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Abstract. We prove a number of homeomorphism results for nonlinear Fred-
holm maps of index zero and their perturbations. Moreover, we show that k-ball
and k-set perturbations of these homeomorphisms are again homeomorphisms or
that the corresponding equations are finitely solvable. Various generalized first
Fredholm theorems are given and finite solvability of general ( odd ) Fredholm
maps is also studied. We apply these results to finite solvability of quasilinear
elliptic equations on R as well as on bounded domains. The basic tool used are
the recent degree theories for nonlinear C*-Fredholm maps of index zero and
their perturbations.

1. Intoduction

In the early nineties, a rather complete degree theory for nonlinear C2-Fredholm
maps of index zero has been developed by Fitzpatrick-Pejsachowisz-Rabier [6].
Subsequently, their degree has been extended to C' Fredholm maps of index
zero and to their (non) compact perturbations by Pejsachowicz, Rabier, Salter,
Benevieri, Calamai and Furi ([12], [15], [2] and [1]). They have also given ap-
plications to global bifurcation problems for equations envolving these maps
and to quasilinear elliptic equations. Part of this paper is devoted to proving
various homeomorphism and finite solvability results for these maps using these
degrees and applying them to quasilinear elliptic equations. New types of gen-
eralized first Fredholm theorems are proven. We also study the stability of these
homeomorphisms under k-ball and k-set perturbations.

Let us describe our main results in more detail. Throughout the paper, we
assume that X and Y are infinite dimensional Banach spaces. In Section 2, we
establish a number of homeomorphism results for nonlinear Fredholm maps of
index zero T : X — Y and their perturbations. Using the recent open mapping
theorem for such maps of Calamai [4] and Rabier-Salter [15], we establish first
a number of homeomorphism results for 7' and its suitable perturbations C'
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assuming that T 4 C is locally injective, satisfies condition (+) (i.e., {z,} is
bounded whenever {(T" + C)x,} converges), and a(C) < p(T'), where ([6]),
using the set measure of noncompactness «,

a(T) = sup{a(T'(A4))/a(A) | A C X bounded, a(A) > 0}
B(T) = inf{a(T(A))/a(A) | A C X bounded, a(A) > 0}.

a(T) and B(T) are related to the properties of compactness and properness
of the map T, respectively. In particular, we prove such results when T 4+ C
is asymptotically close to a map that is positively homogeneous outside some
ball. In the latter case, these results can be considered as generalizations of the
first Fredholm theorem for linear compact perturbations of the identity. Next,
we also show that these homeomorphism results are stable under k-ball or k-
set contractive perturbations. They are based on a new invariance of domain
theorem for such maps. An alternative result for equations involving k set or
ball contractive perturbations of homeomorphisms is also given.

Section 3 is devoted to studying equations of the form Tx + Cz + Dx = f
with T Fredholm of index zero, a(D) < B(T) — a(C) and T + C' a homeomor-
phism. We show that they are either uniquely solvable or are finitely solvable
for almost all right hand sides and that the cardinality of the solution set is con-
stant on certain connected components in Y. Several generalized first Fredholm
theorems are proved when T+C is asymptotically close to a map that is posi-
tively homogeneous outside some ball as well as some Borsuk type results and
a general finite solvability result are given. These results are proved using the
recent degree theories of nonlinear perturbations for Fredholm maps of index
zero as defined by Fitzpatrick, Pejsachowicz-Rabier ([6],[11]), Benevieri-Furi [2],
Rabier-Salter [15] and Benevieri-Calamai-Furi [1].

In Section 4, we apply some of our results to the unique and finite solvability
of quasilinear elliptic equations on R of the form

N
— Z aap(x,u, Vu)(?iﬁu + b(z, u, Vu) + c(z,u, Vu, D*u) = f(z)
a,f=1

in W2P(RN) and f € L,(R™). The Fredholm and properness properties of
these equations have been established by Rabier-Stuart [16]. We refer to [17]
for bifurcation problems for these equations. Combining a result of Rabier
[13,14] with our results, we also obtain a Fredholm like result for these equations
involving asymptotic limits of ang(z, ) and b(x, §).

Finaly, in Section 5, some of our results are applied to the finite solvability of
quasilinear elliptic equations on a bounded domain. The Fredholm part is a C'*
map of type (S4) that is asymptotically close to a k-homogeneous map and the
perturbation is a kj-set contraction.
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2. Homeomorphism results for perturbed Fredholm maps of index
zero

In this section we shall first prove various homeomorphism results for pertur-
bations of nonlinear Fredholm maps of index zero. Then we shall look at their
stability under k-¢-contractive perturbations.

We begin by recalling some definitions. We say that a map T : X — Y
satisfies condition (+) if whenever Tz, — f in Y then {x,} is bounded in X.
T is locally injective at xg € X if there is a neighborhood U (z) of g such that
T is injective on U(xzg). T is locally injective on X if it is locally injective at
each point g € X. A continuous map 7 : X — Y is said to be locally invertible
at xp € X if there are a neighborhood U(z¢) and a neighborhood U(T'(x¢)) of
T'(x0) such that T is a homeomorphism of U(zg) onto U(T(xo)). It is locally
invertible on X if it is locally invertible at each point zy € X.

Theorem 2.1. Let T : X — Y be a continuous, locally injective and open map
that is closed (in particular, proper) on bounded and closed subsets of X. Then
T is a homeomorphism if and only if T satisfies condition (+).

Proof. Let T be a homeomorphism and Tx,, — f. Then z,, = T~ }(Tx,) —
T~'f and therefore T satisfies condition (+). Conversely, let T satisfy condi-
tion(+). Let T be closed on bounded closed subsets of X. We shall show that T
is closed on X. Let D C X be closed and z,, € D such that Tx,, — y in Y. Then
{x,} is bounded by condition (+) and {x,,} C DNB(0,r) for some r > 0. Since
T(D N B(0,r)) is closed, it follows that y € T(D N B(0,r)) C T(D). Hence,
T(D) is closed and T is a homeomorphism by Browder’s theorem [3].

Next, let T be proper on bounded closed subsets of X. It is closed on such
subsets and T is a homeomorphism by the first part. Let us prove this also
independently by proving that T is proper on X. Namely, we shall prove that
a proper on bounded closed subset map that satisfies condition (+) is proper.
This fact will be used througout the paper. Let K be a compact subset of Y.
Then, T~!(K) is a bounded set in X. Indeed, if we had {z,} C T7'(K) with
|zn|| — oo, then T'x,, = y,, for some y,, € K. We may assume that y, — y € K
and so Tz, — y € K with {z,,} unbounded, in contradiction to condition (+).
Hence, T71(K) is bounded. Since T is continuous, 7~ !(K) is closed. Thus,
T~Y(K) is bounded and closed and therefore compact since T is proper when
restricted to bounded and closed subsets of X. Hence, T is proper and therefore
a homeomorphism by the global inversion theorem. [

To look at ¢-condensing maps, we recall that the set measure of noncompactness
of a bounded set D C X is defined as a(D) = inf{d > 0 | D has a finite covering



by sets of diameter less than d }. The ball-measure of noncompaciness of D is
defined as x(D) = inf{r > 0|D C U, B(z;,7), x; € X, n € N}. Let ¢ denote
either the set or the ball-measure of noncompactness. Then a map T : D C
X — Y is said to be k — ¢-contractive (¢-condensing) if ¢(T(Q)) < ko(Q)
(respectively ¢(T(Q)) < ¢(Q)) whenever @ C D (with ¢(Q) # 0). We note
that T is completely continuous if and only if it is a-0-contractive. Moreover, if
T is Lipschitz continuous with constant k, then it is a-k-contractive.

Corollary 2.1. Let F : X — X be continuous, locally ¢-condensing and I — F
be locally injective. Then I — F is a homeomorphism if and only if it satisfies
condition (+).

Proof. Let T = I — F. It was shown by Nussbaum [11] that T is proper on
bounded and closed subsets of X and that it is an open map (cf. also [5]).
Hence, the conclusions follow from Theorem 2.1. [ |

Theorem 2.1 applies also to maps T : X — X* of type (S4), i.e., if 2, = x and
lim sup(Tzy, 2, — ) < 0 then z,, — x.

Corollary 2.2. Let X be reflexive and T : X — X* be continuous, bounded, of
type (S4) and be locally injective. Then T is a homeomorphism if and only if it
satisfies condition (+).

Proof. T is an open map ( see [18] ). We claim that it is proper on the bounded
closed subsets of X. Let D C X be closed and bounded and K C X* be compact.
Let z,, € T_l(K) N D. Then Tz, =y, € K and we may assume that x,, — x
and y, — y € K. Then limsup(Tx,,z, — ) = 0 and therefore z,, — x € D.
Hence, Tz, — Tx =y € K and z € T~1(K), which proves the claim. Thus,
Theorem 2.1 applies. |

Next, we shall extend Corollary 2.1 to condensing perturbations of Fredholm
maps of index zero. Let X,Y be infinite dimensional Banach spaces, U be an
open subset of X and T': U — Y be as above. We recall the following properties
(‘see [7]) of a(T) and B(T") defined in the introduction. First, we note that a(T)
is related to the property of compactness of the map T and the number 3(T) is
related to the properness of T.

(1) a(AT) = |MNa(T) and B(AT) = |A\|B(T) for each A € R.

(2) a(T+C) < oT) 4 (C).

(3) BT)B(C) < A(ToC) < a(T)H(C) (when defined)

(4) If B(T) > 0, then T is proper on bounded closed sets.

(5)B(T) — a(C) < BT+ C) < B(T) + a(C).

(6) If T is a homeomorphism and 3(T) > 0, then a(T~1)3(T) = 1.

If T: X — Y is a homeomorphism, then (3) implies 1 = 3(I) = 3(T~'oT) <

~ — — ~—



a(T~HB(T). Hence, B3(T) > 0.

If L: X —Y is a bounded linear operator, then 3(L) > 0 if and only if Im L is
closed and dim KerL < oo and a(L) < ||L||. Moreover, one can prove that L is
Fredholm if and only if 8(L) > 0 and S(L*) > 0, where L* is the adjoint of L.

Let T : U — Y be, as before, a map from an open subset U of a Banach space
X into a Banach space Y, and let p € U be fixed. Let B,(p) be the open ball in
X centered at p with radius r. Suppose that B,.(p) C U and set

(T, p)) = sup{aT(A)/a(A) | A C B.(p) bounded, a(A4) > 0}.

This is non-decreasing as a function of r, and clearly a(T|g, )) < a(T). Hence,
the following definition makes sense:

0y (T) = lim (T 5, ).

Similarly, we define G,(T). We have a,(T) < o(T) and 3,(T) > B(T) for any
p. If T is of class C?, then o, (T) = a(T"(p)) and B,(T) = B(T"(p)) for any p
([4]). Note that for a Fredholm map T': X — Y, 3,(T) > 0 for all p € X.

Next, we shall apply Theorem 2.1 to certain perturbations of nonlinear Fredholm
maps of index zero.

Theorem 2.2. LetT : X — Y be a Fredholm map of index zero and C : X —'Y
be a continous map with a,(C) < Bp(T)(= B(T"(p)) for each p € X. Suppose
that T+ C' is locally injective and closed ( in particular, proper) on bounded and
closed subsets of X. Then T + C' is a homeomorphism if and only if it satisfies
condition (+).

Proof. We have that T4+ C' is an open map by the invariance of domain theorem
of Calamai [4] ( see Rabier-Salter [15] when C is compact). Hence, T+ C is
a local homeomorphism. Since T + C' is closed ( proper ) on closed bounded
subsets of X, the conclusions follow from Theorem 2.1. [ |

Corollary 2.3. LetT : X — Y be a Fredholm map of index zero andC : X —Y
be a continous map with a(C) < B(T). Suppose that T + C' is locally injective.
Then T + C is a homeomorphism if and only if it satisfies condition (+).

Proof. Let p € X be fixed. Then «,(C) < a(C) < B(T) < Bo(T)(= B(T"(p)).
Since B(T + C) > B(T) — a(C) > 0, then T + C is proper on closed bounded
subsets of X. Hence, the conclusions follow from Theorem 2.2. [ |

Next, the following simple lemma gives some conditions on 7" and C that imply
condition (+) for T+ C in Theorem 2.2. Recall that C' : X — Y is quasibounded
if, for some k£ > 0 the quasinorm

|C| = limsup [|Cx||/|z||* < oc.

|zl =00



Lemma 2.1. Suppose that T,C : X — Y and either one of the following
conditions holds

(1) |Cz|| < a||Tz| +b for some constants a € [0,1) and b > 0 and oll ||z|| large
and ||Tz|| — oo as ||z|| — oo.

(i1) There exist constants ¢, co,k > 0 and R > Ry such that

| Tx|| > cl|z|* — co for all ||z|| > R.
and C is quasibounded with the quasinorm |C| < c.
Then T 4 tC satisfies condition (+), t € [0,1].

Proof. It suffices to observe that, in either case, ||Tz+tCx| — oo as ||z|| — o0
uniformly in t.

Corollary 2.3 and Lemma 2.1 imply the following result.

Corollary 2.4. LetT : X — Y be a Fredholm map of index zero andC : X —Y
be a continous map with a(C) < B(T). Suppose that T + C' is locally injective
and either one of the conditions (i)-(ii) of Lemma 2.1 holds. Then T + C is a
homeomorphism.

A map T is positive k-homogeneous outside some ball if T'(Az) = A\*T'(z) for
some k > 1, all ||z|| > R and all A > 1. We say that T is asymptotically close
to a positive k-homogeneous map A if

|T — A| = limsup ||Tx — Az|/||z||* < .

|zl =00

We note that T is asymptotically close to a positively k-homogeneous map A if
there is a functional ¢ : X — [0, a] such that

lim sup HT(t:v)/tk — Az|| = c(t)||:1c|\k,
t—o00

In this case, |T — A| < a.

Next, we shall prove a nonlinear extension of the Fredholm alternative for
linear compact vector fields involving asymptotically homogeneous maps. To
that end, we need the following result.

Theorem 2.3. LetT : X — Y be a locally injective, continuous and open
map that is closed ( in particular, proper ) on bounded and closed subsets of
X. Assume that T is asymptotically close to a continuous, closed (proper, in
particular) on bounded and closed subsets of X positive k-homogeneous map A
outside some ball in X, i.e., there are k > 1 and Ry > 0 such that

A(\z) = N\ Az



for all||z|| > Ro and either for all X > 0, or for all A > 1 and (A)~1(0) bounded.

Then T is a homeomorphism.

For the proof of the theorem, we need the following lemma, which gives other
conditions that imply condition (+).

Lemma 2.2. a) Let A: X — Y be continuous, closed (in particular, proper)
on bounded and closed subsets of X and for some Ry > 0

A(\x) = N (Az) (2.1)

for all ||z|| > Ro, A > 1 and some k > 1. Suppose that either one of the
following conditions holds

(i) There is a constant M > 0 such that if Ax =0, then ||z|| < M

(ii) A is injective

(1ii) A is locally injective and (2.1) holds for all X > 0.

Then there exist constants ¢ > 0 and R > Ry such that

1Az]| > ¢ljz|* for all ||z]| > R (2.2)

and, in addition, A~ is bounded when (ii) holds. Moreover, if A is positively
k-homogeneous, then Ax = 0 has only the trivial solution if and only if (2.2)
holds.

b) If T : X — Y is asymptotically close to A with |T — A| sufficiently small,
then T also satisfies (2.2) with c replaced by ¢ — |T — A.

Proof. a) We may assume that Ry > M. Let (i) hold and R > Ry be fixed. We
shall show that condition (2.2) holds for some ¢ > 0. If not, then there would
exist a sequence {z,} in X such that ||z,| > R and

| Az, || < 1/n|jz,||" for all n > 1.
Set v, = Rxy,/||zyn||. Then ||v,| = R, 2, = R |2 vn, and
Azy = AR Jn]l va) = R™¥[|lzn|* Avy
since R™1||x,,|| > 1. Hence,
[Aznll = R™*[lnl|*[| Aval| < 1/n]zq]|".

Thus
| Av, || < R*/n — 0 asn — oc.

If A is proper on bounded closed subsets, it maps each bounded closed subset of
X on a closed subset. Hence, A(OB(0, R)) is closed in either case and contains



0, and therefore there is a v € dB(0, R) such that Av = 0. This contradicts our
choice of R since Ry > M. Thus, inequality (2.2) holds.

Next, we shall show that (ii) implies that A~! is bounded, and therefore (i)
holds. Select R > Ry such that ||z|| < R if Az = 0. If A~! is not bounded, then
there would exist {x,} such that {Ax,} is bounded and |z, | — oco. We may
assume that ||z,| > R for all n. As above, setting v, = Rz, /||zn]|, we get that

Av, = R¥ Az, /||x,| — 0 as n — oo.
As above, we get a contradiction, and therefore A=! is bounded.

Finally, we shall show that (iii) implies (i) with M=0. Clearly, (2.1) implies that
it holds for all x and all A > 0. Hence, T is positively homogeneous. If Ax =0
with = # 0, set v = r/||z||z with 7 > 0 such that A is injective on B(0,7). Then
Av = 0 in contradiction to our choice of r. Hence, = 0 and (i) holds with
M = 0. Finally, if (2.1) holds for each x and all A > 0, then it is clear that (2.2)
implies that Az = 0 has only the triavial solution.

b) Let € > 0 be such that e + |T'— A| < ¢ for ¢ > 0 in part a). Then there is an
R > Ry such that | Tx — Az|| < (e + |T — A])||z||* for all ||x|| > R. This implies
that T satisfies condition (2.2) with ¢; = ¢ — |T — A]. |

Proof of Theorem 2.3. By Lemma 2.2, T satisfies condition (+). Hence, the
conclusion follows by Theorem 2.1. |

When X is reflexive, the k-homogeneity in Lemma 2.2 can be relaxed. Recall
that ([10]) amap T : X — Y is called k-quasihomogeneous relative to Ty, k > 0,
if there is a positive k-homogeneous map 7y such that if z,, = =, 0 < ¢, — 0 and
tET (2, /t,) — vy, then Tyz = y. It is strongly k-quasihomogeneous if x, — =
and 0 < t,, — 0 imply that t*T(x,,/t,) — Tox. In the latter case, [T — Tp| = 0
and Ty is completely continuous if X is reflexive.

Lemma 2.3 Let X be a reflexive Banach space, T : X — Y be asymptotically
close to a k-quasihomogeneous map F at 0 relative to Fy. Let |Fz| > I|jz|*
for somel > 0 and A : X — Y be asymptotically close to a strongly k-
quasihomogeneous map G relative to Go. Assume that |T — F| and |A — G|
are sufficiently small and x = 0 if Fox + Gox = 0. Then there are ¢ > 0 and
R > 0 such that

| Tz 4+ Az|| > c||z||* for all||z|| > R.

Proof. We claim that this inequality holds for some ¢; > 0 for F' + G. If not,
then there are ||z, | — oo such that for each n

| Fz, + Gy || < 1/n|z,||*.
Set v, = zp,/||zn|| and we may assume that v, — v. Then

F(llznllvn)/lznll® + Gllznllva)/zal® = (Fan + Gan)/zal* — 0



asn — o0o. The strong k-quasihomogeneity of G implies that G(||zy, ||vn) /|| ||¥ —
Gov. Hence, F(||zn||vn)/||zn||* — —Gov and Fov = —Gov by the k-quasihomogeneity
of F'. But,

IF (lznlloa) | /llzall® > Ullzallva)*/llzal* =1 >0

and therefore ||Fov|| = ||Gov|| > I. Since Gy is k-homogeneous, we get that
v # 0, in contradiction to our assumption on Fy + Gy. Hence, the above
inequality holds for some ¢; > 0. This and the smallness of |T'— F| and |A — G|
imply the conclusion with ¢ =co — |T — F| — |[A — G]. |

Remark 2.1 In view of Lemma 2.3, the k-homogeneity in the results of this
paper can be weaken to k-quasihomogeneity when X is reflexive.

Theorem 2.4. (Generalized First Fredholm Theorem) Let T' : X — Y be
a Fredholm map of index zero and C : X — Y be a continuous map with
a(C) < B(T). Suppose that T+ C' is locally injective and is asymptotically close
to a continuous, closed (in particular, proper) on bounded and closed subsets of
X positive k-homogeneous map A, outside some ball in X i.e., there are k > 1
and Rg > 0 such that

A(\z) = N\ Az

for all||z|| > Ro and either for all X > 0, or for all A > 1 and (A)~1(0) bounded.
Then T 4 C is a homeomorphism.

Proof. The map T + C satisfies condition (+) by Lemma 2.2. Thus, the
conclusion follows by Corollary 2.3. [

Remark 2.2. In view of Theorem 2.1, the condition «(C) < B(T) in Theorem
2.4 can be weaken to T + C' is closed ( in particular, proper) on bounded and
closed subsets of X and «,(C) < 8,(T) for each p € X.

The following proposition provides a large class of nonlinear Fredholm maps of
index zero.

Proposition 2.1. Let T = A+ N : X — Y be such that A is a linear Fredholm
map of index zero and N € CY(X,Y) such that A+tN'(x) : X — Y is proper
when restricted to bounded closed subsets of X for allz € X andt € [0,1]. Then
T is a Fredholm map of index zero.

Proof. Since for all z € X and t € [0,1], A+ ¢N'(z) : X — Y is proper
when restricted to bounded closed subsets of X, it is semi-Fredholm. Hence,
ind(A+ N'(x)) =indA for each x € X and therefore T is Fredholm of index zero
(see [5]) . |

Next, we shall show that k-¢-contractive perturbations of some ( e.g., expan-
sive ) homeomorphisms are still homeomorphisms. We need the following open
mapping stability result for condensing perturbations of these homeomorphisms.



Theorem 2.5. Let T : X — Y be a homeomorphism and C' : X — Y be
continuous. Then T + C' is an open map if either

(i) T is expansive, i.e., [Tz —Ty|| > ||z — y|| for all z,y € X and some ¢ > 0,
C'is k-¢p-contraction with k < ¢ and T + C' is locally injective, or

(i1) a(C) < B(T) and T + C' is injective.

Proof. The equation Tz+Cz = f is equivalent to y+CT 'y = f, y = Tz. Let
(i) hold. Then the map CT~? is k/c-¢-contactive with k/c < 1. If (ii) holds,
then the map CT~! is a(CT~1)-contractive since

a(CT™Y) < a(C)a(T™Y) = a(C)/B(T) < 1.

Moreover, I +CT =1 is (locally ) injective since such is T+ C. Hence, [ +CT 1
is an open map ([11], see also [5]). Thus, T+ C' is an open map since T'+ C =
(I+CT-YHT. [

To discuss various special cases, we need the following lemma.
Lemma 2.4. Let T : X — Y be a homeomorphism and C' : X — Y.

(i) If [+ CT~':Y —Y is proper on bounded closed subsets of Y and if either
T or C is bounded, then T + C' is proper on bounded closed subsets of X.

(ii) If T~ is bounded and I + CT~1 : Y — Y saisfies condition (+), then
T + C satisfies condition (+). Conversely, if either T or C is bounded, and
T +tC, t € [0,1], satisfies condition (+), or C has a linear growth and T—1
is quasibounded with a sufficiently small quasinorm, then I +tCT1:Y — Y
satisfies condition (+), t € [0,1].

Proof. (i) Let B C X be bounded and closed and K be a compact subset of Y.
Suppose that z,, € (T+C)~(K)NB and y,, € K such that z,, € (T+C) " (y,).
Then Tx, + Cx, =y, and z, + CT 1z, =y, if we set 2, = Tz,. Thus, {2,}
is bounded if T is bounded. If C is bounded, then {Cx,} is bounded and so
is {z,} since z, = y, — Cx,. Let D be a bounded closed subset of ¥ with
{z2n} € D. Then 2, € (I + CT~Y)"}(K) N D and therefore {z,} is compact
by our assumption on I + CT~!. Hence, {z,, = T !2,} is compact by the
continuity of 7-! and a subsequence z,, — z € B. Thus, T + C is proper on
bounded closed subsets of X.

(ii) Let I + CT~! satisfy condition (+), T~! be bounded and T'z,, + Cx,, — f.
Then y, + CT 'y, — f in Y, where x, = T 'y,. Since {y,} is bounded,
so is {z,} by the boundedness of T~1. Hence, T + C satisfies condition (+).
Conversely, let T + tC satisfy condition (+) and y, + t,CT 1y, — f in Y,

€ [0,1]. Then Tz, + t,Cx, — f, where y,, = Tx,,. Hence, {z,} is bounded
and therefore such is {y,,} by the boundedness of either T or C' as in (i). Thus,
I +tCT~1 satisfies condition (+). Next, let 7-! be quasibounded and C have
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a linear growth. Then CT~! is quasibounded with the quasinorm |[CT!| <
|T=1||C| < 1. Thus, I +tCT~" satisfies condition (+).

Theorem 2.6. Let T : X — Y be a homeomorphism and C' : X — Y be

continuous. Suppose that either one of the following conditions holds

(i) |Tx—Ty|| > c||lz—yl|| for all z,y € X and some ¢ > 0, C is k-¢-contraction
with k < ¢ and T + C s locally injective, or

(ii) a(C) < B(T) and T + C is injective.
Then T + C' is a homeomorphism if and only if it satisfies condition (+).

Proof. Note that C' is bounded since it is k — ¢-contractive. The map T + C
is open by Theorem 2.5. Moreover, it is proper on bounded closed subsets of
X by Lemma 2.4(i) when (i) holds. The same is true if (ii) holds since then
BT +C)>p(T)— a(C) > 0. Thus, T + C is a homeomorphism if and only if
it satisfies condition (4) by Theorem 2.1. [

Corollary 2.5. Let T : X — Y be a homeomorphism and C : X — Y be
continuous. Suppose that either one of the following conditions holds

(i) |Tx—Ty|| > cl|lz —yl|| for all z,y € X and some ¢ > 0, C is k-¢-contraction
with k < ¢ and T + C s locally injective, or

(ii) a(C) < B(T) and T + C is injective.
Then T + C is a homeomorphism if either one of the following conditions holds
(a) (i) holds and C is quasibounded with the quasinorm |C| < c.

(b) C has a linear growth and T~ is quasibounded with a sufficiently small
quasinorm.

Proof. It suffices to show that T + C satisfies condition (+). This follows from
Lemma 2.1-(ii) and Lemma 2.4-(ii) in either case since 7! is bounded being
1/c and 1/6(T)-contractive, respectively. |

If we are interested only in the bijectivity of T+ C, then we have the following
result.

Theorem 2.7. Let T : X — Y be a bijection and C : X — Y be continuous.
Suppose that either one of the following conditions holds

(i) || Tz —Ty|| > c|lx —yl|| for all z,y € X and some ¢ > 0, C is k-¢-contraction
with k < ¢ and is quasibounded with the quasinorm |C| < ¢, or

(ii) CT~1 is ky — ¢-contractive, ky < 1, T~ is quasibounded with sufficiently
small quasinorm and C' has a linear growth.

Then T 4 C is surjective and is a bijection if it is injective.

Proof. The equation Tx + Cx = f is equivalent to y + CT 'y = f, where
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y = Tz. The map CT~! is k; — ¢-contractive with k; < 1 in either case. If
(i) holds, then T + tC satisfies condition (+) by Lemma 2.1-(ii) and, since C is
bounded, I 4+ tCT ! satisfies condition (+), t € [0, 1], by Lemma 2.4-(ii). If (ii)
holds, then again H; = I + tCT ! satisfies condition (+) by Lemma 2.4-(ii).
Thus, the equation y + CT~!y = f is solvable for each f € Y ( just use the
degree in [11]). Hence, T + C' is surjective. |

Now, using Theorem 2.7, we shall establish a surjectivity and a homeomorphism
result for k—¢-perturbations of strongly accretive maps. ( A simillar result holds
for such perturbations of strongly monotone maps. ) If J : X — 2% " is the
duality map, define (z,y)y = max{y(z) | y € Ja} for each z,y € X. Then
(z,y)+ > (x, z) for each z € Jz.

Corollary 2.6. Let T : X — X be c-strongly accretive, i.e., (Tx — Ty, z); >
cllz —yl|? for all z,y € X, all z € J(x — y) and some ¢ > 0. Suppose that C is
k-@-contraction with k < c. Then

(1) T + C is surjective if C' is quasibounded with the quasinorm |C| < ¢ and T
is either continuous or demicontinuous and X* is uniformly conzex,

(i) if T is continuous and T + C' is locally injective, then T + C 1is a homeo-
morphism if and only if it satisfies condition (+).

Proof. (i) It is known that T is a bijection ( see [5] ) . Since (z,y)+ > (z,2)
and ||z|| = ||z|| for each z € Jz, we get that | Tz — Ty|| > cllx — y|| for each
x,y € X. The conclusion follows from Theorem 2.7.

(ii) Since T is a homeomorphism and k < ¢, T+C is a homeomorphism if and
only if it satisfies condition (4) by Theorem 2.6-(i). [

We have the following variant of Theorem 2.4

Theorem 2.8. ( Generalized First Fredholm Theorem) Let T : X — Y be a
Fredholm map of index zero and C : X — 'Y be a continuous map with a(C) <
B(T). Suppose that T is locally injective, T + C' is injective, the quasinorm |C|
of C is sufficiently small, where

|C| = limsup ||Cx| /]|,

|zl =00

and T is asymptotically close to a continuous, closed (in particular, proper) on
bounded and closed subsets of X positive k-homogeneous map A, outside some
ball in X ,i.e., there are k > 1 and Ry > 0 such that

A(\z) = N\ Az

for all||z|| > Ro and either for all X > 0, or for all A > 1 and (A)~1(0) bounded.
Then T 4 C is a homeomorphism.

Proof. T is a homeomorphism by Theorem 2.4 ( with C=0 in this theorem ).
Moreover, T 4+ C' is proper on bounded closed subsets of X since 5(T + C) >
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B(T) — a(C) > 0. Since ||Tx|| > ¢||z||* by Lemma 2.2-b) and |C| is sufficiently
small, T+ C satisfies condition (+). Thus, T + C is a homeomorphism by
Theorem 2.6-(ii). |

Finally, we shall now prove an alternative result for perturbations of general
homeomorphisms by k-set-contractive maps. ( This result is also valid for k-
ball contractive perturbations and it will be given elsewhere. ) For a continuous
map F': X — Y, let X be the set of all points z € X where F is not locally
invertible and let cardF~1({f}) be the cardinal number of the set F~1({f}).
We need the following result.

Theorem 2.9. (Ambrosetti) Let F € C(X,Y) be a proper map. Then the
cardinal number cardF~1({f}) is constant, finite (it may be even 0) on each
connected component of the set Y \ F(X).

Theorem 2.10 (Nonlinear Alternative) Let T : X — Y be a homeomorphism,
C: X — Y be such that T + C satisfies condition (+) and a(C) < B(T) (
|Tx =Tyl > cllx—yl| for all z,y € X and some ¢ > 0 and C is k-¢-contraction
with k < ¢, respectively ). Then either

(i) T + C is injective ( locally injective, respectively ), in which case it is a
homeomorphism, or

(i) T + C is not injective ( not locally injective, respectively ), in which case,
assuming additionally that T+tC satisfies condition (+), the equation Tx+Cx =
f is solvable for each f € Y with (T+C)~1(f) compact and the cardinal number
card(T + C)~L(f) is positive, constant and finite on each connected component
of the set Y \ (T + C)(2).

Proof. (i) If T 4+ C is injective ( locally injective, respectively ), then it is a
homeomorphism by Theorem 2.6.

(ii) Suppose that T+ C' is not injective ( locally injective, respectively ). As
above, the equation Tx + Cz = f is equivalent to the equation y + CT 'y = f
in Y, with y = To. The map CT~! is a(CT~!)-contractive in the first case
since

a(CT™Y) < a(C)a(T™Y) = a(C)/B(T) < 1.

It is k/c-¢-contractive in the second case. Moreover, I + tCT~! satisfies con-
dition (+) by Lemma 2.4-(ii) since C is bounded. Hence, using the homotopy
H(t,z) = v + tCT~ 'z and the degree theory for condensing maps [11], we get
that I 4+ CT~! is surjective. Therefore, T + C' is surjective.

Since S(T' 4+ C) > B(T) — a(C) > 0, it follows that T'+ C'is proper on closed
bounded subsets of X. Hence, T'+ C' is proper on X since it satisfies condition
(+). Thus, the cardinal number card(T + C)~!(f) is positive, constant and
finite on each connected component of the set Y\ (T'+ C)(X) by Theorem 2.9.
|
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Theorem 2.11 ( Generalized First Fredholm Theorem) Let T : X — Y be a
homeomorphism and C,D : X — 'Y be continuous maps such that a(D), a(C)
and |D| are sufficiently small, where

|D| = limsup | Dar|/Ja]* < oc.

l|lzl|—oc

Assume that T+C is injective and either | Tx+Cxz|| > c||x||¥ —co for all |z|| > R
for some R, ¢ and ¢y, or is asymptotically close to a continuous, closed (proper,
in particular) on bounded and closed subsets of X positive k-homogeneous map
A, outside some ball in X ,i.e., there are k > 1 and Rg > 0 such that

A(\z) = N\ Az
for all ||z|| > Ry and all A > 1. Then either

(i) T+C+D is injective, in which case T+C+D is a homeomorphism, or

(ii) T+C+D is not injective, in which case the solution set (T +C + D)~ 1({f})
is nonempty and compact for each f € Y and the cardinal number card(T + C +

D)Y({f}) is constant, finite and positive on each connected component of the
set Y\ (I'+ C + D)(%).

Proof. Since T is a homeomorphism, it is proper and 3(T") > 0. Thus, a(C) <
B(T) and T + C satisfies condition (+) by Lemma 2.2-(ii). It follows that
T + C' is a homeomorphism by Theorem 2.6. If (i) holds, then T+ C + D is a
homeomorphism by Theorem 2.6-(ii) and Lemmas 2.1-(ii) and 2.2-(ii)-b) since
D has a sufficiently small quasinorm and «(D) < 6(T) — a(C) < (T + C). Let
(ii) hold. We claim that T + C + ¢D satisfies condition (+).

Let y, = (T + C 4+ t, D)z, — y as n — oo with ¢,, € [0, 1], and suppose that
|zn|| — oo. Then, by Lemma 2.2 with ¢; = ¢ — |T + C|

crllznll® = co < T + Ozl < llyall + (ID] + €)l|zn*

for all n large and any € > 0 fixed. Dividing by ||z, ||* and letting n — oo, we get
that ¢ < |D|. This contradicts our assumption that |D| is suffciently small and
therefore condition (+) holds. Hence, the equation Tax+Cxz+ Dx = f is solvable
by Theorem 2.10. Since «(C) and a(D) are sufficiently small, 8(T + C + D) >
B(T) —a(C+ D) > B(T) — a(C) — (D) > 0. Hence, the map T'+ C + D is
proper on closed bounded sets. Since T'+ C + D satisfies condition (+), it is a
proper map and the other conclusions follow from Theorem 2.9.

3. Finite solvability for perturbations of Fredholm maps of index
zero

In this section, we shall study equations of the form Tz + Cx + Dx = f with
T Fredholm of index zero, a(D) < B(T) — a(C) and T + C' a homeomorphism.
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We shall show that they are either uniquely solvable or are finitely solvable
for almost all right hand sides and that the cardinality of the solution set is
constant on certain connected components in Y. Some generalized first Fredholm
theorems will be proved when T+C is positively homogeneous outside some ball
as well as some Borsuk type results and a general finite solvability result will be
given. They are based on the recent degree theory of nonlinear perturbations for
C!-Fredholm maps of index zero as defined in Rabier-Salter [15], Benevieri-Furi
[2] and Benevieri-Calamai-Furi [1] (see also Fitzpatrick-Pejsachowisz-Rabier [6],

[12)).
We begin with the following extension of the first Fredholm theorem to per-
turbed nonlinear Fredholm maps of index zero.

Theorem 3.1. ( Generalized First Fredholm Theorem) Let T : X — Y be a
Fredholm map of index zero and C,D : X — Y be continuous maps such that

a(D) < B(T) — a(C) with |D| sufficiently small, where

|D| = limsup || Da||/||«||* < oo

|z||—o0

Assume that T + C is locally injective and either | Tz + Cxz|| > c||z||* — co for
all ||z|| > R for some R, ¢ and cg, or is asymptotically close to a continuous,
closed (in particular, proper) on bounded and closed subsets of X positive k-
homogeneous map A, outside some ball in X i.e., there are k > 1 and Ry > 0
such that

A(\z) = N\ Az

for all||z|| > Ro and either for all X > 0, or for all A > 1 and (A)~1(0) bounded.
Then either

(i) T+C+D is injective, in which case T+C+D is a homeomorphism, or

(ii) T+C+D is not injective, in which case the solution set (T +C + D) 1({f})
is nonempty and compact for each f € Y and the cardinal number card(T + C +

D)~Y({f}) is constant, finite and positive on each connected component of the
set Y\ (T'+ C + D)(%).

Proof. Since a(C) < B(T), it follows that 7'+ C' is a homeomorphism by
Corollary 2.4 and Theorem 2.4, respectively. Since a(D) < B(T) — a(C) <
B(T+C), by Theorem 2.10 if suffices to show that T+ C'+tD satisfies condition
(4+). But this follows as in the proof of Theorem 2.11. Hence, the equation
Tx+ Cx + Dx = f is solvable for each f € Y.

Since 8(T'+ C + D) > B(T) — a(C + D) > B3(T) — a(C) — a(D) > 0, the map
T+ C+ D is proper on closed bounded sets. Since T+ C + D satisfies condition
(+), it is a proper map and the other conclusions of the theorem follow from
Theorem 2.9. |
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Corollary 3.1. Let T,C : X — Y and T + C be Fredholm maps of index zero
such that a(C) < B(T) and |C| sufficiently small, where

|C| = limsupHC;vH/Hka < 00.

|zl =00

Assume that T is locally injective and either ||Tz| > c||z||* — co for all ||z|| > R
for some R, ¢ and co, or T is asymptotically close to a continuous, closed (in
particular, proper) on bounded and closed subsets of X positive k-homogeneous
map A, outside some ball in X ,i.e., there are k > 1 and Ry > 0 such that

A(\z) = N\ Az

for all||z|| > Ro and either for all X > 0, or for all A > 1 and (A)~1(0) bounded.
Then either

(i) T+C is injective, in which case T+C' is a homeomorphism, or

(ii) T+C is not injective, in which case the solution set (T + C)~1({f}) is
nonempty and compact for each f € Y and the cardinal number card(T +
C)~Y({f}) is constant, finite and positive on each connected component of the
open and dense set of regular values Rryc =Y \ (T + C)(S) of Y, where S is
the set of singular points of T + C.

Proof. Part (i) and the surjectivity of T+ C follow from Theorem 3.1 ( with C
replaced by D ). As before, we have that T+ C' is proper on bounded and closed
set and satisfies condition (4+). Hence, it is proper and the other conclusions
follow from the general theorem on nonlinear Fredholm maps of index zero ( see

[19]). |

Denote by degpcr the degree of Benevieri-Calamai-Furi. When 7'+ C' is not
locally injective, we have the following extension of Theorem 3.1.

Theorem 3.2. ( Generalized First Fredholm Theorem) Let T : X — Y be a
Fredholm map of index zero and C,D : X — Y be continuous maps such that
a(D) < B(T) — a(C) with |D| sufficiently small, where

D] = limsup [ Da/Ja]|* < oc.
||| —o0
Assume that T+ C is asymptotically close to a continuous, closed (in particular,
proper) on bounded and closed subsets of X positive k-homogeneous map A,
outside some ball in X for all X > 1 and some k > 1, ||z|| < M < oo if
Az =0 and deg por(T + C,B(0,r),0) # 0 for all large r. Then the equation
Tz +Cx+ Dx = f is solvable for each f € Y with (T +C + D)~ ({f}) compact
and the cardinal number card(T +C + D)=L ({f}) is constant, finite and positive
on each connected component of the set Y \ (T + C + D)(2).

Proof. Since 3(T + C) > B(T) — a(C) > 0, we have that T + C' is proper on
closed bounded sets and satisfies condition (2.2) holds for some R > 0 by Lemma
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2.2 with czc—|T — C|. Moreover, a(D+C) < a(D)+a(C) < B(T). Let f €Y
be fixed and € > 0 and R; > R such that |D| + e+ || f||/R} < c and || Dz| <
(|D]+e€)||z|| for all ||z|| > R;. Define the homotopy H(t,x) = Tx+Cax+tDx—tf
for t € [0,1]. Then, H(t,x) # 0 for (¢,z) € [0,1] x (X \ B(0, R1). If not, then
there is a ¢t € [0, 1] and x with ||z|| > R; such that H(¢,2) = 0. Then

crllznll® < T2 + Canll = tal Dz — fI| < (1D + €)lzal” + [I£]I

Hence, ¢; < |D| + € + ||f||/R¥, in contradiction to our choice of € and R;.
Similarly, arguing by cotradiction, we get that H (¢, ) satisfies condition (+).
Next, we will show that H (¢, z) is an admissible oriented homotopy on [0, 1] x
B(0, Ry) for some Ry > R;. Set F(t,x)=tDx. Then for any subset A C B(0, R2),
a(F([0,1] x A)) = a({tDx |t € [0,1],z € A}) =a({ty |t € [0,1],y € D(A)}) =
a(D(A)) < a(D)a(A). Hence, a(F) < «a(D). Moreover, o(C + F) < a(C) +
a(F) < a(C) +a(D) < B(T). Thus, we get that S(H) > 8(T) —a(C + F) > 0.
This implies that H is proper on bounded closed subsets of [0,1] x X with the
norm ||(¢,z)|| =max {|¢],||z||} for (¢,x) € R x X. Since H satisfies condition
(+), it is proper on [0,1] x X. Thus, H~1(0) is compact and contained in
[0,1]x B(0, R2) for some Ry > R;. Since B(0, R3) is simply connected, H(0,.) =
T+C : B(0,Ry) — Y is oriented by Proposition 3.7 in [2]. Hence, H is oriented
by Proposition 3.5 in [2] and the homotopy Theorem 6.1 in [1] implies that

degpcp(Hi, B(R1,0),0) = deggop(T + C+ D — f, B(R1,0),0) =

degBCF(T + Ov B(Rlv O)a O) # 0.

Thus, the equation Tz + Cx + Dx = f is solvable. The other conclusions follow
from Theorem 2.9 since H(0,.) = T + C + D satisfies condition (4) and is
therefore proper. [ |

Let us now look at a special case when T+ C is odd. Now, we will use the
Fitzpatrick-Pejsachowisz-Rabier-Salter degree.

Theorem 3.3. ( Generalized First Fredholm Theorem) Let T : X — Y be a
Fredholm map of index zero that is proper on bounded and closed subsets of X
and C,D : X —'Y be compact maps with |D| sufficiently small, where

|D| = limsup | De|/Ja]* < oc.

|z]|—oo

Assume that T + C is odd, asymptotically close to a continuous, closed (in
particular, proper) on bounded and closed subsets of X positive k-homogeneous
map A, outside some ball in X, i.e., there exists Ry > 0 such that

A(\z) = N\ Az
for all ||z|| > Ry, for all A > 1 and some k > 1, and |jz|| < M < oo if
Ax = 0. Then the equation Tz + Cx + Dx = f is solvable for each f € Y with
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(T +C+ D)~ Y({f}) compact and the cardinal number card(T +C + D)~ ({f})
is constant, finite and positive on each connected component of the set Y \ (T +

C + D)(%).

Proof. Step 1. Let p be a base point of T. By Lemma 2.2, there is an R > 0
such that condition (2.2) holds for T'+ C. Define the homotopy H(t,z) =
Tx+Cx+tDz—tf fort € [0,1]. We have shown in the proof of Theorem 3.2 that
T + C + D satisfies condition (+) and H(¢,z) # 0 for (¢,z) € [0,1] x dB(0, R1)
for some R; > R.

Next, we note that H(t, z) is a compact perturbation tD of the odd mapping
T + C with T Fredholm of index zero. Then, by the homototy theorem (
Corollary 7.2 in [15] ) and the Borsuk’s theorem for such maps of Rabier-Salter
[15], we get that the Fitzpatrick-Pejsachowisz-Rabier-Salter degree

degT,p(HlaB(Rlvo)aO) = degT,p(T +C+D— faB(Rlvo)aO) =

I/degT,p(T + 07 B(Rlao)u O) 7& 0

where v is 1 or -1.

Step 2. T has no base point. Then pick a point ¢ € X andlet A: X — Y
be a continuous linear map with finite dimensional range such that T'(q) + A is
invertible. Then T + A is Fredholm of index zero, proper on B(0,r) and ¢ is a
base point of T4+ A. Moreover, T4+ C + D = (T 4+ A) 4+ (C — A) + D. We have
reduced the problem to the case when there is a base point for 7'+ A and the
maps T+ A, C — A and D satisfy the same conditions of the theorem as the
maps T', C and D. Then, as in Step 1,

degT—i—A,q(HlaB(RlaO)vO) = degT+A,q((T+A)+(O_A)+D_faB(R1aO)70) =

vdegr, 4 (T + C, B(R1,0),0) # 0

where v is 1 or -1.

Hence, by the existence theorem of this degree, we have that Tx+Cx+ Dz =
f is solvable in either case. Next, since 7'+ C' + D is continous and satisfies
condition (+), it is proper since it is proper on bounded closed sets as a compact
perturbation of such a map. Hence, the second part of the theorem follows from
Theorem 2.9. |

Remark 3.1. Theorems 3.2 and 3.3 are valid if the k-positive homogeneity of
T+ C is replaced by | Tx+Cz|| > ¢||z||¥ for all x outside some ball ( see Lemma
2.2).

Remark 3.2. Earlier generalizations of the first Fredholm theorem to con-
densing vector fields, maps of type (S;), monotone like maps and ( pseudo )
A-proper maps assumed the homogeneity of 7" with Tz = 0 only if z = 0 ( see
[7],[8], [19] and the references therein).
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Next, we provide some generalizations of the Borsuk-Ulam principle for odd
compact perturbations of the identity. The first result generalizes Theorem 3.3
when D = 0.

Theorem 3.4. Let T : X — Y be a Fredholm map of index zero that is proper
on closed bounded subsets of X and C : X — Y be compact such that T + C
is odd outside some ball B(0, R). Suppose that T 4+ C' satisfies condition (+).
Then Tz + Cx = f is solvable, (T +C)~1(f) is compact for each f € Y and the
cardinal number card(T + C)~(f) is positive and constant on each connected
component of Y \ (T + C)(X).

Proof. Condition (+) implies that for each f € Y there is an r = r; > R and
v > 0 such that

T2+ Cx —tf|| > 7 for all t € [0, 1], 2| = r.

The homotopy H(t,z) = Tx+Cxz—tf is admissible for the Rabier-Salter degree
and H(t,z) # 0 on [0,1] x 9B(0,r). Hence, by the homotopy Corollary 7.2 in
[15], if p € X is a base point of T', then

degr,(T'+ C = [, B(0,7),0) = vdegy ,(T'+ C, B(0,7),0) # 0

since v is plus or minus one and the second degree is odd by the generalized
Borsuk theorem in [15]. If T has no base point, then proceed as in Step 2 of
the proof of Theorem 3.3. Hence, the equation Tz + Cx = f is solvable in
either case. The second part follows from Theorem 2.9 since T+ C' is proper on
bounded closed subsets and satisfies condition (+).

Next, we shall prove a more general version of Theorem 3.4.

Theorem 3.5. Let T : X — Y be a Fredholm map of index zero that is proper
on closed bounded subsets of X and C1,Cs : X — Y be compact such that T+ C4
is odd outside some ball B(0, R). Suppose that H(t,x) = Tx + Crax +tCox —tf
satisfies condition (+). Then Tx+Crz+Cox = f is solvable for each f € Y with
(T + Cy + Co)7L(f) compact and the cardinal number card(T + Cy + C2)~L(f)
is positive and constant on each connected component of Y \ (T + C1 + C2)(2).

Proof. Condition (+) implies that for each f € Y there isan r =7y > R
0¢ H([0,1] x 9B(0,r). If p is a base points of T, then by Theorem 7.1 in [15]

degT,p(H(la ')a B(Oa T)a O) = VdegT,p(Tl + Ola B(Oa T)a O) 7£ 0

where v € {—1,1}.

Next, if 7" has no a base point, then pick ¢ € X and let A be a continuous
linear map from X to Y with finite dimensional ranges such that T7(q) + A is
invertible. Then we can rewrite H as H(t,z) = (T+A)x+(C1 — A)z+tCox—tf,
where T+ A, C; — A and Cs satisfy all the conditions of the theorem and T+ A
has a base point. As in the first case, we get that

degT-}-A,q(H(lv ')7 B(Ov T)v 0) =

19



degrya (T +A) +(C1 — A)+C2 — f,B(0,7),0) =
VdegT-‘rA,q((T + A) + (Cl - A)? B(O,T), 0) 7& 0

where v € {—1,1}. Hence, the equation Tz + C1z + Coz = f is solvable in
either case. The other conclusions follow from Theorem 2.9. [

Next, we prove a general surjectivity result.

Theorem 3.6. ( Global Leray-Schauder condition ) Let T,G : X — Y be
Fredholm maps of index zero that are proper on closed bounded subsets of X,
F(t,z) = tTxz+ (1—t)Gx be Fredholm of index 1 from [0,1]x X — Y and proper
on bounded closed subsets, and C,M : X — Y be compact maps. Suppose that
T + C satisfies condition (+), and G+ M : X — Y is odd and such that

(i) (G+ M)x # 0 for x with large norm.

(i) Tx + Cx # (G + M)(x) for all z € X \ B(0, R) for all v < 0 and some
R>0.

Then Tx+Cx = f is solvable for each f € Y with (T+C)~1(f) compact and the
cardinal number card(T + C)~(f) is positive and constant on each connected
component of Y \ (T + C)(%).

Proof. Let f € Y be fixed and suppose that p; and ps are based points for T
and G. Then condition (+) implies that there are » > R and ¢ > 0 such that

[Tz + Cx —tf|| > cfor z € B(0,7),t € [0,1]. (3.1)

Hence, the homotopy F(t,x) = Tax + Cx —tf is admissible and the Fitzpatrick-
Pejsachowisz-Rabier-Salter degree degy p, (T'+ C' — f, B(0,7),0) = degr p, (T +
C, B(0,7),0). Thus, it suffices to show that the last degree is nonzero. Consider
the homotopy

H(t,r) =tTz +tCx + (1 —1)(G + M)x for t € [0,1],2 € B(0,r).

H is continuous and can be written as H = Hg + Hy, with He (t, z) = tTx+ (1 —
t)Gz and Hy, = tCx+(1—t)Mz. Since Hp = G+t(T—G) € ®:C1([0,1]x X, Y),
is proper on [0, 1] x B(0,7), and Hy, = tCx+(1—t) M is continous and compact,
the homotopy H (¢, x) is admissible. We claim that H (¢, x) # 0 for x € 0B(0,r)
and ¢t € [0,1]. If not, then there would exist z € dB(0,r) and t € [0, 1] such
that

H(t,z) =tTz+tCx+ (1 -t)(G+ M)z =0.

Then ¢ # 0 by (i) and ¢ # 1 by (3.1). Hence, t € (0,1) and setting v =
(t—1)/t < 0 we get that Tx+ Cx = v(G+ M)z, in contradiction to (ii). Hence,
H(t,x) # 0 on [0,1] x 9B(0,7) and H; is proper on closed bounded subsets of
X and is the sum of a Fredholm map of index zero and a compact map. Hence,
by the homotopy theorem [15],

degr ,, (T+C - f,B(0,r),0) =vdegG, p2(G+ M, B(0,r),0) #0
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since G + M is odd.

Next, suppose that T" and G have no base points. Pick g1, ¢z € X and linear
maps Ay, As : X — Y with finite dimensional ranges and such that T'(q1) + 43
and G'(q2) + Ag are invertible. Then T + A; and G + As have base points.
Moreover, the maps T + A1, C — Ay, G 4+ Ay and M — A, satisfify the same
conditions as T,C,G and M and H(t,z) = t(T + A1)z + t(C — A1)z + (1 —
t)(G + A2)x + (1 — t)(M — Az)x. Hence, by the fist case, we get again that

degrya, q (T'+ A1) + (C = A1) = £,B(0,7),0) =

VdegG-i—Ag,qg((G + AQ) + (M - A2)7 B(O,T), 0) 7£ 0

since G + M is odd. Therefore, the equation Tz 4+ Cz = f is solvable in either
case for each f € X. The second part follows from Theorem 2.9 since T+ C' is
proper. [

Remark 3.3. The oddness of G + M in Theorem 3.6 can be replaced by deg
(G+ M,B(0,r),0) # 0 (mod 2) for each large r. Using the degree of Benevieri,
Calamai, Furi [2], we see that Theorem 3.6 is valid if T, G : X — Y are Fredholm
maps of index zero and C, M : X — Y are continuous maps with «(C) < 3(T)
and a(M) < B(G) with deg pcr(G + M, B(0,7),0) # 0 for each large r.

4. Unique and finite solvability of quasilinear elliptic equations on
RN
Consider the quasilinear elliptic equation

N
— Z aqs(z,u, Vu)aiﬁu + b(x, u, Vu) + c(z,u, Vu, D*u) = f(x) (4.1)
a,f=1

for x € R™ and the function wu is required to satisfy the condition

| l|im u(z) = 0.

This condition is satisfied for all elements u € W2?(RY) with N < p < co. For
this reason, we define, for u € W2P(RYN), the maps

N
Tu = — Z aaﬁ(x,u, Vu)aiﬁu-i-b(%uavu)
a,B=1

Cu = c(x,u, Vu, D*u).

Then Eq. (4.1) can be written in the operator form as

Tu+ Cu=f (4.2)
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where T + C : X, = W2P(RN) — Y, = LP(RY) and no growth restrictions are
needed for the functions aqg(x,€) and b(z, ) as |z| — oco.

We need to impose conditions on the functions involved so that T is Fredholm
of index zero and is proper on bounded closed subsets of X, and C is a-k-
contractive with k sufficiently small. The Fredholm and properness properties
of T have been studied in detail by Rabier and Stuart [16,17]. We impose
the following assumptions on the functions ang : RY x (R x RY) — R and
b: RN x (Rx RYN) — R and c: R®? — R, where R*? is the vector space whose
elements are & = {&, : |a = (a1, a2,...,an)|] < 2}. Set x = (21,...,xn5) and
£ = (&,...,&N). By viewing RN x (R x RM) as a bundle over RV, a function
f(= f(z,6): RN x (R x RN) — R can be identified with the bundle map

(z,6) € RN x (R x RY) — (z, f(2,¢)) € RN x R.

Next, we recall the definition of equicontinuous bundles.

Definition 4.1 We say that f is an equicontinuous C° bundle map if f is
continouous and the collection (f(z,.)),crn~ is equicontinuous at every point of
R x RN. If k > 0 is an integer, we say that f is an equicontinuous C’g bundle
map if the partial derivatives Dg f, la| < k, exist and are equicontinuous C°
bundle maps.

Define the space
Ci(RY) ={u e CHRN) : lim|y| oo |u(@)| = limy) 0| Vu(z)| = 0}
where ”d” stands for "decay”. It is a Banach space for the norm
lullo1(ryy = max, e py|u(@)| + max, e gy [Vu()].
We impose the following assumptions on the functions in (4.1), used in [16,17].
(A1) aqp is an equicontinuous C'g1 bundle map, 1 < a,6 < N,0<i <N,

(A2) aap(-,0) € Lo(RY), O¢,a0p(,0) € L*(RY), 1<, f <N, 0<i < N,

(43) S e (@ E)nans > A, E)lnf?

N
a,f=1

for all n = (n1,...,nn) € RY, for all (z,£) € RN x (R x RY), where v : RN x
(R x RY) — (0, 00) is bounded from below by a positive constant 7 on every
compact subset K of RN x (R x RN) ( for example, 7 is lower semicontinuous),

(B1) b: RN x RN*! — R is an equicontinuous Cg bundle map

(B2) b(.,0) € LP(R™), 9¢,b(.,0) € L°(RY),0< i< N

22



(C) ¢(.,0) € L®(RY) and there is a function c(z) € L>(RY) and a constant
k > 0 sufficiently small such that

le(@,€) — e(w, )| < ke(x) S [€a — €4V

|a] <2
for all z € RN, all £,¢" € R®, where p' = p/(p — 1).

(F1) There is an element ug € W2P(RYN) such that the Frechet derivative
T'(uo) : X, — Y, is Fredholm of index zero.

(F2) Every bounded sequence {u,} C W2P(RY) such that {Tu,} converges in
LP(RM) has a subsequence {u,, } converging in C}(RY).

Theorem 4.1. Let assumptions (A1)-(A2), (B1)-(B2), (C) and (F1)-(F2)
hold. Suppose that T + C' is locally injective and satisfies condition (+) or, in
particular, | Tul| — oo as ||ul]] = oo and ||Cul| < al|Tul| + b for some a € [0,1),
b> 0 and all ||ul| large. Then T + C : X,, — Y, is a homeomorphism, and, in
particular, Eq. (4.1) is uniquely solvable in X for each f €Y,.

Proof. It has been shown by Rabier and Stuart [16] that conditions (A1)-(A2),
(B1)-(B2), and (F1)-(F2) imply that T : X,, — Y}, is a proper on bounded closed
subsets Fredholm map of index zero. Note that if (A1)-(A2) and (B1)-(B2) hold,
then (F1) is equivalent to 7”(u) being Fredholm of index zero for each u € X,
([16]). Condition (F2), together with (A1)-(A2) and (B1)-(B2), is used to show
the properness of T' on closed bounded subsets. Moreover, it is easy to see that
condition (C1) implies that C' : X, — Y}, is a k-contraction and therefore it is
a-k- contractive. Hence, 8(T) > 0 and G(T) > «(C). Thus, the conclusions
follow from Corollary 2.4. [ |

Example 4.1 If b(x,&) = by(x)ba(€), then b is an equicontinuous C° bundle
map if and only if b; is bounded and continuous and by is nonconstant and
continuous. Moreover, b is an equicontinuous Cé“ bundle map if by is also C*.
If aqp have this form also, then they are C¥ bundle maps. Moreover, if ¢(z, £)
is bounded with bounded partial derivatives dc(z,£)/0&,, then (C) holds and
T + C satisfies condition (+) if ||Tu|| — oo as ||ul| — oo.

Theorem 4.2. Let assumptions (A1)-(A2), (B1)-(B2), (C) and (F1)-(F2)
hold and Hy = T + tC satisfy condition (+), and, in particular, | Tu| — oo
as |lul]] — oo and ||Cul| < a||Tul|| + b for some a € [0,1), b > 0 and all ||ul|
large. Suppose that T is locally injective. Then the solution set of Eq. (4.1) is
a nonempty compact set for each f €Y,. Moreover, either Eq.(4.1) is uniquely
solvable for each f € Ly, or the cardinal number card(T + C)~'(f) is constant,
finite and positive on each connected component of the set Y,\ (T'+C)(X), where
Y is the set of all u € X, where T 4 C' is not locally invertible.

Proof. As above, we have that T : X,, — Y}, is a proper on bounded closed
subsets Fredholm map of index zero and therefore 3(T') > 0. Since T is locally
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injective, it is an open map by [4,15] and satisfies condition (4). Hence, T is
a homeomorphism by Theorem 2.1. Moreover, C' : X, — Y}, is a-k- contrac-
tive with the quasinorm |C| sufficiently small and 3(T) > «(C). Hence, the
conclusions follow from Theorem 2.10, and Lemma 2.1 in the particular case.ll

Theorem 4.3. Let assumptions (A1)-(A2), (B1)-(B2), (C) and (F1)-(F2)
hold. Suppose that there are constants ¢, R > 0 such that ||Tul|| > c||u| for all
llu|l > R and degpcr (T, B(0,7),0) # 0 for all large r. Then the solution set of
Eq. (4.1) is a nonempty compact set for each f € Y. Moreover, the cardinal
number card(T + C)~Y(f) is constant, finite and positive on each connected
component of the set Y \ (T + C)(X), where X is the set of all u € X, where
T + C is not locally invertible.

Proof. We have seen above that 7' : X,, — Y}, is a proper on bounded closed
subsets Fredholm map of index zero and therefore 3(T) > 0. Then the conclu-
sions follow from Theorem 3.2 and Remark 3.1 with D = C and T + C replaced
by T. [ |

Next, following [16,17], we shall look at some more explicit conditions on a.g
and b that imply the properness of T on closed bounded subsets of X,,. Namely,
we assume that they are asymptotically N-periodic. First, we need to recall
some definitions.

Let P = (P,..,Py) € RN with P, > 0, 1 < i < N. A function f :
RN — R is said to be N-periodic with period P if f(x1,...,2; + P;,...,x,) =
f(x1, .y, .oy 2y) for each € RY and every 1 <i < N.
(D) There exist equicontinuous C%-bundle maps a2y = agy, : RN x RNT!1 — R
for a, 0 = 1,..., N, and an equicontinuous C}]-bundle b : RN x RN+l & R
such that b>°(z,0) = 0 and

im [aap(z,8) —agp(x,§)] = lim [0 b(x, &) — 0, b7 (x,8)] =0

|z|—o0 |z|—o0

uniformly for ¢ in bounded subsets of RN*!, where 1 < o,3 < N and i =
0,1,..., N. Moreover, agj(.,§) and b>(.,¢) : RN — R are N-periodic in z.
Define the asymptotic limit map 7°° : X, — Y}, by
N
T (u) = — Z ags (@, u, Vu)o; gu(z) + b (z, u(z), Vu(z)) (4.3)
a,f=1

Assumptions (Al)-(A2), (B1)-(B2) and (D) imply that 7> : X, — Y, and
T°°(0) = 0.
(F3) The equation T°°u = 0 has no nonzero solutions in X,.

Theorem 4.4. Let assumptions (A1)-(A2), (B1)-(B2), (C), (D), (F1) and
(F3) hold. Suppose that T 4+ C' is locally injective and satisfies condition (+),
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and, in particular, ||Tu|| — oo as ||u|| — oo and ||Cu| < a||Tu|| + b for some
a€[0,1), b>0 and all ||u| large. Then T+C : X, — Y, is a homeomorphism,
and, in particular, Eq. (4.1) is uniquely solvable in X for each f € Y,.

Proof. As shown by Rabier and Stuart [15], the map T : X, — Y}, is proper
on bounded closed subsets Fredholm map of index zero. Since C': X, = Y, is a
k-contraction and therefore a-k- contractive, we get that 8(7") > «(C). Thus,
the conclusions follow from Corollary 2.4. [ |

Theorem 4.5. Let assumptions (A1)-(A2), (B1)-(B2), (C), (D), (F1) and
(F3) hold and Hy = T +tC satisfy condition (+), and, in particular, ||Tu| — oo
as ||u|| — oo and ||Cul| < al|Tu||+b for some a € [0,1), b > 0 and all ||u|| large.
Suppose that T is locally injective. Then the solution set of Eq. (4.1) is a
nonempty compact set for each f € Y,. Moreover, either Eq.(4.1) is uniquely
solvable for each f € Ly, or the cardinal number card(T + C)~'(f) is constant,
finite and positive on each connected component of the set Y,\ (T'+C)(X), where
Y is the set of all u € X, where T 4 C' is not locally invertible.

Proof. As in Theorem 4.4, we have that T': X,, — Y}, is a proper on bounded
closed subsets Fredholm map of index zero, and therefore 3(T) > 0. Since
T is locally injective, it is an open map by [4,15] and satisfies condition (+).
Hence, T is a homeomorphism by Theorem 2.1. Moreover, C' : X;, — Y, is a-k-
contractive with the quasinorm |C| sufficiently small and 3(T) > «(C'). Hence,
the conclusions follow from Theorem 2.10, and Lemma 2.1 in the particular
case. |

Theorem 4.6. Let assumptions (A1)-(A2), (B1)-(B2), (C), (D), (F1) and
(F3) hold. Suppose that there are constants ¢, R > 0 such that || Tu|| > c||lu|| for
all ||ul| > R and degpcr (T, B(0,7),0) # 0 for all large r. Then the solution set
of Eq. (4.1) is a nonempty compact set for each f € Y. Moreover, the cardinal
number card(T + C)~1(f) is constant, finite and positive on each connected
component of the set Y \ (T + C)(2), where X is the set of all u € X,, where
T + C is not locally invertible.

Proof. We have seen above that T' : X, — Y}, is a proper on bounded closed
subsets Fredholm map of index zero and therefore §(T) > 0. Then the conclu-
sions follow from Theorem 3.2 and Remark 3.1 with D = C and T + C replaced
by T. [ |

Remark 4.1. We note that deg(T, B(0,r),0) # 0 for all large r if T is an odd
map outside a ball by Borsuk’s theorem (see [14]). Moreover, if T-1(0) = 0 and
T7(0) is invertible then |deg(T, B(0,7),0)| = |deg(T”(0), B(0,7),0)| = 1 for all
large 7.

Remark 4.2. Rabier and Stuart have shown in [16] that if the conditions (A1)-
(A2), (B1)-(B2) are satisfied, then T : X, — Y, is Fredholm of index zero and
proper on the closed bounded subsets of X, if and only if (F1) and (F3) hold.
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Remark 4.3. If the map T does not depend on Vu, then all the results in this
section remain valid for p € (max(1, N/2), c0).

If (F3) does not hold, then T!(f) is not compact for almost all f € T(X) in
the sense of the Baire category relative to T'(X). More precisely, the following
result is valid.

Theorem 4.7. (Rabier [14]) Let assumptions (A1)-(A2), (B1)-(B2), (D) and
(F1) hold. Suppose also that the equation T*u = 0 has a nonzero solution
in X, and that the set of critical points of T has empty interior in X,,. Then
T(X,) is a Baire space and the set of the regular values f € Y, of T such that
T=Y(f) is an infinite sequence of distinct isolated points is residual in T(X)).

This result does not say anything about the solvability of Tz = f with f # 0.
It is of qualitative nature for 7-!(f) when f € T(X). Combining Theorems
4.6-4.7, we have the following Fredholm like result.

Theorem 4.8. ( Fredholm alternative) Let assumptions (A1)-(A2), (B1)-(B2),
(D) and (F1) hold. Then, either

(i) The equation T°°u = 0 has no nonzero solution in X,, in which case, as-
suming additionaly that | Tul| > c||ul| for some ¢ > 0 and all ||u|| large and the
Fitzpatrick- Pejsachowisz- Rabier degree deg(T, B(0,r),0) # 0 for all large r, the
solution set (T)~Y(f) of Eq.(4.1) ( with ¢ = 0) is a nonempty compact set for
each f € Y. Moreover, the cardinal number card(T)~1(f) is constant, finite and
positive on each connected component of the set Y \ (T)(X), where ¥ is the set
of all w € X, where T is not locally invertible, or

(11) The equation T*u = 0 has a nonzero solution in Xp, in which case, assum-
ing additionaly that the set of critical points of T has empty interior in X, then
T(X,) is a Baire space and the set of the regular values f € Y, of T such that
T=Y(f) is an infinite sequence of distinct isolated points is residual in T(X)).

If Tu = —Au + b(z,u), conditions on b are given in Rabier [14] that im-
ply that the set of critical points of 1" has empty interior in X, with p €
(max(1, N/2), 00).

5. Solvability of quasilinear elliptic BVP’s with asymptotic positive
homogeneous nonlinearities

Let @@ C R™ be a bounded domain with the smooth boundary and consider the
boundary value problem in a divergent form

Slaj<m (=)D Ag (2,1, ..., D™) + k)0 < (— 1)1 DBy (2,4, ..., D™) = f
(5.1)
Let X be the closed subspace of W;"(Q) corresponding to the Dirichlet condi-
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tions. Define the maps T, D : X — X* by

(Tu,v) = Zla\Sm/ An(z,u, ..., D"u) Dvdz,
Q

(Du,v) = E\algm/ B.(z,u, ..., D"u)Ddx.
Q

Then weak solutions of (5.1) are solutions of the operator equation
Tu+Du=f, uelX. (5.2)

We impose the following conditions on A,.

(A1) For each a, let A, : @ X R*» — R be a Caratheodory function, i.e.,
Aq(x,€) is measurable in x and for each fixed £, and has continuous derivatives
in £ for a.e. x.

(A2) Assume that for p > 2, x € Q, £ € R*~, n € R -1 |al,|B] < m the
A, ’s satisfy

[Aa(z, )] < go(I60]) (h(2) + Zr—n/p<yi<mlé P7H)

(A3) [Aa,5(z, )] < 91(1€ N (0(2) + Bm—n/p<qi<ml&P72),

(Ad) Ejaj=igj=mAa,8(x,E)nap = g2(1) (1 + Zjy=m|& NP2 Bjaj=mma,

where A, g(z,&) = 0/0¢sAg(x, &), h,b € Ly(Q), go, 91, g2 are continuous posi-
tive nondecreasing and nonincreasing functions, respectively, and &y = {&, | |a| <

m—n/p}.

For |a| < m, there are Caratheodory functions a, such that
(al) an(z,t&) = tP " Lay(z,€) for allt > 0,& € RS™

(a2) [1/tP7 Au(2, t€) — aa (@, )| < c(t)(1 + €))7~

for each t > 0, x € @, and £ € R*, where 0 < lim¢(¢) is sufficiently small as
t — o0.

Proposition 5.1 Let conditions (Al) — (A4) hold. Then T : X — X* is
Fredholm of index zero and is proper on bounded closed subsets of X.

Proof. The map T': X — X* is continuous and of type (S;) ([18]) and, as
shown before, it is proper on bounded closed subsets of X. By Lemma 3.1 in
[18], T has a Frechet derivative T”(u) for each v € X and is given by

(T' (w)v,w) = EaLWSm/QAQﬁ(I, U, ..., D™u) DPvDwdzx (5.3)

Next, we shall show that 7/(u) is Fredholm of index zero for each u € X. First,
we shall show that T'(u) satisfies condition (S4). We can write it in the form
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T (u) = T{(u) + Ty(u), where

(T] (u)v,w) = E\alz\ﬁlzm/ Aq (U, ..., D™u) DPvD%wdx (5.4)
Q

(Té(u) E\ [,IB]<m / A 75 )Dﬁ’UDa’wd,T (55)
ot B <2m

It is easy to see that |(T5(uw)v, w)| < ¢||v|lm,p [|w]|m—1, for some constant ¢ > 0.

Hence, Tj(u) : X — X* is compact, since the embedding of W™ into W} is

compact for 0 < k <m—1if1/¢ > 1/p—(m —k)/n > 0, or if ¢ < oo and

1/p=(m—k)/n.

Next, we shall show that T7(u) : X — X* is of type (S1). Let v, € X be such
that v, — v in X and

lim sup(7 (w)vp, vy, — v) < 0.
It follows that D*v,, — D%v in L, for each |a| < m by the Sobolev embedding
theorem. Next, we shall show that D®v, — D®v in L,, for each |a| = m. Since
X is separable, there are finite dimensional subspaces {X,} in X whose union
is dense in it. Since dist(v, X,,) — 0 for each v € X, there is a w,, € X,, such
that w,, — v in X as n — co. Then

lim sup(7Ty (u) vy, — T} (w)wp, vp, — wy) < limsup(T] (w)vp, vn, — v — (W, — v))—

n

lim inf (7Y (u)wy,, v, — wy) < limsup (T} (w)vy, v, — v) + Hm (T (w)vy, w, — v)—

lim inf (7Y (u)wy,, v, — wy) < 0. (5.6)
But,
(T{(U)(’Un - ’U}n), Un — wn) -

Zla|=|8]=m /Q Anp(z,u,..D"u)D (v, — wn)Dﬁ(vn — wy)dx >

/Q(gg(|Do‘°u|)E|a_mDo‘(vn —wy,)?dx > c/Q 2 ja|=m D (v, — wy)?dz =

X ja=ml|| D (vn — wy)|? (5.7)

where we may assume go = ¢ > 0. This and (5.6) imply that D(v, —w,) — 0 in
L, for each |a| = m. Hence, D*v,, — D%v in L, for each |a| = m, and therefore
vp, — v in X. This shows that 77 (u) is continuous and of type (S4) asis T'(u) =
T/ (u)+T4(u). Hence, as shown before, T’(u) is proper on bounded closed subsets
of X. By Yood’s criterion, the index of T/ (u) =dimN (T’ (u))—codimR(T" (u) > 0.
Moreover, T'(u)* = T{(u)* + T4(u)* with T5(u)* compact. Hence, using (A4),
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as above, we get that T (u)* is continuous and of type (S4). Thus, the index
i(T](u)*) > 0 and (T (u)*) = —i(T{(u)) < 0. It follows that ¢(T] (u)) = 0. It is
left to show that 7”(u) is a continuous map in u. Let u, — u. Then

(T (up)v — T (u)v,w) =
E\a|,|mgm/ [Aag (T, Uny ..., D™up) — Aap(z,u, ..., D™u)DPyD*wdz.
Q

The Nemytski map Nu = Ayg(z, u, ..., D™u) is continuous from X to L, (Q),
1/p+1/p’ = 1. Hence, T'(u,) — T'(u) using also the Sobolev imbedding
theorem. This completes the proof that 7" is a Fredholm map of index zero that
is proper on bounded closed subsets of X. [ |

Remark 5.1 We can put T3 together with D and require the differentiability
(Fredholmness) of only T;.

We assume that the B/ s satisfy

(B1) For each |a| < m, By(z,§) is a Caratheodory function and, for p > 2 there
exist a constant ¢ > 0 and hq(z) € Ly(Q), 1/p+ 1/g = 1, such that

|Ba(,€)| < c(ha(@) + (€771
(B2) There is a sufficiently small k; > 0 such that
E\a|:m|Ba($u naga) - Ba(%%fgﬂ < k12|a\:m|§a - ga’|

for each a.e. x € Q, n € R’ and &,,&w € R,

We note that if the B,’s are differentiable for || = m and Bao(z,§) =
0/060Ba(x, &) are sufficiently small, then (B2) holds.

In view of Proposition 5.1, the results in the form of Theorems 4.1 — 4.3
are valid for Eq. (5.1) as well as the corresponding ones involving maps that
are asymptotically close to positively k-homogeneous maps. A sample of such a
theorem is given next.

Consider also the equation
Sjaj<m (1) D%q (z, u, ..., D™) = f (5.8)

in X. Define the map A : X — X* by
(Au,v) = Ela\Sm/ ao(x, u, ..., D" u) DY vdx. (5.9)
Q

Then weak solutions of (5.8) are solutions of the operator equation

Au=f, ue X. (5.10)
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Theorem 5.1 Let conditions (Al) — (A4), (al)-(a2) and (B1)-(B2) hold and
degpcor (T, B(0,7),0) # 0 for all large r. Suppose that A is of type (S+) and
Au = 0 has no a nontrivial solution. Then Eq. (5.1) is solvable for each
f € X*, has a compact set of solutions whose cardinal number is constant,
finite and positive on each connected component of the set X* \ (T + D)(X),
where ¥ = {u € X | T + D is not locally invertible at u}.

Proof. In view of our discussion above, T' is a Fredholm map of index zero that
is proper on bounded closed subsets of X. It is proper on X since it satisfies
condition (+), and therefore 3(T") > 0. We need to swow that a(D) < B(T).
We note that the boundedness and continuity of D follows from (A1) — (A2),
the Sobolev embedding theorem and the continuity of the Nemitski maps in L,
spaces. We can write D = D1 + Do, where

(Dyu,v) = E‘M:m/ B, (z,u,.... D"u)D%vdx.
Q

(Dau,v) = E|a‘<m/ B, (z,u, ..., D"u)D%vdx,
Q

The map Dy : X — X* is ky-set contractive by (B2), while Dy : X — X*
is compact by the Sobolev embedding theorem. Hence, a(D) = a(D;) < k1 <
B(T) since k; is sufficiently small. Finally, condition (a2) implies that T is
asymptotically close to the (p — 1)— positive homogeneous map A given by
(5.9). Hence, Theorem 3.2 applies with C' = 0. |

Example 5.1 Let s > 0, k be sufficiently small, and look at

—Au — pug '|:J:U|S + kF(z,u,Vu) = f (5.11)
and
—Au—pu=0 (5.12)

Let Ao(x,ﬁo,él, 7§n) = 50 14‘50‘5‘0\3 and Ai(I,fo,gl, ;fn) = CLi(I,fo,fl, ;fn) =
& and ag(z, &o, &1, -, En) = &o. Then Ay, A;,ap and a; satisfy (al)-(a2). Let F
satisfy (B1). Then Eq. (5.11) has a solution u € W3 (Q), u = 0 on 9Q, for each
f € La(Q) if p is not an eigenvalue of Eq. (5.12).

Example 5.2 Let p > 2, k be sufficiently small, and look at

n 0 ou o p/2—1 Ou 2\p/2—1 _
Y o2, [(1+Ej:1|8xj| ) 8Ii]+ﬂ(1+|“| ) u+kDu=f (5.13)
and 9 5 5
U U
—X (2 PP = 2yp/2=1y, — (. .14
o gy il P ) 2 =0 (5.14)
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where D : W) — W, is k-set contractive, e.g., Du = F(z,u, Vu) in which case
it is compact, or Du = X ,9/0x;¢;(x, u, Vu) with the ¢; k;-contractive in Vu
with k; small. Let Ag(z,&,&1,..60) = (1 + )P 1&, Ai(z,&,61,.,6) =
(1427, E2)P/271¢;, ag(x, &, 61, -&n) = (8)P/* 716 and ai(z,&0,&1, ., 6n) =
%7, (&2)P/?71¢;. Then the matrix (A (x, &, &1, ..&n)) is symmetric. Let n = 2
for simplicity. Then the eigenvalues of the matrix are \; = (p/2 — 1)(1 + &2 +
P27 and Ay = A\ + (p—2)(1 + &2+ €2)P/272(£2 4+ £2). Hence, A, A;, ag and
a; satisfy conditions (A1) — (A4) and (al) — (a2), respectively. Then Eq. (5.13)
has a compact set of solution u € W, (Q), u = 0 on dQ, for each f € X*, if p
is not an eigenvalue of Eq. (5.14) and n = 2. The solution set is finite for all f
as in Theorem 5.1.
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