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APPROXIMATION OF B-CONTINUOUS AND
B-DIFFERENTIABLE FUNCTIONS BY GBS OPERATORS
DEFINED BY FINITE SUM

Ovidiu T. Pop

Abstract. In this paper we start from a class of linear and positive operators
defined by finite sum. We consider the associated GBS operators and we give an
approximation of B-continuous and B-differentiable functions by these operators.
Through particular cases, we obtain statement verified by the GBS operators of
Bernstein, Stancu, Schurer and Schurer-Stancu type.

1. Introduction

In this section, we recall some notions and results which we will use in
this article.

In the following, let X and Y be real intervals. A function f: X x Y is
called B-continuous function in (xg,y0) € X x Y if

lim Af[(.ilf, y): ($07 Z/O)] = 0.
(z,y)—(z0,%0)

Here Af[(z,y), (z0,y0)] = f(x,y) — f(x0,y) — f(x,90) + f(20,y0) denotes a
so-called mixed difference of f.

The definition of B-continuity was introduced by K. Bogel in the paper
[9] and [10].

A function f : X xY — R is called B-differentiable function in
(xo,y0) € X x Y if it exists and if the limit is finite

im = Afl.y) (xo, 50)]
(@y)—(zowo) (T —x0)(y — o)
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This limit is named the B-differential of f in the point (z¢,yo) and is noted
by Dp f(zo,Yo)-

The function f : X xY — R is B-bounded on X x Y if there exists K > 0
such that

Afl(z,y), (s, 0)]] < K
for any (x,y), (s,t) € X x Y.

We shall use the function sets
B(XxY)={f|f:XxY =R, f bounded on X x Y}
with the usual sup-norm || - ||co,
By (X xY)={f|f: X xY =R, f B-bounded on X x Y}

and we set ||f||p = sup |IAf[(x,y), (s,t)]| where f € By(X xY),
(z,y),(s,t)eEX XY

Co(X xY)={f|f: X xY =R, f B-continuous on X x Y}
and

Dy X xY)={f]|f: X xY — R, f B-differentiable on X x Y'}.

Let f € By(X xY). The function wmixea(f;-,+) : [0,00) x [0,00) — R
defined by

(1.1) wmixed(f;01,02) = sup{|Af[(z,y), (s, )] | [+ — s| < b1, |y — ] < 52}

for any (d1,02) € [0,00) x [0, 00) is called the mixed modulus of smoothness.
For other information, see the following papers: [1], [3], [15] and [19].

Let the functions test e;; : X x Y — R, e;j(z,y) = a2’y for any (z,y) €
X xY, where 7,7 € N.

The inequality of Corollary 5 from [4], in the condition of (1.2), becomes
(1.3) inequality. The (1.4) inequality is demonstrated in [17].

Theorem 1.1. Let L: Cp(X xXY) — B(X XY) be a linear positive operator
and UL : Cp(X X Y) — B(X xY) the associated GBS operator. Supposing
that the operator L has the property

(1.2) (L(=2)*(=9¥) (z,9) = (L(- = 2)*) (z,9) (L(+ = 9)¥) (2,9)
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for any (z,y) € X XY and any i,j € {1,2}, where “” and “” stand for
the first and second variable.

(1) For any f € Cp(X X Y), any (z,y) € X xY and any 61,02 > 0, we
have

(13) |f(2.9) ~ (UL)(x.9)| < £ 0)lI1 ~ (Leoo)(z.)
+(Lew) ) + 57 VETC— 2 9) + 03 VTG~ 9P y)

0710, VL C = 2P) (@ ) (L = 9)P) (@) |wiminea (£ 81, 02).

(i9) For any f € Dp(X xY) with Dpf € B(X xY), any (z,y) € X XY
and any 1,09 > 0, we have

(14) [f(z,) = (UL )] < |f@, 911~ (Leoo) (. )|
31 D5 fllooV/(L(- = 22w, ) (L — 9)?) (2, 9)
4{¢@c—m%uwxu*—m%uw>
+67 V(L z,y)(L(x — y)?)(2,y)
+65 'V (L( (z,9)(L(x —y)Y)(z,y)

+07 105 (L — 2)*) (2, y) (L (+ — 9)*) (2, y)]wmixed(DBf; 91, 02)-

The following Korovkin type theorem for convergence of B-continuous func-
tions is due to C. Badea, I. Badea and H. H. Gonska (see [2]).

Theorem 1.2. Let (Lyn)mn>1 be a sequence of linear positive bivariate
operators, Ly, n : Cy([a,b] x [c,d]) — B(la,b] x [¢,d]), m,n € N, m # 0 and
n#0. If

(1) (Linneoo)(z,y) =1,

(#) (Lim,n€10)(@,y) = T+ umn(2,y),

(@1) (Limneo1)(®,y) =y + vmn(z,9y),

(iv) (Limn(e20 + €02))(2,y) = 2° + y° + winn(2, y)
for any (x,y) € [a,b] X [¢,d], any non zero natural number m, n and

(U) lim um,n(‘ray) = hm Um n(x y) hm W, n(x y) =0
uniformly on la,b] X [c,d], then the sequence (ULm )m n>1 converge to f,

uniformly on [a,b] x [c,d] for any function f € Cy(la,b] x [c,d]).
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2. Preliminaries

Let I,J, K C R intervals, J C K and INJ # &. For any non zero natural

number m, we consider the sequence of nodes ((wmk) k:oTn) such that
’ m>1

Tmk € INJ, k€ {0,1,...,m} and the functions Prg I — R with the
property that p} ,(z) > 0 for any € J and k € {0,1,...,m}.

Definition 2.1. Let m be a non zero natural number. Define the operator
L:, :E(I)— F(K) by

(2.1) (Linf) (@) = > P (@) f ()
k=0

for any function f € E(I) and any = € K, where E(I) and F(K) are subsets
of the set of real function defined on I, respectively on K.

Proposition 2.1. The operator (Ly,),,~, are linear and positive on
E(IN.J).

Proof. The proof follows immediately. O

In the following, we suppose that for any function f € C(I), we have

(2.2) lim (L, f) (x) = f(x)

m—00

uniformly on I N J and
(2.3) (Ly,eo) (x) =1
for any z € K and any non zero natural number m.

Definition 2.2. Let m and n be non zero natural numbers. The operator
Ly, E(I xI)— F(K x K) defined for any function f € E(I x I) and any
(z,y) € K x K by

m n

(2.4) (L) (@0) = D0 0 (@)05 ;W) f (T Y )
k=0 j=0

is named the bivariate operator of L* type.

Proposition 2.2. The operator (L:‘nm)
E[(IxI)n(JxJ)].

are linear and positive on
m,n>1
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Proof. The proof follows immediately. [

Definition 2.3. Let m and n be a non zero natural numbers. The operator
UL, E(I xI) — F(K x K) defined for any function f € E(I x I) and
any (z,y) € K x K by

(2.5) (UL* ) (x,y)

n

= S s @ O @ ) + S 203) = (@ )]

k= ]:

o

is named GBS operator of L* type.

3. Main Results

Lemma 3.1. For any non zero natural numbers m, n and any (x,y) €
KxK

(3.1) (Lin = 2)* (x = 9)¥) (2,9) = (L5 (- —2)*) (@) (L3 0+ = 9)¥) ()

takes place.

Proof. We have

(L = 2)* (x = 9)¥) (z,y)

o (3.1) takes place. [

Lemma 3.2. The operators (L:%n)mnx verify

(3.2) (Ly,ne00) (x,y) =1,

(3.3) (Lyneio) (z,y) = & + w2, y),

(3.4) (Lrnneor) (x,9) = y + vmn(2, y),

(3.5) (Lynnle20 + €0)) (2,9) = 2% + 4* + W (2, y)
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for any (z,y) € (I x I)N(J x J), any non zero natural numbers m, n and

(3.6) Im upp(z,y) = lim vpp(r,y) = lim wyy(z,y) =0
m,n—00 m,n—00 m,n— 00

uniformly on (I x I) N (J x J).

Proof. Applying Lemma 3.1, we have

(Linneoo) (2,y) = (Li,e0) () (Lye0) ()

and taking (2.1) into account, it results (3.2). From (2.2), by Bohman-
Korovkin theorem, it results that the functions w,,,w,, : I N J — R exist
such that

(3.7) (Ly.e1) () =z + um(x),
(3.8) (LY e2) (z) = 2% 4w, (z)

for any x € I N J, any non zero natural number m and

(3.9) lim upy,(z) = lim wpy(x) =0

m—00 m—0o0

uniform on I N J.

For (z,y) € (I xI)N(J x J), myn € N, m # 0, n # 0 and taking
Lemma 3.1 and (2.3) into account, we have

(Lyne0) (z,y) = (Lyen) (x) (Lyeo) (y) = (Lyer) (x).

JFrom (3.7) considering wm n(2,y) = um(x), we obtain (3.3). Similarly
follows (3.4). We have

(Lyn(e20 +e02)) (x,y) = (L, ne20) (x,9) + (Ly, ne02) (2,9)
= (Lye2) (z) (Lreo) (v) + (Ly,eo) () (Lye2) (y)
= 22+ 2+ Wi (T, Y),

when, taking (3.8) into account and wy, ,(z,y) = wm, () + wy(y).

Thus, the relations (3.2)—(3.5) take place and from the definition of the
functions wp, n, Um,n and Wy, , it results that the relation (3.6) holds. [

Theorem 3.1. The sequence (UL;fnmf)nm>1 converges uniformly to the
function f on (I x I) N (J x J), for any f € Cy[(I x I) N (J x J)].
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Proof. It results from Lemma 3.2 and Theorem 1.2. [

For the operators constructed in this sections, we note

where z € INJ, m € N, m # 0 and ¢, : I — R, () = |t — z|, for any
t € I. Then, taking Lemma 3.1 into account, the Theorem 1.1 becomes:

Theorem 3.2. (i) For any function f € Cy(I x I), any (z,y) € (I xI)N
(J x J), any non zero natural number m,n, we have

(3.10) [ f(z,y) = (ULjnf) (@:9)| < (1467 6m(@) + 65160 (y)

+67165 0 ()80 (y) Jwmisea(f; 61, 62)
for any 81,02 > 0 and
3.11)  |f(z,y) = (UL, f) (2,9)| < 4omixed (f; 0m (), 6n(y)).

(i3) For any function f € Dy € (I x I) with Dgf € B(I x I), any
(x,y) € I xI)N(J x J), any non zero natural number m,n, any d1,d2 > 0,
we have

(3.12) |f(z,y) — (UL*f)(2,y)| < 3| DBflocdm(2)dn(y)
[0 (2)n(y) + 67 6mw0n(y) + 85 8 ()6 y

+07185 07 (2) 07 (1) |wmisea (D f3 01, 62).

In the following, we give examples of GBS operators associated, which
verify Theorem 3.1 and Theorem 3.2. In these applications, we consider
Prk = Pmk, Where ppp(2) = (m>$k(1 —a)" ", meN m#0 k¢

k
{0,1,...,m}, z €[0,1) and E(I) = C(I), F(K) = C(K).

k

Application 1. If ] = J = K = [0,1], 2y, = — for m € N, m # 0,
m

k€ {0,1,...,m}, then we obtain the Bernstein operators (Bp,)m>1.

Application 2. Let o > 0 and g € R. If I = [0, p(*P], J = K = [0,1],

k+a
= , €N, > mg, k € {0,1,...,m}, th btain th
Lok mip m m > my { m} en we obtain the
Stancu operators (R%a’ﬁ)> (see [16] or [17]).
m>mg
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Application 3. Let p be a natural number. If I = [0, 1+p], J = K = [0, 1],
_ k
pfn’k = Pm,k = Pm4pks Tm,k = E: m € N7 m 7é 07 ke {0717"-7m+p}7
then we obtain the Schurer operators <§m7p) . (see [7]).
m>

Application 4. Let p be anatural numberkand 0<a<p II=10,1+p),
+
~—— . m €N, 0, k €
m+ 3 " m #
{0,1,...,m+ p}, then we obtain the Schurer-Stancu operators (Séfi’pﬁ)) .
mz
(see [5]).

J = K = [0, 1], p:;%k — ﬁm,ka Tmk =

Application 5. In this application we consider I = J = = [0,00),
B(D) = F(K) = Co([0.00)) pyile) = (1) () ) o) and

mril—k " eN,m#0, ke {0,1,...,m}. Then we obtain the

Bleimann, Butzer and Hahn operators (L, )m>1 (see [8]).

T,k =
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