular matrix b  satisfies the Gauss 
equation then the Codazzi equation is verified automatically. 
However, in the general case the computation of b  for a given 
spacetime should involve the analysis of both (4) and (5) together. 

From (4) it is not difficult to obtain the relation [5, 6, 15]: 

 ( ) 2det
24

i
j

Kb = − , (6) 

thus 2 0K ≠  means that the embedding process has algebraic nature 
because it is only necessary to satisfy (4), and, in addition the inverse 
matrix 1

 i jb−  exists. Now we may deduce an interesting relationship 

between * *
   i j a cR  and 1

r tb−  which is similar to (4). In fact, Yakupov 
[16] showed that, for any 4R  of class one, it is valid the expression: 

 ( )* *      2
     

12
i j r t i j i j

a c r t a c c a
KR R δ δ δ δ= − , (7) 

then substituting (4) into (7), and after multiplying by 1  1   a c
m nb b− −  we 

get [5, 6]: 

 ( ) * * 1 1 1 1
       

2

24   -   i j m n i m j n i n j mR b b b b
K

ε − − − −= , (8) 

which represents the Gauss equation for 1b− . The relation (8) has the 
same structure as (4) hence illustrating the analogous role that the 
Riemann tensor and its double dual play. Thus, when 2 0K ≠  the 
embedding problem is reduced to analyzing (4) or (8). 
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From (8) it is easy to obtain 1b−  explicitly [17]: 

 1 * *   
2      8 j n

i m i j m nK b R bε− = , (9) 

this means that 1b−  is essentially the projection of b  over the double 
dual of the curvature tensor. Equations (5), (9) and the Bianchi 
identities (3) imply the differential condition [17]: 
 ( )1 

2 ; 
0i

m i
K b− = . (10) 

The application of (3) and (10) to (8) leads to one more differential 
restriction on 1b− : 

 1 1 1 1 
  ;   ;   r r

i j r c i c r jb b b b− − − −= , (11) 

which also is obtained if we apply ;c to the relation 1
  r

i j i r jg b b−=  
and we employ (5), remembering that   ; 0i j cg = . Then we say that 

(10) and (11) are the Codazzi equations for 1b− . 
The Leverrier-Faddeev-Takeno method [17,18-26] permits to 

construct the characteristic polynomial of 1b− , and the Cayley-
Hamilton theorem [27] affirms that it is satisfied by this inverse 
matrix, thus we deduce for 1b−  an expression alternative to (9): 

 1   2
   

24
r

i j i r j i j
K b b G p gε− = − , (12) 

where * *  
   

c
i j i j cG R=  is the Einstein tensor, and [4]: 

  
 3

a c
a cp b Gε

= , (13) 

with the property [5, 6, 11, 12, 15, 28, 29] ( a
aR G= −  is the scalar 

curvature): 
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 2     
2     0

6 24
i j m n

i m n j
Rp K R G Gε ⎛ ⎞= − + ≥⎜ ⎟

⎝ ⎠
, (14) 

that is, the intrinsic geometry of 4R  determines p and ε, then (12) 
gives us 1b−  and its trace [17]: 

 1  

2

24r
r

pb
K

− = − , (15) 

The analysis exhibited in (4)-(15) shows the usefulness of the 
Lanczos invariant 2 0K ≠  in the study of a spacetime embedded into 

5E . 

Lanczos potential 
If we make use of the Lagrangian: 

 2L g K= − ,   det( )i jg g= , (16) 

in a Hilbert type variational principle (Htvp) [30, 31], 4 0L d xδ =∫ , 
we obtain [1] the identity 0 = 0, from which one suspects that the 
density L is an exact divergence for any 4R : 

 ( )
, 

 r

r
L g B= −  (17) 

where  ,  rr
x
∂

=
∂

. This suspicion turned out to be correct because 

Goenner-Kohler [7] and Buchdal [32, 33] got non-tensorial 
expressions for rB ; while, Horndeski [13] found an expression for 

rB  strictly tensorial. 
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Lanczos [3], with an appropriate variational use of (16) (that is, 
with a non-Htvp), proved the existence of a potential   i j rK  [34-40] 
for the Weyl tensor: 
 

      ;    ;    ;     ;     

  

 

              
p q j b p q j b p q b j j b p q j b q p p b j q p j q b

q b p j

C K K K K g K g K g

g K

= − + − + − +

−
 (18) 
such that: 
      r a b a r bK K= − ,  

  0a
r aK = ,  

          0a b c b c a c a bK K K+ + = ,  
   ;  0a
r j aK = , 

  
    ;    

r
a b a b r b aK K K≡ = , (19) 

For empty spacetimes ( )   
  ; 0,  0r j p q

a b rG C= = it is possible [8, 9] 
to employ (18) and (19) to deduce (17) with: 
      

 2 r r j p q
p q jB C K=  , (20) 

which has a tensorial nature because it is the projection of the 
Lanczos potential over the conformal tensor. For example, (20) is 
valid in the Kerr geometry [41] whose   p q jK  was studied in [34, 35, 
37, 38, 40]. 

We have just commented that the Lagrangian L does not lead to 
field equations under Htvp, but it is interesting to note that L 
contributes [42] to the gravitational energy-momentum distribution, 
this rB  deserves a more careful analysis, which could help to 
elucidate the elusive physical meaning of Lanczos potential. 
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Non-null constant vectors 
Here we shall consider the Horndeski’s expression [13] for rB  
verifying (17): 

  * *         
      ;  ;  ; 

8 1  
3

r r t m t r n p a i j
i j p j a i m n tB R A A A A

A A
δ⎛ ⎞= +⎜ ⎟

⎝ ⎠
 , (21) 

where    
   

m t r n
p j a iδ  is the generalized Kronecker delta [30] and bA  is an 

arbitrary non-null vector: 
  

 constant 0b
bA A A≡ = ≠ . (22) 

The relation (21) is correct for any spacetime, and it is therefore 
more general than (20) which is valid only for vacuum 4-spaces, 
however, (20) does not contain an arbitrary element rA  as in the case 
of (21). 

With (17) and (21) it is easy to show the result: 
 “If  4R  accepts a non-null constant vector rA ,  

 that is,  
 ; 0r

cA = , then  2 0K = ”. (23) 

For example, the Gödel metric [2, 11, 12, 36, 37, 43]: 

( ) ( ) ( ) ( )4 42 2 2 22 1 1 2 2 2 3 412 
2

x xds dx e dx dx e dx dx dx= − − − + + , (24) 

has a spacelike constant vector: 

 ( ) (0,  0,  1, 0)rA = , A = 1,  
 ; 0r

tA = , (25) 

then (23) implies  2 0K =  for this cosmological model, without the 
necessity of long computations as in the definition (1). 

From (23) it is evident that: 
 “  2 0K ≠  implies the non-existence of non-null constant vectors”.(26) 
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The spacetimes of Schwarzschild, Taub, C, Kerr, . . ., have [2] 
 2 0K ≠ , then by [26] we conclude that these 4-spaces do not admit 

non-null constant vectors. 
We know [2] that the presence of non-null constant vectors has 

impact in the embedding class: If 4R  has one of these vectors, then it 
can be embedded into 7E , which occurs with (24). However, it is an 
open question by now [44, 45] whether the Gödel metric accepts an 
embedding into  6E . 
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