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Abstract. Let K be a finite collection of finite algebras of finite signature such that

SP (K) has meet semi-distributive congruence lattices. We prove that there exists a finite

collection K1 of finite algebras of the same signature, K1 ⊇ K, such that SP (K1) is

finitely axiomatizable. We show also that if HS(K) ⊆ SP (K), then SP (K) is finitely

axiomatizable. We offer new proofs of two important finite basis theorems of D. Pigozzi

and R. Willard. Our actual results are somewhat more general than this abstract indicates.
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1. Introduction

One of the deepest classical results in universal algebra is K. Baker’s theo-
rem stating that every finite algebra belonging to a congruence distributive
variety of finite signature has a finite basis of equations. (This appeared
in K. Baker [2], but was proved before 1970.) This means that for such an
algebra A, the variety generated by A, i.e., the class HSP (A), is finitely ax-
iomatizable in first-order logic. In this paper, when we assert that a class K
is finitely axiomatizable, we always intend this to have the same meaning as
in K. Baker’s theorem, namely, that there is a sentence φ of first-order logic
(in the appropriate language) such that K = Mod(φ) (the class of models of
φ).

Throughout this paper, we interpret the class-operators H,S, P in the
inclusive sense, so that for example, S(K) denotes the class of all algebras
isomorphic to a subalgebra of some algebra in K.

K. Baker’s theorem has been significantly extended in three different
directions. In 1987, R. McKenzie [21] proved that HSP (A) is finitely ax-
iomatizable whenever A is a finite algebra of finite signature and HSP (A) is
congruence modular and residually small. About the same time, D. Pigozzi
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[30] proved that SP (A) is finitely axiomatizable whenever A is a finite al-
gebra of finite signature and K = SP (A) is relatively distributive—i.e., the
lattice ConKB of all congruences θ of B such that B/θ ∈ K is a distribu-
tive lattice, for every B ∈ K. Around 1998, R. Willard [36] proved that
HSP (A) is finitely axiomatizable whenever A is a finite algebra of finite
signature and HSP (A) is congruence meet semi-distributive and has a fi-
nite residual bound. D. Pigozzi’s finite basis theorem will be extended in this
paper, where we prove (Corollary 6.4) that every finitely generated quasiva-
riety of finite signature which has pseudo-complemented congruence lattices
and satisfies the weak extension property is finitely axiomatizable. This re-
sult and its proof should be compared with the extension of D. Pigozzi’s
result in J. Czelakowski, W. Dziobiak [8], and the constructive proof of
it in W. Dziobiak [10]. We extend R. Willard’s finite basis theorem with
Corollary 5.7, which asserts that SP (K) is finitely axiomatizable whenever
K is a finite set of finite algebras of a finite signature, such that SP (K) has
pseudo-complemented congruence lattices and HS(K) ⊆ SP (K).

It has long been conjectured that some of the principal finite basis the-
orems might admit common generalizations. D. Pigozzi pointed out that a
natural conjecture, extending both his finite basis theorem and R. McKen-
zie’s finite basis theorem for congruence modular, residually small varieties,
would be that every relatively modular quasivariety generated by a finite
algebra of finite signature is finitely axiomatizable. K. Kearnes, R. McKen-
zie [14] developed a commutator theory for relative congruences in relatively
modular quasivarieties, with the expectation that it can be used to prove
D. Pigozzi’s conjecture; but the truth of this conjecture remains an open
question.

Our Corollaries 6.4 and 5.7, extending D. Pigozzi’s and R. Willard’s finite
basis theorems, can be easily unified into one theorem (Theorem 7.1) which
is stated but not proved here. The reader will judge whether Theorem 7.1
truly unifies or explains these theorems.

Each of the six finite basis theorems mentioned above can be viewed as
asserting the finite axiomatizability of SP (K), where K is a finite set of fi-
nite algebras and some appropriate conditions, including properties of the
congruence lattices or the relative congruence lattices, are imposed. In par-
ticular, every finitely generated variety whose finite axiomatizability follows
from one of these theorems is actually finitely generated as a quasivariety,
i.e., it has a finite residual bound. In this connection, R. E. Park has conjec-
tured that HSP (A) is finitely axiomatizable whenever A is a finite algebra
of finite signature and HSP (A) has a finite residual bound. Park’s conjec-
ture is almost thirty years old, and is still un-resolved.
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The best classical results about groups, rings and semigroups do not fall
under this rubric. For example, HSP (A) is finitely axiomatizable if A is
any finite group (S. Oates, M. B. Powell [26]), any finite associative ring (R.
L. Kruse [15], I. V. L’vov [16]), any commutative semigroup (P. Perkins [28])
or idempotent semigroup (J. A. Gerhard [11]).

All of the results we have described would become uninteresting if in fact
(as one might naively expect) every finite algebra of finite signature turned
out to have a finite basis of equations and a finite basis of quasi-equations.
This whole direction of research began with a series of surprising discoveries
of non-finitely-based finite algebras. R. Lyndon’s 7-element groupoid was
the first example of a finite algebra A with HSP (A) non-finitely axioma-
tizable (R. Lyndon [18], 1951). Additional examples were discovered by V.
V. Vishin [34], V. L. Murskǐı [25], and P. Perkins [28]. Their algebras are
groupoids (having precisely one binary operation) with 4, 3, and 6 elements,
respectively. P. Perkins’ example is a semigroup. V. P. Belkin [5] found
finite lattices with non-finitely based quasi-equations. S. V. Polin [31] found
a finite non-associative ring that has no finite basis of equations. R. Bryant
[7] found a finite algebra 〈G, ◦, g〉, consisting of a group 〈G, ◦〉 with a distin-
guished constant g ∈ G, which has no finite basis of equations. These two
last results make it seem very unlikely that there can exist any general uni-
versal algebraic theorem (with the flavor, say of K. Baker’s theorem) which
would explain the Oates-Powell theorem for finite groups.

A. Yu. Ol’shanskǐı [27] proved that if G is a finite group then SP (G) is
finitely axiomatizable iff HSP (G) = SP (K) for some finite set K of finite
groups. V. P. Belkin [5] proved the analogous result for finite associative
rings. A plausible extension of these results to general algebras would be
V. A. Gorbunov’s conjecture that if a finite algebra belongs to a congruence
modular variety and has a nilpotent subalgebra that is not Abelian, then
its quasi-equational theory is not finitely axiomatizable. I. P. Bestsennyi [6]
has proved this conjecture under certain additional hypotheses.

A finite algebra A of finite signature is called inherently non-finitely-
based for equations (quasi-equations) if A belongs to no locally finite, finitely
axiomatizable, variety (quasivariety). Several of the individual finite al-
gebras mentioned above turned out to be inherently non-finitely-based for
equations. J. Lawrence, R. Willard [17] found the first example of a finite
algebra that is inherently non-finitely-based for quasi-equations. (It is an 18-
element semigroup with one additional unary operation.) The Oates-Powell
Theorem implies that no finite group is inherently non-finitely-based for
quasi-equations. S. Margolis and M. V. Sapir [19] obtained the deep result
that no finite semigroup is inherently non-finitely-based for quasi-equations.
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Our Corollary 5.5 below (combined with Theorem 4.1) implies that any fi-
nite algebra that is inherently non-finitely-based for quasi-equations must
have a subalgebra that possesses a non-trivial Abelian congruence. This
result implies that no such algebra can be found belonging to any congru-
ence meet semi-distributive (or relatively congruence meet semi-distributive)
quasivariety.

Naturally, people are searching for ever more general finite basis results,
and for general principles that could unify some of the known results and
make them more understandable. For example, K. Baker and Ju Wang
[3] have introduced a new concept of “definable principal subcongruences”.
They prove that a variety of finite signature possessing definable principal
subcongruences is finitely axiomatizable iff its class of subdirectly irreducible
algebras is finitely axiomatizable. They prove that every finitely generated
congruence distributive variety of finite signature possesses definable princi-
pal subcongruences. These results yield a remarkably direct and easy proof
of K. Baker’s finite basis theorem from 1970. G. McNulty and Ju Wang [24]
have proved that if G is any finite group, then the class of all subdirectly
irreducible groups in HSP (G) has definable principal subcongruences; and
they use this fact to establish that this class of subdirectly irreducible groups
is finitely axiomatizable. They are searching for a universal algebraic expla-
nation of the Oates-Powell theorem that could place it in a more general
context. (When contemplating the examples of R. Park and S. V. Polin
mentioned earlier, it seems a faint hope that such a universal algebraic ex-
planation could exist.)

As all these results slowly accumulated, it became more and more clear
that the discovery of which finite algebras are finitely based, for equations
or for quasi-equations, is a very subtle problem. Might it be possible to
prove, as Alfred Tarski had suggested in 1966, that there is no algorithm
for deciding if a finite algebra has a finite basis? In 1993, the second author
did just that. R. McKenzie [22], [23] constructs for every Turing machine
T , two finite algebras A(T ) and F(T ). It is proved that if T halts then
HSP (F(T )) is finitely axiomatizable and HSP (A(T )) has a finite residual
bound, while if T does not halt then neither of HSP (F(T )), HSP (A(T ))
is included in any finitely axiomatizable locally finite variety, and the latter
variety has an infinite subdirectly irreducible algebra. This showed (via
standard results from logic) that for each of the following properties of a
finite algebra A, there can be no algorithm (in the sense of a recursive
function) to determine correctly whether any finite algebra has the property:
A has a finite equational base, A is equationally inherently non-finitely-
based, HSP (A) is residually finite, HSP (A) has a finite residual bound.
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All of these undecidability results were extended to groupoids through
a result of R. McKenzie [20], and to three-element algebras in unpublished
work of G. McNulty and R. Willard.

R. Willard [35] found that A(T ) possesses the same properties stated
for F(T ), and thereby obtained a considerably shorter proof of the unde-
cidability of the equational finite basis property. A little later, he proved
his finite basis theorem for congruence meet semi-distributive varieties, one
consequence of which is that the undecidability of the equational finite ba-
sis property now admitted a really short and almost painless proof. (The
algebras A(T ) of R. McKenzie [22] all have semilattices as reducts, thus
generate congruence meet semi-distributive varieties.)

The proof that the equational finite basis property is undecidable has not
killed the interest in finite basis problems, but it has generated an interest
in other open problems of decidability. We obviously have yet a lot to
learn. For instance, it is not known if there is an algorithm to determine if
a finite semigroup S has a finite basis of equations, or of quasi-equations.
The approach of R. McKenzie [22], [23], if it could be used to address this
problem, would apparently require major modifications, since, for example,
it is known (M. V. Sapir [32]) that there is an algorithm to determine if
S is equationally inherently non-finitely-based, and no finite semigroup is
inherently non-finitely-based for quasi-equations (S. Margolis, M. V. Sapir
[19]).

It is not known if there is an algorithm to determine if an arbitrary fi-
nite algebra has a finite basis of quasi-equations. This problem has been
attributed to M. V. Sapir. The expectation is certainly that there can be no
such algorithm, but no-one has been able to prove it. This paper, written in
August 2003, is really the outcome of extended (and unproductive) efforts
over the past ten years to explore the possibility that some simple modifica-
tion of the method of R. McKenzie [22] could be used to attack this decision
problem for quasi-equations. A major breakthrough pointing to the results
presented here came in July 2002 when the first author proved versions of
Corollaries 5.6 and 5.7 for algebras that are semilattices with operators. J.
Ježek, M. Maroti, R. McKenzie [13] is also a product of those efforts; it
develops finite basis theorems for flat semilattices with operators satisfying
some conditions.

2. Quasivarieties with Willard terms

By a quasivariety, we mean of course a class K of algebras of one signature
such that S(K) = P (K) = Pu(K) = K where Pu(K) denotes the class of
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all algebras isomorphic to an ultraproduct of a system of algebras from K.
Since P (K) contains a product of an empty system of algebras, a quasivariety
contains the one-element algebras of its signature.

We shall now define nine congruence properties for quasivarieties, which
will play some role in our study. These properties are all weakened forms
of congruence-distributivity, or have an interesting interaction with some
weak form of congruence-distributivity. The two properties most central
to our work are the property of having pseudo-complemented congruence
lattices and the weak extension property. We shall see that a quasivariety has
pseudo-complemented congruence lattices if and only if it has Willard terms,
and that a locally finite quasivariety has pseudo-complemented congruence
lattices if and only if its algebras have no non-trivial Abelian congruences.

For any quasivariety K and algebra A ∈ K, we have the congruence
lattice, ConA, and the relative congruence lattice ConKA. The latter is
composed of the lattice-ordered set of all congruences α ∈ ConA with A/α ∈
K. There is a map ′ : ConA → ConKA defined by α′ =

⋂
{γ ∈ ConKA :

α ≤ γ}. The lattice operations in ConA are denoted α∧ β and α∨ β. The
lattice operations in ConKA are α ∧ β = α ∩ β and α ∨K β = (α ∨ β)′. The
least and largest elements of these lattices are the same, denoted 0A and 1A.
They are the identity relation and the universal relation over A.

Our nine properties are (where K is any quasivariety):

(CD) We write K |= CD to denote that for all A ∈ K, ConA is a
distributive lattice.

(SD(∧)) We write K |= SD(∧) to denote that for all A ∈ K, ConA is a
meet semi-distributive lattice, i.e., for all congruences φ, θ, ψ of A, φ ∧ θ =
φ ∧ ψ implies φ ∧ θ = φ ∧ (θ ∨ ψ).

(PCC) We write K |= PCC to denote that for all A ∈ K, ConA is a
pseudo-complemented lattice, i.e., for every congruence α of A, there is a
largest congruence αc = δ (the pseudo-complement of α) with the property
α ∧ δ = 0A.

(K-CD) We write |= K-CD, and say that K is relatively congruence
distributive, if for all A ∈ K, ConKA is a distributive lattice.

(K-SD(∧)) We write |= K-SD(∧), and say that K is relatively congruence
meet semi-distributive, if for all A ∈ K, ConKA is a meet semi-distributive
lattice.

(K-PCC) We write |= K-PCC, and say that K has pseudo-complemented
relative congruence lattices, if for all A ∈ K, ConKA is a pseudo-comple-
mented lattice.
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(EP) We write K |= EP, and say that K has the extension property, if
for all A ∈ K, the K-extension map ′ is a lattice homomorphism of ConA
onto ConKA.

(WEP) We write K |= WEP, and say that K has the weak extension
property, if for all A ∈ K, the K-extension map ′ is a lattice homomorphism
locally at 0A, by which we mean that whenever {φ, θ} ⊆ ConA and φ∧ θ =
0A then and φ′ ∧ θ′ = 0A.

(W) We write K |= W to denote that K has Willard terms (explained
below).

Various characterizations of congruence meet semi-distributive varieties–
i.e., varieties satisfying SD(∧)–have been given by G. Czédli, K. Kearnes
and Á. Szendrei, P. Lipparini, D. Hobby and R. McKenzie (for locally finite
varieties, in [12]) and R. Willard. For many purposes, R. Willard’s result is
most useful.

Definition 2.1. Let K be any class of algebras of one signature. A set
of Willard terms for K is a finite sequence {(fi, gi) : 0 ≤ i ≤ M} of pairs
of ternary terms in the language of K such that the equations fi(x, y, x) ≈
gi(x, y, x) (0 ≤ i ≤M) hold in K and also the sentence

(∀x, y)


x �= y →

∨
0≤i≤M

[fi(x, x, y) = gi(x, x, y) ↔ fi(x, y, y) �= gi(x, y, y)]


.

Theorem 2.2. (R. Willard [36]) For varieties, the properties SD(∧) and W
are equivalent.

For a variety V, the congruence lattices and the relative congruence lat-
tices are the same, and we have CD ⇔ V-CD, and SD(∧) ⇔ V-SD(∧) ⇔
W ⇔ PCC ⇔ V-PCC, and the extension property EP trivially holds. For a
quasivariety K, the implications among the nine properties that are known
to us are:

CD ⇒ SD(∧) ⇒ PCC ⇔ W
K-CD ⇒ K-SD(∧) ⇔ K-PCC ⇒ W

K-CD ⇒ EP ⇒ WEP

We shall prove below that W ⇔ PCC for quasivarieties, which gives
Willard’s Theorem 2.2 as a corollary. We shall also prove the implications
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SD(∧) ⇒ W and K-SD(∧) ⇒ W. The implication K-CD ⇒ EP is proved in
K. Kearnes, R. McKenzie [14]. (Actually, they prove that every relatively
congruence modular quasivariety has the extension property.) We shall re-
produce, as Theorem 6.1, a result of [14] characterizing the quasivarieties
with the property K-CD, from which the implication K-CD ⇒ W again im-
mediately follows. The remaining implications displayed above are trivial;
and it is trivial that PCC and K-PCC are equivalent if K |= WEP .

Finally, it follows from our Corollary 6.4 that the non-finitely axiomatiz-
able quasivariety of V. P. Belkin, SP (M3,3) with M3,3 a ten-element lattice,
does not satisfy WEP, although it does satisfy CD. Hence CD does not
imply K-CD for quasivarieties. This example, and examples showing that
K-CD does not imply CD, can be found in [14]. It is not hard to construct
quasivarieties that satisfy W&¬ SD(∧).

Observe that each of the properties CD and SD(∧) holds in a quasivariety
K iff it holds in the variety H(K).

The following is a quasivarieties version of R. Willard’s characterization
of congruence meet semi-distributive varieties [36]. Our proof is a modifica-
tion of his. Where A is an algebra and {a, b} ⊆ A, we write θA(a, b) for the
(principal) congruence of A generated by the pair (a, b).

Theorem 2.3. For any quasivariety K, the following are equivalent.

(1) K has pseudo-complemented congruence lattices.

(2) K has a set of Willard terms.

(3) If {α, β, γ} ⊆ ConKA, A ∈ K, then α ∩ (β ◦ γ) ⊆ β∞ where βn, γn

are defined inductively for all n < ω by β0 = β, γ0 = γ, βn+1 =
β ∨K (α ∧ γn), γn+1 = γ ∨K (α ∧ βn) and β∞ is

⋃
n<ω βn.

(4) In the free algebra F = FK(x, y, z), taking α = θF(x, z), β = θF(x, y),
γ = θF(y, z) and computing βn, γn ∈ ConKF as in (3), we have (x, z) ∈
βm for some m.

Proof. We prove (1) → (3) → (4) → (2) → (1).
For (2) ⇒ (1), suppose that {(fi, gi)}i≤M is a set of Willard terms for

K. We assume that A ∈ K and φ, θ, ψ ∈ ConA with φ ∧ θ = φ ∧ ψ = 0A,
and we prove that then φ ∧ (θ ∨ ψ) = 0A. This will imply that the pseudo-
complement φc exists. Let (a, b) ∈ φ∧ (θ∨ψ). We need to prove that a = b,
equivalently, (a, b) ∈ φ ∧ θ.

Suppose that a �= b. Choose i ≤ M with fi(a, a, b) = gi(a, a, b) ↔
fi(a, b, b) �= gi(a, b, b) (using a property of Willard terms). Choose a θ ∨ ψ
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chain a = b0, b1, . . . , bm = b with (bj , bj+1) ∈ θ ∪ ψ for all j < m. Clearly,
there exists j < m such that fi(a, bj , b) = gi(a, bj , b) ↔ fi(a, bj+1, b) �=
gi(a, bj+1, b). Suppose, say, that fi(a, bj , b) = gi(a, bj , b) and fi(a, bj+1, b) �=
gi(a, bj+1, b). (If the equality/inequality pattern is reversed, the proof is the
same.) Suppose that (bj , bj+1) ∈ θ. (If (bj , bj+1) ∈ ψ the proof is the same.)
Then

fi(a, bj+1, b) θ fi(a, bj , b) = gi(a, bj , b) θ gi(a, bj+1, b)

showing that fi(a, bj+1, b) θ gi(a, bj+1, b). We also have

fi(a, bj+1, b)φ fi(a, bj+1, a) = gi(a, bj+1, a)φ gi(a, bj+1, b)

showing that fi(a, bj+1, b)φ gi(a, bj+1, b). Since φ ∧ θ = 0A, then we have
fi(a, bj+1, b) = gi(a, bj+1, b), contradiction.

For (1) ⇒ (3), suppose that K |= PCC. Let A ∈ K and let {α, β, γ} ⊆
ConA, and define βn, γn as in statement (3). Note that βn ≤ βn+1 and
γn ≤ γn+1, α ∧ βn ≤ γn+1, α ∧ γn ≤ βn+1 hold for all n. Put

β∞ =
⋃
n

βn , γ∞ =
⋃
n

γn .

Then β∞, γ∞ belong to ConKA and α ∧ β∞ = α ∧ γ∞ (= δ, say). Since
A/δ ∈ K, its congruence α/δ has a pseudo-complement. This means that
there is a largest congruence µ in A with α ∧ µ = δ, call it α → δ. Of
course, (α → δ)/δ is the pseudo-complement of α/δ. Thus we have that
β∞ ∨ γ∞ ≤ α→ δ. Then

α ∩ (β ◦ γ) ⊆ α ∩ (β∞ ∨ γ∞) ⊆ α ∩ (α→ δ) = δ ,

giving α ∩ (β ◦ γ) ⊆ β∞ as required.
For (3) ⇒ (4), note that for the given congruences of the free algebra

FK(x, y, z), one has {α, β, γ} ⊆ ConKF and (x, z) ∈ α ∩ (β ◦ γ).
Finally, we prove (4) ⇒ (2). Let Φ be the set of all pairs of terms

(f(x, y, z), g(x, y, z)) such that (fF(x, y, z), gF(x, y, z)) ∈ α, i.e., such that
K |= f(x, y, x) ≈ g(x, y, x). We show that the infinite sentence

(∀x, y)


x �= y →

∨
(f,g)∈Φ

(f(x, x, y) = g(x, x, y) ↔ f(x, y, y) �= g(x, y, y))




is valid in K. If this is true, then a compactness argument yields that the
infinite disjunction above can be replaced by a finite disjunction, and thus
some finite subset of Φ is a set of Willard terms for K.
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So suppose that A ∈ K, {a, b} ⊆ A, and for all (f, g) ∈ Φ we have
fA(a, a, b) = gA(a, a, b) iff fA(a, b, b) = gA(a, b, b). This means that where
π1 and π2 are the homomorphisms F → A mapping (x, y, z) respectively to
(a, a, b), (a, b, b), and ηi = ker(πi), we have

ConKF |= α ∧ η1 = α ∧ η2 = α ∧ η1 ∧ η2 .

Notice that β ⊆ η1 and γ ⊆ η2 and {α, β, γ, η1, η2} ⊆ ConKF. Now, induc-
tively, we can show that βn ≤ η1, γn ≤ η2 for all n. Indeed, if this is true for
n, then

βn+1 = β ∨K (α ∧ γn) ≤ η1 ∨K (α ∧ η2) ≤ η1 ,

and similarly, γn+1 ≤ η2. Now by (4), we have, say (x, z) ∈ βm. Then, as
we have seen, (x, z) ∈ η1, i.e., a = π1(x) = π1(z) = b. This concludes our
proof of the theorem.

The promised implications SD(∧) ⇒ W and K-SD(∧) ⇒ W can be de-
duced from the fact that SD(∧) implies statement (1) in Theorem 2.3 and
K-SD(∧) implies statement (3) in Theorem 2.3.

The concept of a Willard variety is implicit in R. Willard [36]; and the
theorem that follows the definition is proved in [36]. We offer a less con-
structive, more conceptual proof.

Definition 2.4. By a Willard variety, we shall mean a variety W with the
following property: W has a set of Willard terms {(fi, gi) : 0 ≤ i ≤M}, such
that where T = {fi : i ≤M}∪{gi : i ≤M}, there is a finite set of equations
Γ, with each member of Γ taking one of the forms (for some t, t0, t1 ∈ T )

t(x, x, x) ≈ x, t0(x, y, x) ≈ t1(x, y, x), t0(x, x, y) ≈ t1(x, x, y),

or t0(x, y, y) ≈ t1(x, y, y) ,

such that Γ includes all the equations t(x, x, x) ≈ x (t ∈ T ) and W =
Mod(Γ).

Theorem 2.5. A variety V is congruence meet semi-distributive iff it is a
subvariety of some Willard variety.

Proof. If V ⊆ W, and W is a Willard variety, then V has Willard terms. By
Theorem 2.3, V then has pseudo-complemented congruence lattices. Since
it is a variety, it follows that V |= SD(∧).

Conversely, suppose that V |= SD(∧). Thus V |= PCC and statement
(4) of Theorem 2.3 holds. We examine now our proof of (4) implies (2) in
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Theorem 2.3. Since ConF = ConVF, the occurences of ∨V in the definition
of the sequences of congruences βn, γn are ordinary equivalence relation joins.

Suppose that (x, z) ∈ βm. Note that α ∨ β = α ∨ γ = β ∨ γ = θ,
say. Let I = x/θ ⊆ F . Then I is the set of all tF(x, y, z) ∈ F such
that V |= t(x, x, x) ≈ x. Since I is a union of blocks for each of α, β, γ,
then there is a finite set T ′ ⊆ I, {x, y, z} ⊆ T ′, such that where ᾱ, β̄, γ̄
are the restrictions of these congruences to T ′, we have (x, z) ∈ β̄m. (Note
that β̄m is not defined as the restriction of βm to T ′, but rather is the
equivalence relation over T ′ calculated by the rules previously given, from
the relations ᾱ, β̄, γ̄.) Let T be a finite set of terms t(x, y, z) such that
T ′ = {tF(x, y, z) : t ∈ T} and {x, y, z} ⊆ T .

Let Γ be the set of all equations of forms t(x, x, x) ≈ x, t(x, y, x) ≈
s(x, y, x), t(x, x, y) ≈ s(x, x, y), t(x, y, y) ≈ s(x, y, y) ({s, t} ⊆ T ) that hold
in V. Then V ⊆ W = Mod(Γ). Also, where F′ = FW(x, y, z), α′ = θF′(x, z),
β′ = θF′(x, y), γ′ = θF′(y, z) we have that (x, z) ∈ β′m.

Now take {(fi, gi) : i ≤M} to be a list of all the pairs (f, g), ({f, g} ⊆ T )
such that W |= fi(x, y, x) ≈ gi(x, y, x). Our claim is that {(fi, gi)} is a set of
Willard terms for W. If this is true, then W is a Willard variety including
V.

To prove the claim, assume that A ∈ W and {a, b} ⊆ A. In order to
be able to re-use the notation above, we now make the harmless assumption
that W = V. Let π1, π2 be, as before, the homomorphisms F → A mapping
(x, y, z) to (a, a, b), respectively (a, b, b). Let ηi (i ∈ {1, 2}) denote the kernel
of πi. Suppose that for all i ≤ M , fi(a, a, b) = gi(a, a, b) iff fi(a, b, b) =
gi(a, b, b). We have to show that a = b. The hypothesis means that for all
{f, g} ⊆ T , (fF(x, y, z), gF(x, y, z)) ∈ α ⇒ ((fF(x, y, z), gF(x, y, z)) ∈ η1 ⇔
(fF(x, y, z), gF(x, y, z)) ∈ η2). In other words, ᾱ∩η1 = ᾱ∩η2 (= ᾱ∩η1∩η2).
As before, we conclude that for all n, β̄n ⊆ η1 and γ̄n ⊆ η2. Thus (x, z) ∈
β̄m ⊆ η1, implying that a = b.

3. Pseudo-complemented congruences

Definition 3.1. Let A be any algebra. For {a, b, c, d} ⊆ A, we shall write
(a, b) ≤ (c, d) to denote that (a, b) ∈ θA(c, d), i.e., the elements a and b
are congruent modulo the principal congruence generated by (c, d). For
{a0, . . . , an−1, b0, . . . , bn1} ⊆ A, we define

PCDn(ā, b̄) ↔ A |= (∀x, y)
(∧

i<n

(x, y) ≤ (ai, bi) → x = y

)
.
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We call this 2n-ary relation PCDn(x̄, ȳ) on A the principal congruence n-
disjointness relation over A.

Observe that the condition that ConA is pseudo-complemented is equiv-
alent to: ηx,y = {(u, v) : PCD2(u, x, v, y)} is a congruence, for all {x, y} ⊆ A;
and also equivalent to: ψ ∧ θ = ψ ∧ φ = 0A ⇒ ψ ∧ (θ ∨ ψ) = 0A for all
{ψ, θ, φ} ⊆ ConA.

Let φ be any sentence of the form

(∀x0, . . . , xn−1)
∨
i<m

σi(x̄) ≈ τi(x̄)

where σi(x̄), τi(x̄) are terms. K. Baker called such sentences UDE’s. They
are among the positive universal sentences of first-order logic; and every
positive universal sentence in an algebraic first-order language is equivalent
to a conjunction of UDE’s. Given φ as above, we define PCD(φ) to be the
condition

PCD(φ) : (∀x̄)PCDm(σ0(x̄), . . . , σm−1(x̄), τ0(x̄), . . . , τm−1(x̄)) .

Note that we cannot expect the relations PCDn and the conditions PCD(φ)
to be defined by first-order formulas for most algebras. Rather, they are
naturally expressed (for algebras of countable signature) by formulas of an
infinitary language Lω1ω.

The principal new ideas contributed by this paper are expressed in the
statement and proof of the next theorem.

Theorem 3.2. Let K be a quasivariety of countable signature with pseudo-
complemented congruences, and let φ be a positive universal sentence in the
language of K, say � φ ↔

∧
i<N φi where {φi}i<N is a set of UDE’s. Then

the quasivariety K∩SP (Mod(φ)) is the class of all algebras A ∈ K such that
A |=

∧
i<N PCD(φi).

Proof. We can assume φi is the sentence

(∀x̄)
∨

j<Ni

σij(x̄) ≈ τij(x̄) .

First, assume that A ∈ SP (Mod(φ)). We can suppose that A ≤
∏

t∈T At

with At |= φ for all t ∈ T . Let i < N , suppose that the quantifiers in φi are
over x0, . . . , xn−1, and let f0, . . . , fn−1 ∈ A. Assume that

(g, h) ∈
⋂

j<Ni

θA(σij(f̄), τij(f̄)) .
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Choose any t ∈ T . Since At |= φ, there is j < Ni such that the functions
σA

ij (f̄), τA
ij (f̄) agree at t. Since (g, h) ∈ θA(σA

ij (f̄), τA
ij (f̄)), we must have

g(t) = h(t). Since t was arbitrary, then g = h. This argument shows that
A |= PCD(φi).

For the other direction, suppose that A ∈ K and for all i < N , A |=
PCD(φi). To show that A ∈ SP (Mod(φ)), it will suffice to prove this claim.

Claim. Let B be any countable subalgebra of A and let {a, b} ⊆ B, a �= b.
There exists an algebra C such that C |= φ and there is a homomorphism
f : B → C such that f(a) �= f(b).

We enumerate the set B(2) of all pairs (x, y) ∈ B×B, x �= y, as {(bi, ci) :
i < ω} with (b0, c0) = (a, b). Next, we inductively define (ej , fj) ∈ B(2),
j < ω. Put (e0, f0) = (a, b). If (ek, fk) has been defined, set (ek+1, fk+1) =
(ek, fk) if θB(bk, ck) ∩ θB(ek, fk) = 0B . Otherwise, choose

(ek+1, fk+1) ∈ B(2) ∩ θB(bk, ck) ∩ θB(ek, fk) .

For each k, define θk to be the pseudo-complement of θB(ek, fk).
By this construction, we obtain

(e0, f0) ≥ (e1, f1) ≥ · · · ≥ (ek, fk) ≥ · · · ,

θ0 ≤ θ1 ≤ · · · ≤ θk ≤ · · ·

and we put θ =
⋃

k<ω θk. Clearly, θ is a congruence of B and (a, b) �∈ θ.
For every x, y ∈ B, either (x, y) ∈ θ—which is equivalent to θB(x, y) ∩
θB(ek, fk) = 0B for large k—or else (ek, fk) ≤ (x, y) for large k. We have
that B/θ |= φ. For if not, say B/θ |= ¬φi. Let the quantifiers in φi be
over x0, . . . , xn−1. So there are a0, . . . , an−1 ∈ B such that for all j < Ni,
(σB

ij (ā), τ
B
ij (ā)) �∈ θ. Then there is k such that

(ek, fk) ∈
⋂

j<Ni

θB(σB
ij (ā), τ

B
ij (ā)) .

But this contradicts that A |= PCD(φi). This concludes our proof of The-
orem 3.2.

Remark 3.3. The reader may have noticed that the congruence θ produced
by the construction that proves Theorem 3.2 is independent of the chosen
UDE φ such that B |= PCD(φ). This construction seems to be of some
independent interest, and can be used to obtain further results. In the proof
above, the algebra B/θ with a/θ �= b/θ turns out to satisfy (as shown by the
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given argument), every UDE φ for which B |= PCD(φ). Equivalently, by the
theorem, B/θ satisfies φ whenever φ is a UDE such that B ∈ SP (Mod(φ)).
The obvious conclusion is that there is a smallest positive universal class K
with the property that B ∈ SP (K). With standard model-theoretic argu-
ments, this conclusion can be extended to prove a theorem stating that for
every class L of algebras of some (not necessarily countable) signature, if L
has PCC then there is a unique smallest positive universal class K (which
might be called the pseudo-root of L) with the property that L ⊆ SP (K).

4. Locally finite quasivarieties with PCC

Our two main results, Theorems 5.4 and 6.3, concern quasivarieties that
possess pseudo-complemented congruence lattices and are included in some
finitely generated quasivariety, and thus are locally finite quasivarieties with
Willard terms. The theorem below gives another characterization of these
quasivarieties, which conveys a much clearer understanding of what they
are.

Theorem 4.1. A locally finite quasivariety W satisfies PCC if and only if
no algebra in W has a non-trivial Abelian congruence. If K is a finite set of
finite algebras then SP (K) satisfies PCC if and only if the members of S(K)
have no non-trivial Abelian congruences.

Proof. This proof relies on concepts and results from tame congruence
theory, for which see D. Hobby, R. McKenzie [12].

First we show that if any algebra A fails to have pseudo-complemented
congruences, then A has a non-trivial Abelian congruence. Thus, suppose
that {φ, η, ρ} ⊆ ConA and φ ∧ η = φ ∧ ρ = 0A, while φ ∧ (η ∨ ρ) = δ > 0A.
Then η and ρ each centralize φ, implying that η ∨ ρ centralizes φ. Since
δ ≤ φ and δ ≤ η ∨ ρ, then δ centralizes δ—i.e., δ is an Abelian congruence.

To see that a locally finite quasivariety satisfying PCC has no non-trivial
Abelian congruences, we use the equivalence PCC ⇔ W from Theorem 2.3.

So suppose that W is a locally finite quasivariety with Willard terms
{(fi, gi) : i ≤ M}. To see that algebras in W have no non-trivial Abelian
congruences, it suffices to show that no finite algebra in W has a minimal
Abelian congruence. We argue by contradiction. Let A be a finite algebra in
W and δ be a minimal Abelian congruence of A. Then the congruence cover
(0A, δ) has either type 1 or type 2. In both cases, we select a (0A, δ)-minimal
set U , and write U = e(A) where e(x) is some idempotent unary polynomial
of A. We select (a, b) ∈ δ, with a �= b, {a, b} ⊆ U . We choose i ≤M so that,
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say,
fi(a, a, b) = gi(a, a, b) while fi(a, b, b) �= gi(a, b, b) .

The unequal elements fi(a, b, b) and gi(a, b, b) are δ-congruent, so there is
a polynomial p such that where q(x) = ep(x), we have q(fi(a, b, b)) �=
q(gi(a, b, b)). We write f ′i , g

′
i, respectively, for the polynomials qfi, qgi. Thus

U is closed under f ′i and g′i and we have f ′i(x, y, x) = g′i(x, y, x) for all
{x, y} ⊆ U , f ′i(a, a, b) = g′i(a, a, b), f

′
i(a, b, b) �= g′i(a, b, b).

Now if (0A, δ) is of type 1, then each of f ′i , g
′
i when restricted to the set

{a, b} can depend on at most one variable. Then, by considering the various
cases depending on which of the three variables each of the two operations
depends on, one easily obtains a contradiction.

Finally, suppose that (0A, δ) is of type 2. We have that {a, b} is contained
in some (0A, δ)-trace N ⊆ U . Since f ′i(a, b, b)δg

′
i(a, b, b), then there is some

(0A, δ)-trace N ′ ⊆ U with {f ′i(a, b, b), g′i(a, b, b)} ⊆ N ′. We can assume that
N ′ = N (or else compose f ′i and g′i with some polynomial permutation of U
to achieve this situation). There is a vector space over a finite field whose set
of vectors is N , and which has a = 0, the zero element, and whose operations
are polynomials of A restricted to the set N . Here, f ′i and g′i restricted to
N can be expressed as vector space polynomials,

f ′i(x, y, z) = r0x+ r1y + r2z + c ,

g′i(x, y, z) = s0x+ s1y + s2z + d

for all {x, y, z} ⊆ N . Since f ′i(0, 0, 0) = g′i(0, 0, 0) then we have c = d.
Since f ′i(0, y, 0) = g′i(0, y, 0), then r1y = s1y for y ∈ N . Since f ′i(0, 0, b) =
g′i(0, 0, b), we have r2b = s2b. Finally, the equalities just established yield

f ′i(0, b, b) = r1b+ r2b+ c = s1b+ s2b+ d = g′i(0, b, b) .

But this is a contradiction.
To prove the final assertion of the theorem, suppose that K is a finite set

of finite algebras and W = SP (K). This quasivariety is locally finite, so we
already know that W |= PCC iff algebras in W have no non-trivial Abelian
congruences. It must be proved that if some algebra in W has a non-trivial
Abelian congruence, then some algebra in S(K) has such a congruence.

So suppose that A ∈ W, δ is an Abelian congruence of A, 0A < δ.
We can suppose that A is a subdirect product, A ≤

∏
t∈T Bt with {Bt :

t ∈ T} ⊆ S(K). Thus A has congruences ηt (t ∈ T ) with A/ηt
∼= Bt

and
⋂

t∈t ηt = 0A. We can choose t ∈ T with δ �≤ ηt. Since δ is Abelian,
then δ ∨ ηt is solvably equivalent to ηt. Then choose for γ any congruence
satisfying ηt ≺ γ ≤ δ ∨ ηt. The solvable cover (ηt, γ) is Abelian. Thus γ/ηt

is a non-trivial Abelian congruence of A/ηt
∼= Bt.
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5. Principal congruence disjointness properties

Theorem 3.2 motivates our consideration of the relations PCDn(x̄, ȳ). Of
course, we cannot expect that either of the relations (x, y) ≤ (u, v), or
PCDn(x̄, ȳ) will be first-order definable over the algebra A. However, we
shall see that PCDn(x̄, ȳ) is first-order definable over any finitely generated
quasivariety of finite signature that has Willard terms.

For the next theorem, W denotes a quasivariety of finite signature and
(fi, gi), 0 ≤ i < M , is a set of Willard terms for W. We write V = H(W),
and define Vn to be the class of all algebras in V having at most n elements,
for each positive integer n. For each n, we choose a finite list of terms
tn0 (x, ȳ), . . . , tn�n

(x, ȳ) which represent all the elements of the free algebra on
n + 1 generators x, y0, . . . , yn−1 in SP (Vn). Note that tn0 (x, ȳ), . . . , tn�n

(x, ȳ)
also represent all the elements of the free algebra over SP (Vk) for 1 ≤ k ≤ n.

We define several first-order formulas. Let k,m, n be positive integers.
First, (x, y) ≤n (u, v) is an abbreviation for

x = y ∨
∨

i≤�n

(∃z̄) ({ti(u, z̄), ti(v, z̄)} = {x, y}) .

Then, (x, y) ≤n,k (u, v) is an abbreviation for

(∃x0, . . . , xk)

(
x0 = x ∧ xk = y ∧

∧
i<k

((xi, xi+1) ≤n (u, v))

)
.

Next, δm
n,k(x0, . . . , xm−1, y0, . . . , ym−1) is the formula

(∀x, y)
(
{
∧
i<m

(x, y) ≤n,k (xi, yi)} → x = y

)
.

For a positive integer m and any first-order formula δ = δ(x̄, ȳ), where
x̄, ȳ are m-tuples of variables, we define ∆(δ) to be the property of an algebra
A that holds iff for all ā, b̄ ∈ Am, A |= δ(ā, b̄) iff

⋂
i<m θA(ai, bi) = 0A,

equivalently,

A |= ∆(δ) iff A |= (∀x̄, ȳ) (δ(x̄, ȳ) ↔ PCDm(x̄, ȳ)) .

A version of the next theorem, for congruence meet semi-distributive va-
rieties with a finite residual bound, appears in a not yet published manuscript
by K. Baker, G. McNulty and Ju Wang [4].
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Theorem 5.1. Let W be a quasivariety of finite signature with Willard terms
as above, and let V = H(W). Then for all n ≥ 1, k ≥ 1, W∩SP (Vn) satisfies
∆(δk

n+2k,2k).

Proof. We hold n and k fixed, and assume that A ∈ W ∩ SP (Vn). We
need to prove that for all ā, b̄ ∈ Ak, if PCDk(ā, b̄) fails, then there is a pair
(c, d), c �= d, of elements of A such that (c, d) ≤n+2k,2k (ai, bi) for all i < k.

So suppose that (a, b) ∈
⋂

i<k θA(ai, bi), and a �= b. Choose a finite sub-
algebra F of A containing {a, b, a0, . . . , bk−1} so that (a, b) ∈

⋂
i<k θF(ai, bi).

It will suffice to find c �= d in F such that F |= (c, d) ≤n+2k,2k (ai, bi) for
all i < k. Replacing (a, b) by another pair, if necessary, we can assume that
θF(a, b) = α is a minimal congruence of F.

Since F ∈ SP (Vn), it has a congruence θ such that (a, b) �∈ θ and |F/θ| ≤
n. The assumed minimality of α gives that α ∩ θ = 0F .

Recall that (fi, gi), i ≤M , are Willard terms for W.

Lemma 5.2. Suppose that a′, b′, u, v ∈ F , (a′, b′) ∈ α, a′ �= b′, and (a′, b′) ∈
θF(u, v). There is i ≤M and a term t(x, y0, . . . , yn−1) and c̄ ∈ Fn so that

fi(a′, t(u, c̄), b′) = gi(a′, t(u, c̄), b′) ↔ fi(a′, t(v, c̄), b′) �= gi(a′, t(v, c̄), b′) .

Proof of Lemma 5.2. We have (a′/θ, b′/θ) ∈ θF/θ(u/θ, v/θ). Since every
polynomial function of F/θ is of the form t(x, c̄/θ) for some n+ 1-ary term
t(x, ȳ) (as |F/θ| ≤ n), there is a Maltsev chain a′/θ = q0, q1, . . . , qm = b′/θ
in F/θ such that {qj, qj+1} = {tj(u/θ, c̄j/θ), tj(v/θ, c̄j/θ)} where tj(x, ȳ) is
an n + 1-variable term, for each j < m. This gives a θ ∨ θF(u, v)-chain
a′ = p0, p1, . . . , p2m+1 = b′ such that (p2j , p2j+1) ∈ θ for j ≤ m, while
{p2j+1, p2j+2} = {tj(u, c̄j), tj(v, c̄j)} for j < m.

Since a′ �= b′, we can choose i ≤M so that

fi(a′, a′, b′) = gi(a′, a′, b′) ↔ fi(a′, b′, b′) �= gi(a′, b′, b′) .

There must exist � ≤ 2m such that

fi(a′, p�, b
′) = gi(a′, p�, b

′) ↔ fi(a′, p�+1, b
′) �= gi(a′, p�+1, b

′) .

It is impossible that � be even, because if, say fi(a′, u′, b′) = gi(a′, u′, b′)
and (u′, v′) ∈ θ, then the elements fi(a′, v′, b′) and gi(a′, v′, b′) are congruent
modulo both α and θ, and so are equal.

Thus � is odd, say � = 2j + 1. Setting t = tj and c̄ = c̄j gives the desired
result.
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Continuing with our proof of Theorem 5.1, we next find c1 �= d1 with
(c1, d1) ∈ α and (c1, d1) ≤n+2,2 (a1, b1) in F. By Lemma 5.2, applied to
(a′, b′) = (a, b) and (u, v) = (a1, b1), there is i ≤ M and a term t(x, ȳ) and
c̄ ∈ Fn such that

fi(a, t(a1, c̄), b) = gi(a, t(a1, c̄), b) ↔ fi(a, t(b1, c̄), b) �= gi(a, t(b1, c̄), b) .

Rewriting this as

fi(a, t(u, c̄), b) = gi(a, t(u, c̄), b) ;
fi(a, t(v, c̄), b) �= gi(a, t(v, c̄), b)

with {u, v} = {a1, b1}, we can put (c1, d1) = (fi(a, t(v, c̄), b), gi(a, t(v, c̄), b)).
It is clear that (c1, d1) ∈ α. To see that (c1, d1) ≤n+2,2 (a1, b1), choose
i0, i1 ≤ �n+2 so that Vn |= ti0(x, ȳ, yn, yn+1) ≈ fi(yn, t(x, ȳ), yn+1) and Vn |=
ti1(x, ȳ, yn, yn+1) ≈ gi(yn, t(x, ȳ), yn+1). Then we have

c1 = ti0(v, c̄, a, b), ti0(u, c̄, a, b) = ti1(u, c̄, a, b), ti1(v, c̄, a, b) = d1 .

Thus (c1, d1) ≤n+2,2 (a1, b1).

Now, inductively on i, for 1 ≤ i ≤ k, we shall find (ci, di) ∈ α, ci �= di,
so that we have

(ci, di) ≤n+2(i−j+1),2i−j+1 (aj , bj), for 1 ≤ j ≤ i .

Then (ck, dk) will witness that F �|= δk
n+2k,2k(ā, b̄), which implies of course

that A �|= δk
n+2k,2k(ā, b̄) as well.

We already have the base case i = 1. For the inductive step, assume
that 1 ≤ i < k and (ci, di) satisfy the required conditions. Taking (a′, b′) =
(ci, di), (u, v) = (ai+1, bi+1) in Lemma 5.2, we find i0 ≤M and a term t(x, ȳ)
and c̄ ∈ Fn, and {u′, v′} = {ai+1, bi+1} so that

fi0(ci, t(u
′, c̄), di) = gi0(ci, t(u

′, c̄), di) ;
fi0(ci, t(v

′, c̄), di) �= gi0(ci, t(v
′, c̄), di) .

We take, of course,

(ci+1, di+1) = (fi0(ci, t(v
′, c̄), di), gi0(ci, t(v

′, c̄), di)) .

To see that this works, notice first that we clearly have (ci+1, di+1) ≤n+2,2

(ai+1, bi+1). Now let 1 ≤ j ≤ i. We need to verify that

(ci+1, di+1) ≤n+2(i−j+2),2i−j+2 (aj , bj).
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Taking e = t(v′, c̄), we have the chain

ci+1 = fi0(ci, e, di), fi0(ci, e, ci) = gi0(ci, e, ci), gi0(ci, e, di) = di+1 .

Since (ci, di) ≤n+2(i−j+1),2i−j+1 (aj , bj), it is easy to calculate from the formu-
las displayed just above that, indeed, (ci+1, di+1) ≤n+2(i−j+2),2i−j+2 (aj , bj).
This completes our proof of Theorem 5.1.

Now let A be any algebra of finite signature with pseudo-complemented
congruences, and let δ(x̄, ȳ) be a first-order formula in the language of A
where x̄, ȳ are m-tuples of variables. Suppose that A |= ∆(δ). Let ā, b̄ ∈
Am with A |= δ(ā, b̄). Put θ0 =

⋂
1≤i<m θA(ai, bi). Let ψ0 be the largest

congruence ψ satisfying θ0 ∩ ψ = 0A. Obviously, ψ0 must be identical with
the set of all pairs (x, y) with θ0 ∩ θA(x, y) = 0A—i.e., ψ0 is the set of all
pairs (x, y) ∈ A2 such that

A |= δ(x, a1 . . . , am−1, y, b1, . . . , bm−1) .

Inductively, for 1 ≤ i ≤ m − 1, define ψi to be the largest congruence
disjoint from

θi = ψ0 ∩ · · · ∩ ψi−1 ∩ θA(ai+1, bi+1) ∩ · · · ∩ θA(am−1, bm−1) .

Thus ψi is the set of all pairs (x, y) ∈ A2 satisfying: for all (u, v) ∈ ψ0∩· · · ∩
ψi−1,

A |= δ(u, . . . , u, x, ai+1, . . . , am−1, v, . . . , v, y, bi+1, . . . , bm−1) .

Evidently, it follows from these definitions that (ai, bi) ∈ ψi for all i < m
and ψ0 ∩ · · · ∩ ψm−1 = 0A. The point of these observations is that, given δ,
there are first-order formulas pi(x, y, x̄, ȳ), i < m, (actually displayed above)
so that, assuming that an algebra A has pseudo-complemented congruences,
and that A |= ∆(δ), and given ā, b̄ ∈ Am, then

ψi = {(x, y) ∈ A2 : A |= pi(x, y, ā, b̄)}

is a congruence relation and (ai, bi) ∈ ψi for all i < m, and
⋂

i<m ψi = 0A.
Let γ(δ) be the sentence

(∀x0, . . . , xm−1, y0, . . . , ym−1) “for all i < m, {(x, y) : pi(x, y, x̄, ȳ)} is a

congruence ψi, and
⋂

i<m ψi = 0” .

This can be expressed as a first order sentence.
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Theorem 5.3. Let A be an algebra of finite signature, and δ(x̄, ȳ) be a first-
order formula, as above. Assume that A |= PCDm(x̄, ȳ) → δ(x̄, ȳ). Then
A |= γ(δ) iff A has pseudo-complemented congruences and δ(x̄, ȳ) defines
the relation PCDm(x̄, ȳ) over A.

Proof. We have seen that A |= γ(δ) if A has pseudo-complemented con-
gruences and A satisfies ∆(δ).

Next, suppose that A satisfies γ(δ) and A |= δ(ā, b̄). We aim to prove
that

⋂
i<m θA(ai, bi) = 0A. That A |= pi(ai, bi, ā, b̄) for all i follows from the

definitions of these formulas. Thus (ai, bi) ∈ ψi for all i and
⋂

i<m ψi = 0A.
Clearly, then,

⋂
i<m θA(ai, bi) = 0A.

Finally, assume that A |= γ(δ) and {a, b} ∈ A. We want to show
that θa,b = {(x, y) : δ(x, a, . . . , a, y, b, . . . , b)} is the pseudo-complement of
θA(a, b). Since A |= γ(δ), then θa,b = ψ0 is a congruence. We have that
(a, b) ∈

⋂
1≤i<m ψi, so that θa,b ∩ θA(a, b) = 0A. If θA(x, y) ∩ θA(a, b) = 0A,

then we have δ(x, a, . . . , a, y, b, . . . , b) since A |= PCDm(x̄, ȳ) → δ(x̄, ȳ); thus
(x, y) ∈ θa,b. This concludes our proof.

Combining Theorems 3.2, 5.1, 5.3, we get our first finite basis theorem.
For any class K of algebras and positive integer n, we write Kn for the class
of members of K having n or fewer elements.

Theorem 5.4. Let W be a quasivariety of finite signature with pseudo-
complemented congruence lattices. Let n be a positive integer, and put
V = H(W). Let φ be a positive universal sentence in the language of W.
Then W ∩ SP (Vn) ∩ SP (Mod(φ)) is finitely axiomatizable relative to W.

Proof. Write βn for the UDE

(∀x0, . . . , xn)
∨

i<j≤n

xi ≈ xj .

By Theorem 2.3, W has Willard terms. By Theorems 5.1, 5.3, for every posi-
tive integer m, there is a formula pcdm in 2m variables such that W∩SP (Vn)
satisfies γ(pcdm) and PCDm(x̄, ȳ) → pcdm(x̄, ȳ), and so pcdm defines the re-
lation PCDm over any algebra in W ∩ SP (Vn).

For any UDE
ψ : (∀x̄)

∨
i<M

σi(x̄) ≈ τi(x̄) ,

write pcd(ψ) for the sentence

pcd(ψ) : (∀x̄)pcdM (σ0(x̄), . . . , σM−1(x̄), τ0(x̄), . . . , τM−1(x̄)) .
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We can assume that φ is the sentence
∧

i<N φi where φi is the sentence

φi : (∀x0, . . . , xc−1)
∨

j<Ni

σij(x̄) ≈ τij(x̄) .

(Without loss of generality, we can assume that the number c of variables
under the quantifiers is the same for all i.)

It follows from Theorems 3.2, 5.1, 5.3, that W∩SP (Vn) is the class of all
algebras in W that satisfy γ(pcdn(n+1)

2

) and pcd(βn); and that W∩SP (Vn)∩
SP (Mod(φ)) is the class of all algebras in W that in addition satisfy γ(pcdNi)
for all i < N and satisfy all of the sentences pcd(φi), i < N .

Corollary 5.5. Every quasivariety K of finite signature, contained in a
finitely generated quasivariety and having pseudo-complemented congruence
lattices, is contained in a finitely axiomatizable, locally finite, quasivariety.

Proof. Let K be such a quasivariety. Thus K has Willard terms. For some
n, we have K ⊆ SP (Vn) where V is the class of all algebras of the signature
of K. There is a finitely axiomatizable quasivariety W ⊇ K with the same
Willard terms as K. Then K ⊆ W ∩ SP (H(W)n) = W ∩ SP (H(W)n) ∩
SP (Vn) which is finitely axiomatizable by Theorem 5.4, as Vn is axiomatized
by an obvious UDE.

Corollary 5.6. Every finitely generated congruence meet semi-distributive
quasivariety of finite signature is contained in a finitely axiomatizable, finite-
ly generated, congruence meet semi-distributive quasivariety.

Proof. Let K be such a quasivariety, say K = SP (Kn) and H(K) is a con-
gruence meet semi-distributive variety. Let W be a (finitely axiomatizable)
Willard variety, H(K) ⊆ W. (See Theorem 2.5.) Now K ⊆ W ∩ SP (Wn) =
SP (Wn) and the latter quasivariety is finitely axiomatizable by Theorem
5.4, since Wn is axiomatized by a positive universal sentence.

Corollary 5.7. Let K be a finite set of finite algebras of the same finite
signature such that SP (K) |= PCC. If HS(K) ⊆ SP (K) then SP (K) is
finitely axiomatizable.

Proof. We can assume that SP (K) = SP (K1) where HS(K1) = K1, and
K1 is, up to isomorphism, a finite set of algebras each having at most n
elements. Now K1 is the class of all models of a positive universal sentence
φ. Hence SP (K) = W ∩ SP (Vn) ∩ SP (Mod(φ)) where W is any finitely
axiomatizable quasivariety with Willard terms, W ⊇ K, and V = H(W).
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The corollary below is the chief result of R. Willard [36].

Corollary 5.8. Every congruence meet semi-distributive variety of finite
signature with a finite residual bound is finitely axiomatizable.

Proof. We can write V = SP (K) where K is a finite set of finite algebras (up
to isomorphism, all the subdirectly irreducible algebras in V). By Theorem
2.3, V |= PCC. We have HS(K) ⊆ SP (K). Hence this corollary follows
from Corollary 5.7.

6. Extending Pigozzi’s theorem

We begin with a characterization of relatively congruence distributive qua-
sivarieties, which is a part of Theorem 4.3 in K. Kearnes, R. McKenzie [14].
Recall the definition of the extension property EP from Section 2.

Theorem 6.1. A quasivariety K satisfies K-CD iff K has the extension
property, and there exists a finite set {(ri, si, ti) : 0 ≤ i ≤ M} of triples of
ternary terms in the language of K such that: (i) if i ≤M then the equations

ri(x, y, x) ≈ si(x, y, x) ≈ ti(x, y, x),

ri(x, x, y) ≈ si(x, x, y) , si(x, y, y) ≈ ti(x, y, y)

are valid in K; (ii) the quasi-equation
∧

i≤M

(ri(x, y, z) ≈ si(x, y, z) ∧ si(x, y, z) ≈ ti(x, y, z))


 → x ≈ z

is valid in K.

A system of triples of terms {(ri, si, ti) : 0 ≤ i ≤ M} satisfying (i) and
(ii) over K will be called a set of quasi-Jónsson terms for K.

Corollary 6.2. Every relatively congruence distributive quasivariety has
Willard terms.

Proof. If {(ri, si, ti) : 0 ≤ i ≤ M} is a set of quasi-Jónsson terms for K
then, clearly, the system of pairs {(ri, si) : i ≤M} is a set of Willard terms
for K.
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Recall the definition of the weak extension property, WEP. Note that if
K has pseudo-complemented congruences, then WEP is equivalent to: for
all A ∈ K and θ ∈ ConA, the pseudo-complement of θ belongs to ConKA.

By a UD we shall mean a sentence of the form

(∀x0, . . . , xn−1)

(∧
i<k

σi0(x̄) ≈ τi0(x̄) →
∨
i<m

σi1(x̄) ≈ τi1(x̄)

)
,

where σiε(x̄) and τiε(x̄) are terms in the variables x0, . . . , xn−1 and k may
be 0, but m > 0. Every universal sentence that is valid in a one-element
algebra is equivalent to a finite conjunction of UD’s, and every UD is such
a universal sentence.

Here is the principal theorem of this section.

Theorem 6.3. Let W be a quasivariety of finite signature possessing pseudo-
complemented congruence lattices. Let n be a positive integer, and put V =
H(W). Let φ be any universal sentence in the language of W. Then L =
W ∩SP (Vn)∩SP (Mod(φ)) is finitely axiomatizable relative to W, provided
there exists some quasivariety E with the weak extension property such that
L ⊆ E ⊆ SP (Mod(φ)).

Corollary 6.4. Every finitely generated quasivariety of finite signature
which satisfies the WEP and the PCC is finitely axiomatizable.

Corollary 6.5. Every finitely generated relatively congruence distributive
quasivariety of finite signature is finitely axiomatizable.

Proof of Corollary 6.4. We take, as usual W to be a finitely axiom-
atizable quasivariety with Willard terms, W ⊇ K. We can assume that
K = SP (M) where M ⊆ Wn, V = H(W). We can also assume that ev-
ery subalgebra of an algebra in M belongs to M and that M contains a
one-element algebra. Then there is a universal sentence φ such that the
models of φ are precisely those algebras isomorphic to an algebra in M.
Thus K = W ∩ SP (Vn) ∩ SP (Mod(φ)). Since K has the weak extension
property, then Theorem 6.3 gives that K is finitely axiomatizable relative to
W, and hence is finitely axiomatizable.

Proof of Corollary 6.5. This corollary is the theorem of D. Pigozzi [30].
It is an immediate consequence of Theorem 6.1, Corollary 6.2, Theorem 2.3
and Corollary 6.4.
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Proof of Theorem 6.3. By Theorem 5.4 and its proof, W ∩ SP (Vn) is
finitely axiomatizable relative to W and for all m, we have a formula pcdm

which defines PCDm over this class.
Let K be the union of Mod(φ) and the class of all one-element models of

the signature of W. There is a universal sentence φ′ such that K = Mod(φ′).
Since SP (K) = SP (Mod(φ)), we can assume that φ has one-element models.

For any UD

ψ : (∀x0, . . . , xp−1)

(∧
i<k

σi0(x̄) ≈ τi0(x̄) →
∨
i<m

σi1(x̄) ≈ τi1(x̄)

)
,

we take pcd(ψ) to be the sentence

(∀x̄, x, y)
(∧

i<k

pcd2(x, σi0(x̄), y, τi0(x̄)) →

pcdm+1(x, σ01(x̄), . . . , σm−1,1, y, τ01(x̄), . . . , τm−1,1(x̄))) .

We can assume that φ is the sentence
∧

i<N φi where φi is the sentence

(∀x0, . . . , xp−1)


 ∧

j<Ki

σij0(x̄) ≈ τij0(x̄) →
∨

j<Mi

σij1(x̄) ≈ τij1(x̄)


 ,

We claim that under the assumptions of this theorem, the quasivariety
L = W ∩ SP (Vn) ∩ SP (Mod(φ)) is axiomatized relative to W ∩ SP (Vn) by∧

i<N pcd(φi).
To prove this, first let A ∈ L and choose any i < N . We want to show

that A |= pcd(φi). So let {a, b} ⊆ A, ā ∈ Ap. Write ηa,b for the pseudo-
complement of θA(a, b). Now suppose that

A |=
∧

j<Ki

pcd2(a, σij0(ā), b, τij0(ā)) .

Since A ∈ W ∩ SP (Vn), this means that for all j < Ki, (σij0(ā), τij0(ā)) ∈
ηa,b. We are trying to prove that A |= pcd(φi). So to derive a contradiction,
suppose that

A |= ¬pcdMi+1(a, σi01(ā), . . . , σi,Mi−1,1(ā), b, τi01(ā), . . . , τi,Mi−1,1(ā)) .

This means that

θA(a, b) ∩
⋂

j<Mi

θA(σij1(ā), τij1(ā)) �= 0A

and it implies that for no j < Mi is (σij1(ā), τij1(ā)) ∈ ηa,b.
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The algebra A has pseudo-complemented congruences, since A ∈ W; and
A belongs to the quasivariety E with the weak extension property. Hence
A/ηa,b ∈ E . Choose

(e, f) ∈ θA(a, b) ∩
⋂

j<Mi

θA(σij1(ā), τij1(ā)), e �= f .

Write x′ for x/ηa,b when x ∈ A. Now (e′, f ′) is a pair of unequal elements of
A/ηa,b which belong to each principal congruence θA/ηa,b

(σij1(ā′), τij1(ā′)),
j < Mi. Moreover, we have A/ηa,b |= σij0(ā′) ≈ τij0(ā′) for all j < Ki. But
this implies that every homomorphism χ of A/ηa,b into an algebra satisfying
φi must have χ(e′) = χ(f ′). This contradicts the fact that A/ηa,b ∈ E ⊆
SP (Mod(φ)).

Thus we have shown that every algebra in L satisfies
∧

i<N pcd(φi). Con-
versely, suppose that A ∈ W ∩ SP (Vn) and A |=

∧
i<N pcd(φi). We need to

show that A ∈ SP (Mod(φ)). We can assume that A is countable.
Let a, b be any pair of distinct elements of A. We seek a homomorphism

χ : A → C where C |= φ and χ(a) �= χ(b). Once again, we form a sequence
(a, b) = (e0, f0) ≥ (e1, f1) ≥ · · · ≥ (er, fr) ≥ · · · of pairs of distinct elements
of A so that where θi = ηei,fi

(the pseudo-complement) and θ =
⋃

i<ω θi, we
have that for all {x, y} ⊆ A, either (x, y) ∈ θ or else (x, y) ≥ (ei, fi) for some
i. Let C = A/θ and χ be the quotient map. Thus χ(a) �= χ(b). We claim,
of course, that C |= φ.

Suppose that C |= ¬φi. Let a0/θ, . . . , ap−1/θ witness that C |= ¬φi.
This means that for large r we have (σij0(ā), τij0(ā)) ∈ θr for all j < Ki

and we also have (er, fr) ≤ (σij1(ā), τij1(ā)) for all j < Mi. But then
er, fr, a0, . . . , ap−1 witnesses a failure of pcd(φi) in A. This contradiction
finishes our proof of Theorem 6.3.

7. Striving for generality

The two chief new results of this paper have been Theorem 5.4 and Theorem
6.3. Each asserts that L = W ∩W ′ ∩ SP (Mod(φ)) is finitely axiomatizable
relative to W where W,W ′ are quasivarieties, W has pseudo-complemented
congruence lattices, and φ is a universal sentence, subject to the satisfaction
of additional hypotheses. Our only reason for assuming that W is of finite
signature, and for putting W ′ = SP (Vn) with V = H(W), was to ensure that
there is a finitely axiomatizable quasivariety extending L in which the 2m-
ary relation PCDm is first-order definable for every positive integer m. We
can simply assume that this holds. Then our arguments prove the following
theorem, which includes both Theorem 5.4 and Theorem 6.3.
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Theorem 7.1. Suppose that W is a quasivariety with pseudo-complemented
congruences. Let φ be a universal sentence and put L = W ∩ SP (Mod(φ)).
Assume that there is a finitely axiomatizable quasivariety K ⊇ L such that for
every positive integer m, the 2m-ary relation PCDm is first-order definable
over K. If either (i) φ is positive; or (ii) there is a quasivariety E with the
weak extension property such that L ⊆ E ⊆ SP (Mod(φ)), then L is finitely
axiomatizable relative to W.

Problems. For each of these properties, characterize the family of all
quasivarieties K that possess it: K-SD(∧), EP, WEP.
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