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A RULE FOR UPDATING AMBIGUOUS BELIEFS

ABSTRACT. When preferences are such that there is no unique additive prior, the
issue of which updating rule to use is of extreme importance. This paper presents
an axiomatization of the rule which requires updating of all the priors by Bayes
rule. The decision maker has conditional preferences over acts. It is assumed that
preferences over acts conditional on eventE happening, do not depend on lotteries
received on Ec, obey axioms which lead to maxmin expected utility representa-
tion with multiple priors, and have common induced preferences over lotteries.
The paper shows that when all priors give positive probability to an event E, a
certain coherence property between conditional and unconditional preferences is
satisfied if and only if the set of subjective probability measures considered by the
agent given E is obtained by updating all subjective prior probability measures
using Bayes rule.

KEY WORDS: Ambiguous beliefs, Bayesian updating, Dynamic choice, Mul-
tiple priors, Uncertainty aversion

1. INTRODUCTION

The Savage (1954) model of decision making under uncertainty
prescribes that a decision maker has a unique prior probability and
a utility function such that decisions are made so as to maximize
the expected utility. However, there exists a large body of empir-
ical evidence which contradicts Savage’s subjective expected utility
model (see Camerer and Weber, 1992). In particular, behavior such
as that exhibited in the Ellsberg Paradox (1961) is inconsistent with
that approach. The main problem is that the ambiguity that is com-
mon in situations of uncertainty cannot be captured in the repres-
entation of beliefs by a single prior. This is the motivation behind
several nonexpected utility models, which have been presented in
the literature in the last two decades.

Among the generalizations of decision making under uncertainty
we would like to refer two types of models: the non-additive probab-
ilities and the multiple priors model. The first type of model was first
introduced by Schmeidler (1982, 1989), but was also axiomatized,
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among others, by Gilboa (1987) and Wakker (1989). Non-additive
probabilities or capacities, are monotone set-functions which may
fail to satisfy additivity. Using the Choquet (1953) integral, the pre-
vious works axiomatize preferences which are representable by Cho-
quet expected utility. The second model was used by Wald
(1950) and axiomatized by Gilboa and Schmeidler (1989). The mo-
del assumes that the decision maker considers a set of priors as
possible and, because he is uncertainty averse, he evaluates each
alternative according to its minimal expected utility, where the min-
imum is taken over all priors in the set.

One issue which is not addressed in the previous models is the up-
dating of beliefs and preferences as new information arrives. How-
ever, this problem is of enormous importance. In fact, most choice
problems are sequential and, therefore, updating of beliefs must
be specified. Thus application of these models to intertemporal de-
cision making or to game theory, will necessarily require assump-
tions on how economic agents change their beliefs over time. The
same problem is also present in statistical inference, whenever it is
difficult to specify a unique prior and consequently a set of prior
distributions is used (see, for example, Berger, 1990; Wasserman
and Kadane, 1990; Lavine et al., 1991).

Savage’s axiomatic derivation does not consider the problem of
how to update beliefs. Nevertheless, the consensus view is that Bayes
updating rule should be used (see, for example, Brown, 1976; Kreps
1988). Unfortunately, once we abandon the Savage framework, there
is no single answer to the updating question. Among the rules that
have been used there are two which have wider support. The first one
is used when uncertainty can be described by a belief function, and
it is the cornerstone of Dempster (1967, 1968) and Shafer (1976)
belief functions theory – the Dempster–Shafer updating rule. The
other rule, sometimes known as full Bayesian updating, consists in
updating all the priors. This rule has been proposed, among others,
by Fagin and Halpern (1990), Wasserman and Kadane (1990) and
Jaffray (1992).

The Dempster–Shafer updating rule was axiomatized by Gilboa
and Schmeidler (1993). Our paper provides a decision theoretic ax-
iomatization of the rule that requires updating of all the priors. We
then summarize Gilboa and Schmeidler (1993) work and compare
their approach with ours.
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In Savage’s framework there is a natural way of defining condi-
tional preferences from the unconditional preferences of the agent.
Suppose we want to derive the conditional preferences given E

between acts f and g. Then we only need to consider acts which co-
incide on E with f and g respectively, and coincide with act h over
Ec, denoted by f |hEc and g|hEc . The sure-thing principle says that
preferences of the agent between these two acts, does not depend on
h. Hence if f |hEc � g|hEc for some h, one knows that f |hEc � g|hEc for
all h. Then if f |hEc � g|hEc for some h we say that f � g, given E.

Such a natural way of defining conditional preferences does not
exist in the non-additive expected utility framework because the
sure-thing principle does not hold. Here the ordering of f and g

derived from the unconditional preferences as above, depends on h.
That is, the “induced” conditional preferences depend on h.

Gilboa and Schmeidler (1993) extend the idea of deducing con-
ditional preferences from unconditional preferences. In the setup of
non-additive expected utility, they define an updating rule of a set of
preference relations. An updating rule, specifies for any preference
relation and for any event of a measurable partition of the set of
states of the world, what is the preference relation once that event is
known to have occurred. The only two conditions the updating rule
has to satisfy are that if the only event known to be true is the set
of all states of the world, then the updating function is the identity
and that the preference relation given that event E is known to have
happened depends only on the outcomes on states of the world in E.
The last property is known as consequentialism.

They then consider a particular set of updating rules, where the
preference relation given E is induced from the unconditional pref-
erences by choosing a common h on Ec; i.e., f � g given E if
and only if f |hEc � g|hEc . They call this the h-Bayesian update rule.
Clearly, when preferences don’t obey the sure-thing principle, the
updated preferences depend on h.

Gilboa and Schmeidler argue that choosing h = x∗, where x∗ is
the best prize, is a pessimistic update rule which fits well with the
pessimism of an uncertainty averse agent1. The decision maker im-
plicitly assumes that if E had not occurred the best possible outcome
would have happened. Hence, the rule reflects disappointment that
E occurred. This rule for updating preference relations corresponds
to the maximum likelihood principle. The agent would choose from
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the initial set of priors only the probability measures which assign
the maximum probability to event E, and update these probability
measures using Bayes rule. Moreover, for preferences which can
be represented simultaneously by a non-additive probability meas-
ure and by multiple priors, the maximum likelihood update rule
boils down to the Dempster–Shafer conditioning rule, an essential
element of the Dempster and Shafer belief function theory.

In this work we do not follow the approach of deriving the condi-
tional preferences from the unconditional preferences by specifying
an update rule. Instead we characterize the conditional preferences
and how they are related to unconditional preferences. We assume
that preferences over acts conditional on event E happening, do not
depend on the lotteries received on Ec and obey axioms which are
equivalent, under that assumption, to the ones postulated by Gilboa
and Schmeidler (1989) (henceforth GS). As a consequence one can
derive a representation of the conditional preferences as in GS. That
is, given E, the decision maker considers as possible a certain set of
probability measures on E and evaluates each alternative according
to its minimal expected utility.

There are two axioms which link the different preference or-
derings. One assumes that conditional preferences have common
induced preferences over lotteries. The other one relates uncondi-
tional preferences to conditional preferences. It states that if the
agent is indifferent given E, between a certain act f and a constant
act ȳ, then the unconditional preferences should be such that the
agent is also indifferent between an act which gives f if E happens
and the constant act ȳ if Ec happens and the constant act ȳ. We show
that this axiom is satisfied if the set of probability measures which
appears in GS representation of the conditional preferences, is the
set of measures obtained by updating using Bayes rule the set of all
prior probability measures derived in the GS representation of the
unconditional preferences. In addition, we show that if the axiom is
satisfied and p(E) > 0 for all prior probability measures, then the
set of probability measures in the conditional preferences is the one
obtained by full Bayesian updating.

The axiomatization presented in this paper is consistent with the
existence of an updating rule of preferences as defined by Gilboa
and Schmeidler (1993), as it is clear from the assumption that pref-
erences given E only depend on the outcomes in states of the world
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in E. However the updating rule implicit in our paper is quite more
complex than the h-Bayesian update rule. Such a rule is imbedded in
the axiom which relates conditional and unconditional preferences.

In terms of updating a set of probability measures, the rule im-
plicit in our work is that the agent updates all the priors using Bayes
rule. Although it can be argued that this rule is extreme because it
assumes that the agent continues to use probability measures which
give very small probability to the events which occurred, we believe
it is the most appropriate rule to use. The reason is that the agent
who has GS type of preferences is likely to have a “conservative”
attitude. He would not reject some probability measure unless he is
sure that it cannot be the true probability measure.

As mentioned before, the idea of updating all priors without ex-
cluding any of them has been proposed by other authors. However,
no previous work provides a complete decision-theoretic axiomatiz-
ation of the rule. Fagin and Halpern (1989) and Jaffray (1992) used
this rule in a context where a set of priors can be represented by its
lower envelope and the lower envelope is a belief function as defined
by Dempster (1967) and Shafer (1976). In that setup, they show
that the lower envelope of the set of posterior measures is a belief
function itself. However, Jaffray (1992) shows that, in general, the
lower envelope does not characterize the set of posterior measures.
Similar results hold for two-alternating Choquet capacities (belief
functions are infinitely alternating capacities, hence they are also
two-alternating), as proved by Walley (1981) and Wasserman and
Kadane (1990).

The main contribution of this paper is to provide a decision-
theoretic axiomatization of the full Bayesian updating rule. That is,
the paper describes dynamic preferences which imply the updating
of all priors by Bayes rule. The paper can also be interpreted as
an extension of the multiple prior model axiomatized by Gilboa
and Schmeidler (1989) to a dynamic setup. Given the importance
of dynamic decision making under uncertainty this is an important
value added.

In the remainder of the paper we describe the notation and the ax-
ioms satisfied by the conditional preferences and present the
results.
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2. FRAMEWORK

We will adopt the “lottery-acts” framework of Anscombe and Au-
mann. Let X be the set of consequences. Let Y be the set of dis-
tributions over X, with finite support. The elements of Y are called
lotteries (roulette lotteries). Let S be the set of states of the world,
and � be an algebra on S. The elements of � are events. L0 is
defined as the set of �-measurable finite step functions from S to
Y . Let Lc be the set of constant functions in L0. Let L be a con-
vex subset of YS which includes Lc. Convex combinations in YS

are performed pointwise; i.e., for f and g in YS and α in [0, 1],
αf + (1−α)g = h where h(s) = αf (s)+ (1−α)g(s) for all s in S.

Acts are functions from the set of states of the world to the set
of lotteries (S → Y ). The set of acts is denoted by L. A constant
act ȳ is an act which gives the lottery y in any state of the world.
We denote by f (s) the constant act which gives in every state of the
world s ′, the same lottery that f gives in the state s, f (s).

The decision-maker has conditional preferences over acts. We
will denote by �E the preferences given E. In other words if the
agent knew that E happened, then �E would be his preference or-
dering. Let � be the unconditional preference ordering (�=�S).
Let 
E and �Edenote the symmetric and asymmetric parts, respect-
ively, of �E .

Let g|fE be the act which coincides with g on Ec and with f on

E. In particular g|f (s)
E is the act which gives the lottery f (s) in any

state belonging to E and coincides with g otherwise. Let LE
c be the

set of acts which are constant on E.
Given a preference ordering �E , an event A ∈ � is �E-null, or

in other words A is null with respect to �E iff ∀f, g ∈ L, s.t. ∀s ∈
Ac, f (s) 
E g(s), it is true that f 
E g. Otherwise we say that A
is �E-non-null.

The conditional preferences are assumed to obey the following
axioms:

A1 (Weak Order) For all f and g in L, f �E g, or g �E f or both.
For all f , g and h in L if f �E g and g �E h then f �E h.

A2 Ec is a null-event with respect to �E .

A3 (State-Independence) f �{s} g if and only if h|f (s)

E �E h|g(s)E ,∀h
in L and for any E in �.
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A4 (Certainty Independence) For all f and g in L and h in LE
c :

f �E g if and only if αf + (1 − α)h �E αg + (1 − α)h for all
α ∈ (0, 1).

A5 (Continuity) For all f, g, h such that f �E g and g �E h, there
exist αE and βE ∈ (0, 1) such that αEf + (1 − αE)h �E g and
g �E βEf + (1 − βE)h.

A6 (Monotonicity) For all f, g ∈ L such that f (s) �{s} g(s) for all
s ∈ E, f �E g.

A7 (Uncertainty Aversion) For all f, g ∈ L and α ∈ (0, 1), if f 
E

g then αf + (1 − α)g �E f .
A8 (Non-degeneracy) For all E, not for all f, g ∈ L, f �E g.
A9 For all E ∈ � such that E is �-non-null, if f 
E ȳ then f |ȳEc 


ȳ.

Axiom A2 captures the idea that if the agent knew that E happened
his (conditional) preferences over the acts on L should not depend
on the lotteries received on Ec. This property is important in defin-
ing conditional preferences. It is the same condition – consequen-
tialism – that is present in the definition of an “updating rule”.

Axiom A3 guarantees that preferences over lotteries are well
defined and common to all conditional preferences. A constant act
on E means that the agent knows which lottery he will receive if E
happens. If we restrict �E to constant acts on E, uncertainty will
be irrelevant. Hence the ordering given E of the constant acts on
E, should coincide with the ordering of the lotteries. A3 states that
this happens for any E. We notice that A3 is implicit in GS. In fact
they derive preferences over lotteries by considering the preference
ordering over constant acts.

The axioms A1, A4, A5, A6, A7, A8 are GS axioms, adapted to
the case of conditional preferences. Since by A2, Ec is a null event
with respect to �E , the monotonicity and certainty independence
axioms impose conditions only on the lotteries on E.

Axiom A9 relates conditional and unconditional preferences. In
particular, it tells us how the conditional preferences restrict uncon-
ditional preferences. It says that if the agent is indifferent given E,
between a given act f and a constant act ȳ, then the unconditional
preferences should be such that the agent is also indifferent between
an act which gives f if E happens and the constant act ȳ if Ec

happens and the constant act ȳ. With the act f |ȳEc the agent receives
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something indifferent to the constant act ȳ both on E and Ec. How-
ever this is not why the agent is indifferent between ȳ and f |ȳEc . As it
will become clear later, the reason why the agent whose preferences
obey the previous axioms, is indifferent between these two acts is
because the relative weight given to states in E in the evaluation of
f |ȳEc coincides with the relative weights used in evaluating the act
f , given E.

Axiom A9 imposes a certain coherence in the pessimism implicit
in the conditional preferences. A decision maker with ambiguous
subjective beliefs and who obeys to GS axioms, evaluates each act
in such a way that it is as if he chooses among the set of possible
subjective probability measures the one which gives less weight to
the states with the best utility outcomes and more weight to the
states with the worst utility outcomes and takes the expectation of
his utility with respect to this probability measure.

Let us assume that the decision maker uses this pessimist eval-
uation criterion, given E and concludes f 
E ȳ. Using also the
pessimistic criterion in the evaluation of the act f |ȳEc , the agent
considers the probability measure in the set of possible measures
with the lowest expected utility. It is clear that no matter what are
the weights given to E and Ec, provided the relative weights of the
states in E are the same than the one used in the evaluation of f

given E, the agent will be indifferent between ȳ and f |ȳEc .

3. RESULTS

In this section we present the main result of the paper. We start by
stating two lemmas which are useful to the proof of the main result.

LEMMA 1. Under A1 and A3 the preference ordering over lotter-
ies is the same for all the states of the world. I.e., if f (s) = f (t),
g(s) = g(t) and f �{s} g then f �{t} g.

Proof. Suppose not, suppose ∼ (f �{t} g). Then by A1, g �{t}
f . Applying A3 for E = S, g(t) � f (t), which by assumption
is equivalent to g(s) � f (s). However by A3 this is equivalent to
g �{s} f , contradicting the assumption that f �{s} g. �
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LEMMA 2. If the conditional preferences �E satisfy axioms A1,
A2 and A4-A7 there exists a GS representation of the conditional
preferences �E. That is, there exists an affine function u : Y → �
and a non-empty, closed, convex set CE of finitely additive probabil-
ity measures on �, s.t. ∀f, g ∈ L0, f �E g iff minp∈CE

∫
u ◦ f dp

≥ minp∈CE

∫
u ◦ g dp. In addition: (1) u is unique up to a positive

linear transformation and (2) CE is unique if and only if A8 holds.
Proof. Since, by A2, preferences given E do not depend on the

lotteries received in Ec, it is enough to verify that restricting the
acts to E, all the axioms which are necessary and sufficient for
GS representation hold. Axioms A1, A4–A8 guarantee that The-
orem 1 of GS applies to the conditional preferences (see Gilboa and
Schmeidler, 1989). �
We denote by B the space of all bounded �-measurable real valued
functions on S (this is denoted by B(S,�) in Dunford and Schwartz
(1957)). Let B0 then denote the space of functions in B which as-
sume finitely many values. Let K = u(Y ), and let B0(K) be the
subset of functions in B0 with values in K .

The previous lemma guarantees that under A1, A2 and A4–A8
the preference ordering given E has a GS representation. The func-
tion on L0

JE(f ) = min
p∈CE

∫
u ◦ f dp = IE(u ◦ f )

where u is unique up to a positive linear transformation and CE is
unique, represents the preference ordering �E . JE : L0 −→ �
is the function which associates with each act the corresponding
conditional utility and IE : B0 −→ � is a functional such that
IE(u ◦ f ) = JE(f ). The properties of IE (derived from the ax-
ioms) guarantee that there exists a closed and convex set CE of
finitely additive probability measures on �, such that for all b ∈ B,
I (b) = minp∈CE

∫
bdp. Hence one can express the utility of an

act as a function of the utility received in each state and the set of
finitely additive probability measures2.

Axiom A3 implies that the function u : Y → � is the same,
up to a positive linear transformation, to all preference orderings
�E. The next proposition summarizes these results and establishes
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the link between the sets of additive probability measures CE and
CS = C. In particular, the result relates CE with the set of posterior
measures obtained by full Bayesian updating of C. Since Bayes rule
only applies if p(E) > 0, we assume that when C includes measures
that assign probability zero to event E, those measures are excluded
in computing the set of posterior measures of C given E, which we
denote by C/E.

PROPOSITION 1. Let �E be a set of binary relations on L0. Then
the following conditions are equivalent:

(i) The binary relations �E , for all E ∈ � satisfy axioms A1–A7
for L = L0.

(ii) There exists an affine function u : Y → �, and non-empty
closed and convex sets, CE, of finitely additive measures on �

such that:

f �E g iff min
p∈CE

∫
u ◦ f dp ≥ min

p∈CE

∫
u ◦ g dp

In addition:

(a) The function u is unique up to a positive linear transformation.
The sets CE are unique iff A8 holds.

(b) If CE is equal to the set of posterior probability measures using
Bayes rule of C given E, CE = C/E, then A9 is satisfied.
On the other hand, if A9 is satisfied C/E ⊆ CE. Moreover, if
p(E) > 0 for all p ∈ C, and A9 is satisfied then CE = C/E.

Proof. The first part of the result is Lemma 2, hence only part (b)
remains to be proved. By Lemma 2 one knows that:

IE(u ◦ f ) = min
pE∈CE

∫
u ◦ f dpE and (1)

I (u ◦ f |ȳEc) = min
p∈C

[ ∫
E

u ◦ f dp +
∫
Ec

u ◦ ȳ dp

]
(2)

where u is common in both functionals by Lemma 1.
Let us first show that if CE is the set of posterior measures of C

given E then A9 holds. That is, if CE = C/E and f 
E ȳ then
f |ȳEc 
 ȳ. Or equivalently, using the GS representation, if CE =
C/E and IE(u ◦ f ) = u(y) then I (u ◦ f |ȳEc) = u(y).



A RULE FOR UPDATING AMBIGUOUS BELIEFS 147

Assume p∗E is the minimand in problem (1) when CE = C/E.
Since f 
E ȳ, u(y) is the value of the functional in (1). Define
the set C∗ as the set of probability measures in C with posterior
probability p∗E; i.e. C∗ = {p ∈ C : p/E = p∗E}. If p(E) = 0 for
some p in C, problem (2) can be written as:

min

[
min

p∈C:p(E)>0

[
p(E)

∫
E

u ◦ f

p(E)
dp+(1−p(E))u(y)

]
, u(y)

]
.

(3)

The solution to this problem will be no greater than u(y). If p(E) >

0 for all p in C, problem (2) can be written as:

min
p∈C

[
p(E)

∫
E

u ◦ f

p(E)
dp + (1 − p(E))u(y)

]
. (4)

Since C∗ ⊆ C the solution to this problem will be no greater than

min
p∈C∗

[
p(E)

∫
E

u ◦ f

p(E)
dp + (1 − p(E))u(y)

]
, (5)

which is equal to u(y). We need to prove that the solution to (3)
or to (4) cannot be smaller than u(y). Suppose it can, and assume
∃ p̂ ∈ C such that p̂ is the solution to problem (3) or (4) and
I (u ◦ f |ȳEc) < u(y). The only way this can happen is if p̂(E) > 0
and

∫
E

u◦f
p̂(E)

dp̂ < u(y). But since the posterior of p̂ belongs to

CE = C/E this would mean that p∗E could not be the solution to
(1), a contradiction.

Let us now show that if axiom A9 holds then C/E ⊆ CE. Sup-
posing the statement is false, assume ∃p′ : p′ ∈ C/E but p′ /∈ CE ,
then we can show that A9 fails, that is ∃f ∈ L0 and ȳ ∈ Lc such
that f 
E ȳ but ∼ (f |ȳEc 
 ȳ).

If ∃p′ : p′ ∈ C/E and p′ /∈ CE then, by a separation the-
orem (Dunford and Schwartz, 1957, V.2.10), there exists a ∈ B

such that
∫
adp′ < minp∈CE

∫
adp. Without loss of generality we

may assume that a ∈ B0(K). Hence there exists f ∈ L0, such that
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u ◦ f = a and
∫

u ◦ f dp′ < min
p∈CE

∫
u ◦ f dp ⇔

∫
E

u ◦ f dp′ < min
p∈CE

∫
E

u ◦ f dp. (6)

Let ȳ ∈ Lc be such that f 
E ȳ (by continuity ȳ exists). Then the
RHS of (6) is equal to u(y). Multiplying the previous inequality by
0 < k ≤ 1 and adding up (1 − k)u(y) on both sides we obtain:

k

∫
E

u ◦ f dp′ + (1 − k)u(y) < u(y) (7)

Inequality (7) holds for any 0 < k ≤ 1. But this implies that for
any prior measure p′

0 ∈ C with posterior p′ we have
∫
u ◦ f |ȳEcdp′

0

< u(y). Since I (u ◦ f |ȳEc) ≤ ∫
u ◦ f |ȳEcdp′

0, one concludes that

I (u ◦ f |ȳEc) < u(y). But then A9 does not hold.
Finally, we need to show that if p(E) > 0 for all p ∈ C and A9

holds then CE = C/E. Since we already know that C/E ⊆ CE , we
only need to prove that there exist no p′′ : p′′ ∈ CE and p′′ /∈ C/E.

By contradiction, assume ∃ p′′ : p′′ ∈ CE but p′′ /∈ C/E. Then,
by a Dunford and Schwartz’s separation theorem (1957, V.2.10),
there exists an a ∈ B such that

∫
adp′′ < minp∈C/E

∫
adp. Without

loss of generality we may assume that a ∈ B0(K). Hence there
exists f ∈ L0, such that:∫

u ◦ f dp′′ < min
p∈C/E

∫
u ◦ f dp

Let ȳ ∈ Lc be such that f 
E ȳ. Since IE(u ◦ f ) = u(y) ≤∫
u ◦ f dp′′ the previous inequality implies

u(y) < min
p∈C/E

∫
u ◦ f dp

which, by definition of C/E, is equivalent to

u(y) < min
p∈C

∫
E

u ◦ f

p(E)
dp.
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However this implies that u(y) <
∫
E
u ◦ f /p(E)dp for all p ∈ C

(recall that, by assumption, p(E) > 0 for all p ∈ C). Therefore,

u(y) < p(E)

∫
E

u ◦ f

p(E)
dp + (1 − p(E))u(y)

for all p ∈ C. As a consequence

u(y) < min
p∈C

[
p(E)

∫
E

u ◦ f

p(E)
dp+(1 − p(E))u(y)

]
= I (u ◦ f |ȳEc).

But this means that A9 does not hold. �
Our result is the first one to give a complete decision-theoretic ax-
iomatization of the full Bayesian updating rule. However, we would
like to mention that one direction of our result is implicit in Pro-
position 1 of Jaffray (1994). In his work, Jaffray justifies the use
of Hurwicz α–criteria with the axioms of rational decision making
under mixed uncertainty (Cohen and Jaffray, 1985) and defends its
use after conditioning. According to Hurwicz criterion when the
decision maker considers the set of prior C as possible, the utility
of an act is a convex combination of its minimal and its maximal
expected utility. Hence, the Wald criterion is a special case of Hur-
wicz criterion, in which the decision maker gives zero weight to the
maximal expected utility.

Following our assumptions, in particular that u is common to all
preferences, and using our notation Proposition 1 of Jaffray (1994)
could be stated as follows:

(1) Let E be such that p(E) > 0 for all p ∈ C. The value of
minp∈C/E

∫
u ◦ f dp is the unique value u(y) that solves the

equation:

u(y) = min
p∈C

[ ∫
E

u ◦ f dp + (1 − p(E))u(y)

]

⇔ min
p∈C

[ ∫
u ◦ f |ȳEcdp

]
− u(y) = 0.

In other words, if CE = C/E then axiom A9 is satisfied.

Another interpretation of the previous property is that one can com-
pute bounds on conditional expectations (in our case lower bounds,
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but a similar property holds for upper bounds) by computing bounds
on prior expectations, one idea that has been used in robust Bayesian
inference. Moreover, it is also related to the linearization technique
first proposed by Lavine (1991a), and used, among others, by Wasser-
man et al. (1993). The technique also appears as a generalized Bayes
rule in Walley (1991). The idea of this technique is to compute the
bounds on conditional expectations, which is a nonlinear function
of the prior, by evaluating as accurately as desired the bounds of a
linear function of the prior.

In our framework the properties of the conditional preferences are
primitives of the model. They are as important as the axioms on un-
conditional preferences. Our main result shows that when p(E) > 0
for all p ∈ C, the conditional preferences can be derived uniquely
from the unconditional ones, since in this case CE = C/E and u

is common to conditional and unconditional preferences. However,
if p(E) = 0 for some p ∈ C the conditional preferences are no
longer fully determined by the unconditional ones. In this case, the
conditional preference ordering �E is needed to completely charac-
terize the set of posterior measures. Note that in our framework it is
possible to define the set of posterior measures, even if the event is a
null event with respect to the unconditional preferences. This feature
is also present in Walley (1991). This author does not use a decision
theoretical framework, but his modelling strategy is similar to ours
in many respects. He considers the conditional previsions as fun-
damental as the unconditional previsions, assumes that conditional
previsions satisfy separate coherence and imposes a coherence con-
dition between conditional and unconditional previsions.

4. CONCLUSION

In the context of maxmin expected utility with multiple prior this
paper axiomatized a rule for updating ambiguous beliefs. The paper
assumes that the decision maker has conditional preferences: he or
she is able to order acts conditional on a given event happening.
Conditional preferences have common induced preferences over lot-
teries and can be represented by a maxmin expected utility with
multiple prior. The main result of the paper is related to a certain
coherence property between conditional and unconditional prefer-
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ences. It is assumed that if act f is indifferent, conditional on event
E happening, to the constant act y then unconditional preferences
are such that the constant act y and the act which gives f if E

happens and y if Ec happens are also indifferent.
The paper shows that if the set of subjective posterior measures

is obtained by full Bayesian updating of the set of subjective prior
measures, then the previous coherence property holds. In addition,
if all prior probability measures give positive probability to event
E and the coherence property holds the set of measures in the con-
ditional preferences given E is the one obtained by full Bayesian
updating of the set of priors.

This paper makes two principal contributions to the economic
literature. The first is a decision-theoretic axiomatization of the full
Bayesian updating rule. The other contribution is an extension of the
maxmin expected utility model to a variable information context.

NOTES

1. Gilboa (1989) has used another updating rule for capacities which corresponds
to choosing h = x∗, where x∗ is the worst prize.

2. Existence and uniqueness of JE is proved in Lemma 3.2. of GS. Existence
and properties of IE (monotonicity, superadditivity, homogeneity of degree
one and C-independence) are derived in Lemma 3.3 of GS. Existence of CE

is proved in Lemma 3.5 of GS.
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