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Abstract

Euclid’s The Elements shows that a unique circle in R? is determined by three noncollinear points. In [4]
it is shown that circles can be similarly determined in Iﬁ‘i, the two-dimensional vector space over the finite field
F4. More specifically, it is shown that three noncollinear points which have nonzero distance from each other
determine a unique circle of nonzero radius. In this paper, we extend this result to show that four noncoplanar
points in Fg determine a unique sphere. However, unlike the two-dimensional case, ensuring the four points are
nonzero distance from each other does not guarantee that the sphere will have a nonzero radius.

Keywords: Finite fields, spheres

1 Introduction

We would like for any undergraduate student with a rea-
sonable mathematics background to be able to read this
paper. Therefore, as in [4], we provide the following basic
information which allows us to define a finite field. See [3]
to find more information about groups, rings, and fields,
see [5] for more details regarding vectors spaces and ma-
trix theory, and see [8] to find out more about lines and
planes in R3.

Before getting into the definitions, we should mention
that a similar result to Theorem 1.15 is proven in [7].
However, in this paper we go further by using zero lines
to show that choosing the four noncoplanar points to be
nonzero distance from each other is not sufficient to ob-
tain a nonzero radius sphere. Although the technique of
our proof is similar, we provide significantly more back-
ground, detail, and justification. Specifically, we prove
that the coefficient matrix of the system has a nonzero
determinant and find an explicit formula for the center of
the sphere. We begin with the following definition of a

group.

Definition 1.1. The set G defines a group with respect
to the binary operation * if the following are satisfied:

1. G is closed under *.
2. * is associative.

3. G has an identity element, e.

4. Every element of G has an inverse. For each a € G,
there exists b € G such that axb=bxa =e.

Note that if * on G is commutative, then G is called
an abelian group.

Definition 1.2. The set R defines a ring with respect to
addition and multiplication if the following are satisfied:

1. R forms an abelian group with respect to addition.

2. R is closed with respect to an associative multipli-
cation.

3. The following two distributive laws hold: z(y+z) =
xy+xz and (z +y)z = xz + yz.

In the case that multiplication in R is commutative,
then R is called a commutative ring.

Definition 1.3. The set F' defines a field if the following
are satisfied:

1. F is a commutative ring.

2. F has a unity 1 #0 such that 1 -z =z -1 = z for
all z € F.

3. Every nonzero element of F' has a multiplicative
inverse.

Every field is an integral domain, meaning that there
are no zero divisors [3]. Zero divisors are nonzero elements
of a ring which can be multiplied by another nonzero el-
ement to yield zero.
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Definition 1.4. A field that has a finite number of ele-
ments is called a finite field.

It is known that the order of every finite field is the
power of a prime [6]. In this paper, we use F, to denote a
finite field with ¢ elements where ¢ = p!, p > 2 is a prime,
and [ € N. Note that since F, is a finite integral domain,
the characteristic of the unity 1 is p [3]. In other words,
p is the least positive integer such that p-1 = 0. Since
p > 2 it follows that 2 # 0.

Throughout this paper, we will use the following no-
tation:

1. ¢ will represent (a)(b™'), where b~* is the multi-
plicative inverse of b.

2. a—>b will represent a+(—b), where —b is the additive
inverse of b.

Definition 1.5. Let F be a field. A vector space is a set
V along with an addition on V' and a scalar multiplication
on V such that the following properties hold (see [1]):

1. u+v=v+uforal u,veV.

2. (u+v)+w=u+ (v+w) and (ab)v = a(bv) for all
u,v,w € V and all a,b € F.

3. There exists an element 0 € V such that v +0 =wv
forallveV.

4. For every v € V, there exists w € V such that
v+w=0.

5 lv=wforallveV.

6. a(u+v) = au+ av and (a + b)u = au + bu for all
a,b € F and all u,v € V.

In this paper we work exclusively in Fg, the three-
dimensional vector space over the finite field ;. Just as
R3 is the set of all ordered triples of real numbers, one
can think of F2 as all ordered triples of elements of F,

q
that is, F = {(z,y,2) : 2,y,z € Fg}.

Definition 1.6. The norm, or distance, between two
points P, = (x1,y1,21) and P» = (22,¥2, 22) where Pj,
Py € F2, denoted ||P, — Pi|, is (z2 — 21)* 4 (y2 — 1) +
(22 — 2:1)2.

Note that in vector spaces over finite fields, it is pos-
sible for two distinct points to possess zero distance.

Example 1.7. Consider Z32, the three-dimensional vector
space over the finite field Z7. We use bar notation to de-

note the congruence classes, that is, Z7 = {0,1,2,3,4,5,6}.

In this particular field, modular arithmetic allows us to
demonstrate zero distance between the points (5, 6,4) and
(2,1,3). Substituting these points into the norm equa-
tion, we get ||[Py — Pi|| = (5-2)2+(6—-1)2+(4—3)? =
9+25+1=235=0, since 35 =0 (mod 7).
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Definition 1.8. Asin R3, a line in Fg is determined by a
point on the line and the direction of the line. We define
the line through (zo, yo, 20) parallel to (a, b, c) to be the
set of points {(zo + at,yo + bt, 20 +ct) : t € Fy}.

Definition 1.9. A zero line is a line where each point
on the line is zero distance from all of the other points on
the line. See [4] for more details.

Definition 1.10. A plane in F3 is represented by a point
(20, Y0, 2z0) on the plane and a vector @ = (a, b, c) that is
normal to the plane, where a, b, c € F,. We can then write
the scalar equation of the plane as a(z —x0) +b(y —yo) +
¢(z — z9) = 0 or equivalently ax + by + ¢z + d = 0 where
d = —axy — byy — c2g-

Before getting into the linear algebra needed to prove
our main result, it is worth mentioning that although in-
troductory linear algebra courses usually use R or C as
the base field, essentially every result is independent of
the base field. In other words, we can use F, as the
base field in place of R or C. In the next section we
demonstrate how standard linear algebra techniques such
as Gauss-Jordan elimination still work in this setting.

Definition 1.11. Let M, ., (F;) be the set of matrices
of size n X n whose entries belong to ;. The n x n
identity matriz, I,, is a matrix consisting of 1’s along the
main diagonal and 0’s elsewhere. The inverse of a matrix
A € Myxn(Fy), denoted AL is a matrix that satisfies
the equation AA=! = A=A = I,,. Such a matrix A is
also said to be invertible.

Definition 1.12. For n > 2, the determinant of A €
M, xn(Fy), denoted either as det (A) or |A], is given by
the equation det (4) = >°7_, (—1)"*a;; det (A;;), where
a;; is the element in the 7th row and jth column of matrix
A, and A;; is the submatrix obtained by deleting the ith

row and the jth column of A. In particular, the 2 x 2

Z‘ = ad — be. A 3 x 3 determinant will

be calculated later as an exercise.

. a
determinant

Theorem 1.13 (Invertible Matrix Theorem). If A €
M, xn(Fy), then the following statements are equivalent:

1. A is an invertible matrix.

2. The equation AX = b has a unique solution for every
n X 1 column matriz b.

3. The equation AZ = 0 has only the trivial solution
where 0 is the n X 1 zero matriz.

4. The determinant of A is not equal to zero.

See [5] for a statement and proof of Theorem 1.13 in
its entirety; for brevity we only list the conditions that
will be utilized within the proof of Theorem 1.15.
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Definition 1.14. A sphere in Fg is defined as the set nonzero, by Theorem 1.13 we know there exists an inverse
of all points equidistant from its center. In particular, A~!. To find the inverse using Gauss-Jordan elimination,

a sphere centered at C of radius r is given by S,.(C) = augment matrix A with I and row reduce:
{P e Iﬁ‘g (||C = P|| =r}.
Figure 1 depicts a sphere of radius three over Z2 to T 3|1 0] —RitRosit 1 31T 0
provide an example of what such a sphere would look like. 1320 1 06l 1
6R:sRs [1 3|1 0| —3R:4+RioR: 1 0/]5 3
— o 1|1 6 01|16

This gives A~ = , which can be verified by check-

st 3-F -

Example 2.3. To find the determinant of a 3 x 3 matrix,
multiply each entry of a row or column by its respective
cofactor matrix as follows:

—| ot

ay b1 C1
det (A) as by co
az by c3

—a b2 C2 _a b1 C1 +a bl C1

1 bg c3 2 b3 3 b2 C2

= al(b203 — b3C2) — ag(blcg - b301) + ag(blcg - bgcl)

- = = a1bacg — a1bzca — asbics + agbscy + asbica — asbacy.
Figure 1: A sphere of radius three centered at (3,3, 3) e e S e

over Z%. The origin (0,0,0) is not included the sphere, 1 ? 4
the point is colored in this instance merely to indicate its In particular, for A = 2 31 M3y3(Zs), we can
position for orientation purposes. Screenshot taken from 3 3 1
the video game Minecraft. use the equation above to find the following determinant:
Our main result is the following. det (A) =(T-3-T) - (T1-3-T) - (2-3-1)
Theorem 1.15. If P, P, P3, P, € Fg are four distinct, +(2-3-44+(3-3-1)—(3-3-4)
@ongoplanar points, then they determine a unique sphere 3.3 _T4243-1
in IFy. -
=1
2 Exhibition of Linear Algebra P
1 01 a
Techniques Note 2.4. Let A = |as by c|. One application
as by c3

As a demonstration that linear algebraic techniques con-  of determinants is the following theorem found in [5] in

tinue to be applicable when the base field is a finite field, which the inverse of a matrix can be found by the follow-
we provide an example of Gauss-Jordan elimination find- ing equation:

ing the inverse of a matrix. In the subsequent example,
we find the determinant of a 3 x 3 matrix using cofactor
expansion. A7l = 1 adj (A)
det (4)
Note 2.1. It is sufficient to use Z, in place of F, as Z,
and I, are isomorphic. See [0] for a proof of this fact. where adj (A) is the transpose of the cofactor matrix,
which is found by replacing each a;; € A with det (4;;).
Example 2.2. Let A € Max2(Z7), E i where By Theorem 1.13 we know that if A is invertible, then
o ) ) - det(A) #0, s0 m is in fact defined. We can then find
’ =1-2—-3-1=06 # 0. Since the determinant is

Dol ol

the inverse as follows:

=l =l
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1
Al = j(A
dot (4) “U )
- 1T
+ 22 C2| _ |02 C2f |02 Z2 In [4], basic algebra (Substitution Method) was used
5@ 4 a0 to solve the analogous system in two dimensions. How-
1 b o P a1 by ever, the algebra quickly becomes overwhelming in this
T det(A) | |z e Tlas cs| “lag bs scenario. Therefore, we use linear algebra theory to solve
it. This system can be written as a matrix equation in
by a, 1 a; by
+ — +
L by o as Co az by ]

1 _+(b203 — bgCg)
= 7(b183 - bgCl)
det (A) _+(b102 — 1)201)

—(a263 — 61362)
+(arcs — azer)
—(aica — azcy)

—(a1bs — asb1)

+(agbs — aszby) g
+(a1b2 — azbl)

1 (b2C3 - 5302) (0362 - a203) (azb3 - a352) B
= m (b301 - 5163) ((1163 - (1301) (a3b1 - 0153)
_(blcz - bQCl) ((1,2(,‘1 - (1,1(32) ((1,11)2 - (lgbl)
1 (b203 - b3€2) (b301 - b1C3) (b162 - b201)
= m (0302 - 0203) (0103 - ascl) (a201 - alcz)
_(a2b3 —agby) (azby —aibz) (arba — azby)

Exercise 2.1. Gauss-Jordan elimination can be used to
find the inverse of any invertible n x n matrix. As an exer-

9 4 2
cise, use both methods to find A~! where A= (2 5 6
1 3 4

is an element of Msy3(Zq1). Verify that your answer is
correct by checking that A- A~! = Is.

3 Proof of Theorem 1.15

Let P, P>, P3, Py € Fg be four noncoplanar points. Say
P = (z1,y1,21), P2 = (22,2, 22), Ps = (23,Y3,23), and
Py = (%4,Y4,24). As in [4], if Py, Ps, P3, and Py all lie
on the same sphere with center C = (x,y, z), then the
distance from P; to C' must be the same as the distance
from P, to C' and so on, which yields the following equa-
tions.

Il1Pr=Cll = [P = C|
= (@1 -2+ -y’ + (-2 =@ -2+ (2 —y)° + (22— 2)°
= 27 — 2021 + 22 + ¥} — 2yy1 + 9 + 2 — 2221 + 2% = 23 — 20w + 27+
yg =2y + 9+ 2’% — 2220 + 22
B xf —2xx1 + yf —2yy1 + zf — 2221 = x% — 2xx9 + yg — 2yy2 + zg — 2229
= 2u(w1 — w2) + 2y(y1 — yo) +22(21 — 22) = 2] — @3 +yi — 5+ 21 — 2

1
= 2(21 — 22) + YY1 — yo) + 2(21 — 22) = 5@? — a5+ — s+ 2 —23).

Note that this is an equation of a plane. Similarly,

122 = Cll =175 = Cl

(z3—a3+y3 -3 + 23— 23).

N =

= 2(z2 —23) + y(y2 — y3) + 2(22 — 23) =
[|1Ps = Cll = [|1Py = C]

= @(23 — 74) + y(ys — ya) + 2(23 — 24) = %(JL% —af+yl - i+ 2 - )

We have the following system of equations:

w(wy —w2) +y(yr —y2) + 2(21 — 22) = 3 (27 — a3+ —y3 + 27 — 23)

w(we — x3) +y(yo — ya) + 2(20 — 23) = 3 (23 — a3 +y3 —y3 + 23 — 23)
1.2
2

w(ws — xa) +y(ys — ya) + 2(23 — 2a) = (23 — 2 + 93 —yi + 25 — 23).

2

(2=z)| - |y| = ?($§*13+92*93+22*Z3)4
- 1
2

(23— 24) (@f — @i +u5 —vi + 25— 2))

(1 — 2
(ZIQ — Y3
(Y3 — ya

(w2 — x3)
(w3 — 4)

the form AZ = b:

(z1 — 22) )
)
)

To guarantee that this system has a unique solution,
by Theorem 1.13 it suffices to show that

(561 - 962) (yl - yz) (21 - 22)
det (A) = |(z2 —x3) (y2—y3) (22— 23) #0.
(v3 —x4) (y3—wa) (23— 24)

Remark 3.1. In R3, this determinant represents the scalar
triple product of the vectors (z1 — x2,y1 — Y2,21 — 22),
(xo—x3,Y2 — Y3, 22 — 23), and (@3 — x4, Y3 — Ya, 23 — 24) [8].
The absolute value of the scalar triple product represents
the volume of the parallelepiped determined by the vec-
tors. So, if we were in R? we would be finished due to the
three vectors being noncoplanar, thus producing a paral-
lelepiped with volume greater than zero. (Note that if the
vectors (X1 — X2, Y1 — Y2, 21 — 22), (T2 — T3, Y2 — Y3, 22 — 23),
and (x3— x4, Y3 — Y4, 23— 24) lie in the same plane, then in
particular the head and tail of each vector lie in the plane
which would imply that Py, P>, Ps, and P, are coplanar.)
However, in F 2 we have several issues to contend with.
First, we are uncertain if we have a notion of volume of
a parallelepiped. Second, since finite fields are unordered
we would not be able to argue that the volume obtained
here is greater than zero. Thus, the following argument
is required.

Observe that by using row and column operations that
preserve the determinant, we get:

($1 - $2) (yl - yz) (Zl - 22)
det (A) =|(z2 —x3) (y2—ys) (22— 23)
(!E3 - $4) (ys - y4) (23 - 24)
(IE1 - $2) (yl - yz) (2'1 - 22)
Ro+Rs—R
B, wg —2a) (yo—wa) (22— 21)
($3 - 334) (ys - y4) (Zs - 24)
(5171 - I4) (yl - y4) (2'1 - 24)
Ri+Ra—R;
S 2o —24) (2 —ya) (22— 24)
(w3 —x4) (y3 —ya) (23— 24)
(1 —24) (Y1 —y1) (21—24) 1
_|(@2—z4) (y2—wa) (22—24) 1
(w3 —m4) (yz3—wya) (23—21) 1
0 0 0 1
Ci+24Cs—C1 |z 1y 21 1
Cotx4Ca—Co |T2 Y2 22 1
2, .
C34+x24C1—C3 x3 Ys 3 1
— 7 |my ys 24 1




2022

Let B be the matrix obtained in the final step above.
We have reduced the problem to showing that det (B) #
0. For a contradiction, assume det(B) = 0 and con-
zia+y1b+ z1ic+d=0
z2a + y2b+ z2c+d =0
zr3a + ysb+ zzc+d =0
z4a + Yab+ zac+d =0

sider the system which can be rep-

a 0

resented by the matrix equation B - [2} = [8} Since
d 0

det (B) = 0 it follows from Theorem 1.13 that there exists

a nontrivial solution, say a = ag,b = bg,c = cg,d = dy
where a, b, and c¢ are not all zero. Then agx + boy +
coz + dp = 0 is an equation for the plane satisfied by
Py, P>, P3,and P4, a contradiction to the fact that the four
points are noncoplanar. Thus, det (B) = det(4) # 0
which implies A is invertible.

We now can take the inverse of A to solve for the
center . For ease of notation, let

(x1—22) (y1—y2) (21— 22) ar b o
A= |(ra—z3) (Y2—y3) (22—23)| = a2 b2 ¢
(3 —x4) (y3 —va) (23— 24) a3 by c3
and
[e-me-ged-] [k
b= |33 —a3+y5—y5+25—23)| = [3m
1,5 5,75 79 5 5 i
(73 — x5 +y3 —yg + 25 — 27) 5N

We have A% = b which implies # = A~1b. Thus,

ay bl (5] -t %[
az b2 (&) . %m
as b3 C3 En

1 62(33 — b362 b301 — b103 b102 — bgcl l 1
= + |a3C2 —azC3 a1C3 —azCy ai1Cz2 —azCy| - |mj| - -
det (A) a2b3 - a3b2 a3b1 - a3b1 a1b2 — a2b1 n 2
1 szg - b362 b3Cl - b103 b102 - bZCl 4
= ——— " [Q3C2 — a3C3 a1C3 —a3C; a1C2 —azCy| - |m
2det (A) azbg — a3b2 a3b1 — a3b1 (leg — Gle n

1 (baes = bsea)(£) + (bser — bicg)(m) + (bicz — bacr)(n)
= Sdet(d) (azco — ases)(l) + (ar1cs — ager)(m) + (arca — aser)(n)
(azbs — azb2)(€) + (asb1 — asb1)(m) + (a1b2 — azb1)(n)
Since det (A) is nonzero, this expression is well defined.
We now have the coordinates for the center of a unique
sphere from four distinct, noncoplanar points, which con-
cludes our proof.

4 Zero Radius Counterexample

In [4] it was shown that three noncollinear points that are
pairwise nonzero distance apart are sufficient to define a
circle with nonzero radius. The crux of the argument is
that in IF% there are either no zero lines or exactly two
zero lines through a given point. Thus, if the three non-
collinear points are all zero distance from the center C'
and there are at most two zero lines through C, it follows
from the pigeon hole principle that at least two of the
three points must lie on the same line, contradicting the
hypothesis that they are noncollinear.
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We originally conjectured that an analogous state-
ment would be true for spheres. Namely, we conjectured
that if Py, Py, P3, Py € F} are four distinct, noncoplanar
points that are pairwise nonzero distance apart, then they
determine a unique sphere in Iﬁ‘g of nonzero radius. How-
ever, unlike the two dimensional case, it can be shown
that there exist more than two zero lines in Fg, so the
pigeon hole principle is insufficient in this instance. We
now present a counter example to this conjecture.

The following is a list of all eight zero lines in Z3
passing through the origin. It is straightforward to check
that all of the points on the given lines are zero distance
from each other. Figure 2 depicts ¢; in Z3.

O = {(1t,2t,3t) : t € Zr}, by = {(1t,2t,4¢) : t € Z7}
O3 ={(1t,3t,2t) : t € Zr}, 0y = {(1t,3t,5t) : t € Z7}
U5 = {(1¢t,4t,2t) : t € Zr}, lg = {(1t,4t,5t) : t € Z7}
07 = {(1t,5t,3t) : t € Zz},ls = {(1t,5t,4¢) : t € Z7}

Figure 2: Zero line ¢; = {(1t,2t,3t) : t € Z7}. Screenshot
taken from the video game Minecraft.

Choose four noncoplanar points that are pairwise nonzero

distance apart that lie on separate zero lines from the ori-
gin. Select P, = (1,2,3) , P, = (2,3,1), P53 = (3,1,2),
and Py, = (T,E,Z) Note that P; € El, P, e 687 P; € Uy
and Py € ¢5. We shall first verify the points are nonzero
distance from each other:
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[ V)
[ V)

|PL =Pl =(1-2°+(2-3)°+3-1)*=6
1P =Bl =(1-3%+(2-1)*+(3-2°=6
1PL=Pil = (T-1)"+(2-22+(@-49*=1
1Py =Pl = (2-3)°+(B-1)*+(1-2)*=6
1P =Byl =2-1)*+(3-2+(1-4)*=4
1Ps = Pof| = B-T1)*+(1-2?2+(2-49°=2

To show the points are noncoplanar, construct a plane
containing Pj, P>, and P3 and show P, is not contained
on the plane. We must first construct a normal vector to
the plane, 7i:

i=P—P =(115)
b=P;— P, =(1,51)
R=axb

i j ok
=T 1 5

15 1
=i(1-25) — j(I-5) + k(B -1
=4i+4j + 4k

Now, using P; we get the equation of the plane to be
Ar—1)4+4(y—2)+4(2—3)=0o0rdz+4y+42+4 = 0.
To see that P, is not contained in the plane, observe that
41)+42)+44)+4=4+1+2+4 =14+ 0. Thus,
Py, P>, P; and P, are noncoplanar.

However, C' = (0,0,0) satisfies ||P1 — C|| = ||P, —
C|| = ||Ps — C|| = ||Px — C|| = 0 which shows that C is
the center of the sphere of radius 0 containing the points
Py, P, P; and P;. Figure 3 depicts a representation of
this particular sphere in Z3.

Therefore, four noncoplanar points that are nonzero
distance apart is not sufficient to guarantee a sphere with
nonzero radius.

5 Conclusion and Further
Research

We have shown that in F3, four distinct, noncoplanar
points pairwise nonzero distance apart determine a unique
sphere. Extending this finding into higher dimensions
would be the first logical next step in this topic of re-
search, as well as finding novel methods of representing
these spheres. An exploration of zero lines in general is
also warranted as little is known about their properties
outside their defining characteristic. Specifically, the re-
searchers would like to examine the cardinality of zero
lines in [Fy, as well as determining the conditions of their
existence in lower dimensions.
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Figure 3: A sphere of radius zero centered at (0,0,0) in
Z3. Notice in this case the center is in fact included as a
part of the sphere. Screenshot taken from the video game
Minecraft.
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