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@ monadic structures = algebras with quantifiers = algebraic
models for one-variable fragments of predicate calculi of
logics

@ Halmos, 1955: monadic Boolean algebras = algebraic
model of the predicate calculus of classical two-valued
logic in which only one variable occurs

@ Rutledge, 1959: monadic MV-algebras (MMV-algebras) =
algebraic model for one-variable fragment of the
tukasiewicz many-valued predicate calculus

@ Georgescu,lorgulescu, Leustean, 1998

@ Di Nola, Grigolia, 2004

@ Belluce, Grigolia, Lettieri, 2005
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GMV-algebras (generalized MV-algebras) = non-commutative
generalizations of MV-algebras
(Georgescu, lorgulescu, 2001; Rachlnek, 2002)

the non-commutative tukasiewicz infinite valued propositional
logic PL, GMV-algebras = an algebraic semantics of PL (l.
Leustean, 2006)

PL - based on connectives —, ~, — and ~-, and two deductive
rules modus ponens

We define the monadic non-commutative tukasiewicz
propositional calculus MPL and introduce and investigate
monadic GMV-algebras (MGMV-algebras).
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The monadic non-commutative Lukasiewicz propositional
calculus MPL is the logic containing PL in which the following
formulas are axioms for arbitrary formulas ¢ and :

(M1) o —3Jp, ¢~ Ty

(M2)  IpVy) = JpV I,

(M3)  3(=3p) = ~Fp, 3I(~Fp) =~ Fy;
(M4)  F(Fe o W) = Fp o IY;

(M) Jp®p) = Jp@ Jg;

(

MB) (@ p) = Jp o Jp.
Let Vo mean ~ (3(—¢)). Then the deductive rules in MPL are
two modus ponens (MP—) W and (MP~»)

©, P~ P ®

, and the necessitation (Nec) Vo'
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Definition

Let A= (A @, ,~,0,1) be an algebra of type (2,1,1,0,0). Set
xXoy:=(x"@y ) forany x, y € A. Then Ais called a
generalized MV-algebra (briefly: GMV-algebra) if for any

X, ¥, Z € Athe following conditions are satisfied:

(A1) xa(yoz)=xoy) ez
(A2) xe0=x=0ox;

(A3) x@1=1=1@x;

(A4) 1~ =0=1~;

(A5) (x~oyY) =(x"oy )
(AB)

Xe(yoxT)=yaexoy )=y ox)ay=x"0y)ex;
(A7) (x"@y)ox=yo(xoy");
(A8) x—~ =x.
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If we put x < yifandonly if x~ @ y = 1then L(A) = (A;<)isa
bounded distributive lattice (0 is the least and 1 is the greatest
element) with x Vy=x® (yox~)and x Ay =xo (y & x~).

GMV-algebras are in a close connection with unital -groups.
(A unital ¢-group is a pair (G, u) where G is an ¢-group and u is
a strong order unit of G.)

If Gis an ¢-group, and 0 < u € G then

r(G,u)=([0,u]; ®,~,~,0,u), where

[0,u] ={x € G: 0< x <u}, and for any

x,yelo,ul, xey=X+y)Au, X" =u—x, X~ =—-Xx+U,Iis
a GMV-algebra.

Conversely (A. DvurecCenskij), every GMV-algebra is
isomorphic to I'(G, u) for an appropriate unital ¢-group (G, u),
and, moreover, the categories of GMV-algebras and unital
£-groups are equivalent.
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If Ais a GMV-algebra and 3: A — Ais a mapping then 3 is
called an existential quantifier on A if the following identities are

satisfied:
E1) x <3x;
E2) 3d(xVvy)=3xV3y;

(

(E2)

(E3) 3(@)7) =%, 3(@)) =@
(E4) 3I(3xeTy)=3Ixa 3y;

(E5) 3I(xox)=3Ix0o3x;

(E6) 3I(x & x)=3Ixe Ix.
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If Ais a GMV-algebraandV: A — Ais a mapping then V is
called a universal quantifier on A if the following identities are

satisfied:

(Ut) x>vx;

(U2) VY(xAy)=VYxAVy;

(U3)  v((vx)7) =(vx)7, V((vx)™) = (vx)~;
(U4) V(VxoVy)=Vx0oVy;

(U5) V(xox)=VYx0oVx;

(UB) V(xd x)=VxadVx.
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Let A be a GMV -algebra.
(a) If 3 is an existential quantifier on A then (3x~)~ = (3x™~)~
for each x € A.

(b) IfV is a universal quantifier on A then (Vx—)~ = (vVx~)~ for
each x € A.
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Theorem

If A is a GMV -algebra then there is a one-to-one
correspondence between existential and universal quantifiers
on A. Namely, if 3 is an existential quantifier andV is a universal
one on A, then the mappingVvs: A — Aand3y: A — A
such that for each x € A,

Vax = (3x )" =(3Ix")”
and
vy x = (Vx7)~ = (Vx~)7,

is a universal and an existential quantifier on A, respectively,
and, moreover,

EI(V;) =4 and V(gv) =V.
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Definition

If Ais a GMV-algebra and 3 is an existential quantifier on A
then the couple (A, 3) is called a monadic GMV-algebra (an
MGMV-algebra, in brief).

Every existential quantifier on an MGMV-algebra A is a closure
operator on A (and every universal quantifier on A is an interior
operator on A).
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Let M be a GMV-algebra and X be a non-empty set.

MX forms, with respect to the pointwise operations, also a
GMV-algebra.

For any p € MX, put R(p) := {p(x) : x € X}, the range of p.

Definition

A subalgebra A of MX is called a functional monadic
GMV-algebra if A satisfies the following conditions:

(i) for every p € Athere exist
supy R(p) =V R(p), infu R(p) = A R(p);

(i) for every p € A, the constant functions 3p and Vp defined
such that

Ip(x) == \/ R(p), p(x) = /\ R(p),

for any x € X, belong to A.
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If M is a GMV -algebra, X is a non-empty setand A C MX is
a functional monadic GMV -algebra, then (A, 3) is a monadic
GMV -algebra.
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If (A, 3) is an MGMV-algebra, put 3A := {x € A: x = 3x}. |

If (A,3) is an MGMV -algebra then 3A is a subalgebra of the
GMV -algebra A.
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Definition

Let A be a GMV-algebra and B be its subalgebra. Then B is
called relatively complete if for each element a € A, the set

{b € B: a< b} has aleast element.

A subalgebra B of a GMV-algebra A is called m-relatively
complete if it is relatively complete and satisfies the following
conditions:

(MRC1) For every ac Aand x € Bsuch that x > a® athere is
anelementv € Bsuchthatv > aandvo v < x.

(MRC2) For every a € Aand x € B such that x > a® athere is
an element v € Bsuchthatv>aandv @ v < x.

Theorem

If (A,3) is an MGMV -algebra then 3A is an m-relatively
complete subalgebra of the GMV -algebra A.
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Definition

Let Abe a GMV-algebra, B a subalgebraof Aandh: B — A
a mapping. Then a mapping 3,: A — Biis called a left
adjoint mapping to hif 3p(a) < x < a< h(x)foreachac A
and x € B.

If 34, moreover, satisfies the identities

Hh(a © a) = Hh(a) ® Elh(a), Hh(a@ a) = Elh(a) D Hh(a), then 34 is
called a left m-adjoint mapping to h.

v
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There are one-to-one correspondences among
1. MGMV -algebras;
2. pairs (A, B), where B is an m-relatively complete
Subalgebra of a GMV -algebra A;

3. pairs (A, B), where B is a subalgebra of a GMV -algebra A
such that the canonical embedding h: B — A has a left
m-adjoint mapping.
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Let L be a linearly ordered GMV -algebra, n € N and
D= {(a,...,a): ac L} be the diagonal subalgebra of a direct
power L". Let A be a subalgebra of the GMV -algebra L"
containing D. Then there exists an existential quantifier 3 on A
such that 3A = D = L holds in the MGMV -algebra (A, 3).
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Example
Let G be the group of all matrices of the form

(g ?),wherea,beR, a>o,

and where the group binary operation is the common
multiplication of matrices. Set

(a,b)::(é’ ‘1’)

For any (a,b), (c,d) € G we put
(a,b) < (c,d) == a<cora=c, b<d.

Then G = (G, <) is a linearly ordered (non-commutative) group
and, e.g., u = (2,0) is its strong order unit.
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Hence A =T(G, u) is a linearly ordered non-commutative
GMV-algebra in which
(a,b) @ (c,d) = (min(ac, 2), min(ad + b, 0)),

@b =(5-2).
cor-(t

Let us now consider the (non-commutative) GMV-algebra

M = A?. For any ((a, b), (c,d)) € M we put

3((a, b), (c,d)) = max{(a,b), (c,d)}.

Then by the previous theorem, 3: M — M is an existential
quantifier on the non-commutative GMV-algebra M and,
moreover, IM is isomorphic with A.
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Definition

Let Abe a GMV-algebra and () # | C A. Then /is called an
ideal of A if the following conditions are satisfied:

() ifx,yelthenxdycel,

(12) ifxel,yeAandy <xthenyel

The set Z(A) of all ideals in a GMV-algebra A ordered by set
inclusion is a complete lattice (a Brouwerian lattice, moreover). J
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Definition

Let (A, 3) be an MGMV-algebra and let / be an ideal of the
GMV-algebra A. Then [ is called a monadic ideal (in short:
m-ideal) of (A, 3) if the following condition is valid:

xel = Ixel

The set Z(A, 3) of m-ideals of any MGMV-algebra (A, 3) is a J

complete lattice with respect to the order by set inclusion.

If (A,3) is a MGMV -algebra then the lattice Z(A, 3) is
isomorphic to the lattice Z(3A) of ideals of the GMV -algebra
JA.
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Definition
a) If Ais a GMV-algebra and / € Z(A) then / is called a normal
ideal of A if

X Oyel = yox~el,

for every x, y € A.
b) If (A,3) is an MGMV-algebra and 6 is a congruence on A,
then 6 is called an m-congruence on (A, 3) provided

(x,y)€e = (Ix, Jy) €0,

for every x, y € A.

Theorem

For any MGMV -algebra there is a one-to-one correspondence
between its m-congruences and normal m-ideals.
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The class MGMYV of all MGMV-algebras is a variety of
algebras of type (2,1,1,0,1). J

The variety MGMYV is arithmetical.

Definition

An ideal P of a GMV-algebra A is called prime if P is a finitely
meet-irreducible element in the lattice Z(A).

A prime ideal P is called minimal if P is a minimal element in
the set of prime ideals of A ordered by inclusion.
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A GMV-algebra A is called representable if A is isomorphic to a
subdirect product of linearly ordered GMV-algebras.

For a GMV -algebra A the following conditions are equivalent:
(1) A is representable.

(2) There exists a set S of normal prime ideals such that

NS ={0}.

(3) Every minimal prime ideal is normal.

Let (A,3) be an MGMV -algebra satisfying the identity

d(x Ay) =3x A3y. Then (A, 3) is a subdirect product of linearly
ordered MGMV -algebras if and only if A is a representable

GMV -algebra.
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