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Abstract

We give new examples of FA presentable torsion-free abelian groups. Namely, for every
n > 2, we construct a rank n indecomposable torsion-free abelian group which has an FA
presentation. We also construct an FA presentation of the group (Z,+)? in which every
nontrivial cyclic subgroup is not FA recognizable.
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1. Introduction

The study of finite automata (FA) presentable, or automatic, structures began in the works
by Hodgson [6, 7] and then carried on in Khoussainov and Nerode [8]. A structure is called
FA presented if its domain and atomic relations are recognized by finite automata operating
synchronously on their input. So, these structures have finite presentations. The class of
automatic structures is of special interest in the field of theoretical computer science. One of
the reasons for this is that the first-order theory of an FA presentable structure is decidable,
and in fact the model checking problem is decidable. For instance, Hodgson [6, 7] was the first
to use this property to give a new proof of the decidability of Presburger arithmetic Th(N, +).

There is a complete description of FA presentable structures in the classes of Boolean
algebras [10] and well-ordered sets [4], but for another classes of structures such as groups,
rings, linear orders, etc., the situation is far from clear. For example, it is unknown whether
the group of rationals under addition has an FA presentation. In [9], Khoussainov and Rubin
posed the problem of characterizing automatic abelian groups (Problem 4).

In this paper, we describe a new method for constructing FA presentable abelian groups
and monoids using the notion of amalgamated product. We show that under certain condi-
tions, the amalgamated product of FA presentable groups or monoids is itself FA presentable.
We then use this method to give new examples of FA presentable torsion-free abelian groups.
The only known examples of such groups were (Z,+), (R,,+) (the group of rationals with
denominators powers of p), and their finite direct products. Our examples are indecomposable
and strongly indecomposable torsion-free abelian groups.
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An interesting characterization of finitely generated FA presentable abelian groups was
discovered by Oliver and Thomas [13]. A group is called abelian-by-finite or virtually abelian
if it contains an abelian subgroup of finite index. It turns out that a finitely generated group
is FA presentable if and only if it is abelian-by-finite.

On the other hand, Nies and Thomas [12] showed that every finitely generated subgroup
of an infinite FA presentable group is abelian-by-finite. This statement would be an easy
corollary of the previous result if the domain of every finitely generated subgroup in every
FA presented group was FA recognizable. However, this is not the case. Akiyama et al. [1]
constructed an FA presentation of the abelian group R,, for each prime p, where the subgroup
of the integers is not FA recognizable. In the last section of this paper, we provide an even
more interesting example of this sort. We will construct an FA presentation of the group
(Z,+)?* every nontrivial cyclic subgroup of which is not FA recognizable. This contrasts with
the standard presentation of Z x Z where every cyclic subgroup is FA recognizable.

We now give formal definitions that will be used in this paper.

Definition 1.1. Let ¥ be a finite alphabet, and @ = (a4, ...,ax) be a tuple of words from
3*. A convolution of @ is a word in alphabet (X U {{J})* which is constructed by placing the
words aq, ..., a; one under another and adding a special symbol [J at the end of the words to
get the same length. For example,

01 O O
Conv(01,1011,100)= 1 0 1 1
100 O

A convolution of a relation R C (3*)* is defined as Conv(R) = {Conv(a) : a € R}.

Definition 1.2. A relation R C (¥*)* is FA recognizable, or reqular, if Conv(R) is recognized
by a finite automaton.

Definition 1.3. A structure A = (A; Ry, ..., Ry, f1,..., fm) is FA presented if, for a finite
alphabet X, A C ¥* is an FA recognizable set of words in ¥*, and all the relations Ry, ..., R,
together with the graphs of operations fi, ..., f,, are recognized by finite automata.

A structure A is FA presentable if it is isomorphic to an FA presented structure.

In some cases to prove that a given structure is FA presentable, we will not construct its
automatic presentation explicitly. Instead we give its first-order interpretation in a structure
already known to be FA presented. The description of this method together with formal
definitions and proofs can be found in [3]. For more background on FA presentable structures
see [11].

2. An FA presentation of the group R,

Definition 2.1. Let R, be the subgroup of (Q, +) consisting of elements of the form k/p".

In the literature, R, is also denoted by Q® (for example, see [5]) or Z[1/p]. The next
theorem shows that R, is FA presentable, and we will use this particular presentation of R,
in section 5 to construct new examples of FA presentable abelian groups.



Theorem 2.2. R, is FA-presentable.

Proof. First, we will construct an automatic presentation of R, the submonoid of R, consist-
ing of elements greater than or equal to 0. Later we describe how to obtain an FA presentation
of the entire group R, from the one for R;.

The alphabet of the FA presentation for RY will be & = {(") : n € {0,1} and m €

{0,...,p —1}}. Every element z € R will be represented by two lines of digits,

nl n2 ... nk
ml m2 . e mk‘

where nins . ..n, represents the integral part of z in binary presentation with the least signif-
icant digit first, and myms ... my represents the fractional part of z in base p with the most
significant digit first. If needed, we put additional zeros to the right to make the lengths of
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integral and fractional part equal. For example, if p = 3 then the element 142—7 € Ry is

represented by

0O[1]1(1
1121210

Let the domain D of an FA presentation of R} consist of all words in ¥* not ending in
(8), except for (8) itself which represents 0. Clearly, D is FA recognizable.

Let Add be the graph of the addition operation. We prove that Add is FA recognizable.
First, we construct an auxiliary automaton A whose alphabet is (X U {{J})®. The states of
A are qp, (0,0), (0,1), (1,0), (1,1), where g is an initial state and (0,0) is a final state. The
state (o, ) means that we have a carry bit « in the addition of integral parts, and a carry
bit § in the addition of fractional parts.

The transitions of A are defined below. It is assumed there that the special symbol [ is
identical to the symbol (8).

.
There is a transition from ¢y to («, 3) with the label (( ), ("2), ("3)> if and only if

ni
mi m2 m3

ny +ng =20 + ng n+ny+1=2a+n;3
or
my +mg + 3 =ms my+my+ 3 =p+ms.
This means that from the first letter of the input, A guesses the carry bit from the fractional
part to the integral part: in the first case the carry bit is 0, while in the second case the carry
bit is 1. .
There is a transition from (o, 3) to (o/, 5’) with the label (( ), ("2), ("3)) if and only

ni
mi mo ms3

if

ny +ng9 + a =20’ + ng
my+mo+ 6 =pB+ms .

Now as one can see Conv(Add) = L(A) N Conv(D?). Therefore, since D? is FA recogniz-
able, then so is Add.



Let us define an FA presentation for R,. Consider the presentation of R; given above; let
7 : D? — D? be the following function

(z.y) = (x —y,0) ifzx>y,
= 0,y —x) ifz<uy.

Note that the graph of 7 is an FA recognizable subset of D* since it can be defined in terms
of Add and < relations which are FA recognizable in our presentation of R; . Now the domain
of the FA presentation of R, is

{(z,y): z,ye Dand (z=0Vy=0)}
with addition operation defined as

(w1, 1) + (22,2) = (w3, y3) if and only if (23,y3) = (21 + T2, Y1 + ¥2).

3. Amalgamations of monoids and abelian groups

Before turning to abelian groups, let us consider commutative monoids which have can-
cellation property, namely, a + ¢ = b+ ¢ implies a = b for all elements a, b, c¢. In what follows,
by monoid we will mean commutative monoid with cancellation property.

Proposition 3.1. Let M, N, and U be monoids, and f : U — M, g : U — N be isomorphic
embeddings. Consider the direct product M x N of the monoids and a relation ~y on M x N
defined as follows:

(xo,yo) ~u (xl,yl) < HU,U ceU (LL’O + f(u) =+ f(U) A
Yo+ g(u) = y1 +g(v)).

Then ~y is a congruence on M X N, and M @y N, the amalgamated product of M and
N over U, is the quotient structure M x N/ ~y, which also is a commutative monoid with
cancellation property.

Proof. 1t is straightforward to show that ~y is a congruence, and that M @y N is a commu-
tative monoid. We prove that it possesses cancellation property. Suppose (xg, yo) + (2, w) ~u
(x1,y1)+ (2,w); then xo+2z+ f(u) = x1+ 2+ f(v) and yo+w+ g(u) = y1 +w+ g(v) for some
u,v € U. Since M and N possess cancellation property, we have that zo + f(u) = 21 + f(v)
and yo + g(u) = y1 + g(v), that is (zo,y0) ~v (1, 41)-
]
We will use the notation (z,y)y to denote the equivalence class of (z,y) € M x N with
respect to ~yg.

Proposition 3.2. Let M@y N be an amalgamated product of monoids M and N over U. Then
there are submonoids M and N in M@y N such that M = M, N =2 N, and M®&yN = M+N.



Proof. Let M = {{z,0)y : 2 € M} and N = {(0,y)v : y € N}; as one can see, M and N
are submonoids of M ©&y N, and M &y N = M + N. Consider the mappings ¢ : M — M
and ¢ : N — N such that o(z) = (z,0)y and o(y) = (0,y)y. Clearly, ¢ and ¢ are
epimorphisms. Let us show, for instance, that ¢ is one-to-one. Suppose (z,0)y = (z/,0)y;
then = + f(u) = 2’ + f(v) and g(u) = g(v) for some u,v € U. Therefore, u = v and the
cancellation property implies that x = 2.
U
In the case of abelian groups, we can define the notion of amalgamated product in a
slightly different manner.

Definition 3.3. Let A, B, and U be abelian groups and f : U — A, g : U — B be isomorphic
embeddings. Then A®y B, the amalgamated product of A and B over U, is the quotient group
A® B/U, where U = {(f ( ),g(uw)) | ueU}.

The next proposition is the strengthening of 3.2 for abelian groups.

Proposition 3.4. Let A ©y B be an amalgamated product of A and B over U. Then there
are subgroupsA and B in A®y B suchthat A=A, B=B, ANB=2U, and AGy B = A+B
where A+ B={a+b|acA beB}.

Proof. By definition A®y B = A@B/U Let A = {(a, 0)+U |a € A} and B = {(0, b)+l7 | b e
B}. As one can sce, Ay B=A+Band A~ A B> B. WenowprovethatAﬂB U.
Let z € AN B, then z = (a, 0)+Uandx—(0 b)—I—U hence (a, —b) € U and a = f(u),
b = —g(u). Therefore, z = (f(u),0) + U and AN B = {(f(u),0)+ U | u € U}, which is

isomorphic to U.
O

Remark 3.5. The intersection M N N of the submonoids of M @y N defined in the proof of
Proposition 3.2 is not necessarily isomorphic to U. To show this let M, N, U be (N, +), and
f, g be the identity embeddings. As one can see, M @y N is isomorphic to (Z,+) because
(z,y)n = (2, y)wiff v —y = 2’ —y/, and we can identify (z, y)n with x—y € Z. In this case, M
and N " correspond to the submonoids of non-negative and non-positive numbers, respectively.
Thus M NN = {(0,0)n} % N.

The converse of 3.4 also holds.

Proposition 3.6. Let L be an abelian group, A, B subgroups of L, and U = AN B. Then
A+ B= Aoy B,

where the embeddings f, g of U into A and B are the identity mappings.

Proof. In this case, A®y B = A@B/U, where U = {(u,u) |u € U}. Let ¢ : Ay B — A+ B
be defined as follows: B
©((a,b)+U) =a—b.

We show that ¢ is an isomorphism. First, note that it is well defined: if (a,b)+U = (a/,b')+U
then (a —a’,b — V') = (u,u) for some u € U; therefore a — b= (¢’ +u) — (V' +u) =d - V.



It is easy to see that ¢ is an epimorphism. We now prove that it is one-to-one. Let
a—b=d —0V;thena—da =b—V € AN B = U. Therefore, (a —a',b—1V) = (u,u) € U and
(a,b) +U = (a',b') + U.

O

Remark 3.7. If M, N, and U are abelian groups then both definitions of amalgamated
product, that is the one for groups and the one for monoids, give us the same structure
M @y N.

4. Constructions of FA presentable monoids and abelian groups

In this section, we will prove a version of Proposition 3.2 for FA presentable structures.

Theorem 4.1. If M, N, and U are FA presented monoids and f : U — M, g: U — N are
isomorphic embeddings that are FA recognizable subsets of U x M and U x N, respectively,
then the amalgamated product M ©y N is FA presentable. Moreover, M ©y N contains FA
recognizable submonoids M and N such that M = M, N = M and M &y N = M+ N.

Proof. We prove that M @y N is FA presentable by constructing an interpretation of it in
the FA presentable structure £ = M U N U U enriched with unary predicates for subsets M,
N, U and binary predicates Ry and R, for the graphs of f and g. Let RM and R" be the
graphs of the addition operation in M and N, respectively.

The domain for M @y N is defined in E? by the formula A(zg,y0) = M(x) A N(yo).
Addition is defined by

O(x0, Yo, T1, Y1, T2, Y2) = R (w0, 21, 22) A RY (yo, y1, ).
Equality is defined by
e(@o, Yo, T1,y1) = Fu, v (U(u) AUv) Ao + f(u) =21 + f(v)
Ayo+g(u) = y1 +g(v))
or more formally
(o, Yo, T1, Y1) =3, v, Wo, W1, Wa, w3, 29, 21 (U(w) AU(0) A Ry(u,wp)

VAN Rf(U, wl) VAN RQ(U, wg) A Rg(U, wg) VAN RM<SL’0, Wy, Zo>
A RM(Ih wy, 20) A RN(yo, wa, 21) A RN(yb w3, 21)).

From the proof of Proposition 3.2 it follows that M and N are defined by the formulas

(20,21) € M <= 3z, u,v (M(z) AU(u) AU(v)A
2o+ flu) =2+ f(v) Az + g(u) = g(v)),
(20,21) € N < Ty, u,v (N(y) AU(u) AU(v)A
20+ f(u) = f(v) Az + g(u) =y + g(v)).

Therefore, M and N are FA recognizable submonoids.



Theorem 4.2. Let A and B be abelian groups such that B is a subgroup of A and |A : B| is
finite. If B is FA presentable, then so is A.

Proof. Let rq,...,r, be representatives of the cosets of B in A. Then there are a function
g:{0,...,k}* — {0,...,k} and elements b;; € B with the following property: for every i
and j,

Ti + Tj = Tg(iyj) + bZJ

We may assume that the FA presentation of B uses an alphabet ¥, such that 0,...,k ¢ %,
and that the domain of this presentation is D C 3*. Let the alphabet of the FA presentation
of Abe X U{O0,...,k}. Each element of A has the unique form r; 4+ b for some b € B, and is
represented by the string iv, where v € D represents b. Since A is abelian,

(Ti+b1) + (Tj+b2) :Tg(i,j) —|—bij—|—b1 —|—b2.

Hence the graph of addition operation can be recognized by a finite automaton.
O

Example 4.3 (Two different presentations of Rg). Consider the presentation of Rg described
in Section 2. We will show that Rg in this presentation does not have FA recognizable
subgroup isomorphic to Ry. Suppose M is an FA recognizable subgroup of Rg and M = Rs.
Let M* = {(x,0) : (x,0) € M}; then M is FA recognizable and M = R;. Note that we
can identify the FA presentation of R¢ and the FA recognizable submonoid of Rg with domain
{(x,0) : (z,0) € Rg}. This implies that R has an FA recognizable submonoid isomorphic to
Ry,
Now if M+ < R{ is isomorphic to Rj, then for some ng, kg € N

k
L nNo v Jnon3®

For each k and let «y be the smallest element of M™ of length kg + k in this presentation.
Obviously, oy, = n93¥6~ 0% and it has the form

olol---Tolo ‘ ‘ 0
0{0}---10 Tk
where length(ry)
) ength(ry
lim ——= =1 . 1

Choosing sufficiently large k, we will have enough leading zeros in the presentation of ay to
pump this string. This will give us a contradiction with the formula (1). Therefore, M is
not FA recognizable, and M is not FA recognizable too.
On the other hand, Rg is isomorphic to Ry @&y R3. Indeed, Ry &y Ry = {(z,y)n : (z,y) €
Ry x Rj} and
(r,y)n = (o',y )y if and only if z —y =2’ — 3.

Let 2 = m/6% € Rg; there are mg, m; € Z such that m = 3*mg — 2¥my; then z = mg/2F —
my /3% = (mg/2% + 1) — (my /3% + 1) for any [ € Z. Choosing sufficiently large [ we see that



z=ux —y, where z € R, y € Ry . Therefore, the mapping that sends (z,y)y to z — y € Rg
gives us desired isomorphism.

Consider FA presentations for R and Rj described in Section 2. Recall that the inte-
gral part of every element is presented in base 2 both in Ry and Rj. Thus if we take FA
presentation of N in base 2, then the graphs of the identity embeddings f : N — Ry and
g : N — R will be FA recognizable. Therefore, by Theorem 4.1, Rg has an FA presentation
which contains FA recognizable submonoids isomorphic to Ry and R3. Now if M C Rg is a
submonoid isomorphic to Ry then M = M™U~—MT is a subgroup isomorphic to Ry. Clearly,
M is definable in terms of M and addition. Therefore, this presentation of Rg contains FA
recognizable subgroups isomorphic to Ry and Rs. It is different from the presentation given
in Section 2, in the sense that there is no automatic isomorphism between them.

5. Indecomposable FA presentable abelian groups

We describe rank n torsion-free abelian groups, G, and H,, which are indecomposable
and strongly indecomposable, respectively. We then show how to apply the methods from
the previous section to prove that they are FA presentable.

In what follows we will use expressions like p~*°a as an abbreviation for an infinite set
p~ta,p~2a,---. For every n > 2, let G,, be a subgroup of Q" generated by p; ey, ..., p, ey,
q Ye1+---+ey), where g, p1, ..., p, are different primes and ey, . .., e, are linear independent
elements in Q" considered as a Q-vector space. An example of such a group can be found in
[5, vol. 2, §88, Exercise 2].

Theorem 5.1. The group G, is indecomposable for all n > 2.

Proof. First, note that every x € GG,, has the form
z= (" my 4+ q7 s)er -+ (0 + g7 s)en,

where my, ..., mpy,s € Z and ki, ..., k, € N. Let E; = (p;*¢;) where 1 < j < n. We show
that the groups Ej; are fully invariant in G, i.e. ¢(E;) C E; for any endomorphism ¢ of
Gp. Let x € Ej and p(x) = ) s;e;. In Gy, x is divisible by all powers of p;, and so is ¢(x).
Hence, s; = 0 for i # j and p(z) = sje;.

Take any ¢ # j. As mentioned above, s; has the form pj_kjmj + ¢~ 's and s; has the form
p;kimi + ¢ 's. Since s; = 0, ¢~'s must be an integer. Therefore, p(z) = s;je; belongs to F;.

Now suppose that G,, = A® B. If x € GG,,, then z has the unique form = = a + b, where
a € A, b € B. Define the following endomorphisms of G,,: ¢*(z) = a and ¢?(x) = b, where
x = a+0b. Obviously, x = ¢*(z) + (). If z € E; then p*(z) € E;NA and ¢®(x) € E;NB,
since Ej; is fully invariant. This means that E; = (E; NA) @ (E; N B).

Note that FE; is indecomposable, because it has rank 1. Therefore, £; C A or E; C
B. Assume there exists 1 < k < n such that possibly after re-indexing Fy,...,F, C A
and Eyy1,...,E, C B. Let ¢'(e; +---+e,) = a+b, where a € A and b € B. Then
e1+- e teprt+-+e,=qa+qb Sincee; +---+e, € Aand ey 1+ -+ e, € B we
have that a = ¢~ '(e; + -+ + eg).

We show that this is impossible. Let a = (py™my + ¢ 's)es +--- 4+ (p;*m, + ¢ 1s)ey;

since p**m, + ¢ 's = 0, ¢"'s must be an integer. Hence pl_klml + ¢~ 's cannot be equal to
-1
q .



So we can assume that Fy,..., E, C A. If B # 0 then let b € B be a nonzero element.
Then there exists m > 0 such that mb € (ey,...,e,) C E1+---+ E, C A, which is impossible

because mb # 0 and mb is an element of B. Therefore, B = 0.
]

Definition 5.2 ([2]). A torsion-free abelian group A is strongly indecomposable if whenever
0O£AkeNand kA< B®C < Athen B=0or C =0.

The group H, from the next theorem was introduced in [2, Example 2.4].

Theorem 5.3. The group H, = (p; < e1,...,p,%en, ¢ (e1+---+ey,)) is strongly indecom-
posable for alln > 2.

Proof. First, we show that any endomorphism of H, is the same as multiplication by an
integer. Let x € H,,, by an argument similar to one at the beginning of the proof of Theorem
5.1, one can show that if z is divisible in H,, by all powers of p;, then x has the form mp; *e;.
Now let e = —eq,...,6p1 = —€p_1, 6 =€, +---+e¢,. Thene, =€ +---+¢, and we
can write
H, = (pr%€1, . 0y 0Cn—1, Py (€14 -+ €), ¢~ ).

Therefore, if z is divisible in H,, by any power of ¢ then it has the form mq "¢, = mq~*(e, +
cee en)'

Let ¢ be an endomorphism of H,; ¢(e;) = r;e; where r; = m;p; ¥ because ©(e;) is divisible
by any power of p;. Hence p(e;+---+e€,) = > rie;. On the other hand, since p(e;+---+e,)
is divisible by all powers of ¢, it has the form mq=*(e; + --- + e,). Therefore, each r; is
equal to an integer number r and ¢(z) = rz. Since the group is torsion-free, every nonzero
endomorphism is one-to-one.

To conclude the proof we will show that if a torsion-free abelian group A has only one-
to-one nonzero endomorphisms then it is strongly indecomposable. Assume that there are
k # 0 and nonzero groups B and C' such that kA < B@® C < A. Let ¢ be an endomorphism
of B @ C defined as follows: if x = b+ ¢ where b € B, ¢ € C then ¥(x) = b. Then the
mapping ¢ defined by ¢(z) = ¥ (kx) is an endomorphism of A. Take any 0 # ¢ € C, then
¢(c) = ¢¥(ke) = 0 and, therefore, ¢ is not one-to-one. Note that ¢ is also nonzero, since if
0#0b€ B then p(b) = kb # 0.

]

Theorem 5.4. The group GG,, is FA presentable.

Proof. Since R, is FA presentable by Theorem 2.2, the direct sum R,, & ---® R, is also FA
presentable. Note that R,, @---® R, is a subgroup of finite index in G,,. Hence, by Theorem
4.2, G, is also FA presentable.

U

Remark 5.5. Note that unlike G,,, the group H,, is not an extension of finite index of any
known example of an FA presentable group. To show that it is FA presentable, we will use
the method of amalgamated products described in section 4.

Theorem 5.6. The group H, is FA presentable.



Proof. First, let us show that H,, is isomorphic to (R, x --- x R} ) ©y R}, an amalgamated
product of monoids R} x---x Ry and R over N, where the isomorphic embeddings f : N —
Ry x---x Rf and g : N — R7 are chosen as follows: for all m € N, f(m) = (m,...,m) and
g(m) = m. Note that our proof will show that the amalgamated product of these monoids is
actually a group.

Every element of (R} x---x RY)®y R is of the form ((ai, ..., a,), b)n, where a; € R},
fori=1,...,n,and b € R}. Suppose that

{(ar,...,a,),b)n = {(a},...,al),t)n

then there are u,v € N such that

(a1 +u,...,a,+u)=(a} +v,...,a,+v)
b+u="V+wv.

This implies that a; —b = a; — b for all i = 1,...,n. Thus we can correctly define a function
hon (Rf x---x RF) @®y R} such that

h({(ai,...,a,),b)n) = (ag — b)ey + - -+ (a, — b)ey.

As one can see, the range of h is a subset of H,,, and h is a homomorphism. To show that it
is one-to-one, assume that

h’(((alv - '7an>7b>N) = h(<(a/17 s ,CL/n), b/>N>;

then
(a; —b)ey + -+ (a, — b)e, = (a] —V)ey + -+ + (al, = V)e,.

Therefore, a; —a, =b—0 € R,, "R, fori =1,...,n. Since R,, N R, = Z there is w € Z such
that

(a1,...,a,) = (a} +w,...,a, +w)
b="0b+w.

So ((a,...,a,),b)y = ((a},...,a,), b ).
Now to prove that A is onto, consider an element z € H,,; it must be of the form

my ) my, )
Z:<71+?>61+"'+<Tn+_>6n-

ZS
for integers m;, [, and natural numbers k;, . Obviously,
- +7:< - +t> —(—7+t>
pil q pi'L q

for any t € Z. Choosing sufficiently large t, we can make all a; = m; /p¥ +t and b= —1/q" +1

to be positive. In this case, ((ai,...,a,),b)y is an element of (R} x ---x Rf ) ®y R} and

h({(a1,...,an),b)n) = z. Therefore, the range of h is H,,, and hence it is an isomorphism.

10



Consider FA presentations of monoids R ,..., R} , and R described in Section 2. From
this we can easily construct an FA presentation of RY x ---x RF by putting strings repre-
senting elements of R one under another in a column using an extra padding symbol when
necessary. Recall that the integral part of an element of R or RF is presented in base
2. Therefore, if we consider the presentation of N in base 2, then the graphs of isomorphic
embeddings f : N — R x---x R and g : N — RF will be FA recognizable. Now, by
Theorem 4.1, the structure (R} x ---x RF ) ®y R is FA presentable, and as shown above
it is isomorphic to H,,.

U

6. A new FA presentation of Z?

Let (Z,+) be the group of integers under addition. In this section, we will construct an
FA presentation of (Z,+)? in which no nontrivial cyclic subgroup is FA recognizable.

Consider Z[z]/(ps), the quotient of the polynomial ring Z[x] with respect to the ideal
generated by p3(z) = 2% + 2 — 3. We will use the notation p(x) ~ q(x) to denote that ps(x)
divides p(z) — q(z).

Remark 6.1. In the construction described below, we can use any polynomial of the form
22 + x — q, for a prime ¢ > 3, instead of p3(z).

Let A = (Z[x]/(ps),+) be the additive group of the ring Z[x]/(ps). It is not hard to see
that A is isomorphic to Z?2, since every polynomial in Z[z] is equivalent over (ps) to a linear
polynomial kx + [, which can be identified with a pair (k,[) € Z2.

We say that a polynomial a,2" + -- - + ag € Z[z] is in reduced form (or briefly reduced) if
la;| < 2 for all i < n.

Proposition 6.2. For every p(x) € Z|x], there is a reduced polynomial p(x) equivalent to it.

Proof. This can be proved by induction: assume that p(z) is in reduced form and show that
p(z) £ 2™ is equivalent to a reduced polynomial. It is enough to consider the case p(z) £+ 1
since p(z) £ 2" can be rewritten as (q(x) £ 1)2™ + r(x), where ¢(x) and r(z) are in reduced
form and deg(r) < n. Note that if py(z) and p;(z) are in reduced form and have non-negative
coefficients then pg(x)—p;(z) is reduced. Moreover, any reduced p(z) is equal to the difference
of such po(x) and p;(z). So, it is enough to consider the case when p(z) is reduced and has
non-negative coefficients and show that p(z) + 1 is equivalent to a reduced polynomial with
non-negative coefficients.

We will actually prove a stronger statement: if p(x) is a reduced polynomial with non-
negative coefficients then p(z)+ (a;z+ag), where 0 < ag, a1 < 2, is equivalent to a polynomial
of the same sort. The proof is now by induction on the degree of p(z).

Let us write p(z) as p(z) = p1(x)z* + (biz + by); now using the fact that 3 ~ 22 + = we
have

p(x) + (@17 + ag) = pr(x)2® + (a1 + b))z + (ao + bo)
~ (p1(x) + iz + (ro + Tl))I2 + c1x + ¢,

11



where

. ag + bo, if ag+ by < 3 |:a0+b()]
p— T p— 5
0 ag + bp — 3, otherwise 0 3
o — CL1+b1—|—T0, ifa1+b1+7”0<3 , _|:a1—|—bl—|—’l“0]
! a; + by + 19— 3, otherwise ! 3 ’
Here [v] is the integral part of v, defined by
[ max{k € Z : k <v} ifv>0,
vl =
min{k € Z:v <k} ifv<0.
For example, [1.5] = 1 and [-1.5] = —1. Note that 0 < ¢g, ¢4 < 2 and 0 < 79,71 < 1. By

induction, py(x) + ra + (ro + 1) is equivalent to a reduced polynomial with non-negative
coefficients; hence so is p(z).
]

We now give an automatic presentation for the group A. The alphabet of the presentation
is ¥ = {-2,-1,0,1,2}. Each reduced polynomial a,z™ + - - - + ag is represented by a word
ag . . .a, € X*. We say that two words ag . ..a, and by . ..b,, from X* are equivalent if a,x" +
ot ag ~ bp™ 4+ by

This equivalence relation is FA recognizable. An algorithm for checking it is as follows.
Given two words aqg . . . ay, by . .. b,,; we can assume that n = m since one can always add extra
zeros to the right. The algorithm needs to remember two carries rg, ry; initially rg = r; = 0.
Note that since 3 ~ x + 22, whenever we subtract 3 from any digit, we need to add 1 to the
next two digits in order to get an equivalent word. That is why we need two carries here.

Now for every ¢ = 0,...,n do the following. Check if 3 divides a; — b; + ro. If ‘no,” then

the words are not equivalent. If ‘yes,” then let gt = rq, 794 = r; redefine
ro=r t—F5 rn=—"

3 3

and go to step ¢ + 1. If we reach in this way step n then the words are equivalent if and only
ifa, — b, +7179=0and r, = 0.

Since at every step |rg| < 4 and |r;| < 2, this algorithm requires a constant amount of
memory. Now it is not hard to construct a finite automaton recognizing the equivalence.

Consider the following order on »: —2 < —1 < 0 < 1 < 2. It naturally extends to the
length-lexicographical order on ¥*, denoted as <j.,. Let the domain of the FA presentation
of A be

Dom(A) = {w € ¥ : (Vu <yep w) u is not equivalent to w}.

This set is FA recognizable since <y, is an FA recognizable relation.

To define addition on Dom(A) consider the relation R(x,y,z) such that if z = ag...ag,
y="by...b then z = ¢q...c, is obtained from z and y by applying the following algorithm.
Again, let 7o, 1 be two carries that are initially zero. At every step i starting from 0, let ¢;
be such that |¢;| < 3,

¢ = a; + b; + ro (mod 3)
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and ¢; has the same sign as a; + b; + ro. Let r§d = rg, 7914 = r;. Now redefine
a; + b + g a; + b + g
R e e e DRl e el

and go to step i + 1.

For example, if x = 2211 and y = 22, then this algorithm produces z = 120021. By
construction, if R(z,y,z) holds then the polynomial corresponding to z is equivalent over
(p3) to the sum of polynomials represented by = and y. It is easy to see that at every step

|ro| < 4 and |ry| < 2. Thus, as before, R can be recognized by a finite automaton.
Let Add(x,y, z) be defined as

Add = {(z,y,2) : z,y,z € Dom(A) and
Jw (R(z,y,w) A w is equivalent to 2)}.

Since Dom(A), R, and the equivalence relation are FA recognizable Add is also FA recogniz-
able. Obviously, Add is the graph of addition operation on Dom(A), and the FA presented
structure (Dom(A), Add) is isomorphic to A.

Our next goal is to show that no nontrivial cyclic subgroup in this presentation of Z? is
FA recognizable.

Lemma 6.3. Let p(x) and q(x) be reduced polynomials such that p(z) ~ q(x) and x* | p(z).
Then x* | q(z).

Proof. Suppose that z* 1 ¢(z); then p(x) —q(z) = 2'(ap+ayz+- ), where | < k, |ag| < 2, and
ap # 0. Since 31 ag, p3(x) = 2+ — 3 cannot divide p(x) — g(z), which gives a contradiction.
]
For p(x) € Z[z], consider the set of all words in 3* that represent polynomials equivalent
to p(x). All these words start with the same number of zeros. So we say that p(x) starts with
k zeros in reduced form if there is w € X* representing p(z) that starts with k zeros.
The following lemma will be used several times later on.

Lemma 6.4. Let n be an integer, then 3% | n if and only if n starts with k zeros in reduced
form.

Proof. Suppose that 3% | n; then n = 3*m ~ z*(x+1)*m. Taking a reduced form for (z+1)*m
and multiplying it by ¥ we obtain a reduced form for n that starts with k zeros; thus n starts
with k zeros in reduced form.

The other implication can be proved by induction on k. First, suppose that n starts with
0 in reduced form and n = 3m + r, where 0 < r < 2. Take any reduced form for 3m. Since
it starts with 0, n = 3m + r has a reduced form that starts with » # 0. This contradicts our
assumption, and hence 3 | n.

It is not hard to see that if p(z) starts with exactly k zeros in reduced form, and ¢(x)
starts with exactly [ zeros, then a reduced form for p(z)q(x) starts with exactly k + [ zeros.
Now suppose that n starts with k + 1 zeros in reduced form; then n = 3m and m starts with
k zeros, because 3 ~ 011 starts with one 0. By induction, 3* | m, and so we have 3**1 | n.

O
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Let a = (v/13 — 1)/2 be the positive root of ps(x) = 22 + 2 — 3. Consider a mapping
F : Z[z] — R such that F': p(x) — p(«). Obviously,

(p+¢)(a) =pla) +q(a) and (pg)(a) = p(a)q(a).

Furthermore, if p(z) ~ ¢(z) then p(«a) = ¢(«), since p(a) — g(a) = ps(a)r(a) = 0.
Consider an arbitrary nontrivial cyclic subgroup in our presentation of Z2. It has the form

(wy={n-w: neZ}

for some w € Dom(A). Let g(x) be the polynomial that corresponds to w. Note that g(a) # 0
since w represents a nonzero element. Indeed, by applying the Euclidean algorithm one can
see that there are polynomials s, with deg(r) < 2 such that ¢ = s - p3 + r. Moreover, since
the leading coefficient of ps is 1, s and r have integer coefficients. Now if ¢(ar) = 0, then
r(a) = 0, which implies that » = 0 since « is irrational. So ¢ = s - p3 is equivalent to 0.

Suppose that (w) is recognized by a finite automaton with d states. We know that 3¢-w €
(w) starts with d zeros in reduced form. So let 3¢ - w be equivalent to 0% € Dom(A). By
pumping lemma, there are sg,s;,¢t € N with ¢ # 0 such that 0% = 0%0'0°'v and w;, =
Otktsotsiy € (w) for all k > 0.

Let gx(x) be the polynomial that corresponds to wy. Since wy € (w), we have that
wy, ~ ng-w for some ny € Z. If w starts with m zeros, then n,, starts with at least tk—m-sg+s;
zeros in reduced form; thus 3%*—mFsots | p,

The fact that wy is equivalent to ny - w implies that gx(a) = ngg(a). Now, on the one
hand,

()] < 201+ o+ - - - 4 vt

alvl —1 wp| +s1+|v| th tk
:2704 1 < 8a!* = BT = Cha™”.

On the other hand,
lax(@)] = [nillg(@)] = 3%3%F=+ "™ |g(a)| = C13™.

Thus
C13% < Copat* for all k > 0,

which is impossible because o < 3. Therefore, (w) is not FA recognizable.
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