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Prehistory and background

There are some statements referring the exceptionally famous papers ofia2jdeid their
interpretation, which turn out to be rather misleading. Their essence condistsng (the
logical) completenesfl] to finiteness, and correspondingly (théhanetical or equivalent)
incompleteness (or alternatively, inconsistency, [2]) to infinity.

Their historical background and problematics have been reconstructed nowadaymbyme
(i) the crisis in the foundation of mathematics, being dugctoalinfinity in the “naive” sé
theory, (ii) its axiomatiozations, reducing the problem of their completeness and consistence
to that of their modslin Peano arithmetic(iii) Hilbert’'s program for the arithmetical
foundation of mathematic, arfy) Russell’sconstruction irPrincipia.

(v) Skolemis conception (called also paradox) about the “relativity of the concept”of3jet
oncethe axiom of choiceas utilized should be specially added to that background to be
founded the present viewpoint.

A sketch of the present viewpoint

(S1) One can trivially demonstrate thReano arithmetic excludes infinity from its scope
fundamentally: Indeed, 1 is finite; adding 1 to any natural number, one obtains a finitd nat
number again; consequently, alhtural numbers are finite according to the axiom of
induction.

(S2) Utilizing the axiom of choice equivalent to the wetldering principle (theorem), any set
can be ong¢o-one mapped in some subset of the natural numbers. As Skolem emphasized
expressively, this means that any set even being infinite (in the sensdh@gjadmits an
(“nonintrinsic” or “unproper) oneto-one model by some subset of the natural numbers,
which should be finite, rather than only by a countably infinite model.

(S3) In fact, theso-called countable power of a set is introduced in the (Camt6naive”) set
theory as the power equivalent to that of all natural numdnedsdifferent (and bigger) than
that of any finite number. Howeveahe number of all natural numbers should be a natural
number and thus finite in Peano arithmetias a corollary from (1) above.

($4) Consequently, if one compares Peano arithmetic and set theory (e.g. in ZFC
axiomatization), a discrepancy about (countable) infinity is notable:

($4.1) Peano arithmetic is incomplete to set theory for that arithmeticdoes not contain any
infinity (including the countable one).

($4.2) FurthermorePeano arithmetic cannot be complemented by any “axiom of infinity”
because itcontains only finite numbers according (1) above. In other wafdg, is
complemented to become “complete” in the sens&4ol, it would become inconsistent
furthermore. Those statemen84.1-S42) reconstrucGodel’s incompletnesg2] argument

in essencebut in a trivial way.

(SH) If one considers a logical axiomatization in the senderioicipia (as in[1]) withoutany
mappingand even correspondence to Peano arithmetic, some axiom of infinity is implicitly
allowed and thus completeness provable, but only nonconstrudeelyhether explicit or
implicit reference to infinity does not admit any constructiveness constructive wayn
principle. (One can mean some constructiveness in a nonconstructive way, semas
constructiveness dpure existing” by virtue of the axiom of choice, e.g. as the fundamentally
random choice of some finite set to represent a given infinite set for Skoldatigemess of
‘set’: this involvesprobability theory in the foundation of mathematics.)
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Thesis

(T1) Peano arithmetic cannot serve as the ground of mathematics for it is inconsistent to
infinity, and infinity is necessary for its foundation. Though Peano arithmetic cédmenot
complemented by any axiom of infinitghere exists at least one (logical) axiomatics
consistent to infinity. That is nothing else thaght a new reading at issue and comparative
interpretation of Godel's papemseant here.

(T2) Peano arithmetiadmits anyway generalizations consistent to infinity and thus to some
addable axiom(s) of infinity. The most utilizegkample of those generalizat®ors the
separable complex Hilbert space.

(T3) Any generalization of Peano arithmetic consistent to infinity, e.gséparable complex
Hilbert space, can serve afoandation for mathematics to found itself and by itself.

A few main arguments

(Al) Skolem’s relativeness of ‘set’

(A2) The viewpoint to Godel’s papers sketched above (HES)L

(A3) The separableomplex Hilbert space can be considered generalization of Peano
arithmetic as follows. Hilbert space is an infinite series of qubits. A qubit is defisadaal
and thus isomorphic to a unitlb&n which two points are chosen: the one from the ball, the
other from its surface. Any point in that space would representable as some dumog) (©f
values in each qubit. If the radiuses of all those unit balls are degenerate to dnghexc
Hilbert ace is reduced to Peano arithmefao. the contrary, itwo choices, each one among
a limited uncountable set and thus representablerasnaedpair of complex numbergre
juxtaposed to any natural number, one obtdiescomplex Hilbert space as a ssrdf qubits
and as a generalization of Peano arithm@tiee essential property of tiseparableeomplex
Hilbert spacdtogether with its dual spacay that model is that the set of all natural numbers
IS mapped ongo-one to a series of infinite setwhich is identically doubled). Thus the set of
all natural numbers is representable as a series of bits, e.g. the “tape” @fsTarachine,
and as a single qubit, e.g. a “cell” of #p&antum Turing machine.

(A4) The theorems of the absence of hidden variables in quantum mechanidgl-5] can be
interpreted as @ompletenesgproof of the above model based on Heparablecomplex
Hilbert spacelndeed, theseparableomplex Hilbert space is sufficient for the proof of those
theorems, and the absence of hidden variables corresponds unambigu@ashpleteness.
Any hidden variable would mean the incompleteness odd¢parable complex Hilbert space

References
1. Godel K. Die Vollstandigkeit der Axiome des logischen Funktionenkalkiils
Monatshefte der Mathematik und Physik 37(1), 1930, pp. 349-360

2. GodelK. Uber formal unentscheidbare Satze BEincipia mathematica und verwandter
Systeme | /[ Monatshefte der Mathematik und Physk 38(1), 1931,
pp. 173-198

3. Skolem T.Einige Bemerkungen zur axiomatischen Begrtiindung der Mengenldhre //
Skolem T. Selected works in logic of Thoralf Skolem. Ed. by E. Fenstad.Oslo:
Univforlaget, 1970, pp. 137-152

4. NeumannJ. Mathematische Grundlagen der Quantenmechanik. Berlin: Springer,1932,
pp. 167-173

5. Kochen S., SpeckerE. The problem of hiddervariables in quantum mechaniés
Journal of Mathematics and Mechanics 17(1), 1968, pp. 59-87

188



	Symbolic Logic and Foundations of Mathematics "3353353 Символическая логика и основания математики
	Vasil Penchev. A new reading and comparative interpretation of Gödel's completeness (1930) and incompleteness (1931) theorems


