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An Extension of van Lambalgen’s Theorem to
Infinitely Many Relative 1-Random Reals

Kenshi Miyabe

Abstract  Van Lambalgen’s Theorem plays an important role in algorithmic
randomness, especially when studying relative randomness. In this paper we
extend van Lambalgen’s Theorem by considering the join of infinitely many reals
which are random relative to each other. In addition, we study computability of
the reals in the range of Omega operators. It is known that Q' is high. We
extend this result to that Al is high,,. We also prove that there exists A such
that, for each n, the real Qf/[ is high,, for some universal Turing machine M by
using the extended van Lambalgen’s Theorem.

1 Introduction

Van Lambalgen’s Theorem provides a strong connection between randomness and
computability, and it is a very powerful tool to study computability and randomness.
In this paper we extend this theorem to infinitely many relative random reals. In
addition, we study computability of the reals in the range of Omega operators. We
use the extended van Lambalgen’s Theorem in proving that there exists a real A such
that for each n, the real Qf,l is high,, for some universal Turing machine M.

In Section 3 we prove two properties of martingales. This is because we extend
van Lambalgen’s Theorem by martingales. One property we prove here is a saving
lemma for c.e. martingales and the other is about i-order martingales. It is known
that saving lemmas for computable or resource-bounded martingales hold, but the
proof cannot be adapted to c.e. martingales. Here we prove a saving lemma for c.e.
martingales. Again, this proof cannot be adapted to computable or resource-bounded
martingales.

In Section 4 we define partial strings and expand the domain of martingales from
strings to the partial strings. By using these extended martingales we can strengthen
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the saving lemma. In Section 5 we study van Lambalgen’s Theorem. Van Lambal-
gen’s Theorem is about two relative random reals and can deal with finitely many
relative random reals. We extend this theorem to infinitely many relative random
reals. In Section 6 we prove some results about the computability of the reals in the
range of Omega operators. It is known that Q7 is high. We extend this to that Q"

is high,,. We also prove that there exists A such that, for each n, the real Qf,l = Q‘”(n)
for some universal prefix-free Turing machine M.

2 Preliminaries

Now we look at notations we use in this paper and basic definitions. For a more
complete introduction, see Soare [13] or Odifreddi [10; 11] for computability the-
ory and Li and Vitdnyi [7], Downy and Hirschfeldt [3], or Nies [9] for algorithmic
randomness.

We say that y is a partial computable function from NF to N if there is a Turing
machine P such that w(xg, ..., xx—1) = y if and only if P on inputs xg, . .., Xx—|
outputs y. For a set A of natural numbers, the set A’ = {e | CD;‘ (e)} is called the jump
of A where @/ is the eth partial computable function N — N with A as an oracle.
We write A®™ to mean nth jump of A. We say that A is T-reducible to B, written as
A <7 B,if A = ®F for some e.

We can regard a set A as an infinite binary sequence such that the ith bit of the
sequence is 1 if i € A and 0 if i ¢ A. The Cantor space, denoted by 2%, is the set of
all infinite binary sequences and 2<% denotes the set of all finite binary strings. We
also identify real numbers with their infinite binary expansion. Elements of Cantor
space 2“ are sometimes called reals. We say that A is B-c.e. real if A is the limit of
a B-computable rational approximation. A function f is c.e. if the values f(n) are
uniformly c.e. reals.

A Martin-Lof test is a sequence of uniformly c.e. open sets {U,} such that
1 (Uyp) < 27" where u is the uniform measure on Cantor space. A real A passes a
Martin-Lof test U, if A & (), Un. A real A is Martin-Lof random or 1-random if A
passes all Martin-Lof tests.

We identify ¢ € 2<% with n € N such that the binary representation of n + 1
is 1o. A string is an element of 2<®. For any ¢ € 2<%, |o| denotes the length
of 0. We write o (i) for the (i 4+ 1)th bit of 0. Let A denote the empty string. A
set X of strings is prefix-free if whenever o, 7 € X, then ¢ is not a proper prefix
of 7. A partial computable function M : 2<% — 2<% ig called a prefix-free ma-
chine if dom(M) is prefix-free. There is a universal prefix-free machine, that is,
a prefix-free machine U such that for each prefix-free machine M there is a string
7 € 2<% for which (Vo)U(to) = M(c) or both U(ro) and M(z) diverge. Let
Qf = >, 271 [UA(s) |]. This is called halting probability relative to A. We
can regard Qg as an operator from reals to reals. When U is a universal prefix-free
machine, Q is called an Omega operator via U. Clearly, Qﬁ is an A-c.e. real for
each prefix-free machine U.

3 Martingales

In this section we recall some definitions related to martingales and prove some re-
sults needed in Section 4.



An Extension of van Lambalgen’s Theorem 339

3.1 Definitions and basic properties A martingale is a function
d:2%° - RTU{0)

that satisfies the following fairness condition: for every o € 2<%,

d(0)+d(cl)

—

The martingale d succeeds on areal A if d(A) = sup,, d(A | n) = co. The success
set Succ(d) is the set of reals on which d succeeds.
The following is a very important classical result by Schnorr [12].

d(o) =

Theorem 3.1 A real is 1-random if no c.e. martingale succeeds on it.

A martingale d is universal if Succ(d”) C Succ(d) for each c.e. martingale d’. Note
that if d is a universal c.e. martingale then a real is 1-random if and only if d doesn’t
succeed on it. It is well known that there is a universal c.e. martingale [12].

For another example of a martingale, which is simple and useful, let us define
a conditional probability By. For a c.e. open set U, By(c) = 21°Iu(U N [o]).
Intuitively, this is the chance to get into U when starting from . In particular,
By(A) = u(U). If [6] € U then By(c) = 1. Although this martingale doesn’t
succeed on any reals, it is useful to assemble complex martingales from simple ones.
Generally, if d; is a c.e. martingale for each i and Zi di(1) < oo,thend = Zi d; is
a c.e. martingale [9].

The following assertion is also a very important classical lemma.

Lemma 3.2 (Kolmogorov’s inequality, see Ville [14])  Let d be a martingale. Let
S¥(d) = {z | d(z) = k and 6 < t}. Then

27V1d(0) > u(SE(@)k.

In particular, ,u(Sll{ d) <dk~.

3.2 Saving lemma  Next we study a saving lemma or slow-but-sure-winning
lemma. Similar results have appeared in various forms in the literature [8; 1]. It
essentially says that we can assume that a martingale grows almost monotonically
(sure winnings) although it is slow.

Saving lemmas for martingales have appeared in various forms [8; 1; 2]. The
idea of the proof is that, in the betting of the betting strategy, every time your capital
increases to more than 2, you take 1 or 2 from your capital and “keep it in the bank”
and only continue betting with the remaining little bit of capital. If the original
betting strategy succeeds, then infinitely often the little bit of capital you are betting
with will increase above so that this betting strategy succeeds as well. The proof can
be adapted straightforwardly to computable martingales and resource-bounded ones.

On the contrary, the proof cannot be adapted to c.e. martingales. It is because
one needs to divide by d(o) to get the saving martingale d’, which may not be a
c.e. martingale. One can prove a saving lemma for c.e. supermartingales by similar
ideas. Here we prove a saving lemma of c.e. martingales by another idea. How-
ever, this proof cannot be adapted to computable martingales or resource-bounded
martingales.
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Lemma 3.3 (Saving lemma for c.e. martingales) Let d be a c.e martingale. Then
there is a c.e. martingale d’ with Succ(d) C Succ(d’) and a constant ¢ such that

Vo )(Vo)[d' (o7) > d'(6) — c].
We say that d’ is saving if this condition holds.

Proof We can assume d(1) < 1. Let U, = {[o] | d(o) > 2"} and d,, be a condi-
tional probability of U,; that is, d,(¢) = 2! u (U, N [o]). Let

d'(0) = du(o).

Note that d, (1) = u(U,) < 27". Hence d'(1) = Y, d,(4) < 2. Since each d, (o)
is c.e. uniformly in n and o, we get d’ is a c.e. martingale.

We shall prove Succ(d) C Succ(d’). Let A be a real. Suppose d succeeds on
A. For all k there exists m such that d(A | m) > 2*. Hence [A | m] € Uy.
It follows that d;(A | m) = 2"u([A | m]) = 1 for each n < k. Hence
d'(ATm)=>,d,(A | m)>k. Since k is arbitrary, d’ also succeeds on A.

Next we shall prove that d’ is saving; that is, (Vo )(V7)[d'(c7) > d'(c) — c]. Fix
0,7.Letm = max{n | [c] C U,}. Note that d(¢c) < 2m+ls otherwise, [6] € Unt1.
Let

e(@) =D dy(@) and f(0) = D du(o).
n=0 n=m+1

Note that d,(6) = 1 for all n < m. Moreover, d,(c7) = 1 for all n < m and
7. Hence e(6) = m = e(ot). On the contrary, 271ld(c) > u(U, N [0])2" by
Kolmogorov inequality. Hence

du(0) =217 Uy N [0]) < d(0)27" < 2mH1m,

So
floy=D dilo)< > 2"t <2,
n=m+1 n=m+1
Now
d(ct)=-e(ct)+ f(ot) > e(or) > e(6) =d'(c) — f(o) >d'(c) — 2.

O
3.3 h-order martingales  In this subsection we shall prove that a martingale sat-
isfies a fairness condition in any order.

Definition 3.4  Let d be a c.e. martingale. For an injective function 2 and ¢ € 2<%,
let n, = max{h(i) | i < |o|}. We define h-order martingale of d as

fra(o) = Zd(r)Z'”"'” [ |7] = ny and 7(h(i)) = o (i) foralli < |a| .

Lemma 3.5 For each martingale d and each function h, h-order martingale fj, 4
of d is a martingale. If d is c.e. and h is computable, f}, 4 is a c.e. martingale.
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Proof For ease of presentation we drop the subscript /2, d from fj 4 in this proof.

We prove n, is not essential in f(o); that is, f (o) has the same value by replacing
ns with a larger number.

Claim1 f(o) = >, d()2°!="I [ |z] = m and 7 (h(i)) = o (i) foralli < |o| ]

forallm > n,.
Suppose m > n, = max{h(i) |i < |o]|}. Then

> d@)2 7 [ 2] =m + 1and (h(i))) = o (i) forall i < |o|]
=id(10)2“"0| [lz] =mand (h(i)) = 6 (i) foralli < |o| ]

;Zd(rl)z‘fh” [ lz] =mand z(h(i)) = o (i) foralli < |o| ]
:Z;d(f)zﬂ—'f—l

=> d(r)2"I,

Claim 2  f is a martingale.

Let m be large enough.

2f(0) = Zd@ﬂ'”'“*'f' [z(h(i))=0o(@)foralli <|o|]

m

=> " d(@)2"%" " [ 2(h(i)) = o (i) forall i < |o|and z(h(jc])) =01

m

+ > d(@)27 T [ 2 (h(i)) = 0 (i) forall i < |o|and z(h(jo])) =11

=f(@0)+ f(a]).

If h is computable, n, is computable from / and ¢. Hence f}, 4 is a c.e. martingale.
O

4 Martingales on Partial Strings

We say that x is a partial string if x is a partial function N — {0, 1} with a fi-
nite domain. We define length of x as x| = #{k | x(k) |} and total length as
[lx]] = max{k | x(k) |} + 1. For a partial string x and y € 2<% U 2%, we write
xCyifx(@) |= y(@) = x(@) foralli. Let [x] denote {y € 2% | x C y}. Note that
u([x]) = 271, In the following, x, y, z, w denote partial strings and o, 7, # denote
strings.

Definition 4.1  Let d be a martingale. We define a martingale on partial strings of
d as follows:

dx) =D d(@)2"7I [ o] = |lx||and x T o ].

If o is a string and not partial, d(c) = d(c). Then we identify d and d. Note that
the length of ¢ is not essential by the same proof in Lemma 3.5.
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Proposition 4.2 For each m > ||x||,

d(x) = Zd(a)2m_|r’| [lol=mandxC o .

Similar to a usual martingale, we can prove Kolmogorov inequality and saving
lemma for martingales on partial strings.

Lemma 4.3 (Kolmogorov inequality for martingales on partial strings.) Let x be a
partial string and d a martingale. For k € N, let S)]C‘(d) ={y|d() > kandx C y}.
Then 2~ Xld(x) > u(Sk(@))k.

Proof Let X be a prefix-free set of partial strings such that
X={y|d(y) =k, xCyandd(z) < k forall z C y}.

Note that X may not be a c.e. set. Clearly, u(S¥(d)) = D ex 271 = u(X). For
eachy € X,

2 Mk <27Md(y)y = D d(e)27V! ()
oeYy
where Yy = {0 | |o| = max{[|x]|[, ||y||} and y E o}. On the contrary,
27 Md(x) =" d(z)27 1! )
teZ

where Z = {7 | || = ||x|| and x C t}.

For each y € X and ¢ € Y,, there exists 7 € Z such that 7 T . Let
W, ={o|o €Y,forsomey € X and r C ¢}. Then UycxY, = Uz W;.

By Kolmogorov inequality, for each 7 € Z,

271Md(r) = D" 277ld (o). 3)
oceY,
Hence

27 Md(x)y = d()2 " by (2)

4V4

=2 > 27"d) by (3)

teZoeW,

=> > 27"ld)

yeX o€y,

> Zz—'ylk by (1)

yeX
=u(S{(d)k O

Lemma 4.4 (Strong saving lemma)  Let d be a c.e martingale. Then there is a c.e.
partial martingale d’ with Succ(d) C Succ(d’) and a constant ¢ such that
()N Ey =d'(y) > d'(x) —cl.

We say d’ is strong saving if this condition holds.
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Proof The proof is similar to the saving lemma. We can assume d(1) < 1. Let
U, = {x | d(x) > 2"}. Note that x is a partial string.
Let d,, be a conditional probability of U, ; that is,

dn(0) =211 u(U, N[o])

and

d'(0) = dy(o).

By Kolmogorov inequality for partial martingales d,, (1) = u(U,) < 27". Hence
d'(2) = ., dn(X) < 2. Since each d,, (o) is c.e. uniformly in n and o, we get d’ is
a uniformly c.e. martingale.

Next we shall prove that d’ is strong saving; that is,

(Vx)(¥y)x Ey = d'(y) > d'(x) — c].

Fix x, y for partial strings. Let m = max{n | [x] € U,}. Note that d(x) < 2mtl a9
otherwise [x] C U, 4. Let

e()) =D du(@)and f(x) = D du(x).

n=0 n=m+1

Note that d,,(x) = 1 for all n < m. Moreover, d,(y) = 1 for all n < m and
y 3 x. Hence e(x) = m = e(y). On the contrary, 2~ ¥ld(x) > u(U, N [x])2" by
Kolmogorov inequality for partial martingales. Hence,

dy(x) = 2|X\lu(Un Nix]) < d(x)z—n < 2m+l—n'

So
0 oo
f)= D dix)< > 2 <
n=m+1 n=m+1
Now
d'(y)=e()+ f) ze(y) = ex) =d'(x) — f(x) = d'(x) -2
The proof of Succ(d) € Succ(d’) is the exactly same as that of Lemma 3.3. (|

For an injective function 4 and a string o, we define o}, as o, (h(i)) = o (i) for all i.
Corollary 4.5  Let fj, 4(c) = d(oy) and we call fj 4 the h-order martingale of d.
If d is strong saving, h-order martingale of d is also strong saving.

5 An Extension of van Lambalgen’s Theorem

In this section we shall extend van Lambalgen’s Theorem to infinitely many rel-
ative 1-random reals. Intuitively, van Lambalgen’s Theorem says that any part
of the 1-random real does not have information about the other part. Recall that
A®B={2n|neA}U{2n+1|n € B}.

Theorem 5.1 (van Lambalgen’s Theorem [6])  For every A, B € 2%,
A D B is I-random <= A is I-random and B is A-random.

We refer the reader to [3] for a proof.
We prepare some notations.
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Definition 5.2 Let (m, n) be a pair function defined as m + (m +n)(m +n + 1) /2.
Let @ (A; = (...((Ao ® ApAz...) @ A,). We define [@]7°)A; = A as
A((m, k)) = Ay, (k) for all k, m. We also define d(A @ 1) =sup,d(A [ n @ A).

Theorem 5.3  There exists a sequence of martingales {d,} such that [GB]l?’ioA,' is
[-random if and only if sup,, d,(®}_,A;) < 00.

Proof Let A = [D]2,A; and B, = @_,A;. We define nth pair function ((m, k)),
as B, ({({m, k)),) = Ap (k) for all m, k.

Let d be a c.e. universal strong saving martingale and £, be uniformly computable
functions such that i, ({(m, k)),) = (m, k). We claim that {d},, } satisfies the above
condition.

Suppose d(A) < c for a constant ¢c. By Lemma 4.5,

max{d(x) | x C A} <d(A)+ .
Since d, (B, [ m) = d((By | m)y,) for all m,
supd,(B,) <max{d(x) |x E A} <c+C.
n
We shall prove the other direction. Suppose d([®]72,A;) = oo. For all N there
exists m such that d([@]?ioAi [ m) > N. Since m is finite, there exists / such

that [@]2,A; | m = [eB]ﬁ:OA,' [ m. Note that d; is strong saving. Hence
di(®!_yAi) > N — c. Moreover, (&"_,A; [ m)p, = (B_yA; | m) ® A). O
Remark 5.4  d,(D}_yAi)) = dut1((B}_yAi) © 4) because (B, [ m), =
(B ['m) & W,y

We shall prove that if a martingale does not succeed on a real then you can make sup
of the martingale small by replacing initial segment of the real. We write X =* Y if
XAY =(X-Y)U( — X) is finite.

Theorem 5.5  Let d be a c.e. martingale such that d(A) < 1. For a 1-random real
A and a computable real € > 1 there exists B =" A such that d(B) < €.

Proof Let
V(o) ={ot |d(67) > ¢ forall ¢ such that |6| = |o|}.
Note that
u(V(e)) = u(V(e))
for all 6 such that |6| = |o|. By Kolmogorov inequality,
271ld () > u(V (o).
Hence
u(V(@)e < min27?1d@) [ 16] = o) <2711,
Let Uy = V(A) and
U1 ={ot|lc] € U,and [o7] € V(0)}
recursively. Let X be a prefix-free set such that [X] = [U,]. Since U,+; =

Uan V(O-)’
pUns) = D u(Vie)) = > 27 < e u(Uy).

ceX oceX
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Let f(n) = min{k | e ¥ <27"}. Then {Us @)} is a Martin-Lof test.

Suppose d(B) > ¢ for all B =* A for a contradiction. If A € [g] then A € V(o)
by definition. It is obvious that A € Uy. Suppose A € U,. Let ¢ such that
A € [6] C U,. Then A € V(o). Hence A € U,4+,. By induction A € ﬂn U,.
This is a contradiction with that A is 1-random. O

Theorem 5.6  Let d be a c.e. martingale and A, B be reals such that A @ B is
1-random. For computable reals ¢ such that d(A @ A) < ¢ and € > 0, there exists
D =* B such that d(A ® D) < ec.

Proof Let
X,(c)={ot|d(An®or1) > ec}
and
Wo(o) = Xpy1(0) — X, (o).
By Kolmogorov inequality,

27" ld(A | n® o) = u(Wa(o))ec.
Hence

227" T @ o) 2 Y n(Walo))ec.

n=1 n=1

It follows that

277 supld(A [ n @ 0)} = 3 n(Walo)ec.

n=1

Let V(o) ={ot |d(A® 67) > ec forall 6 such that |6| = |o|}. Then

2ol minsup{d(A | n ® o)} = > u(Walo)ec.

n=1

271l supd(A 1 n @ ) :,u(ﬂ X, (0))ec.

2717l = (V (0))e.

The rest of the proof is the same as that of Theorem 5.5 U

Definition 5.7 A sequence {A,} is relative 1-random if A,, is 69;':_01 Aj-random.

Theorem 5.8  For a relative 1-random sequence {A,} there exists {B,} such that
B, =* A, for each n and [ea]?ioB,- is I-random.

Proof Let {¢;} be a sequence of computable reals such that I1;¢; < co. Let {d,,} be
a sequence of c.e. martingales in Theorem 5.3. We only have to construct {B;} such
that d,,(®}_,B;) < II?_,¢; by induction.

Since Ag is 1-random, there exists By such that dy(Bg) < €9 and By =* Ao
by Theorem 5.5. Suppose we already constructed B; for all i < n. Hence
dy(®7_yBi) < II'_j&;. By Remark 5.4, dy 1 ((@7_yB;) ® 4) < TI'_€ Since
(®!_yBi) ® A, is 1-random, there exists B, such that dy, (@?;Lol B)) < H;’IO] € by
Theorem 5.6. O
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6 Computability of the Reals in the Range of the Omega Operator

Next we study computational power of Qf,l for a real A. We recall some results
which are needed below.

Theorem 6.1 (Downey, Hirschfeldt, Miller, Nies [4]) A’ =7 A ® Q?}, for every
A € 2% and universal prefix-free machine U.

Theorem 6.2 (Downey, Hirschfeldt, Miller, Nies [4]) For A, B € 2%, B is an A-
c.e. real and A-random if and only if B = Qg for some universal prefix-free oracle
machine U.

Theorem 6.3 (Kucera [5]) If A >7 ¢’ then there exists 1-random set B such that
B =7 A.

We say that an operator S : 2% — 29 is degree invariant if A =7 B implies
S(A) =7 S(B). We know the Omega operator is not degree invariant; moreover,
Qi may have a different T-degree for each M. We write A =7 B & QC if B® Q,
is T-equivalent to A for all M. The order of & does not make the difference in Turing
degree, so we abbreviate parentheses ( ). We say A is high if ¢” <7 A’ and A is
highy, if "t <7 AM,

Recall that A is low for Q if Q is A-random. When A is above ¢’, QA is low for
Q, which means that its computational power is weak. However, Q7 is high. This is
a well-known result.

Theorem 6.4 (see [9]) Let A = Q. Then A’ =r p”, so Q7 is high .
This situation can be extended. We prepare a lemma.

Definition 6.5 LetR, =Q & Q@ d Q.

Lemma 6.6 For eachn, R, =7 q)("'H) and R,, is 1-random.

Proof We use induction. When n = 0 it is obvious because ¢’ =7 Q and Q is
1-random. Suppose R, is 1-random and R, =7 ¢V . Then

(n+1) (n+1)
Rus1 =1 Ry @ Q""" =1 D) @ Q""" =1 o042,

a+1) . . . .
Note that Q¢"" ) is go(”H)-random s0 Ry-random. Since R, is l-random, R, is

1-random by Theorem 5.1. (]

Theorem 6.7  For each n, Q‘”(n) is high,, moreover, for A = QW(”), the nth jump
AW =, ¢(ﬂ+1).

Proof First we shall prove that if m + 1 < nand A = R, & Q("(n), then

A" =r Rpy ® Q" Tt is sufficient to show Q) = Qf for some U by
Theorem 6.1. Since A >7 go(’”+1), Qw(erl) is A-c.e. real. Moreover, since R, is
1-random, R;,+1 @ Q?" is 1-random so R, +1 1s A-random. Hence Q" = Qé

for some U by Theorem 6.2.

n (n)
Then we can prove that, for A = Q" A =, et For B = Qf,,

’ n— (n)
BW = QaQ" @ - @ Qe @ Qﬁ,[ =7 ¢"*+D for each M by the discussion
above. O
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Lemma 6.8 If Z is (n + 2)-random, there exists a real A and prefix-free universal
Turing machine U and V such that Q2 = Q" and Q‘é =Z.

Proof Let B = (1+ Z — Q¢(n))/2 and A = ¢ @ B. First we prove Q" is
A-c.e. real and A-random so that Qg = 0" for some U. Note that Q?" is p™-

c.e. real so A-c.e. real. Since Z is R,-random, B is R,-random. Hence Qw(n) is
R, _1 ® B-random. Since R,,_| & B =71 A, Q¢’W is A-random.
Next we prove Z is A-c.e. real and A-random so that Q“‘} — Z. Since Q°" is

go(")-c.e. real, Z =2B — 1+ Q‘/’(") isA = qz)(") @ B-c.e. real. On the other hand,

since Z is R,-random, R, is Z-random. Hence Q™ is 9" @ Z-random. It follows
B is ¢ @ Z-random. Hence Z is A-random. O

Theorem 6.9  There exists a real A such that, for each n, Q8 = Q" for some U.

Proof We consider 1-randomreal R, = Q®Q’ &- - ~®Q¢(n). By van Lambalgen’s
Theorem, Q™ is Q @ (0 L= S Q‘”("fl)-random. It follows that

(n—=1)

Ar=0+0" — """ nisee’ - - 0" " random.

So once more by van Lambalgen’s Theorem,

p@=D

Qe @ - oQ @ A, is 1-random.

Similarly, let
Ac=1+0" 0" "y
Then QP AL DA, D --- D A, is 1-random.
By Theorem 5.8, there exists a 1-random set C = Q @ [69];?21 B; and By, =* Ay.

Let A = Q @ [®]72,B;. It is enough to prove that, for each &, Q" is A-c.e. real
and A-random. First A >7 Q >7 ¢’ so Q7 is A-c.e. real. Let 2 < m. Then

m
Sar=0+" —a”)2
k=2

Ne
( m
Q(pm) ZZZAk+Q¢ -1,
k=2

which is clearly A-c.e. real.
Since C is 1-random, Bj is A-random. Note that B =* A{ =1+ QY — Qand
A > ¢'. Hence Q? is A-random. Moreover,

m
o =2> A+ —1
k=2

is A-random because > ;" , A can be computed by A. U
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