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ABSTRACT: The present article provides an analysis of the instants of a system that performs a Newtonian supertask. 
For each instant it studied the possibility of the system having, from the instant in question, more than one 
possible course of evolution; i.e. the possibility of it being an evolution node. This analysis shows that some 
supertasks presented as deterministic in Pérez Laraudogoitia (2007) are in fact indeterministic and specifies 
the difficulties ahead in showing the radical indeterminism suggested by Atkinson & Johnson (2009). 
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1.  Introduction  

Two main anomalies are discussed in the literature on Newtonian supertasks: inde-
terminism and the failure of energy conservation. The prevailing situation is that both 
appear together; when indeterminism is present, energy conservation fails. Indeed, the 
only set of examples that generates indeterminism without the failure of energy con-
servation is the one presented in Pérez Laraudogoitia (2008). The present article is 
motivated by the possibility of the inverse situation: is the failure of energy conserva-
tion possible in deterministic supertasks? Since indeterminism apparently may (or may 
not) emerge in the same supertask, depending on the instantaneous state of the system 
performing it, the issue needs to be raised in more precise terms. To begin with, we 
need to establish a precise terminology to specify the problem and the particular as-
pect of it we want to discuss. 

First, by Newtonian supertask we mean an infinite sequence of perfectly elastic binary 
collisions, between extended bodies or between point particles, which occurs within a 
finite time interval and within the theoretical framework of Newtonian mechanics. In 
particular, we focus on supertasks with order type ω or ω*. For illustrative purposes, 
we refer essentially to the behaviour of the supertask presented in Pérez Laraudogoitia 
(1996), which we call ST. Initially, at time t = 0, we have an infinite number of parti-
cles arranged in a one-dimensional space (the x-axis, say), so that each particle Pn (with 
n∈{0, 1, 2, 3, …}) is initially at x = 1/2n, in an inertial frame of reference in which P0 
has a velocity v > 0 while the remaining particles are at rest. If we assume that all par-
ticles have the same mass and interact only through perfectly elastic collisions, then we 
have a Newtonian supertask: P0 collides with P1, and the first particle comes to rest 
while the second acquires velocity v; some time later, P1 collides with P2, and the first 
particle comes to rest while the second acquires velocity v; in general, and following a 
strict successively sequence, every Pn in motion with v collides with Pn+1 at rest, and 
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the first particle comes to rest while the second acquires velocity v. When such a se-
quence of collisions concludes, at t = 1/v, every particle will be at rest.  

By critical instant we mean an instant of time t for which there is at least one open 
neighbourhood (t – δ, t + δ), with δ arbitrarily small, in which at least one Newtonian 
supertask of order type ω or ω* is performed. Stated more intuitively, a critical instant 
is the first instant in which a supertask of order type ω has been performed, or is the 
last instant in which a supertask of order type ω* has not yet been performed. Thus, 
for ST, as presented above, t = 1/v is a critical instant. 

By non-conservative critical instant we mean a critical instant in which the total energy 
of the system is different from the energy in at least one of the two intervals that make 
up its punctured neighbourhood (t – δ) ∪ (t + δ). Intuitively, a non-conservative criti-
cal instant is the first instant in which a supertask of order type ω has been performed 
and the total energy of the system is different from the energy during the performance 
of that supertask; or is the last instant in which a supertask of order type ω* has not 
yet been performed and the total energy of the system is different from the energy 
during the performance of that particular supertask. Clearly, the critical instant t = 1/v 
in ST is a non-conservative critical instant: in it the energy is null due to the rest of 
every particle, whereas, during the performance of the supertask, the energy is not null 
due to the motion of one of the particles.  

By evolution node we mean an instant at which the system, from that instant on, has 
at least two different possible courses of evolution. Intuitively, at an evolution node 
the course of evolution bifurcates; at that bifurcation, the system has to choose only 
one course from several options. In the system that performs ST, for instance, every 
instant (before, during, and after the performance of the supertask) is an evolution 
node. To see this, we need only note that the temporal inversion of ST is also a possi-
ble process within the framework of Newtonian mechanics. This reversed process is a 
supertask of order type ω*, starting from a non-conservative critical instant in which 
all the particles are at rest. So, the system which performs ST will have in every instant 
an infinite subset of particles at rest capable of performing, at any time, the temporal 
inversion of ST. Hence, such a subset always has a bifurcation with at least two 
courses of evolution: one is to continue with the evolution described for ST and the 
other is to perform the temporal inversion of ST. It is clear that, in the system per-
forming ST, every instant is an evolution node. 

Having established this terminology, the problem of the forms in which inde-
terminism is related to the failure of energy conservation in Newtonian supertasks can 
be precisely stated. Note, for example, that the non-conservative critical instant of ST 
is also an evolution node, i.e. in that instant there is a failure of energy conservation at 
the same time the system is set for an indeterministic evolution. This is in fact the 
situation for all the non-conservative supertasks precisely described to date in the lit-
erature. But is it possible for a non-conservative critical instant of some supertask not 
to be an evolution node? In precise terms, the question may be stated as follows: 
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(A)  Are there Newtonian supertasks with non-conservative critical instants 

that are not evolution nodes? 

Although our main concern is to answer (A), this article addresses a more specific 
problem of particular relevance to (A). We perform an analysis that focuses on an ex-
ample of a supertask of order type ω that culminates in a non-conservative critical in-
stant, which, unlike the critical instant of ST, is not manifestly an evolution node. The 
example is just a variation of ST. In the first section this example, which we call 
STMNC, is presented in detail. The article subsequently focuses on a question of par-
ticular relevance to (A): 

(B) Which instants of a system that performs a Newtonian supertask are evo-
lution nodes? 

Question (B), always in reference to STMNC and similar examples (specifically, those 
that initially have an infinite subset of particles at relative rest, and whose total mass is 
finite), is addressed in two parts. To begin with, in the second section we analyse the 
instants prior to their critical instant for the supertasks with order type ω. We show 
that, for STMNC and other processes presented in the literature as not manifestly in-
deterministic (specifically, the ones presented in Pérez Laraudogoitia (2007, pp. 726-
8)), the instants prior to its critical instant are actually evolution nodes, and therefore 
those processes are indeterministic. In the third section, for the supertasks with order 
type ω, we analyse the instants subsequent to their critical instant, as well as the critical 
instant itself. Under the general model designed by Atkinson and Johnson (2009), the 
analysis sheds some light on the difficulties to be faced in proving the instants in ques-
tion are evolution nodes. 

2. A non-conservative and not manifestly indeterministic supertask 

Let us consider the same initial state of the system that performs ST with the follow-
ing modifications. For the sake of simplicity, we suppress particle P0 and consider that, 
initially, particle P1 is the only one in motion. Additionally, we assume that each parti-
cle Pn has a mass 
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nγ . This system clearly performs a supertask too, which we will call 

STMNC. P1, which has velocity v1´, will collide with P2, which is at rest; P1 thereby will 
acquire velocity v1´´ which, since the mass of P1 is greater than that of P2, will be 
smaller than velocity v2´ acquired by P2. Some time later, P2, now with velocity v2´, will 
collide with P3, which is at rest; P2 will thereby acquire velocity v2´´, which, since the 
mass of P2 is greater than that of P3, will be smaller than the velocity v3´ acquired by 
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P3. In general, Pn, with velocity vn´, will collide with Pn+1, which is at rest; Pn will 
thereby acquire velocity vn´´, which, since the mass of Pn is greater than that of Pn+1, 
will be smaller than the velocity vn+1´ acquired by Pn+1. To be sure this sequence of col-
lisions occurs, we assume that vn+1´´ < vn+2´´; so the system performs a supertask, since 
P1 with v1´´ will at some instant reach the initial position occupied by the accumulation 
point of the set of particles, which implies that, at that instant, the motion will have al-
ready propagated to all the particles under the infinite sequence of collisions. 

With this, under momentum and energy conservation in the collision of Pn (initially 
moving with vn´) with Pn+1 (initially at rest), we know that the particles will acquire re-
spectively velocities 
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Now, to ensure that the sequence of collisions actually occurs in the way we have 
specified, we need vn+1´´ < vn+2´´, i.e. taking (4) in account, we need (1 – γn+1)(1 + γn+2) 
< 2(1 – γn+2), which is equivalent to 

 (3 – γn+1) γn+2 < 1 + γn+1.  (5) 

For the case of STMNC, it is clear this inequality holds. Substituting the mass ratio, 
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 Now we need to prove that the critical instant of STMNC is a non-conservative 

critical instant; i.e. that the system experiences a loss of energy whenever the supertask 
STMNC is performed. We know the initial kinetic energy is 2
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From (6), it is seen that we can express the loss of energy with the following ine-
quality: 
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Hence, the critical instant of STMNC is a non-conservative critical instant. 
At first sight, the non-conservative critical instant of STMNC seems not to be an 

evolution node, which would suggest an affirmative answer to (A). As the next section 
shows, this is not an obstacle to STMNC being an indeterministic process, i.e. for 
some other instants to be evolution nodes. And as the section also shows, this is espe-
cially relevant for systems presented as deterministic in the literature. 

3. The evolution nodes prior to the critical instant 

Now we show that every instant of STMNC prior to its critical instant is an evolution 
node. To this end, we designed a general model of supertasks in which all their parti-
cles ended at rest. 

We called the model Gγ1, which is a supertask consisting of an infinite sequence 
with order type ω of perfectly elastic collisions between point particles, as in ST and 
STMNC, but, unlike ST and STMNC, with the added assumption that all the particles 
may initially be in motion. We assumed that the mass ratio between adjoining particles 
γn = mn+1/mn ≠ mn+2/mn+1 = γn+1. We also reduced our model to cases where γn < 1 for 
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all n∈{0, 1, 2, 3, 4, …}. At the initial instant t0´ = 0, the first particle P0 is in motion at 
x0´ = 0 at velocity v0´ > 0, whereas each particle Pn+1 (with n∈{0, 1, 2, 3, 4, …}) is lo-
cated at position xn+1, such that xn+1 < xn+2 < xn+3 < …, and has a velocity vn+1, with 
vn+1 > vn+2 > vn+3 > … Some time later, at the instant t1´ > t0´, P0 collides with P1 at 
x0´´ = x1´ = 1/2, where P0 acquires velocity v0´´ = 0 while P1 acquires velocity v1´. Af-
ter that, at the instant t2´ > t1´, P1 collides with P2 at x1´´ = x2´ = 3/4, where P1 ac-
quires velocity v1´´ = 0 while P2 acquires velocity v2´. In general, at the instant tn+1´, Pn 
collides with Pn+1 at xn´´ = xn+1´ = 1 – 1/2n+1, where Pn acquires velocity vn´´ = 0 while 
Pn+1 acquires velocity vn+1´. This sequence of collisions occurs within a finite interval 
of time (demonstrated below), successfully performing a supertask in which, in its fi-
nal state, all the particles are at rest. 

Having presented this general model of supertasks, we specified the velocities of 
the particles required for the evolution described. From linear momentum and energy 
conservation in an elastic collision, we know the following system of equations that 
relates the velocities involved in each of the collisions described in the previous para-
graph (collision in which initially Pn has velocity vn´ and Pn+1 velocity vn+1, to end up re-
spectively with vn´´ = 0 and vn+1´): 
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On the other hand, from (8) we know that 
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Now, so that vn+1 > vn+2 > vn+3 > …, we must add a restriction (that limits our gen-
eral model a little more, but by no means threatens our aim here). From (13) we know 
that every velocity vn+1 moves particle Pn+1 towards the left (as γn < 1, therefore vn+1 < 
0), and to ensure that vn+1 > vn+2, it suffices that vn+2 > vn+1; which implies that 
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which is equivalent, since γn < 1, to the following inequality: 
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This is the restriction we must add to ensure that vn+1 > vn+2 > vn+3 > … in the sys-
tems this general model covers.  

 We then verified that, independently of the position xn+1 every particle Pn+1 
needed to take to move from xn+1 to xn+1´ at velocity vn+1, the sequence of collisions is 
actually performed as specified above in the description of the general model; that is 
to say, that Pn+1 (travelling at vn+1) collides with Pn (travelling at vn´) before colliding 
with Pn+2 (travelling at vn+2). First, since Pn+1 travels from xn+1 at t0´ = 0 to xn+1´ at tn+1´ 
at a constant velocity vn+1, we know that 
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 xn+1 = xn+1´ – tn+1´vn+1.  (15) 

But we previously specified that tn+1´ was the instant in which particle Pn+1 acquires 
velocity vn+1´ after colliding with Pn, which then comes to rest. We also specified that 
this collision occurred at  

 xn+1´ = 1 – 1/2n+1. (16) 
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Thus, each particle Pn will travel the distance from xn´ to xn+1´ at a constant veloc-
ity vn´, during the time interval 
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Now, we want to prove that Pn+1 (which departs from xn+1 at t0´ = 0 at vn+1) collides 
with Pn at xn+1´ and at tn+1´ before colliding with Pn+2 (which departs from xn+2 at t0´ = 
0 at vn+2) at a hypothetical position xh and at a hypothetical instant th. Clearly, this hy-
pothetical instant can be expressed in two ways: 
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Taking the symbols specified, what we wish to prove is simply that 

 tn+1´ < th. (21) 

If we substitute (15) in (20), (21) can be rewritten as: 
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As we are only interested in cases where vn+2 > vn+1, and we know, from (13), that 
these two velocities are negative, (22) can be multiplied by (vn+2 – vn+1) (a factor that 
switches the direction of the inequality), to obtain that 

 (tn+1´ – tn+2´)vn+2 > xn+1´ – xn+2´. (23) 
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From (16) we know that 
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If we substitute (12) in vn+2, this inequality can be rewritten as 
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which is equivalent to 

γn+1 > –1. (24) 

But by definition γn+1 > 0, so (23) always holds. Therefore (22) always holds too; in 
other words, every particle Pn+1 collides with Pn before it can collide with Pn+2. 

To complete our demonstration that the general model designed here corresponds 
to systems that perform a supertask successfully, we must show that the interval of 
time in which the entire sequence of collisions occurs is finite. This interval of time 
can be expressed as the limit of tn+1´ (as written in (17)) when n → ∞: 
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and (25) in turn can be rewritten as 
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It is clear that for condition 

  v0´ < v1´ < … < vn´  (27) 

to hold, it suffices that vn´ < vn+1´ for every n, which, substituting (10), is equivalent 
to 

 γn < 1.  (28) 

As our general model is confined precisely to cases in which (28) holds, all the sys-
tems the model covers satisfy (27). It is clear, then, that the following inequality also 
holds: 
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since from (27) and (28) we know that 1´

´0 <
nv

v , which implies that each term of the 

sum expressed inside the parenthesis on the left side is less than its respective term of 
the sum expressed inside the parenthesis on the right side of the inequality (except the 
first one, which is equal). As we know, the sum of the right side is convergent. Hence 
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this inequality shows that the time (expressed with (26)) the system takes to perform 
the supertask is finite. 

In short, all the supertasks covered by the general model Gγ1 can be described as 
follows. To begin with, they have an infinite number of particles P0, P1, P2, …, Pn, … 
in one-dimensional space (the x-axis). For every n (with n∈{0, 1, 2, 3, …}), there is a 
mass ratio γn = mn+1/mn, which relates the mass mn of particle Pn to the mass mn+1 of 

the adjoining particle Pn+1, such that γn < 1, γn ≠ γn+1 and 
n

n
n γ

γγ −
+

+ < 3
1

1 . Initially, at time 

t0´ = 0, particle P0 is in motion at a constant velocity v0´ > 0 and is located at x0´ = 0, 
whereas each of the other particles Pn+1 moves at a constant velocity vn+1 (expressed in 
(13)) at xn+1 (expressed in (15)), with xn+1 < xn+2 < xn+3 < … and vn+1 > vn+2 > vn+3 > 
… (this inequality considers the negative sign of each velocity, which moves the parti-
cles leftwards, so vn+1 < vn+2 < vn+3 < …). Thus, at time tn+1´ (expressed in 
(17)), particle Pn collides with particle Pn+1 at xn´´ = xn+1´ = 1 – 1/2n+1, where Pn ac-
quires velocity vn´´ = 0 while Pn+1 acquires velocity vn+1´ (expressed in (11)). So, from 
the instant tT´ on (expressed in (25) or in (26))–the critical instant of the supertask–the 
infinite sequence of collisions will have been performed, and each particle Pn will be at 
rest in its final position xn´´ = 1 – 1/2n+1. 

The critical instant tT´ is clearly a non-conservative critical instant. Prior to it, an in-
finite set of particles is in motion, whereas from that instant on every particle is at rest. 
It is equally obvious that the critical instant and its subsequent instants are evolution 
nodes. The process reversed in time is also a possible process, thus the infinite set of 
particles at rest has at least two possible evolutions: to continue at rest or to perform 
the temporal inversion of Gγ1. 

This feature of Gγ1 is of special relevance to STMNC: among the cases Gγ1 cov-
ers, there is one whose set of particles coincides exactly with the set of particles of 
STMNC. This has an important consequence, namely, that as long as the infinite se-
quence of collisions of STMNC has not finished, there will be an infinite subset of 
particles at rest located exactly as an infinite subset of Gγ1 in its critical instant. There-
fore, such a subset of particles has two possible evolutions: either to remain at rest un-
til the performance of STMNC sets the particles in motion, or to perform the corre-
sponding inverse process of Gγ1. In other words, bearing in mind that before 
STMNC finishes its performance, there is an infinite subset of particles at rest that 
corresponds exactly to the final state of rest of an infinite subset of particles of Gγ1, 
and to the initial state of rest of an infinite subset of particles of the process Gγ1 re-
versed in time, the system that performs STMNC is indeterministic as long as the su-
pertask has not yet been finished. Put more concisely, every instant prior to the critical 
instant of STMNC is an evolution node. 

It is easy to verify that the subset of particles of STMNC at rest corresponds to the 
subset of particles at the critical instant of one of the systems that Gγ1 covers. First, 
every particle Pn of STMNC still at rest is located at xn = 1 – 1/2n, a position which 
corresponds to the initial position of the reversed processes of Gγ1 (the fact that the 
trigger particle has an index n = 1 instead of n = 0 is not important). Second, it is clear 
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that for STMNC γn < 1, since 2

2

)2(

)1(

+
+=

n

n
nγ  ∀n. Third and last, the restriction expressed 

with the inequality in (14) must hold; indeed, if we substitute the mass ratios of 
STMNC in (14), we find that the inequality is equivalent to 0 < 1, which is an inequal-
ity that holds independently of the value of n. Definitively, every instant prior to the 
critical instant of STMNC is an evolution node. 

Indeterminism generated by Gγ1 also has consequences for systems that have been 
presented in literature as not manifestly indeterministic. Specifically, in Pérez Larau-
dogoitia (2007, pp. 726-8) a general model of supertasks is presented with the same 
initial conditions as ST, the only modification being that the mass ratios between ad-
joining particles are different from each other. In precise terms, the mass ratios this 
general model covers is given by the following expression:  

 
n

n

n
γα

γα
γ

-12

1-2
1 +

+
=+

 (29) 

with α < 1. The evolution of all the supertasks included is, indeed, very similar to that 
of STMNC. Initially, one particle approaches an infinite set of particles at rest. Under 
the sequence of collisions, each particle, one by one, acquires motion. Once the super-
task is performed, each particle Pn has a velocity vn´´ < vn+1´´. The major difference be-
tween these processes and STMNC is that their critical instant is not a non-
conservative critical instant; the energy is the same before, during, and after the per-
formance of the supertask. 

The indeterminism in the supertasks covered by Pérez Laraudogoitia’s general 
model may be shown in the same way as it is in STMNC. Just as an infinite subset of 
particles of STMNC can spontaneously perform the temporal inversion of its corre-
spondent process of Gγ1 before STMNC is finished, the subset of particles still at rest 
in the supertasks of Pérez Laraudogoitia’s general model (before they finish) can per-
form the temporal inversion of their corresponding processes of Gγ1.  

Verifying that the systems included in Pérez Laraudogoitia’s general model are 
among the systems covered by Gγ1 is a simple task. First, it is obvious that each parti-
cle Pn of this general model can be initially located at xn = 1 – 1/2n, the position that 
corresponds to the initial position in the reversed processes of Gγ1. Second, (29) cor-
responds to the function x

xxf −+
+−= 12

12)( α
α , which has two fixed points: x = 1, which is 

an attractor when α > 1 and a repellor when α < 1, and x = 2α – 1, which is a repellor 
when α > 1 and an attractor when α < 1. As the general model explicitly includes only 
the cases in which α < 1 and with finite mass, taking some γn > 1 would imply, by the 
repulsion of x = 1, the total mass to be infinite; then, necessarily γn < 1. Third and last, 
the restriction expressed with the inequality in (14) must hold; indeed, if we substitute 
the mass ratios (29) in (14), we find that the inequality is equivalent to γn < 1, which, as 
we have just seen, holds. With this, all supertasks included in Pérez Laraudogoitia’s 
general model are clearly indeterministic processes and, specifically, every instant prior 
to their critical instant is an evolution node. 

It is interesting to note that the results obtained in this section under the general 
model Gγ1 could not have been obtained under the general model presented in Pérez 
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Laraudogoitia (2007, pp. 725-6)1 nor under the general model presented in Atkinson 
& Johnson (2009, pp. 946-50). All three generate indeterminism in infinite systems of 
particles under the final state of relative rest to which these particles come. Neverthe-
less, the last two, the only ones available until now in the literature, impose an initial 
state in which all the particles except one are at rest. This forces these general models 
to cover systems in which mass ratios of adjoining particles cannot correspond to 
those of STMNC or of those analysed in Pérez Laraudogoitia’s model.  

4. Are the critical instant and its subsequent instants evolution nodes? 

We analysed the possibility of the critical instant of STMNC (and of similar systems) 
and its later instants being evolution nodes. The general model Gγ1 designed in the 
previous section does not work for this purpose, because at the instants we want to 
analyse we do not have an infinite set of particles at rest (not at least under the most 
evident evolution). The general model recently presented in Atkinson & Johnson 
(2009, pp. 942-6, not the same as the one mentioned in the previous section) can help 
us to approach our aim. Even so, we confined our analysis to a specific range of sys-
tems included in the general model designed by Atkinson and Johnson, largely be-
cause it ranges so widely that little can be said of what interests us here (which is not 
to say that such breadth of scope is without interest).  

The idea on which this model is based, and which suggests that the critical instant 
of STMNC (and similar supertasks) and its later instants are evolution nodes, is the 
following. Take STMNC by way of example. The supertask starts with a first particle 
in motion and the other particles at rest. Could the final state of STMNC also be the 
result of the performance of a supertask starting from some other initial state? The 
answer, as we will see below, is affirmative (at least for the range of cases we cover, 
including STMNC). In other words, the temporal inversion of STMNC (and similar 
supertasks) is seen to be an indeterministic process because, starting from the critical 
instant, it has at least two possible courses of evolutions: the performance of the tem-
poral inversion of STMNC or the performance of the temporal inversion of the su-
pertask with a different initial state.  

For a more intuitive understanding of this possible kind of indeterminism, it is a 
good idea to go back to ST and Gγ1. To begin with, note that ST is not only indeter-
ministic due to the infinite subset of particles at relative rest capable of spontaneously 
performing the reversed process of ST. It is also indeterministic because, in this re-
versed process of ST, velocity v can take any value. So, in addition to the two possibili-
ties already mentioned (performing the temporal inversion of ST or remaining at rest), 
there is in fact an infinite number of possible evolutions: the spontaneous perform-
ance of the temporal inversion of ST can occur with any value for velocity v. The 
same kind of indeterminism is also found, in precise terms, in the processes that Gγ1 

                                                      
1 Note that, though they belong to the same paper, this general model is not the same as the one analysed 

in previous paragraphs. The one mentioned here covers a range of supertasks in which the particles 
end up with velocities vn´´ = vn+1´´ whereas the one analysed in previous paragraphs covers a range in 
which particles end up with velocities vn´´ < vn+1´´.  
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covers. Here the possible reversed processes may be identified with the value of v0´ 
(on which the other velocities depend). As (16) makes clear, the positions of particles 
at rest before the spontaneous performance of the reversed processes do not depend 
on v0´. Therefore, v0´ can take any value (given the location of the particles, the direc-
tion of this velocity will always be the same). 

Although Atkinson and Johnson’s general model enables us to prove (as we show 
below) the existence of indeterministic evolutions of some systems that perform the 
reversed processes of the supertasks with order type ω whose initial state consists of 
one particle in motion while the other particles are at rest (STMNC included), we have 
not yet proved, strictly speaking, the existence of indeterministic evolutions of the di-
rect processes of the same supertasks (not, at least, from their critical instant on). The 
only thing that has been proved (which is, of course, of great value) is the existence of 
infinite solutions for the velocities that particles can take by means of the infinite se-
quence of perfectly elastic collisions; that there is an infinite set of initial velocities that 
would lead the particles to the same unique set of final velocities, if the sequence of 
collisions were achieved. But this does not imply that the sequence of elastic collisions 
required is feasible or consistent. Indeed, Atkinson and Johnson (2009, p. 956) ac-
knowledge that their general model does not specify the positions particles can take. 
And as we shall also see, positions play an important role in the difficulties encoun-
tered in proving indeterminism in these systems. Not all positions are valid, and it may 
be that none is. 

In short, under this possible form of indeterminism we cannot be sure that the 
critical instant of supertask STMNC (the process not reversed in time) is an evolution 
node. Even so, Atkinson and Johnson’s idea certainly helps to clarify the issue. Spe-
cifically, we are looking to answer the following question: 

(C) Does the state of the system STMNC (and similar supertasks with order 
type ω) in its critical instant correspond exactly to the state of some other su-
pertask of order type ω* in its critical instant, in such a way that the critical in-
stant of STMNC (of the process not reversed in time) is an evolution node? 

Clearly, an affirmative answer would tip the answer to (A) to the negative. Here, 
for the cases we cover, we specify the difficulties involved in giving an affirmative an-
swer. 

Our analysis only covers the cases included in the following general model, which 
we call Gγ2. In this model, the mass ratio of each pair of adjoining particles is such 
that γn = mn+1/mn ≠ mn+2/mn+1 = γn+1. Additionally, to verify that the chain of collisions 
is strictly sequential, we limited our model to the cases in which every γn < 1 and the 
final velocities were v0´´ < v1´´ < v2´´ < … < vn´´ < … 

Our reference case consists of a supertask in which, initially, P0 is in motion at ve-
locity v0´ = Ω > 0 approaching P1 which is at rest, as are all the other particles, located 
such that, taken together, they possess an accumulation point. Generally, we know, by 
linear momentum and energy conservation in an elastic collision between particles Pn 
and Pn+1, that velocities resulting from the collision can be expressed in terms of the 
velocities before the collisions and the mass ratio, as follows: 
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As, for the reference case, vn+1 = 0 ∀n and v0´ = Ω, then, from (30), 
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From (33) we find that the condition imposed (namely, that vn´´ < vn+1´´), is equivalent 
to 
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which is the same as restriction (14) obtained for Gγ1. So, the general model Gγ2 also 
only covers cases where this relation between mass ratios holds. 

This is so far the entire model for the reference case. Now, what we need are the 
other initial conditions that lead the system to the same final state, for the critical in-
stant of the temporal inversion of this supertask to be an evolution node. So, from 
(31) 
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Now, to obtain a general expression of vn+3 from (37) is a simple step. If we separate 
the addend which is multiplied by vn+2 in this expression of vn+3, it is clear that the rest 
of the expression is a function of v1, v2, …, and vn+1, as is the general expression of vn+2 
(37). Indeed, now it is also easy to see that it may be rewritten exclusively in terms of 
vn+2, since it contains exactly the terms of vn+2, so that vn+3 may be written, now with 
the addend rewritten exclusively in terms of vn+2 plus the addend originally separated, 
as follows: 
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Therefore, with (36) and (39), we can already express the initial velocity for every 
particle Pn+1 in terms of the initial velocity of particle P0 in the reference case, Ω, and 
of the velocity of the same particle in each of the remaining cases, v0´: 
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From (40) v0´ ≥ Ω is obviously convenient if the system is to perform a supertask suc-
cessfully. Since every mass ratio γn < 1, the other factors expressed in (40) –all those 
different from (Ω – v0´)– are greater than zero. Then, if v0´ > Ω, the sign of vn+1 is mi-
nus. Considering this, it also helps if vn+1 > vn+2 > vn+3 > …, but since every velocity 
has a minus sign, it suffices to know that vn+1 < vn+2 < vn+3 < …, which will 
hold when vn+1/vn+2 < 1 ∀n. But, from (40), we know that this inequality is equiva-

lent to 
1

1

3
1

1 +

+
−
+

+ <
n

n
n γ

γγ , which is the same as (34), so it holds for the entire range of sys-

tems this general model covers. Thus, we may be sure it is possible for every pair of 
adjoining particles to reach each other at some instant in such a way that the infinite 
set of particles performs a consistent and strictly sequential supertask. 

To see that this is feasible, it is not necessary to specify the positions in which par-
ticles must locate initially. It is sufficient to show that there are initial conditions (posi-
tions included) consistent with the sequence of collisions we have specified. The initial 
conditions that show this are precisely the ones that are most interesting here: the 
temporal inversion of the final states that correspond to some time after the comple-
tion of the reversed supertasks. Let us look, then, to the reversed processes. Clearly, if 
the initial positions of particles (for the direct process) have an accumulation point, 
then the reference case v0´ = Ω leads consistently to the sequence of collisions the 
model specifies; its temporal inversion is also, then, a process consistent with the re-
versed sequence of collisions. Now, if we assume the state of the critical instant of the 
reference case reversed in time as an initial condition of the temporal inversion of the 
remaining cases (supertasks, now with order type ω*, and with any value v0´ ≥ Ω), and 
assume likewise that the particles spontaneously begin to collide with the reversed pat-
tern specified for Gγ2, then Pn+1 must acquire velocity –vn+1 (that is, the inverse of the 
one expressed in (40), which turns out to be positive) before Pn acquires velocity –vn 
(which also turns out to be positive). Since –vn < –vn+1 and Pn acquires –vn at some x-
position which is less than the x-position at which Pn+1 acquires –vn+1, then Pn cannot 
reach Pn+1 again. This is so, of course, without loss of generality: during the reversed 
process, once a particle acquires its final velocity (the reversed initial velocity (40)), it 
will not collide with any other particle. Thus, the free path particles have during the 
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reversed process for any v0´ ≥ Ω is exactly the same free path they have during the di-
rect process. Therefore, although we do not know accurately which initial positions 
particles in Gγ2 should take, we are sure that there are some sets of positions consis-
tent with the strict sequence of collisions specified. 

To sum up, all supertasks covered by general model Gγ2 may be described as fol-
lows. Take an infinite number of particles P0, P1, P2, …, Pn, … in one-dimensional 
space (the x-axis) in that order: the position of each Pn is always an x-position less 
than the x-position at which each Pn+1 is located (except when they collide, when they 
have the same position). Initially particle P0 moves at velocity v0´ ≥ Ω (any real value 
greater than zero) whereas each of the other particles is moving at velocity vn+1 as ex-
pressed in (40). So P1 will collide only once with P2, some time later P2 will collide only 
once with P3, and, in general and sequentially, Pn will collide only once with Pn+1. 
When the supertask is performed successfully, each particle will have a velocity vn´´ as 
expressed in (33). Now, velocities as expressed in (33) are exclusively functions of Ω. 
Thus, for each Ω taken, there is an infinite number of possibilities (any v0´ ≥ Ω) in 
which the particles have the precise velocities and positions in order to perform some 
different sequential supertask with the same final state.  

Once we have this general model, we may return to the supertask STMNC. 
Clearly, considering what we have just obtained, the temporal inversion of STMNC is 
an indeterministic process. In precise terms, the critical instant of the temporal inver-
sion of STMNC is an evolution node. Nevertheless, we cannot assure the same for the 
direct process. We are not yet in a position to give an affirmative answer to (C). 

In any case, under the indeterminism generated by Gγ2, there are clearly obstacles 
to the critical instant of STMNC (for the direct process) and its subsequent instants 
being evolution nodes. In the states after the performance of STMNC (and similar su-
pertasks) particles have velocities v1´´ < v2´´ < v3´´ < … < vn´´ < …; if the temporal 
inversion of some other supertask with order type ω has such velocities in its initial 
state, then, from (33), the final velocities of its direct process must be 
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Therefore, in such a supertask  

 v1´´ > v2´´ > v3´´ > … > vn´´ > …  (42) 

From the procedure followed to obtain (40), the initial velocities required for the 
particles to acquire such a final state, by a strict sequence of binary collisions, are 
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If we assume that the sequence of collisions occurs in such a way that each particle Pn 
continues at its final velocity vn´´ until the end of the supertask, then, from (43), we 
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can use the same argument given for Gγ2 to show the existence of initial conditions 
(positions included) that lead to the successful performance of the supertask. Never-
theless, the problem with a supertask with such features is that considering the parti-
cles continue at velocity vn´´ until the end of the supertask is an unwarranted assump-
tion.  

Let us see why. From (41) and (42) it is clear that, as vn+1 is greater in magnitude 
than vn, particle Pn+1 might collide with Pn before the rest of the particles could reach 
the stipulated final velocities; in other words, the stipulated final state of velocities the 
particles sequentially acquire could suddenly be lost before this final state is defini-
tively achieved, through some collision between particles that have already obtained 
their stipulated final velocity. Of course, this situation could be solved by adding a cer-
tain distance between the particles. The problem with this suggestion is that adding 
distance between particles should set the system capable of performing the supertask 
successfully; but this is not however certain to do so. Thus, a difficulty needs to be 
solved: the positions of particles must be such that the system keeps the final veloci-
ties sequentially acquired (expressed in (41)) until the supertask is completely per-
formed, with the certainty that this supertask can in fact be completed. 

There is one more difficulty. Suppose that the difficulty expressed in the previous 
paragraph is solved, and that we know specifically a valid range of initial positions 
with their corresponding final velocities for such a supertask. Does some set of these 
valid final positions for such a supertask correspond exactly to some set of valid final 
positions for supertasks of the same kind of STMNC (the ones that initially have an 
infinite subset of particles at relative rest and whose total mass is finite)? Clearly, we 
need an affirmative answer to show the indeterminism Gγ2 suggests is present in su-
pertasks of the same kind of STMNC. Nevertheless, it may well be that the correct 
answer is a negative. 

Definitively, we cannot be sure that under the mechanism of indeterminism speci-
fied by Atkinson and Johnson the system that performs STMNC is indeterministic 
once the supertask is finished, that some instants from its critical instant on are evolu-
tion nodes. This very interesting issue remains to be settled. 

5. Conclusion 

Although not an exhaustive answer to (B), the answer we give is relevant. We saw that 
for the supertask STMNC (and for supertasks of the same kind analysed herein) every 
instant prior to its critical instant is an evolution node. This is not only important to 
(A), but also to some supertasks presented in the literature as presumably determinis-
tic, since it revealed that these supertasks are in fact indeterministic. On the other 
hand, the incomplete part of our answer is for the critical instant and instants coming 
after it. We remain unsure about whether they are, or are not, evolution nodes. Never-
theless, the difficulties that have to be solved to show they are evolution nodes, for a 
range of cases, have been specified, at least under the indeterminism generated by the 
general model Gγ2. To solve these difficulties would tip the answer to (A) to the nega-
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tive, and would make Atkinson and Johnson’s suggestion, namely, that indeterminism 
in supertasks is very radical, a fact. 
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