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Aiming at multiple attributes group decision-making (MAGDM) problems that characterize uncertainty nature and decision
hesitancy, firstly, we propose the interval-valued dual hesitant fuzzy unbalanced linguistic set (IVDHFUBLS) in which two
sets of interval-valued hesitant fuzzy membership degrees and nonmembership degrees are employed to supplement the most
preferred unbalanced linguistic term, as an effective hybrid expression tool to elicit complicate preferences of decision-makers
more comprehensively and flexibly than existing tools based on classic linguistic term set. Basic operations for IVDHFUBLS are
further defined; also a novel distance measure is developed to avoid potential information distortion that could be brought about
by traditional complementing methodology for hesitant fuzzy set and its derivatives. In view of the fundamental role of aggregation
operators in MAGDM modelling, we next develop some extended power aggregation operators for IVDHFUBLS, including power
aggregation operator, weighted power aggregation operator, and induced power ordered weighted aggregation operator; their
desirable properties and special cases are also analyzed theoretically. Subsequently, with support of the above methods, we develop
two effective approaches for our targeted complex decision-making problems and verify their effectiveness and practicality by

numerical studies.

1. Introduction

Aiming at improving competitiveness and business perfor-
mance in volatile and unpredictable market environments,
firms are always required to achieve product innovativeness
by exploiting power of organizations [1]. Complexity theory
perceives the organizations as complex adaptive systems
(CAS) [2] and treats activities of product innovation as their
responses to changing competitive environments [3]. Obvi-
ously, product design plays a vital role in firms’ innovative
research [4]; thus Chiva-Gomez [3] proposed four funda-
mental instructions for effective product design management
from perspective of CAS, including (i) fostering a mecha-
nism to obtain information from outside environments, (ii)
fostering collaboration among designing and nondesigning
agents in a firm, (iii) maximizing information flow in both

quantitative and qualitative formation, and (iv) promoting
heterogeneous participation during design decision-making.

In alignment with these instructions, customer-centric
strategy has been integrated with intelligent decision-making
systems [5] to achieve better understanding of customers’
preferences and requirements from outside markets [6, 7].
Representatively, Brintrup et al. [8] developed an ergonomic
design system based on interactive genetic algorithms (IGA)
which can include customers or other participators in prod-
uct design to provide preferences as qualitative inputs. Mok et
al. [6] studied a customized fashion design system where IGA
were employed to construct fashion design sketches. Dou et
al. [9] constructed a collaborative product design system in
which they used interval fitness values to depict customers’
decision hesitancy. Although these intelligent design systems
provide platforms that incorporate customers’ preferences as
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guidance of IGA to search optimal design alternatives, rigid
preference expressions as crisp values [6-8] or interval values
[9] apparently are incapable of effectively eliciting complicate
opinions of customers and thus cannot maximize qualitative
information flow from customers to organizations [3]. In
addition, to accommodate heterogeneous participation in
activity of design evaluation, proper group decision-making
(GDM) approaches should also be developed and integrated.

Actually, the methodologies of multiple attributes group
decision-making (MAGDM) [10, 11] are capable of providing
effective approaches to product design evaluation in the
above-mentioned intelligent interactive systems, especially
for scenarios that inevitably rely on participators’ qualitative
assessments, such as those fuzzy MAGDM approaches based
on fuzzy set and its extensions [12, 13] and those approaches
based on linguistic variables [14, 15]. In order to maximize
qualitative information flow [3] into the intelligent design
systems through helping participators express their real
assessments more accurately and completely, linguistic vari-
ables attain greater efficiency than fuzzy numbers by direct
use of natural language and thus are capable of relieving user
fatigue [6-8] during iterative interaction in intelligent design
systems. In literature, most linguistic MAGDM approaches
were developed based on rigidly uniform or symmetrical
linguistic term sets [14, 15]; however, practical studies [16, 17]
have revealed that decision-makers are inclined to express
their complicate assessments more precisely and objectively
by use of nonuniform or asymmetric linguistic term set, that
is, the unbalanced linguistic term set (ULTS) [18]. Meng
and Pei [19] and Dong et al. [20] investigated MAGDM
approaches based on ULTS and verified that ULTS attains
better adaptability and flexibility. Nevertheless, regarding the
decision hesitancy [21, 22] revealed during users’ evaluation
in intelligent design systems [9], there is still a lack of
investigation on preference expression tools that manage to
take advantage of ULTS and simultaneously address decision
hesitancy.

Therefore, in this paper, on the strength of ULTS and
dual hesitant fuzzy set [23], we develop a hybrid prefer-
ence expression tool, called interval-valued dual hesitant
fuzzy unbalanced linguistic set (IVDHFUBLS). IVDHFUBLS

holds a compound element structure of (x, s, h(x), g(x)) that
comprises the most preferred unbalanced linguistic term s
and its supplementing interval-valued dual hesitant fuzzy

element in which h(x) and g(x) are two interval-valued fuzzy
sets for denoting possible membership and nonmembership
degrees of evaluating fuzzy object x to s. IVDHFUBLS is
capable of not only depicting fuzzy properties of evaluating
object to the designated linguistic term more completely, but
also attaining flexibility in fitting various complex decision-
making scenarios.

When MAGDM tackles various decision-making sce-
narios of high uncertainty, aggregation operators play an
imperative role in support of computing with complicate
preference expressions [24, 25], such as weighted aggregation
operators [26], ordered weighted aggregation operators [27],
hybrid operators, and A-generalized operators [28]. Espe-
cially, regarding those complex fashion design evaluation
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problems that heavily rely on human judgements and assess-
ments [5], interdependences among attribute usually exist
[29], and weighting information for participators from inside
of firm organizations and outside customers cannot be
determined in advance [30]. The power average aggregation
operators proposed by Yager [31] are capable of objectively
determining unknown weighting information by utilizing
supportive interrelations among attribute values, thus provid-
ing a fundamental effective way to model practical complex
problems. Since then, the practicality and effectiveness of
power average operator have been verified under different
decision-making situations [11, 32, 33]. Moreover, when the
group of participators reach additional decision informa-
tion, such as agreed ideal solutions and partial relations
among attributes, Yager’s induced aggregation operator [34]
perceives those important information as order-inducing
vectors and thus enables its based MAGDM approaches to
exploit decision scenarios more completely than other classic
methodologies [34, 35].

Consequently, in order to construct effective MAGDM
approaches based on our newly proposed expression tool of
IVDHFUBLS, we further focus on developing power average
aggregation operators and induced aggregation operators
for IVDHFUBLS, including a weighted interval-valued dual
hesitant fuzzy unbalanced linguistic power aggregation (W-
IVDHFUBL-PA) operator, an interval-valued dual hesitant
fuzzy unbalanced linguistic power aggregation (IVDHFUBL-
PA) operator, and an induced interval-valued dual hesitant
fuzzy unbalanced linguistic power ordered weighted aggre-
gation (I-IVDHFUBL-POWA) operator. Then we analyze
their desirable properties and discuss their special cases.
Furthermore, to avoid potential information distortion which
could be brought forward by conventional complementing
measures [36, 37], we also develop a novel distance measure
for IVDHFUBLS. Subsequently, on the strength of the above-
developed aggregation operators and distance measure, two
effective approaches are constructed to tackle MAGDM with
uncertainty and decision hesitancy.

The remainder of this paper is organized as follows.
Section 2 briefly reviews some preliminary conceptions.
Section 3 defines the hybrid expression tool of interval-valued
dual hesitant fuzzy unbalanced linguistic set IVDHFUBLS),
for which operational rules and a new distance measure
are studied. Further, we investigate some power aggregation
operators for IVDHFUBLS and their properties as well as
special cases. In Section 4, two MAGDM approaches based
on the developed power aggregation operators are con-
structed in detail; we then conduct numerical studies to verify
effectiveness and practicality of the proposed approaches.
Finally, conclusions and future research directions are given
in Section 5.

2. Preliminaries

2.1. Representation of Unbalanced Linguistic Variables

2.11. Unbalanced Linguistic Term Set. Suppose S = f{s; |
j = 0,1,...,9 — 1} is a finite and totally ordered discrete
linguistic term set, where s; represent possible values for a
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linguistic variable and g is an odd cardinality. Dong et al. [38]
introduced the following combined definition for balanced
and unbalanced linguistic term set.

Definition I (see [38]). Let S = {sp, ..., 59—1} be a definite
linguistic term set, Si- be the midterm, and NS : § — R
be a NS of S. S is uniformly and symmetrically distributed
if the following two conditions are satisfied: (1) There exists
a unique constant A > 0 such that NS(s;) — NS(sj) =1({-7j)
foralli,j = 0,1,...,g -1, (2) let Sy = {s | s € S,s > S}
and §; = {s | s € S,s < S¢}. Let C(Sg) and C(S;) be the
cardinality of S and S; ; then C(Sg) = C(S,). If S is uniformly
and symmetrically distributed, then S is called a balanced
linguistic term set. Otherwise, S is called an unbalanced
linguistic term set.

2.1.2. 2-Tuple Fuzzy Linguistic Representation Model. The fol-
lowing 2-tuple fuzzy linguistic representation model extends
traditional linguistic term set to a continuous case so as to
facilitate computing with linguistic variables.

Definition 2 (see [18]). Let S = {sy,s;,-. ., sg,l} be a linguistic

term set, and B € [0,g]. Then a 2-tuple fuzzy linguistic
variable expresses the equivalent information to f3 defined as

A:[0,g9] — Sx[-0.5,0.5), (1)
A(B) = (sne),

Si’
with
a=p-1i

A (spa) =i+a=p, 3)

i=round (B) (2)
« € [-0.5,0.5),

where round(-) is the usual rounding operation and « is called
symbolic translation.

2.1.3. Linguistic Hierarchies (LH). To obtain 2-tuple fuzzy
linguistic representations of unbalanced linguistic terms, the
concept of linguistic hierarchies, that is, LH = |, I(t, n(t)), is
used. I(t,n(t)) is a linguistic hierarchy with ¢ indicating the
level of hierarchy and n(t) denoting the granularity of the
linguistic term set of . Herrera et al. [18] defined the following
transformation functions between labels from different levels
in multigranular linguistic information contexts without loss
of information.

Definition 3 (see [18]). In linguistic hierarchies LH =

(U, I(t,n(t)) whose linguistic term sets are represented by
s = {sg(t), ... ,528_1}, the transformation function from
a linguistic label in level ¢ to a label in consecutive level ¢’ is
defined as TFf, 1t n(t)) — I(t',n(t")) such that

TFE, (s:'(t), oc”(t))

b (SO0

n(t)—1

By use of the above transformation function, any 2-
tuple linguistic representation can be transformed into a
term in LH. Detailed transformation procedures are listed in
Appendix A.

2.2. Interval-Valued Dual Hesitant Fuzzy Set (IVDHFS). To
manage those situations in which several values are possible
for membership function of a fuzzy set, Torra [39] proposed
the hesitant fuzzy set (HFS). Then, Zhu et al. [23] extend
HES to the dual hesitant fuzzy set by considering both crisp
membership degrees and nonmembership degrees. However,
precise degrees of an element to a set are often hard to
specified. To overcome this barrier, Ju et al. [22] defined the
interval-valued dual hesitant fuzzy set (IVDHEFS).

Definition 4 (see [22]). Let X be a fixed set; then an IVDHFS
on X is defined as

D={{x,h(x),5(x)|xeX}, (5)

where E(x) = U[ML,yU]Efl(x){ﬁ} = U[ML,MU]EE(X){[HL’ HU]} and

(%) = Uptaviege? = U[VL,VU]EE(X){[VL, W]} are two sets
of interval values in [0, 1], denoting possible membership
and nonmembership degrees of element x € X to the

set D, respectively, with conditions: %% € [0,1] and
0 < W)"+0Y" < land forall x € X, ()" e
B = U uoieneo maxiu’}, and 09)" € g'(x) =

U
U[,VL’,VU]E:q-(x) max{v"}.

For convenience, normally d = {h, g} is called an interval-

valued dual hesitant fuzzy element (IVDHFE), and D is the
set of all IVDHFEs.

3. Interval-Valued Dual Hesitant Fuzzy
Unbalanced Linguistic Set (IVDHFUBLS)
and Its Aggregation Operators

Practical applications have revealed objective necessity of
the unbalanced linguistic term set (ULTS) [16-18]; in other
words, ULTS intrinsically can meet the habits of human cog-
nition and expression and can include traditional linguistic
term sets as special cases, thus attaining better adaptability
and flexibility. However, there is still a lack of study on
hybrid expression tools based on ULTS for accommodating
uncertain decision-making with decision hesitancy. There-
fore, we here firstly define an effective expression tool of
interval-valued dual hesitant fuzzy unbalanced linguistic
set (IVDHFUBLS) and its fundamental operational rules;
we next develop a distance measure for IVDHFUBLS that
conquers potential information distortion in conventional
methodology; then we develop some fundamental aggrega-
tion operators for [IVDHFUBLS.

3.1 Definition of VDHFUBLS

Definition 5. Let X be a fixed set and S be a finite and
continuous linguistic label set; then an interval-valued dual



hesitant fuzzy unbalanced linguistic set (IVDHFUBLS) SD
on X is defined as

= {(x5h(0),5 () | x e X}, (6)

where s; is an unbalanced linguistic variable from predefined
unbalanced linguistic label set S which represents decision-
makers’ judgements to an evaluated object x; h(x) =
U[#L e 18 U[HL #u]eh(x){[,u 11} is a set of closed
interval values in [0,1], denoting possible membership
degrees to which x belongs to s;; and g(x) = U 1e500 (7 =
U[VL)vuleg(x){[VL, W]} is a set of closed interval values in
[0, 1], denoting possible nonmembership degrees to which x

W rsd=

(shg)esd

@ sd'=

(sphg)esd

(3) sd, ®sd,

- U

N i s
B _ ( AL CTES (p(s)) A1 CTE, (y(s))
(si:h1,g1)€8dy,(5 5,1, 3,) €5,

(4) sd, ®sd,

A (TE] (p(s)))xA7, (TF’(w(s )’

fo fo

(spy:)€sdy (s s, €sdy <

Theorem 7. Let sd = (s, h, §), sd, = (s;,hy, §y), and sd, =
(sj»hy, ;) be any three IVDHFUBLNS; then the following
properties are true:

(1) sd, ® sd, = sd, & sd;.

(2) sd; ® sd, = sd, ® sd,.

(3) A(sd, ® sd,) = Asd, @ Asd,, A €[0,1].

(4) sd,* ® sd,* = (sd, ® sd,)*, A €[0,1].

(5) Aysd @ Aysd = (A + Ay)sd, Ay, A, €[0,1].

(6) sdM @ sd™ = sdM™h2, A ), € [0,1].

Proof. See Appendix B. O

In Definition 6 and Theorem 7, t, t;, ¢ ; are corresponding
levels of s, s;, s; in LH, respectively. £, is the maximum level
of s, s;, 5;in LH.

In order to compare two IVDHFUBLNs, we define
the following score function and accuracy function, based
on which a comparison method for two IVDHFUBLNS is
presented.

(ki) ehy, [uk ud Jehs, [vE0Y 1€,

R R 7 CR S N RS A
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belongs to s;. In h(x) and g(x), i, 7€ [0,1]and 0 < ([4U)+ +
V)" < 1, where (u”)" € B (x) = Uz )i max{p”’} and
) eg(x) = Uptviegeo max{"W} for all x € X.

For convenience, sd = (s;,h,§) is called an interval-

valued dual hesitant fuzzy unbalanced linguistic number
(IVDHFUBLN).

3.2. Operational Rules for IVDHFUBLS

Definition 6. Let sd = (s, h, §), sd, = (s, 1y, §,), and sd, =
(sj,flz,sz) be any three IVDHFUBLNs, A € [0, 1]; some
operations on these [IVDHFUBLNS are defined by

<S/\Arﬂl(TF;§(V(sk))) s {{[1(IHL)A’l(1#U))‘]},{[(vL)A,(vU)A]}}>;

<S(At;(TF:g(W(sk))))7"[ ) U]e%% VU]E-H[(‘ML)A , (HU)"” i Hl - (1 - vL)’\,l - (1 - VU))‘”}> ;

™)
e+ oz - w45 = i |1 {[0%, VYV?]H)
LY 1eg,

{{[#f”é)#yﬂg]}’{["f'”’z "1"2 V1 'H’z ! "2]}})

Definition 8. Let sd = (s;, h, §) be an IVDHFUBLN; then
score function S(sd) can be represented by

(s = &) (T (y (5)) 5 (l(h) >
[t

) ¥ ®

] + —=
9 EV]eg ! (h) [utuV]eh

'VU 5
[V]eg

1
_ﬁz

where I(h) and I( g) are numbers of interval values in hand 9
respectively, t; is the corresponding level of s; in LH, and ¢, is
the maximum level of t; in LH.

Definition 9. Let sd = (s, h, §) be an IVDHFUBLN; then
accuracy function P(sd) can be represented by

<; p
! (h) [utuU]eh

P(sd) = A7 (TE; (v (s:)))

N | —
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M S

l (g) [VL,VU]Eg l (h) [HL)HU]EE

€)

where I(h) and I( g) are numbers of interval values in hand 7
respectively, t; is the corresponding level of s; in the LH, and
t, is the maximum level of ¢; in LH.

Definition 10. Given any two IVDHFUBLNSs sd; = (s;, fll, g1)

and sd, = (sj,h,, 7,), then based on the former score
function and accuracy function, we have the following:

(1) It S(sd,) < S(sd,), then sd, < sd,.

(2) If S(sd;) = S(sd,), then
(a) if P(sd,) = P(sd,), then sd, = sd,;
(b) if P(sd,) < P(sd,), then sd; < sd,.

3.3. Proposed Distance Measure for IVDHFUBLS. When
measuring distances between two hesitant fuzzy numbers,
appropriate strategies should be determined for handling
unequal lengths of membership set or nonmembership set
[37]. Generally, the complementing strategies have been
widely adopted [36, 37], which appends more elements to the
membership set or nonmembership set with shorter length
till matching. However, the complementing methods hold
their own circumscribed perspectives and thus will poten-
tially bring about information distortion to some extent. In
order to avoid the potential information distortion, we here
define a novel distance measure for IVDHFUBLS, which
as shown in the following Definition 11 manages to bypass
the artificial filling process and objectively compute distance
among two numbers in the form of IVDHFUBLS.

Definition 11. Let two IVDHFUBLNS sd, = (s;, 1y, g,) and
sd, = (sj,flz, 92); by » I » I3, and I are the lengths of iy, hy,
g1> and g,, respectively, which represent number of elements
in the sets of h,, h,, g;, and g,. Suppose I, = (1/(n(t;) -
D)A;!(TEE (y(s)) and I, = (1/(n(t,) — D)A,(TE] (y(s;)),
where t; and t; are the corresponding levels of unbalanced
linguistic terms s; and s in the linguistic hierarchy LH and ¢,
is the maximum level of s; and s; in LH. Then based on the

widely adopted normalized Euclidean distance, we define a
distance measure d for IVDHFUBLNS as follows.

Situation 1. When lle = l;lz =l andl; =15 =1,, then

1(1
d(Sdl,Sdz) = (5 <l_
1

.i(

k=1

)

2

L; L U; U, 1
IyJ—IyJ‘|+IyJ— wrl )+~
a0, Y 20, A

5
L 2 2 1
-y <|11v;.j S IR R )))
k=1 1 2 1 2
(10)
Situation 2. When lﬁl + Zﬁz or lg’il + l_iiz’ then
1 1
d (Sdl,Sdz) = — T
2 lhllh2
bk ) 5
L. L U; U,
2 2 (- ] - )
j=lk=
(11)
L]
a5
1/2
g1 92
y (|Ilv; — L[+ ’117;;1' - Ly >
j=l k=1

Theorem 12. The distance measure for IVDHFUBLNSs d also
satisfies the following properties:

(1) 0 <d(sd,,sd,) < 1.

(2) d(sdy,sd,) = 0 if and only if I, = L, hy = hy, and
91 = G-
(3) d(sd;,sd,) = d(sd,, sd,).

Definition 13. Given two IVDHFUBLNS, sd, = (s, h,, ;)

and sd, = (s, h,, g,), when s; and s; happen to be from two

balanced linguistic term sets in LH but with different linguis-
tic granularities, I; and I, should be calculated according to

1 -1 ‘,
I, = WAt0 (TE; (s,)),

) (12)
-1 tj
L = MO A (TF (s;))-

Then for this type of cases, based on the normalized Euclidean
distance and (12), the distance measure d for IVDHFUBLNs
can be written as the same Situations 1 and 2 in Definition 11.

3.4. Proposed Aggregation Operators for IVDHFUBLS. In this
section, based on the above-proposed distance measures,
we develop some fundamental aggregation operators for
IVDHFUBLS.

3.4.1. Weighted Interval-Valued Dual Hesitant Fuzzy
Unbalanced Linguistic Power Aggregation Operator

Definition 14. For a collection of IVDHFUBLNs sd; (j =
1,2,...,n), a weighted interval-valued dual hesitant fuzzy



unbalanced linguistic power average (W-IVDHFUBL-PA)
operator is a mapping §” — S:

W-IVDHFUBL-PA, (sd}, sd,, ...,sd,)
B (w0 (14T (sd)))sd)) (13)
) Y (L+T (sdy)
where
T(sdj) = Z Wy Sup (sdj,sdk). (14)
k=Tk#j

w = (@), @,, ..., w,)" is the weighting vector for sd;withw; €

[0,1] and Z?zl w; = 1.sup(sd}, sdy) is the support degrees for
sd; from sd, which satisfy the following three properties:
1) sup(sdj,sdk) € [0,1].
(2) sup(sdj,sdk) = sup(sdk,sdj).

(3) sup(sdj,sdi) > sup(sd,, sdy), if d(sdj,sdk) <
d(sd;, sd,), where d is the distance measure between
two IVDHFUBLNS.

Theorem 15. Let sd; = (sj,fzj,g'j) be a collection of
IVDHFUBLNS; then aggregation results by Definition 14 are
transformed to the form of interval-valued dual hesitant fuzzy
balanced linguistic IVDHFBL) variables, and

W-IVDHFUBL-PA (sd,, sd,, .., sd,,)

- ~U <Sz;‘_1(m,<1+T(sdj)>/z,v“_1 W (L T(sd A TE (y(s )

(sj,h]-,'jj)esdj

U { { [1 - ﬁ (1 B HL)wj(HT(sdj))/Z;':l @ (14T (sdy)
i ,

ot Ve[ 1eg; j=

(15)

n

U@ (HT(sd))/ B0y @, (1+T(sd,))
=TT -4) ,

1

{ |: li[ (vl:)wj(HT(de))/ iy (4T (sdy))
! ;

li[ (VLA,)wj(1+T(sazj))/z,,”:1 wj(1+T<sd,.))} } } >
; )
j=1

where w = (w,,w,,...,w,)" is the weight vector of sd; with
w; € [0,1] and Z;’:l w; =L

Proof. See Appendix C. O

Theorem 16. The W-IVDHFUBL-PA operator holds the fol-
lowing properties:

(1) Idempotency: let sd; = sd, for all j = 1,2,...,n; then

W-IVDHFUBL-PA (sd,,sd,,...,sd,) = sd.  (16)

Complexity

(2) Bounded: the W-IVDHFUBL-PA operator lies between
the max and min operators:

sd” < W-IVDHFUBL-PA (sd,, sd,, ...,sd,) <sd". (17)

Proof. See Appendix D. O

3.4.2. Interval-Valued Dual Hesitant Fuzzy Unbalanced
Linguistic Power Aggregation Operator

Definition 17. For a collection of IVDHFUBLNSs sd; (j =
1,2,...,n),an interval-valued dual hesitant fuzzy unbalanced
linguistic power average (IVDHFUBL-PA) operator is a
mapping 8" — S:

IVDHFUBL-PA (sd;, sd,, ...,sd,)
B (14T (sd))) sd (18)
i (L+T(sdy)) -
where
T(sd)= Y sup(sdsdy). (19)
k=Lk#j

sup(sd, sdy) is the support degrees of sd; from sd,.

Theorem 18. Let sdj = (sjjlj,j) be a collection of IVD-
HFUBLNS; then aggregation results from Definition 17 are
transformed to the form of IVDHFBL variables, and

IVDHFUBL-PA (sd,, sd,, ..

- U

(s;h,3,)€sd;

U { { [1 ~ ﬁ (1 B #L)(HT(sdj))/Z?:1(1+T(sd,.))
j 5

.,sd,)

<Szy.(<1+T<sd,->>/ T, (T (sd ))AT (TE) (y(s)))

0

W 1eh; v 1eg; =1
) n Lo (14T (sd}))/ Y1y (1+T(sd;)) (20)
-[10-47) ’
j=1
£ ( 1\ (T ()] Tiy (14T (sd;)
i) ,
j=1
n (vg)(HT(sdj))/ z;‘l(HT(sd,))] } } >
; .
j=1
Proof. It is omitted here for conciseness. O

Theorem 19. IVDHFUBL-PA operator holds following prop-
erties:

(1) Commutativity: let (sd,”,sd,”,...,sd,") be any per-
mutation of (sd,, sd,, ..., sd,); then
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IVDHFUBL-PA (sd, ", sd,", ..., sd,")

(21)
= IVDHFUBL-PA (sd,, sd,, ...

,sd,).
(2) Idempotency: let sd; = sd, for all j =1,2,...,n; then
IVDHFUBL-PA (sd,, sd,, ..., sd,) = sd. (22)

Proof. See Appendix E. O

IVDHFUBLA (sd,, sd,, ...

sd)- U

(s;hj.g))€sd;

n

U -T-) " 1T

(b uVeh,[E Y e, =1 =1

Theorem 22. For a collection of IVDHFUBLNs sd; =

(sj,flj, g;), if sj in sd reduces to the form of balanced linguistic
variable, sdj (j =1,2,...,n) reduces to a collection of interval-
value dual hesitant fuzzy balanced linguistic numbers (IVD-
HFBLNs) Ej (j=12,...,n). Supposeaj (j=12,...,n
have different linguistic granularities; then the IVDHFUBL-
PA reduces to the following interval-valued dual hesitant fuzzy
linguistic power average (IVDHFL-PA) operator:

IVDHFL-PA (sdy, sd,, .., sd,,)

- U

(s;hj,g,)€sd;

7
U { { [1 B ﬁ (1- ML)(HT@,-))/z;gnn@»
]‘ >

[u}f,yf]&ﬂj,[vf,ﬁ]egj j=1

U\ (+T(sd )/ Ty (1+T(sd;))
1-T](1-45) ,

<Sz;1((1+T(sdj>)/ S TGA)ANTE] (5)

(24)

D\ T(sd)sd )] Y, (14T (sd,))
() )
j
=1

L (VU)<1+T@>>/ZL(HT@J)
; .
j=1

3.4.3. Induced Interval-Valued Dual Hesitant Fuzzy
Unbalanced Linguistic Power Ordered Weighted
Aggregation Operators

Definition 23. For a collection of IVDHFUBLNs sdj, an
induced interval-valued dual hesitant fuzzy unbalanced

Theorem 20. For a collection of IVDHFUBLNs sd; = (s Ej,

’gj), ifw = (1/n, l/n,...,l/n)T, then the W-IVDHFUBL-PA
operator reduces to the IVDHFUBL-PA operator.

Theorem 21. For a collection of IVDHFUBLNs sd; =
(sj,ﬁj,g‘j), if sup(sd;,sd;) = k for all i # j, then the
IVDHFUBL-PA operator reduces to the interval-valued dual
hesitant fuzzy unbalanced linguistic average (IVDHFUBLA)
operator:

Sm 3, A CTE (ws))’

to

(23)

linguistic power ordered weighted average (I-IVDHFUBL-
POWA) operator can be defined as a mapping S" —
S:

[-IVDHFUBL-POWA ({(uy, sd, ), (u,sd,) , ...,

(25)

(tr5d,)) = (D (wjsdo))
=1

where sd,;) is the jth largest or smallest of them, u; in
(u;,sd;) is referred to as the order-inducing vector u =
(uy,uy,...,u,) that can be determined by decision-makers’
expertise attitudes, and w; = g(R]-/TV) - g(Rj,1 /TV) is

constrained by w; € [0,1] and Y}, w; = L R; = Zizl Vot
TV = Y1 Vo(j)» Where

Va(j) =1+ T(sda(]-)),

(26)

n
T (sdg(j)) = ) Zk sup (sdg(j),sdg(k)).
=1,k#j

In (26), T(sd, ) denotes support of jth largest
or smallest argument by all the other arguments, and
sup(sdj)> Sdy(k)) indicates support for sd; from sdg ).
g : [0,1] — [0,1] is a basic unit interval monotonic (BUM)
function which satisfies g(0) = 0, g(1) = 1, and g(x) > g(y)
ifx > y.

Theorem 24. Let sd; = (sj,flj, gj) be a collection of
IVDHFUBLNS; aggregation results from Definition 23 are
transformed to the form of interval-valued dual hesitant fuzzy
balanced linguistic variables, and
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U
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U
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where w; satisfies (26) and sd ;= (sa(j),fla(]-), Jo(j)) is the jth
largest or smallest of sd; (j = 1,2,...,n) reordered according
to the order-inducing variable u;.

Proof. It is omitted for conciseness. ]

Theorem 25. For a collection of IVDHFUBLNs sd; =
(sjhj, @), ifw = (1/m,1/n,...,1/n)", then I-IVDHFUBL-
POWA operator reduces to the interval-valued dual hesitant
fuzzy unbalanced linguistic average (IVDHFUBLA) operator
described in Theorem 21.

4. MAGDM Approaches Based on IVDHFUBLS
and Numerical Studies

4.1. Approaches for MAGDM under Interval-Valued Dual
Hesitant Fuzzy Unbalanced Linguistic Environments. In this
section, we apply the afore-developed aggregation opera-
tors to construct effective approaches for MAGDM under
interval-valued dual hesitant fuzzy unbalanced linguistic
environments.

Let A={A,A,,..., A, } beasetof alternatives and C =
{C|,Cy...,C,} be a set of attributes. = (w,,w,, ...,w,)"
denotes the weighting vector for attribute vector C, where, for
alli=1,2,...,nw;20and Y w;, = 1.D ={d,,d,,...,d,}
represents a set of decision-makers and # = (1, #5,...,1;)
is the weighting vector for experts in D, with 7, > 0 (k =
1,2,...,t) and 22:1 7 = 1. Suppose that RF = (rfj)nxm is
the decision matrix given by decision-maker d; based on an
unbalanced linguistic term set S* regarding alternative A j
under attribute C;, where rfj = (sl;ij,flf]., gfj), s];ij ¢ S, takes
the form of interval-valued dual hesitant fuzzy unbalanced
linguistic numbers (IVDHFUBLNS).

Now, according to specific complex scenarios whether
comprising attributes weights, experts weights, and addi-
tional expertise attitudes or not, we construct two effective
MAGDM approaches based on the above-developed power
aggregation operators to accommodate Cases 1and 2, respec-
tively.

Case 1. Considering that weighting vectors for both decision-
makers and attributes are known in advance, we apply
the W-IVDHFUBL-PA operator denoted in Definition 14
to structure Approach 1 for multiple attributes group

decision-making under interval-valued dual hesitant fuzzy
unbalanced linguistic environment.

Approach 1. The first approach is MAGDM based on IVDH-
FUBLS: with known weighting information for both expert
weights and attribute weights.

Step 1.1. Calculate support degrees of attribute values in each
individual decision matrix. Here, taking the decision matrix

RF = (ri’;)nxm by the kth decision-maker as example, the

support degrees sup(r?c

k .
i Tp j) can be computed according to

sup (i) = 1=d (ri5 ).

L,p=12,...

(28)
W j=1,2,00,m k=1,2,...,t i # D,

which satisfies support degrees conditions (1)~(3) listed in
Definition 14. d (rikj, r’; j) is the distance measure defined in (10)
and (11).

Step 1.2. By use of attributes weighting vector w =
,w,)", calculate the weighted support degree T(rfj)
of IVDHFUBLN rf by other IVDHFUBLNs 7y (p =
1,2,...,m; p # i), where

(W, w,, . ...

n
T(r5)= X wpsup(ryry).
p=Lp#i

(29)

Step 1.3. Utilize weights #, (k = 1,2,...,t) for decision-
makers d; to calculate weights EZ associated with the IVD-
HFUBLN rf;

(30)

g = (14T (7)) =1,2,...,t,

 am (147 (r))

where EZ >0and ¥ _, Ef; =1

Step 1.4. Aggregate individual decision matrix R
(ri’;)nxm (k = 1,2,...,t) into group decision matrix R =
(i) nxm by W-IVDHFUBL-PA operator, where
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Y _
r; = W-IVDHFUBL-PA (1}, 17, ..., 7i;) = k U ) S s oy
(s O‘x] h,] g,]) ij k=157 15 Lij «jj
(31
: : ki T (L T Uk
fHl-Te-ao®a-1-a0° [ TTes® 1o 1 )
[#iI}k /"z] ]Ehk [Vsk gk]egl} k=1 k=1 k=1 k=1
where £ is the level of LH(s® ) and t;; is the maximum level
°re i ) (5,,) ij T(r;) = z w, supp (7). (33)
of tii inall the LH(s, ) (k = 1,2,...,t). And now, Tij reduces p=Lp#i
ij
to the form of interval-valued dual hesitant fuzzy balanced
linguistic numbers but with different granularity. ‘
Step 1.5. Calculate support degrees sup(r;;, 7,,): Step 1.7 Calculate welghtlng vector w;; (i = 1,2,...,mj =
1,2,...,m) associated with rij
supp (ryp ;) = 1= (7).
(32) w; (1+T(r;))
Lp=12...mi#p; j=1,2,....,m, wy; = . (34)

w1+ (ry))
which satisty support conditions (1)~(3) in Definition 14.
Here, d(r;;, j) are calculated by (18), (19), and (20).
Step 1.8. Use W-IVDHFUBL-PA operator to aggregate all
Step 1.6. Calculate support degree T(r;;) of r;; by another — r; (i = 1,2,...,mj = 1,2,...,m) into overall evaluation

rpi (p=1,2,...,m p # i), where values r; corresponding to each alternative A ;:

r; = W-IVDHFUBL-PA (ry;, 7., 1) = |

A SR A (T 5y ))
(Sayp PG €

;j

(35)

U bt (#)H(u)”” e r1en 1 )

(s ,ut]]eh Ll leg; i=1 i=1

where t;; is the level of LH(s,,) and t; is the maximum level ~ interval-valued dual hesitant fuzzy unbalanced linguistic

in all the attributes levels of LH(sai‘) (i=1,2,...,n). environments, as described in Approach 2.

Step 1.9. According to Definition 8, calculat ) of th .

ovee‘t; all valC;:s;rr.lr;g :r dien n;ﬁ:?natfjeijéi%cgrleszs(rJ)om) € Approach 2. The second approach is MAGDM based on
jTe8 & M= ST, IVDHFUBLS: with totally unknown weighting information

Step 1.10. Based on Definition 10, rank all alternatives A ; (j = but reach1r}g expertise attitudes on the relative importance

1,2,...,m)and select the most desirable one(s) in accordance among attributes.

with the rank orders of r; (j = 1,2,....,m). Step 2.1. Taking the perceived relative importance among

Case 2. Suppose that the exact weighting vectors for both attributes as order-inducing vector u = (uy,uy, ..., 1),

decision-makers and attributes are totally unknown due to ~ rearrange all the VDHFUBLNs ",kj (k =1,2,3) in individual
problem complexity, but expertise attitudes on the relative  decision matrix R* according to u and then obtain the
importance among attributes, denoted as the order-inducing reordered individual decision matrix R°®.

vector u = (uy,u,,...,u,), can be determined according to

collective opinions of all decision-makers. Therefore, based ~ Step 2.2. Calculate support degree T(R°®) of the kth
on individual decision matrices and the order-inducing  reordered individual decision matrix R°® from other
vector u, we here utilize the I-TVDHFUBL-POWA operator  reordered individual decision matrices R°? (I = 1,2,...,t;
to construct another approach for complex MAGDM under [ # k), where



10
® 1 % % ® o
T(RP®W)=z ——— sup (r7 0,15 ), (36)
) - 55, 5 )
where
(k) _o(l) a(k) o)
sup(" o ) 1- d(rn o ),
ij ij >l (37)
k1=1,2,...t; k+Li=12,...,m j=12,.
which satisfies conditions (1)-(3) in Definition 14.

d(r;( N ‘;(l ) is calculated by normalized Euclidean distance
measure defined in (10) and (11).

Step 2.3. Calculate the power weights & for decision-makers

di (k=1,2,...,t) based on the support degree of reordered
individual decision matrix R°*®, according to
1+T(RO®
o, (LT(RT)) =1,2,...,t.  (38)

Y (L4 T (RTW))’

Step 2.4. Calculate support degrees of attributes in each
reordered individual decision matrix:

aap (7. 150) =1 - (5,150, »

ki=12,..,t; k+Li=12,...,m j=1,2,...,m,
which satisfies the conditions listed in Definition 14.
d(rg( ‘;(1 ) is calculated by normalized Euclidean distance

measure in (10) and (11).

r = LIVDHFUBL-POWA ({1,751, .77 =

k) 7ok k K
(s”( ) hf_f_( )’E';'( ))Erg( )

i oM

44

where t‘.’.(k) is the level of LH(sg'(,k)) and t?(k) is the maxi-
ij

mum level of t"(k) in all attributes levels of LH(stjk)) G =
1,2,...,n).
_ 12 £
rj—IVDHFL—PA(rj,rj,...,r].)_ U

Tk gk k
e g)ers

k

LT

N C N e k=l

n n
1- Lotk -
Lo, Uu(k)]ehﬁ(kL)J[ o) a9 { { [ 1 ( Wy ) l:[ (

N
t
Zk:l gkA

0w

Complexity

Step 2.5. Calculate support degree T(rg(k)) of r;(k) from
r;(l) (I = 1,2,...,t;1 # k) in each reordered individual

R°® where

r(5)- 3 (i)

I=1,l#k

decision matrix

Step 2.6. Utilize (26) to calculate weights ng(k) associated

Ra(k) ,

with ri‘;(k) in each reordered individual decision matrix

where

o) Rk - Ek—l
i =9 g vV

t
with 115. €[0,1], 2175 =1, g is the BUM function,
k=1

k
zvo(l) (41)

t
Yy
TV = ZZVij ’
=1

VIO < 14T (20)

Step 2.7. Aggregate each reordered individual decision matrix
R = (rg(k))nxm (k =

—k
matrix R = (rj.‘)lxm (k=1,2,...,
the I-IVDHFUBL-POWA operator:

., t) into its overall decision

t), respectively, by use of

N
RN ’;(k) <w<su‘“)>)

‘ulljfff(k))m] ”)Hﬁ(%ﬁ(b)"?“,_nl (,,f]fa(m)m, ”} )
i= i=

(42)

Step 2.8. Utilize the IVDHFL-PA operator described in (24) to
aggregate all the individual overall evaluation values r? (k=
1,2,...,t;j = 1,2,...,m) into the group overall evaluation

values r; (j = 1,2,...,m) of each alternative A; (G =
1,2,...,m):

1(TF’(S k))

foa

(43)
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FIGURE 1: Unbalanced linguistic term sets (S, and S,) and their mapping in linguistic hierarchies.

where t]; is the level of LH(s,) and ¢, is the maximum in all
7
levels of LH(s,1), LH(s,2), ..., LH(s ) (k =1,2,...,1).
] ] J

Step 2.9. Calculate scores s(r;) of the group overall evaluation
values r; (j = 1,2,...,m) corresponding to alternatives
Aj (j =1,2,...,m) according to Definition 8.

Step 2.10. Based on the rules described in Definition 10, rank
all the alternatives A i (j = 1,2,...,m) and select the most
desirable one(s) in accordance with the rank orders of r; (j=
1,2,...,m).

4.2. Illustrative Example. In this section, we adapt the fashion
design evaluation problem in [40] as illustrative study to
verify our proposed MAGDM approaches.

Suppose that an apparel firm is considering its fash-
ion design for forthcoming season. Choose eight attributes
C, i = 1,2,...,8) [40] which have been determined
to evaluate three design solutions A; (j = 1,2,3) after
screening: C,: Opponent Ability; C,: Fashion Forecast; C,:
Product Position; C4: Consumer Cognition; Cs: Consumer
Lifestyle; Cq: Brand Image; C,: New Idea; Cq: Theme Story.
A panel of three decision-makers D, (k = 1,2, 3), including
a filtered customer, a marketing expert, and a firm’s fashion
designer, has been organized to provide their preferences on
response solutions A; (j = 1,2,3), by use of the developed
tool of IVDHFUBLS.

The corresponding linguistic variables are chosen
from two unbalanced linguistic term sets S; and S,,
where S, = {N,L,M,AH,H,QH,VH, AT,T} and
S, = {N, M, H,VH, T}. The relationship between unbalanced
linguistic term sets S;, S, and linguistic hierarchies is
shown in Figure 1. Decision-makers D, and D, evaluate

three emergency response solutions by the unbalanced
linguistic term set S;, while D; utilize the unbalanced
linguistic term set S,. Then, three decision matrices, that is,
Rk = (r:‘].)8X3 (k = 1,2,3), are collected and shown in Tables
1-3.

Subsequently, we apply Approaches 1 and 2 to resolve this
evaluation problem.

As for Approach 1, we suppose weighting vectors
for both decision-makers and attributes are already
known: the weighting vector n = (0.3,0.4,0.3)" for
the three decision-makers and the weighting vector
o = (0.1,0.1,0.05,0.1,0.05,0.2,0.2, O.Z)T for the eight
attributes.

Regarding Approach 2, we suppose the weighting vector 7
for decision-makers and the weighting vector w for attributes
are totally unknown. After comprehensively recognizing
actual decision scenarios, the panel of three decision-makers
reaches a consensus on the relative importance of the eight
attributes, that is, Cg > C, » C, » C, > C, > C, >
Cs; > Cs. To include these expertise attitudes, we take the
relative importance among attributes as an order-inducing
vector u = (8,7,6,2,1,4,5, 3) for Approach 2.

The ranking results by Approaches 1 and 2 have been
listed in Table 4 for comparison. As can be seen from Table 4,
Approaches 1 and 2 unanimously identified the ranking order
of A, » A; > A, for the three design solutions, while,
according to the score values yielded by the two approaches,
Approach 2 can tell apart the superiority of solution A,
and inferiority of solution A; more clearly than Approach
1. Reasons can be basically observed from the facts shown
in Table 4. Referring to scores for all response solutions
obtained by the two approaches, A, is obviously inferior to
the other two solutions and A, is obviously superior to the
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TaBLE 1: Decision matrix R' with IVDHFUBLNSs.
Al A2 A3
C (VH, {[0.2,0.3]}, (AT, {[0.4,0.5],[0.5,0.6]}, (L,{[0.1,0.2],[0.1,0.3]},
! {[0.2,0.4],[0.3,0.4]}) {{0.2,0.3],[0.2,0.4]}) {{0.6,0.7]})
C (H,{[0.5,0.6]}, (T, {[0.6,0.7]}, (H,{[0.2,0.3]},
2 {[0.2,0.3]}) {[0.1,0.2]}) {{0.5,0.6],[0.6,0.7]})
c (M, {[0.3,0.4]}, (L, {[0.6,0.7],[0.7,0.8]}, (AH,{[0.4,0.5]},
3 {[0.4,0.5],[0.5,0.6]}) {[0.1,0.2]}) {{0.2,0.3]})
C (T, {[0.2,0.4]}, (QH, {[0.3,0.5]}, (VH, {[0.6,0.7]},
4 {[0.5,0.6]}) {[0.2,0.3]}) {{0.1,0.2],[0.2,0.3]})
c (L, {[0.4,0.5]}, (M, {[0.6,0.7]}, (M, {[0.4,0.5],[0.6,0.7]},
5 {[0.1,0.2],[0.4,0.5]}) {[0.1,0.2]}) {{0.1,0.3]})
C (M, {[0.1,0.2], [0.3,0.5]}, (VH, {[0.2,0.4], [0.5,0.6]}, (H,{[0.3,0.4]},
6 {[0.3,0.5]}) {[0.2,0.3]}) {{0.4,0.5]})
C (AH, {[0.4,0.5],[0.5,0.6]}, (L,{[0.5,0.6],[0.7,0.8]}, (QH, {[0.4,0.5],[0.5,0.6]},
7 {[0.2,0.3],[0.2,0.4]}) {[0.1,0.2]}) {{0.3,0.4]})
C (L, {[0.1,0.3]}, (H,{[0.5,0.7]}, (VH, {[0.4,0.6]},
8 {[0.4,0.6]}) {{0.1,0.2],[0.2,0.3]}) {{0.3,0.4]})
TaBLE 2: Decision matrix R? with IVDHFUBLNS.
Al A2 A3
C (M, {[0.3,0.5]}, (AT, {[0.4,0.7]}, (AT, {[0.6,0.8]},
! {[0.1,0.2]}) {[0.2,0.3]}) {{0.1,0.2]})
C (AH,{[0.1,0.4]}, (L, {[0.5,0.6]}, (H,{[0.4,0.5]},
2 {[0.2,0.3],[0.3,0.4]}) {[0.1,0.2]}) {{0.3,0.4],[0.4,0.5]})
C (H,{[0.2,0.4]}, (AH,{[0.6,0.7],[0.7,0.8]}, (H, {[0.4,0.5]},
3 {[0.4,0.5]}) {[0.1,0.2]}) {{0.2,0.3]})
C (QH, {[0.2,0.4]}, (M, {[0.2,0.3]}, (AH,{[0.4,0.5]},
4 {[0.5,0.6]}) {[0.5,0.6],[0.6,0.7]}) {{0.2,0.3]})
C (M, {[0.1,0.2], [0.2,0.3]}, (VH, {[0.6,0.7]}, (QH, {[0.4,0.5]},
5 {[0.1,0.2]}) {[0.1,0.2]}) {{0.3,0.4]})
C (L, {[0.6,0.7]}, (AT, {[0.2,0.3]}, (L,{[0.7,0.8]},
6 {{0.1,0.2]}) {[0.5,0.7]}) {{0.1,0.2]})
C (H,{[0.3,0.4]}, (H,{[0.5,0.8]}, (VH, {[0.2,0.5]},
7 {[0.2,0.3],[0.4,0.5]}) {[0.1,0.2]}) {[0.3,0.4]})
C (M, {[0.5,0.7]}, (AT, {[0.3,0.5]}, (H,{[0.3,0.5]},
8 {{0.2,0.3]}) {[0.3,0.4]}) {[0.3,0.4]})
TaBLE 3: Decision matrix R® with [IVDHFUBLNS.
Al A2 A3
C (M, {[0.6,0.8]}, (T, {[0.3,0.4]}, (VH,{[0.4,0.5]},
! {[0.1,0.2]}) {[0.4,0.6]}) {{0.1,0.2],[0.3,0.4]})
C (H,{[0.4,0.5]}, (M, {[0.4,0.5],[0.5,0.6]}, (VH,{[0.7,0.8]},
2 {[0.4,0.5]}) {[0.2,0.3]}) {{0.1,0.2]})
C (H, {[0.2,0.4],[0.3,0.4]}, (VH, {[0.6,0.71}, (H, {[0.6,0.8]},
3 {[0.2,0.3]}) {[0.1,0.3]}) {{0.1,0.2]})
C (M, {[0.7,0.8]}, (H,{[0.1,0.3],[0.2,0.4]}, (M, {[0.6,0.7]},
4 {[0.1,0.2]}) {[0.3,0.5]}) {{0.1,0.3]})
C (T,{[0.2,0.5]}, (M, {[0.4,0.6],[0.5,0.7]}, (VH, {[0.6,0.71},
5 {[0.3,0.5]}) {[0.1,0.2]}) {{0.1,0.2]})
C (VH, {[0.6,0.7]}, (VH, {[0.3,0.6]}, (M, {[0.5,0.6]},
6 {[0.2,0.3]}) {[0.1,0.3],[0.2,0.4]}) {{0.3,0.4]})
C (M, {[0.1,0.2]}, (H,{[0.4,0.6]}, (H,{[0.3,0.5]},
7 {[0.5,0.8]}) {[0.3,0.4]}) {{0.4,0.5]})
C (VH, {[0.3,0.4]}, (VH, {[0.7,0.8]}, (H, {[0.6,0.7]},
8

{{0.1,0.3],0.2,0.5]})

{[0.1,0.2]})

{[0.1,0.3]})
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TABLE 4: Comparisons between Approaches 1 and 2 on their ranking results and accepted relative importance among attributes.
Approaches Ranking Corresponding Accepted relative importance among attributes
results scores
Approach 1accepted the known attributes
B weighting vector
s(ry) = 0.2231, w = (0.1,0.1,0.05,0.1,0.05,0.2,0.2,02)",
Approach 1 A, >A; > A, s(ry) = 0.1737, o o
which indicates the relative importance among
s(ry) = 0.093 .
attributes as
(Cy=C,=Cy) > (C, =C, =C,) » (C5 =Cy).
According to collective opinions on interrelations
among assessing attributes, Approach 2 accepted
s(ry) = 0.2288, the following relative importance amon
Approach 2 A, > A > A s(ry) = 0.168, i P &

s(ry) = 0.0926

attributes:
Ce>Cy >Cy>Cy>C >Cy > Cys > Cy
as the order inducing vector.

other two; thus both ranking orders for total three solutions
are the same. Approach 2 increases the score of best solution
A, from 0.2231 to 0.2288, decreases the score of A, from
0.1737 to 0.168, and also decreases the score of worse solution
A, from 0.093 to 0.0926. Along with changes in scores of
design solutions, Approaches 1 and 2 both still identify the
same disparity patterns in scores; Approach 2 reinforces the
positions of A, and A, as the best and worst solutions,
respectively.

From another perspective of observation, relative impor-
tance among attributes in Approach 2 was determined from
the group opinions rather than holdover from earlier expe-
rience as in Approach 1; thus Approach 2 is more pertinent
to practical problems. As shown in Table 4, the attributes
weighting vector w = (0.1,0.1,0.05,0.1,0.05,0.2,0.2, 0.2)T in
Approach 1 indicates a relative importance as (Cg = C, =
Cs) » (C, = C, = Cy) > (Cs = C;), which means
experience weighting vector w, probably for general purpose,
only roughly differentiates those attributes as three groups,
where attributes share the same importance level. Interest-
ingly, however, regarding Approach 2, the panel of decision-
makers derived relative importance among attributes as Cg >
C, » C, > C, » C » Cy » C5 > C;, which
not only maintains the general cognition about product
design as denoted in Approach 1, but also gives clearer
differentiation among all attributes. Therefore, Approaches
1 and 2 both identified the same worst solution and the
same best solution consistently from three alternatives, and

k 1 2 t
rt = IVDHFUBL-WA (r;;,7,...,75;) =

U

k k _k k
(sq i gi)€rsy

oj

t
k=1

t
U H[l‘ (1) =TT - w)"
I ol 511655

Step 3.2. Use IVDHFUBL-WA operator and weighting vector
n to aggregate all the individual overall evaluation values

k=1

Approach 2 is capable of identifying their differences more
clearly with considering group opinions.

4.3. Comparative Study. To further inspect the effective-
ness of formerly developed approaches, in this subsec-
tion, we conduct comparative studies with conventional
MAGDM approaches of TOPSIS-based methodology [41]
and aggregation-operator-based methodology [42], respec-
tively.

Regarding the same case addressed by Approach 1, we
construct the aggregation-operator-based Approach 3, which
utilizes an interval-valued dual hesitant fuzzy unbalanced
linguistic weighted aggregation (IVDHFUBL-WA) operator
for information fusion. Approach 3 takes the same attributes
weighting vector w and the same weighting vector # for
decision-makers as in Approach 1. Detailed processing steps
in Approach 3 are shown below.

Approach 3. The third approach is MAGDM based on
IVDHFUBL-WA operator.

Step 3.1. By use of attributes weighting vector w and the
following IVDHFUBL-WA operator, we aggregate individual
decision matrices RF = (rf‘j)mm (k = 1,2,...,t) into
individual overall evaluation values r;f (G =1L2,....om5k =

1,2,...,t) for each alternative Aj According to Xu [42], we
derive the IVDHFUBL-WA operator as

N

>

k
t.
i wiA;,; (TF,Z_ (‘V(Sﬁ,-j )

[ Ames e f)

rjf (j=12,...,mk =1,2,...,t) to group overall evaluation
values r; corresponding to each alternative A ;.

(44)
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TaBLE 5: Comparisons on ranking results obtained by four approaches.

Approaches Ranking results Corresponding scores

Approach 1 - B B

(Case 1) Ay > Ay - A s(ry) =0.2231, s(r;) = 0.1737, s(r,) = 0.093

Approach 2 Ay > Ay > A s(r,) = 0.2288, s(r;) = 0.168, s(r,) = 0.0926

(Case 2) 2 3 1 2 . > 3 .168, 1 .

Approach 3 A, >A, > A s(ry) =0.2309, s(r;) = 0.1648, s(r,) = 0.0902

(Case 1) 2 3 1 2 . > 3 . ) 1 .

Approach 4 Ay > Ay, > A c(r;) =0.5919, c(r,) = 0.5622, ¢ (r,) = 0.5424

(Case 2) 3 2 1 3 . , €(ry . , 1 .

Step 3.3. Calculate scores s(rj) (j = 1,2,...,m) of overall
evaluation values r; of alternatives A ; by Definition 8.

Step 3.4. Rank alternatives A i (j=1,2,...,m) in accordance
with the scores s(rj).

As for the same case addressed by Approach 2, we
construct TOPSIS-based Approach 4, which extends TOPSIS
to group decision-making situations and also accepts relative
importance relations among assessing attributes as adopted
in Approach 2. Detailed processing steps in Approach 4 are
shown below.

Approach 4. The fourth approach is MAGDM based on
TOPSIS and IVDHFUBL-WA operator.

Step 4.1. See Step 2.1 of Approach 2.

Step 4.2. According to importance relations among assessing
attributes, utilize Yager’s RIM (regular increasing mono-
tone) quantifier [43] to obtain position weighting vector
for attributes. Then by use of the IVDHFUBL-WA operator
introduced in (44), aggregate individual decision matrices
for each alternative A ;, where j=1,2,...,m, k= 1,2,...,¢.

into individual overall evaluation values rj.‘

Step 4.3. Calculate the separating measure from positive
and negative ideal solutions. Determine positive ideal solu-
tion (PIS) r* = (r/,r;,...,1¢,...,r;) and negative ideal
solution (NIS) r~ = (r{,75,...,7¢,...,1; ), where r,: =
({[1,11},{[0,0]}) and r, = ({[0,0]},{[1,1]}). Then we can
calculate the separating measures d; and d; from the PIS and
NIS for each alternative according to the distance measure
defined in (10), where

t
d;- = kZd (r;.(, r,:) )
=1

t

d; =Y d(rir).

k=1

(45)

Step 4.4. Calculate the relative closeness to the ideal solution,
where
4
c; = (46)

j d; +di’

Step 4.5. Rank the emergency alternatives according to the
descending order of ;.

Now we apply Approaches 3 and 4 to the cases in
Section 4.2. For more clarity, ranking results obtained by the
four approaches have been collected in Table 5.

As can be seen from Table 5, the former three approaches
clearly differentiated all three design solutions with the same
ranking order of A, > A; > A,; however, the TOPSIS-based
Approach 4 yielded different ranking result of A; > A, > A,
and the differences among scores of the three alternatives are
relatively slight.

Regarding Case 1, Approaches 1 and 3 obtained the
same ranking order A, > A; > A, for the three
solutions. Although Approach 1 comprehensively considers
supportive relations among attribute values by use of power
aggregation operator, the scores of three alternatives are in
slight difference after balancing by the same weighting vectors
w and # during their information fusion steps.

Concerning Case 1 targeted by Approaches 2 and 4, they
both identified the solution A, as the worst one as other
approaches did, but the ranking relations between A, and A,
are different. Differing from Approach 3, the TOPSIS-based
Approach 4 adopted Yager’s artificial estimation method
to deduce attributes weighting vectors without taking into
account the supportive relations among assessments; thus
this will cause some potential information distortion. As a
result, ranking result obtained by Approach 4 is different
from other three approaches; scores of the three solutions are
rather close even for the worst solution A, while Approach 2
managed to clearly differentiate the three solutions, especially
for the worst solution A .

In summary, the proposed Approaches 1 and 2 are
both effective multiple attributes group decision-making
methods. For those decision situations where experience
weighting information exists, Approach 1 can accommodate
the weighing information in its decision-making procedures.
Regarding those more complex decision situations where
no concrete weighting information exists, Approach 2 man-
ages to objectively derive unknown weights from decision
matrices and also provides an effective way to enhance its
decision-making process by integrating relative importance
among assessing attributes as its order-inducing vector, which
is derived from group opinions and generally cannot be
adequate enough in practical problems of high uncertainty.
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5. Conclusions

To support rational decision-making activities under com-
plex decision environments, we have proposed the interval-
valued dual hesitant fuzzy unbalanced linguistic set (IVDH-
FUBLS) to elicit complicate preferences of decision-makers
more completely and flexibly, which not only allows decision-
makers to follow their cognition habit by marking their
most approximate linguistic term in an unbalanced linguist
label system, but also allows them to supplement the des-
ignated label with two sets of interval-valued membership
degrees and nonmembership degrees. [IVDHFUBLS manages
to attain flexibility of interval values in assigning membership
and nonmembership degrees, as well as the advantages of
both unbalanced linguistic set and dual hesitant fuzzy set
in depicting fuzzy properties of evaluating objects. We have
defined operational laws for the IVDHFUBLS, and, more
importantly, a novel distance measure has been put forward
to overcome potential information distortion that could be
caused by conventional distance measure widely adopted for
hesitant fuzzy set and its hybrid extensions.

In view of the intrinsic suitability of classic power aggre-
gation operators and induced aggregation operators in con-
structing MAGDM approaches for complex problems, such
as those scenarios where only limited decision information
can be exploited objectively based on supportive interrela-
tions among attribute values or where additional expertise
attitudes should be included in decision-making proce-
dures, we have developed the W-IVDHFUBL-PA operator,
the IVDHFUBL-PA operator, and the I-IVDHFUBL-POWA
operator. Their desirable properties, including commutativ-
ity, idempotency, boundedness, and monotonicity, have been
further inspected. Then, based on the W-IVDHFUBL-PA
operator and I-IVDHFUBL-POWA operator, we have struc-
tured two approaches of Approaches 1 and 2, respectively.
Numerical studies have verified effectiveness and practicality
of the both approaches. In particular, Approach 2 is capable of
objectively deriving unknown weights from decision matri-
ces and also provides an effective way to enhance its decision-
making process by integrating additional expertise attitudes
in complex decision-making situations.

Due to continuously emerging complex decision-making
problems, such as sustainable investment projects evaluation
and complicate green supplier selection, future research
directions should be still aimed at approaches by considering

A(sd, ®sd,) = A U
(si’zl’EI)ESdl)(Sj)ZZ’EZ)ESdZ

[E Y 1ehy, [ pd ey, [vE Y TGy, [E Y 1€,

- U

s ) ; ,
B B < AT CTES (p(s))+A7- (T (w(s))
(s;,h1,91)€sd,; ,(sj,h2,§2)53d2

[k i 1ehy [ 1ehy v Y 1€y, v Y 1€,

(SA,3<Tng<w<s,->>>+A,;<TFfé (wls)®
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more interrelations among decision factors as well as applica-
tion studies.

Appendix

A. Transformation between 2-Tuple
Linguistic Representation and Unbalanced
Linguistic Variable

(1) Representation in linguistic hierarchy: to transform the
unbalanced terms of S into the corresponding terms in the
LH, transformation function y is employed to associate each
unbalanced linguistic 2-tuple (s;, «) with its linguistic 2-tuple
in LH(S); that is,

y: S — LH(S), (A1)

so that y(s;, ) = (s%), A), for V(s;, &) € S.

(2) Computational phase: firstly, transform (sIG(g), A) into

’ . !
linguistic 2-tuples, denoted as (s;',((ti)), ') in Sn(t ), where
! .
(Sn(t ) AI) - TF (S%‘l))’ /\)

I'(i)°
A2 <sﬁ5;>,a>-<n<f'>—l>>_ (a2

G(i)-1

— t,
Then, a computational model is used over Sn( ) with a
] <n(t')
result denoted as (s"*),1,) € S .

g

. ! <n(t)
(3) Retranslation process: the result (s:‘(t ),/1,) € Sn(
is transformed into the unbalanced term in S, by using the
transformation function 1//_1; that is,

y L LH(S) — S, (A3)

— ! <
so that 1// 1(5;1(1‘ )) Ar) = (Sresult’Aresult) €.

B. Proof of Theorem 7

Obviously, rules (1) and (2) are correct.
(3) For rule (3),

U e + o -] + 4 =i |} Ao v%]}})

Hlr- (= v e -wted)) - (- (“Yﬂg‘“M’))A”’{[(vag)k’(ﬁvgy”}>’
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Asdy = <SAA,;(TF$;<w<si>)>’ U H[l_(1_”IL)A’I_(1_“?)A”’{[(Vf)l’(’}l]ﬂ”)
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Msd+Aysd= |

(sp-hg)esd

[uhuV1eh, vV 1eg

(6)

sdh = U

A A A A
U (sewmspeme U H[(“L) () ]}{[1 (- - (1-Y) ]H :
(sp-h.g)esd [utuV]en, v V] eg
A A A A
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(sp-h.g)esd [utuV]en, vV ]eg

Sdll+A2 — U

\ S TRyt 2
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C. Proof of Theorem 15

(1) When n = 1, obviously, it is right.
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(B.3)

(B.4)
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(+T(sd,))/ 37y @,(1+T(sd))
R
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(1) (%) ;
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so when n = 2, Theorem 15 also is right.
(3) Suppose when n = k, Theorem 15 is right; then we have

W-IVDHFUL-PA (sd,, sd,, ..., sd)

- U
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Thenwhenn =k + 1,
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So, when #n = k + 1, Theorem 15 is right too.
According to steps (1), (2), and (3), we can conclude that
Theorem 15 is right for all n.
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D. Proof of Theorem 16

(1) Since sdj =sdforall j=1,2,...,n, then
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Andforall j =1,2,...

, 11, we have
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According to Definitions 8 and 10 and Theorem 15, we
have

sd~ < W-IVDHFUBL-PA (sd,, sd,,...,sd,) < sd*, (D.7)

which completes the proof.

E. Proof of Theorem 19

(1) Assume that (sd,*,sd,",...,sd,”) is any permutation of
(sdy,sd,, ..., sd,); then for each sd ;, there exists one and only

one sd;.” such that sd;” = sd; and vice versa. And, also we
have T(sdj) = T(sd,."). Thus, based on Theorem 18, we have

IVDHFUBL-PA (sd}, sd,, ...,sd,)

_ B ((1+7(sd)))sd;)
Y, (1+T(sd;))

D (1 +T(sd")) sd”)
Yt (14T (sdy))
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(E.D)

Lsd,”).
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(2) Since sdj =sdforall j=1,2,...,n, then
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Andforall j=1,2,...,n, we have
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> (1 - (l - /Aj)
j=1
(E.5)
n
UN(I+T(sd))/ $1) (1+T(sd;))
+ <1 -T10-4)
=1
(.- n (1_ L_)(1+T(sd,~))/Z?=1(1+T(sd,.))
j=1
N = (1_MU—)(“T(Sd;‘))/Z?zl(“'T(Sdi)) '
=1
Meanwhile, we have
T Lo\(14T(sd )/ T, (14T (sd)))
H(v )
. n U_ (1+T(sd )/ Th l(1+T(sd))>
=
u 1+T sd)/ T, (14T (sd;))
j= 1
(E.6)

+

N
—_

J

B

1+Tsd)/z, . 1+Tsd))>
=

n

( u (1+T(sd N/ YL, (14T (sd,; ))>

U+ (14+T(sd )/ Tt (1+T(sd; >>>

+
]=1
Then
1 (14T (sd,))/ iy (1+T(sd,)
(1—11( )
j=1
n
+11-

)(1+T(sdj))/ Y2 (14T (sdy) >

n

(1
ul

L+ (14T(sd;))/ Tiy (14T (sd; ))>

j=



Complexity

11[ (VU+)(1+T(sdj))/Z?:1(1+T(sd,»))

j=1

[\

L\ (A+T ()] Sy (14T(s)
)

n
U\(+T(sd )/ Y, (14T (sd;))
1-T1(1-47)

j=1

n

1\ (1+T(sd)))/ XL, (1+T(sd;))
(16

n

(
(
(
(
] (H (T 1T
<
(
[

n

L= (1) O R

[\

j=1

n

U-\(1+T(sd)))/ Yy (1+T(sd;))
1-[T(-47)
j=1

n

1—[ (VIf)(HT(de))/ Y (1+T(sd;))
j=1

ﬁ (VU_)(HT(sdj))/Z?:l(HT(sdi))
=1
(E.7)

According to Definitions 8 and 10 and Theorem 18, we
have

sd” < IVDHFUBL-PA (sd,, sd,,...,sd,) < sd*, (E.8)

which completes the proof.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

The authors would like to greatly thank joint-support by the
National Natural Science Foundation of China (nos. 71701181,
71771075, and 71331002), the Social Science Foundation of
Ministry of Education of China (no. 16YJC630094), and the
Natural Science Foundation of Zhejiang Province of China
(LQ17G010002 and LY18G010010).

References

[1] A.E. Akgiin, H. Keskin, J. C. Byrne, and 0. O. Ilhan, “Complex
adaptive system mechanisms, adaptive management practices,
and firm product innovativeness,” Re&+D Management, vol. 44,
no. 1, pp. 18-41, 2014.

21

[2] M. Gell-Mann, The quark and the jaguar, W. H. Freeman and
Company, New York, 1994.
[3] R. Chiva-Gomez, “Repercussions of complex adaptive systems

on product design management,” Technovation, vol. 24, no. 9,
pp. 707711, 2004.

[4] Y.Hsu, “Design innovation and marketing strategy in successful
product competition,” Journal of Business ¢ Industrial Market-
ing, vol. 26, no. 4, pp. 223-236, 2011.

[5] A. Vuruskan, T. Ince, E. Bulgun, and C. Guzelis, “Intelligent
fashion styling using genetic search and neural classification,”
International Journal of Clothing Science and Technology, vol. 27,
no. 2, pp. 283-301, 2015.

[6] P.Y. Mok, J. Xu, X. X. Wang, J. T. Fan, Y. L. Kwok, and J. H. Xin,
“An IGA-based design support system for realistic and practical
fashion designs,” Computer-Aided Design, vol. 45, no. 11, pp.
1442-1458, 2013.

[7] R. Dou, C. Zong, and G. Nan, “Multi-stage interactive genetic
algorithm for collaborative product customization,” Knowledge-
Based Systems, vol. 92, pp. 43-54, 2016.

[8] A. M. Brintrup, J. Ramsden, H. Takagi, and A. Tiwari,
“Ergonomic chair design by fusing qualitative and quantitative
criteria using interactive genetic algorithms,” IEEE Transactions
on Evolutionary Computation, vol. 12, no. 3, pp. 343-354, 2008.

[9] R. Dou, C. Zong, and M. Li, “An interactive genetic algorithm
with the interval arithmetic based on hesitation and its appli-
cation to achieve customer collaborative product configuration
design,” Applied Soft Computing, vol. 38, pp. 384-394, 2016.

[10] P.D.Liuand X. C. Yu, “2-Dimension uncertain linguistic power
generalized weighted aggregation operator and its application
in multiple attribute group decision making,” Knowledge-Based
Systems, vol. 57, no. 1, pp. 69-80, 2014.

[11] P.Liu and X. Liu, “Multiattribute group decision making meth-
ods based on linguistic intuitionistic fuzzy power Bonferroni
mean operators,” Complexity, Art. ID 3571459, 15 pages, 2017.

[12] C. Kahraman, S. C. Onar, and B. Oztaysi, “Fuzzy multicriteria
decision-making: a literature review;” International Journal of
Computational Intelligence Systems, vol. 8, no. 4, pp. 637-666,
2015.

[13] A. Mardani, A. Jusoh, and E. K. Zavadskas, “Fuzzy multi-
ple criteria decision-making techniques and applications—two
decades review from 1994 to 2014,” Expert Systems with Appli-
cations, vol. 42, no. 8, pp. 4126-4148, 2015.

[14] Z. Tao, X. Liu, H. Chen, and L. Zhou, “Using New Version
of Extended t-Norms and s-Norms for Aggregating Interval
Linguistic Labels;” IEEE Transactions on Systems Man & Cyber-
netics Systems, pp. 1-15, 2016.

[15] L. Martinez and F. Herrera, “An overview on the 2-tuple
linguistic model for computing with words in decision making:
extensions, applications and challenges,” Information Sciences,
vol. 207, pp. 1-18, 2012.

[16] E. Herrera-Viedma and A. G. Lopez-Herrera, “A model of an
information retrieval system with unbalanced fuzzy linguistic
information,” International Journal of Intelligent Systems, vol. 22,
no. 11, pp. 1197-1214, 2007.

[17] L. Martinez, M. Espinilla, J. Liu, L. G. Pérez, and P. J. Sdnchez,
“An evaluation model with unbalanced linguistic information
applied to olive oil sensory evaluation,” Journal of Multiple-
Valued Logic and Soft Computing, vol. 15, no. 2-3, pp. 229-251,
20009.

[18] E Herrera, E. Herrera-Viedma, and L. Martinez, “A fuzzy
linguistic methodology to deal with unbalanced linguistic term



sets,” IEEE Transactions on Fuzzy Systems, vol. 16, no. 2, pp. 354-
370, 2008.

D. Meng and Z. Pei, “On weighted unbalanced linguistic
aggregation operators in group decision making,” Information
Sciences, vol. 223, pp. 31-41, 2013.

Y. Dong, C.-C. Li, and E Herrera, “An optimization-based
approach to adjusting unbalanced linguistic preference rela-
tions to obtain a required consistency level,” Information Sci-
ences, vol. 292, pp. 27-38, 2015.

B. Farhadinia, “Correlation for dual hesitant fuzzy sets and
dual interval-valued hesitant fuzzy sets,” International Journal
of Intelligent Systems, vol. 29, no. 2, pp. 184-205, 2014.

Y. B. Ju, X. Y. Liu, and S. H. Yang, “Interval-valued dual
hesitant fuzzy aggregation operators and their applications to
multiple attribute decision making,” Journal of Intelligent &
Fuzzy Systems: Applications in Engineering and Technology, 2013.

B. Zhu, Z. Xu, and M. Xia, “Dual hesitant fuzzy sets,” Journal
of Applied Mathematics, vol. 2012, Article ID 879629, 13 pages,
2012.

X. Ma, P. Wu, L. Zhou, H. Chen, T. Zheng, and J. Ge,
“Approaches Based on Interval Type-2 Fuzzy Aggregation
Operators for Multiple Attribute Group Decision Making,’
International Journal of Fuzzy Systems, vol. 18, no. 4, pp. 697-
715, 2016.

P. Liu, L. Zhang, X. Liu, and P. Wang, “Multi-valued neutro-
sophic number bonferroni mean operators with their appli-
cations in multiple attribute group decision making;” Interna-
tional Journal of Information Technology & Decision Making, vol.
15, no. 5, pp. 1181-1210, 2016.

P. Liu, “A weighted aggregation operators multi-attribute group
decision-making method based on interval-valued trapezoidal
fuzzy numbers,” Expert Systems with Applications, vol. 38, no. 1,
pp. 1053-1060, 2011

Z.S. Xu, “‘EOWA and EOWG operators for aggregating linguis-
tic labels based on linguistic preference relations,” International
Journal of Uncertainty, Fuzziness and Knowledge-Based Systems,
vol. 12, no. 6, pp- 791-810, 2004.

P. Liu and F Teng, “Multiple criteria decision making method
based on normal interval-valued intuitionistic fuzzy general-
ized aggregation operator;” Complexity, vol. 21, no. 5, pp. 277-
290, 2016.

P. Liu, S.-M. Chen, and J. Liu, “Multiple attribute group decision
making based on intuitionistic fuzzy interaction partitioned
Bonferroni mean operators,” Information Sciences, vol. 411, pp.
98-121, 2017.

X. Qj, C. Liang, and J. Zhang, “Generalized cross-entropy based
group decision making with unknown expert and attribute
weights under interval-valued intuitionistic fuzzy environ-
ment,” Computers & Industrial Engineering, vol. 79, pp. 52-64,
2015.

R. R. Yager, “The power average operator,” IEEE Transactions on
Systems, Man, and Cybernetics: Systems, vol. 31, no. 6, pp. 724-
731, 2001.

L.G.Zhouand H. Y. Chen, “A generalization of the power aggre-
gation operators for linguistic environment and its application
in group decision making,” Knowledge-Based Systems, vol. 26,
pp. 216-224, 2012.

L. Zhou, H. Chen, and J. Liu, “Generalized power aggregation
operators and their applications in group decision making,’
Computers & Industrial Engineering, vol. 62, no. 4, pp. 989-999,
2012.

Complexity

[34] R. R. Yager, “Induced aggregation operators,” Fuzzy Sets and

Systems, vol. 137, no. 1, pp. 59-69, 2003.

J. M. Merig6 and M. Casanovas, “Decision-making with dis-
tance measures and induced aggregation operators,” Computers
& Industrial Engineering, vol. 60, no. 1, pp. 66-76, 2011.

Z. Su, Z. Xu, H. Liu, and S. Liu, “Distance and similarity
measures for dual hesitant fuzzy sets and their applications
in pattern recognition,” Journal of Intelligent & Fuzzy Systems:
Applications in Engineering and Technology, vol. 29, no. 2, pp.
731-745, 2015.

Z. S. Xu and M. Xia, “Distance and similarity measures for
hesitant fuzzy sets,” Information Sciences, vol. 181, no. 11, pp.
2128-2138, 2011.

Y. Dong, C.-C. Li, and E. Herrera, “Connecting the numerical
scale model to the unbalanced linguistic term sets,” in Proceed-
ings of the 2014 IEEE International Conference on Fuzzy Systems,
FUZZ-IEEE 2014, pp. 455-462, China, July 2014.

V. Torra, “Hesitant fuzzy sets,” International Journal of Intelligent
Systems, vol. 25, no. 6, pp. 529-539, 2010.

C. Lin and C. Twu, “Combination of a fuzzy analytic hierarchy
process (FAHP) with the Technique for Order Preference by
Similarity to Ideal Solution (TOPSIS) for fashion design scheme
evaluation,” Textile Research Journal, vol. 82, no. 10, pp. 1065-
1074, 2012.

J. Zhang, G. G. Hegde, J. Shang, and X. Qi, “Evaluating emer-
gency response solutions for sustainable community devel-
opment by using fuzzy multi-criteria group decision making
approaches: IVDHF-TOPSIS and IVDHF-VIKOR;” Sustainabil-
ity, vol. 8, no. 4, article no. 291, 2016.

Z. Xu, “Intuitionistic fuzzy aggregation operators,” IEEE Trans-
actions on Fuzzy Systems, vol. 15, no. 6, pp. 1179-1187, 2007.

R. R. Yager, “Quantifier guided aggregation using OWA oper-

ators,” International Journal of Intelligent Systems, vol. 11, no. 1,
pp. 49-73,1996.



Advances in Advances in . Journal of The Scientific Journal of
Operations Research Decision Sciences  Applied Mathematics World Journal Probability and Statistics

|nternational
Journal of
Mathematics and
Mathematical
Sciences

Journal of

Optimization

Hindawi

Submit your manuscripts at
www.hindawi.com

International Journal of
Engineering
Mathematics

International Journal of

Analysis

Journal of : Advances in ] Mathematical Problems International Journal of Discrete Dynamics in
Complex Analysis Numerical Analysis in Engineering Differential Equations Nature and Society

International Journa!

of
Stochastic Analysis Mathematics Function Spaces Applied Analysis Mathematical Physics

Journal of Journal of Abstract and ; Advances in



https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

