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Abstract

We investigate the notion of a signature in Polyadic Inductive Logic and study
the probability functions satisfying the Principle of Signature Exchangeabil-
ity. In the binary case, we prove a representation theorem for such functions
and show that they satisfy a binary version of the Principle of Instantial Rel-
evance. We discuss polyadic versions of the Principle of Instantial Relevance
and Johnson’s Sufficientness Postulate.

Keywords: Constant Exchangeability, Pure Inductive Logic, Polyadic
Atoms, Polyadic Signature, Instantial Relevance, Johnson’s Sufficientness
Postulate, Logical Probability, Rationality, Uncertain Reasoning.

1. Introduction

This paper is set in Pure Inductive Logic (PIL), see for example [10], which
the reader is referred to for background and an extensive bibliography. In this
subject, we are concerned with assigning subjective probabilities to sentences
of a language according to rational considerations, traditionally based on the
notions of symmetry, relevance and irrelevance.

The principle of Constant Exchangeability (Ex) or in Carnap’s terms, the
Axiom of Symmetry [1, 3], is a widely accepted and commonly assumed ra-
tional requirement in Pure Inductive Logic. Informally, this is the statement
that in the absence of further knowledge, different individuals of our universe
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should be treated equally. In the usual framework of Inductive Logic it means
that the probability assigned to a sentence is independent of the particular
constants instantiating it. In addition, in the thoroughly studied unary con-
text, this principle exists in an equivalent formulation - as invariance under
signatures of state descriptions. This unary characterisation of the principle
has led to some of the most significant results in Unary Inductive Logic thus
far. These include, for example, a complete characterisation of functions sat-
isfying Ex, and the Principle of Instantial Relevance (see page 5) following
as a logical consequence of Constant Exchangeability.

In contrast, such results have so far not translated satisfactorily into the
polyadic. Having extended the concept of atoms to polyadic languages (see
[10, 12]), in this account we generalise the notion of a signature to polyadic
Inductive Logic and investigate the theory this yields for higher arity lan-
guages. We begin by giving a brief account of the unary portion we shall be
concerned with for the purpose of this paper, then suggest new methods and
formulations for these concepts for general polyadic languages. Specifically,
we present a polyadic definition of a signature and a principle of invariance
under this notion, an independence principle characterising the basic func-
tions satisfying this new signature-based principle, and polyadic versions of
the Principle of Instantial Relevance and Johnson’s Sufficientness Postulate.
We present this initially for languages with at most binary relation symbols
and then, in the second part of the paper, we focus on the general case.

The context of this paper is as follows. We work with a first order language
L containing finitely many relation symbols Ry,..., R, of arities rq,...,7,
respectively and countably many constant symbols ay, as, as, ..., using the
usual logical connectives and quantifiers. SL denotes the set of all sentences
of the language L and QFSL the set of all quantifier free sentences of the

language. by,...,b, or sometimes also b,...,b/ are used to denote some
distinct constants from amongst the aq,as, ..., and S,, stands for the set of
permutations of {1,2,... n}.

We say that a language is unary if it contains only unary predicate symbols;
it is r-ary if all its relation symbols are at most r-ary and at least one is
r-ary. If r = 2, we say binary rather than 2-ary. In addition, since we are
interested in formulae only up to logical equivalence, we will often use ‘=" in
place of ‘=".

Definition. A function w : SL — [0,1] is a probability function if for all



0,¢ and Jx(x) € SL
(P1) If 6 is logically valid then w(f) = 1.
(P2) If 6 and ¢ are mutually exclusive then w (0 V ¢) = w(0) + w(¢).
(P3) w(Fz () = limy oo w(¥(ar) V(az) V...V (ay)).
Probability functions have a number of desirable properties, see for example
[10]; note in particular that logically equivalent sentences always get the same
probability.

The conditional probability of 6 given ¢, for ¢ such that w(¢) # 0, is defined

as follows:
w(f A @)
w(g)

We adopt the convention that expressions like w(f | ¢) = a stand for
w(@ N @) =aw(p) even if w(p) = 0.

Any w satisfying just (P1) and (P2) on the quantifier free sentences of L
has a unique extension to a probability function on SL, see [6], so in many
situations it suffices to think of probability functions as defined on quantifier
free sentences only, and satisfying (P1) and (P2).

w(f]¢) =

As explained in [10, Chapter 7], this can be further reduced to a special class
of such sentences called state descriptions, that is, to sentences O (by, . .., by,)
of the form

A A £ Rilbyy by, (1)

where +R;(bj, ..., b;, ) denotes one of R;(bj, ...,bj, ), ~Ri(bj, ..., bj, ). Fur-

thermore, any w defined on state descriptions O(aq, as,...,a,), m € N to
satisty

(i) w(©(a1,as,...,am)) >0,

(i) w(T) = 1,

(ili) w(O(a,ag, ... am)) = > w(®(ar,az,...,am+1))

D(a1,a2,...,am+1)EO(a1,a2,....,am)
extends uniquely to a probability function on QFSL and hence on SL.
If ©(by,...,b,) is a state description then O(zy,...,x,,) is called a state

formula. We use the capital Greek letters ©, ®, U for state descriptions and
state formulae.



For a state description ©(by, ..., by,) and distinct kq, ..., k, from {1,...,m},

O(brs - b)) [brys -5 biy |

or simply ©[by,, . .., by,], denotes the restriction of ©(by, ..., by) to by, . .., by, .
That is, the conjunction of the literals from (1) with {j1, ..., 4.} C {k1,...,kz}.

When the language is r-ary, the state formulae for r variables are called
(polyadic) atoms, see [12] or [10]. In the case of a unary language, the atoms
are the conjunctions A!_, £R;(z) and they are usually denoted oy (), .. ., aga(x).

The idea of atoms has played an essential role in the study of Unary Induc-
tive Logic since its conception by Johnson and Carnap, even if their formal
expression of it differed [7, 2]. In particular, unary atoms have been used
to formulate and investigate basic principles of the subject. This is possible,
since unary state descriptions are the conjunctions of (instantiated) atoms,

O(by, ... by) = /\ an, (b)) (2)

(where h; € {1,...,2%}), and thus unary atoms form the basic building
blocks of all sentences of a unary language.

Some Basic Principles of Unary Inductive Logic

The Principle of Constant Exchangeability is usually stated for a general (not
necessarily unary) language as follows:

Constant Exchangeability, Ex Let 6(aq,...,a,) € SL and let by, ..., by,
be any other choice of distinct constant symbols from amongst the aq,as, . . ..
Then

w(B(ay,...,am)) =w(@(by,...,bn)). (3)

It can be equivalently expressed as requiring (3) to hold only for state de-
scriptions © instead of general € SL, see [10, Chapter 8]. This leads to a
simpler formulation of Ex for unary languages (as mentioned above), based
on the notion of a signature. The signature of a state description © as in (2)
is defined to be the vector (myq,...,moqs) where m; is the number of times
that a; appears amongst the aj,,. Ex in the unary case thus amounts to

Constant Exchangeability, unary version The probability of a state
description depends only on its signature.
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We now mention a collection of important principles from Unary Inductive
Logic that are stated in terms of (unary) atoms.

Atom Exchangeability, Ax Let ©(by,...,b,) = A\JL; an,;(b;) be a state
description and o € Ssq. Then

w (/\ 0%(@‘)) = w (/\ ao(hj)(bj)> :

This principle can be equivalently expressed as requiring that state descrip-
tions AL, au, (b;) and ATL, o, () satisfying

hj:hl<:>gj:gl

must have the same probability.

Principle of Instantial Relevance, PIR

w(ai(am+2> | /\ 0%(%’)) < w<ai(am+2) | ai(@m+1) A /\ ahj(a’j)> :

j=1 j=1

This principle was suggested by Carnap [2, Chapter 13] and expresses the
idea that having witnessed an event in the past should enhance (or at least
should not decrease) our belief that we might see it again in future.

Johnson’s Sufficientness Postulate, JSP w(ai(amﬂ) AV ahj(aj)>

depends only on m and on m;, where m; is the number of times that «;
appears amongst the Q-

First appearing in [7], JSP states that our belief in seeing an individual
with a certain combination of properties should depend only on how many
individuals we have seen, and how many of them have satisfied exactly the
same combination of properties.

Principle of Induction, PI Assume that m; < m, where m;, mg are the
numbers of times that a;, o respectively appear amongst the ay;. Then

w(@i(amH) A Oéhj(aj)> < w<as(am+1) A Oéhj(aj)) :

J=1 J=1



This principle [10, Chapter 21] says that if we have already seen at least as
many individuals with a certain combination of properties as with another
combination, we should think the next individual at least as likely to have
the first combination of properties as the second.

Finally, we mention the (not necessarily unary) Constant Irrelevance or In-
dependence Principle. It is not stated in terms of atoms, but it plays a role
in what follows.

Constant Independence Principle, IP Let 0, ¢ € QFSL have no con-
stant symbols in common. Then

w(f@ A ¢) =w(0) - w(g).

In the unary context [10, Chapter 8|, the only probability functions satisfying
IP together with Ex are the wz functions, where & = (xq, ..., Z9) is from

29
ng = {<Z‘17...,x2q> | L1y, T2y ... T2a Zoand Zml:l}

i=1

and wz is determined by

m m 24

mg

v Aons) ) = o, = T
j=1 7=1 i=1

where m; is again the number of times that «; appears amongst the ay;.
Thus w; is the (unique) function that assigns the probability z; to all a;(a;)
regardless of j, and treats instantiations of atoms (both the same or differ-
ent) by distinct constants as stochastically independent. These functions are
remarkably useful because they are simple and since all unary probability
functions satisfying Ex can be generated from them as continuous convex
combinations (integrals). The precise statement of this claim [5] is

de Finetti’s Representation Theorem. Let L be a unary language with
q predicate symbols and let w be a probability function on SL satisfying Ez.
Then there is a normalised, o-additive measure p on the Borel subsets of Daq
such that

w®) = [ usl®) du(z)

for any state description © of L, and conversely, given such a pu, w as above
extends uniquely to a probability function on SL satisfying Eux.
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Early results of Unary Inductive Logic show that any probability function sat-
isfying Ex also satisfies PIR (as already mentioned, [6]), and that - provided
the language has at least two predicate symbols - any probability function
satisfying Ex and JSP must be one of rather special functions called the
Carnap Continuum functions ([7], and others). A later result due to Paris
and Waterhouse [9] shows that any probability function satisfying Ex and
Ax must also satisfy PI.

These are pleasing results in Pure Inductive Logic, since we know that if we
make these rational requirements, we also gain their consequences - a PIL
version of ‘buy one (or two), get one free’. So, for example, if we are happy
to accept Ex and Ax we also gain PI.

2. An Atom-based Approach for Binary Languages

We shall now consider how atoms can aid us to understand the properties
of probability functions in the case when r is 2. That is, when L contains
some binary relation symbols and possibly some unary predicate symbols,
but no symbols of higher arity. We shall denote the unary predicate symbols
by P, ..., P, and the binary symbols by @, ...,Q,, (rather than by R; as
we do for a general language), with ¢; + ¢2 = ¢.

In this language, the state formulae for one variable have the form
q1 q2
/\ +Pi(z) A /\ +Qi(z, )
i=1 i=1

and we will write
ﬂl(x)a e 762‘1($)

for them (in some fixed order). We also refer to these formulae as 1-atoms.

The atoms of the language?, that is, the state formulae for two variables,
have the form

Br(x) A Bely) A /2\ £Qi(z, y) A /2\ +Qi(y, ).

i=1 i=1

3We sometimes say binary atoms for emphasis or, in some contexts later on, also 2-
atoms. Note that 2-atoms will mean the same thing as atoms just when the language is
binary.



There are N = 229222 atoms, and we shall denote them

71(%9)7 s 77N(xay) .

In order to help visualise the binary case, we introduce the notation d(z, y)
for the conjunctions A2, £Q;(z,y), where s = 1,...,2%. Any atom y(z,y)
can then be written as

Br(x) A Be(y) A de(,y) A da(y, T) (4)

for some 1 < k,c <29, 1 < e,d < 2%. We shall represent such an atom by

the matrix
k e
d ¢ |’

We refer to f(x) A Be(y) as the unary trace of the atom (4).

Ezample. When L has just one, binary, relation symbol Q) (that is, when
¢ =0, ¢ =1) then Bi(x) and Bo(x) are Q(z,x) and =Q(x,x) respectively,
and 81 (x,y) and d(x,y) are Q(z,y) and —-Q(x,y) respectively. One possible
atom of this language is

Q(z,7) AN Q(y,y) AN =Q(z,y) A Q(y, ),

and it is represented by the matrix

(1)

Using atoms, a state description of L can be written as

O(by,...,by) = /\ Vhi . (bis br) (5)

1<i,t<m

and it can be represented by an m x m matrix

k‘l €1,2 €13 ce. C1m

d1,2 ko €23 ... Cam

d173 d273 k’g ... €3m (6)
dl,m d2,m d3,m cee km
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for some
1<k <27 1< ey, dy <27,

This means that depending on whether ¢ <t or t <4, y3,, is

ki €it kt di,t
di,t Ky €it k;

respectively, and vy, ; is
k’i (&
(& kl

for that e for which ©(by,...,by) | 0c(bi, b;).

Clearly, there is much over-specification in the expression (5); for example,
we must have 7y, ,(z,y) = Vn,, (¥, ). A more efficient way of writing a state
description (for at least two individuals) in terms of atoms is to restrict i, ¢
in (5) toi < t,

Oy, .. .bm) = N\ (i b))

1<i<t<m
This contains all the information about © and it still over-specifies all that
concerns single individuals. In this paper we will find it convenient to make
this part of the state description visible, so we shall write it as

Or, .- bm) = N Bu®)A N\ n(bibe). (7)

1<i<m 1<i<t<m

This works even when m = 1. We adopt a convention that if needed we still
write vy, , (z,y) for v, (v, x).

Definition. For © as in (7), we define

N Br(b) (8)

1<i<m

to be the unary trace of ©. Any conjunction of this form is called a unary
trace for by, ..., by,.

We remark that when using atoms, some over-specification is unavoidable.
It is possible to develop an approach to Polyadic Inductive Logic using just
elements® rather than atoms (where elements in the binary case are the £

4See [11].



and J,, and analogously for higher arity languages), and thus to avoid over-
specification. However, such a ‘disjointed’ approach fails to capture much of
the structure of the sentences we wish to work with. For example, in the
disjointed approach, the ordered pairs obtained from each other by changing
the order of the two individuals are treated separately, and although there
are some advantages to doing this, some crucial connections are lost.

Using the alternative formulation of the unary Atom Exchangeability prin-
ciple from page 5, and (5), it is straightforward to see how to formulate a
binary counterpart of the Atom Exchangeability principle. The same ap-
proach works also for higher arity languages. This was investigated in [12]
and it appears also in [10], so we will not pursue it in the present paper any
further.

For the other principles we will need also the concept of a partial state de-
scription. These are sentences which, like state descriptions, specify all that
can be said about all single individuals from amongst the b4,...,b,,, and all
that can be said about some pairs of them:

Definition. A partial state description for by, ..., b, is a sentence
Alby, . bn) =\ Bu®)A N\, (bi i), (9)
1<i<m {b;,b:}€C
1<t
where C'is some set of 2-element subsets of {b1, ..., by}

We use capital Greek letters also for partial state descriptions.

Example. Using the representation described above for L containing just one
binary relation symbol QQ, the matriz

N — =
— N NN

11
11
11
2 2

represents the (full) state description

3

/\ Q(bs, by) A /\(_‘Q(bi, bs) A =Q(ba, b)) A Q(bg,by) ,

it=1 i=1
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while

N
— N

represents the partial state description

4

I\ QUbi; bi) A (Q(b1,bg) A =Q(bs, b1)) A (—Q(bs, ba) A =Q(ba, bs)).

i=1

The matriz

(]
N = N

2
1

represents no partial state description since it gives some - but not all -
information about the pair by, bs. Specifying also Q(bs, ba) or =Q(bs, be) would
turn it into a partial state description.

We remark that if C' in (9) contains no 2-element subsets, that is C' = (),
then (9) is still a partial state description. In particular, a unary trace for
bi,..., b, is a partial state description for by,...,b,,. Secondly, we mention
that partial state formulae are defined analogously to partial state descrip-
tions, with by, ..., b, replaced by (distinct) variables x1, ..., Zy,.

2.1. Binary Signatures

In Unary Inductive Logic, it is almost always the case that Ex is assumed.
If we wish to continue assuming Ex and to base our theory on polyadic
atoms, we need to be able to work with the atoms in a way which reflects
that atoms obtained from each other by permuting the variables are in some
sense equivalent and represent the same thing.

In the binary case, atoms have two variables and there is only one non-trivial
permutation of {z,y}. If v(x,y) is the atom represented by

(ac)

11



then permuting x and y yields the atom represented by

(£3)

If Kk = c and e = d then these are the same atom.

Hence, when wishing to disregard the order, the behaviour of pairs of individ-
uals should be classified by the atom they satisfy, only up to the equivalence

defined on atoms by
k e c d
d c e k)

This means that rather than N different ways a pair can behave, there are
p < N of them, where p is the number® of ~-equivalence classes.

It will be convenient to introduce notation for these equivalence classes; we
shall denote them by I';, ..., I'). From above, it follows that each class is

) (00)) w

for some k, ¢, e,d, and it has either two elements, or just one (when k = ¢
and e = d). For fixed k and ¢, A(k,c) will denote the set of all j such that
I'; consists of the atoms (10) for some e, d.

Within the equivalence class (10), the unary trace of an atom determines
the atom, except when k = ¢ and e # d. We shall associate a number with
each class I'; accordingly: 1 if the unary traces do determine its atoms and
2 otherwise. We denote this number s;.

Definition. For a state description

Obr, - bw) = N\ Bu®)A N An, (bi,be),

1<i<m 1<i<t<m

we define the signature of © to be the vector (ni,...,n,), where n; is the
number of (i,t) such that 1 <i <t < m and v,,, € I';. If © is represented
by (6) and I'; is (10), then n; is the number of times one of the atoms from
(10) appears as a submatrix of (6).

SExplicitly, p = (N + 29 - 242) /2.

12



We shall define also the extended signature of © to be
mit = (M, ..., Maa; N1,y ..., Ny),

where my, is the number of times that k& appears amongst the k;, 2 = 1,...,m.

We remark that the extended signature is derivable from the signature, but
it will be convenient for us to record the m part explicitly.

Note that if 77 is the extended signature of some state description ©(by, ..., b,,)
then
24
Z my =m, (11)
k=1
for k # ¢

Z n; = mEme, (12)

and

Z nj:w' (13)

Conversely, thinking about state descriptions in terms of matrices as in (6),
we can see that any mn = (my,...,maq; Ny, ..., n,) such that (12) and (13)
hold, is an extended signature of some O(by,...,b,,) for m defined by (11),
so we refer to such vectors as extended signatures on m.

If the binary case behaved like the unary, Ex would be equivalent to the
requirement that the probability of a state description depends only on its
signature. However, as we shall see below, this is not the case and so we are
led to define the

Signature Exchangeability Principle (binary), BEx Let L be a binary
language and let w be a probability function on SL. Then the probability of
a state description depends only on its signature.

BEx clearly still implies Ex but the converse implication does not hold: BEx
is strictly stronger than Ex. Rather than providing a general proof, we will
illustrate why this is so on the case of the language L containing just one
binary relation symbol Q).

13



The state descriptions represented by

=N NN

111 11 2 2
111 111 2
111 2 1 11
2 2 2 2 211
have the same signature but there are probability functions satisfying Ex
that give these state descriptions different probabilities. For example, u?*
with p = (0, %, %, 0,0,...), see [10, Chapter 29], is one such function.

The probability functions satisfying BEx share a number of properties with
those satisfying Ex in the unary case. In particular, there is a large class
of relatively simply defined probability functions similar to the unary wz (as
described on Page 6) which satisfy BEx. These functions are characterised
by an independence principle similar to the Constant Independence Principle
(IP). In addition, there is a de Finetti-style representation theorem telling us
that any probability function satisfying BEx can be expressed as a convex
combination of these special functions (as an integral). This, in turn, yields a
proof of a binary generalisation of the Principle of Instantial Relevance, and
a characterisation of a binary Carnap Continuum as the unique functions
satisfying a binary generalisation of Johnson’s Sufficientness Postulate. We
begin with independence.

2.2. Binary Independence

The Constant Independence Principle IP (for any language), see page 6,
requires that any two quantifier free sentences which have no constants in
common are stochastically independent. In other words, probability func-
tions satisfying this principle have the property that evidence concerning
certain individuals has no impact on probabilities assigned to sentences in-
volving different individuals.

In sentences involving only unary predicate symbols, occurrences of predi-
cates are instantiated by single constants; no predicate can bring two con-
stants together in the way binary relations do. Hence, when the language is
unary, the notion of independence used in IP is the strongest one, based on
requiring that individuals do not interfere with others. In the binary case,
however, beyond simply requiring that individuals do not interfere, we may
require the same of pairs of individuals in the following sense.

14



Definition. For a sentence 1 of a binary language L we define Cfb to be the
set of (unordered) pairs of constants {a;,a;}, i # j, such that a; and a; are
brought together instantiating a relation in ).

That is, for some binary relation symbol @) of L - either £Q(a;,a;) or
+Q(a;, a;) appears in 1. We say that sentences ¢, ¢ such that C’i and Cfb are
disjoint instantiate no pairs in common. Such sentences cannot reasonably be
required to be independent outright because of information each may contain
concerning single individuals, but they can be independent conditionally.

Strong Independence Principle (binary), BIP Let L be a binary lan-
guage and assume that ¢, € QFSL instantiate no pairs in common. Let
bi,...,bs be the constants that ¢ and v have in common (if any) and let
A(by,...,bs) be a unary trace for these constants. Then

w(gAP|A) = w(@|A)-w(i]A). (14)

If s = 0 (the sentences have no constants in common) then A = T (tautol-
ogy), so BIP implies IP.

We shall now define the binary versions wg of the unary wz mentioned on
page 6. Let Dy be the set of all

—

Y =(21,..., %20 Y1y, Yp)
such that zy,y; > 0 and Ziq:l x, = 1, and such that for any 1 < k,c < 29,

S sy=1 (15)

Jj€A(kc)

(A(k,c) was defined on page 12). We intend to define wy so that these
functions satisty Ex, BIP, wy(Bk(a;)) = xy and if ~, is the atom

ke
d c
and I'; its equivalence class - that is, I'; is (10) - then

wy (@i, ar) | B(ai) A Belar)) = yj -

To this end, it is convenient to write j(h) for j such that v, € I';. To make
the notation more manageable, we also write 2z, for y;(,). Hence the y; are

15



associated with the equivalence classes I'; of atoms, and the z; assign these
same values to the individual atoms in these classes. In terms of the zj, (15)
says that the sum over z, for those 7, with a given unary trace is 1.

For a state description
@(a'h .. ,(lm) - /\ /Bk‘l (az) A /\ /Yhi’t (ai7 at)
1<i<m 1<i<t<m

we define

wy (O(ay, ..., ay)) = H T, H Zhi, - (16)

1<i<m 1<i<t<m
Note that if 0 € .5, and

\I/(al, e ,am) = @(ao(l), Ce ,ag(m))

then wy (V) = wy(O) since®

U(ag,...,a,) = /\ Bkﬁ_l(i)(ai) A /\ Vha—lu),a—l(t)(ai’%)’
1<i<m 1<i<t<m
the multiset {k,-1(;) : 1 < i < m} equals the multiset {k; : 1 <4 < m}, and
the multisets {h,-1(5) 510 : 1 <@ <t <m}, {hiy 1 1 <@ <t <mj can only
differ in that the former contains h;, in place of hy; when ¢ = o~1(i) >
o~(t) =t'. We have Vh ™ Vhy o SO Zhy = Zn, , and consequently wy (V),
wy(©) must be equal.

Theorem 1. Let L be a binary language. The functions wy defined above
determine probability functions on SL that satisfy BEx and BIP (and hence
also Ex and IP).

Furthermore, any probability function satisfying Ex and BIP is equal to wy
for some Y.

Proof. w = wy clearly satisfies properties (i), (ii) from page 3. To show that

it satisfies (iii), let ©(ay,...,a,) be as above. The ©T(ay,..., am, Gmi1)
which extend O(ay,...,a,,) have the form
@(ah s ’am) A ﬂC(am-&-l) N /\ Yhimsa (aiv am+1) ) (17)
i=1

6Recall the convention from page 9 needed below when o~1(i) > o~ 1(¢).
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where cis any of 1,...,27 and the unary trace of vy, .., (7, ¥y) is By, (2) A Be(y).
The value of wy(O7) for ©F as in (17) is

m
IR S O | R Y | EO R
1<i<m 1<i<t<m i=1

For a given ¢ and for each 7 = 1,...,m, the sum of the eligible 2, .,
is 1, since we are summing over all the 2y, ., such that v, ., has trace
Bk, (z) A Be(y). So summing the wy(©T) successively over these h; 41 and
then over ¢ yields wy(©). Hence (iii) holds, too. It follows that wy extends
to a probability function on SL which moreover, by the remark preceding the
theorem, satisfies Ex.

A similar argument now shows that (16) remains valid even when we replace
the aq,...,a, by other distinct constants by, ..., b, (we sum the probabil-
ities of state descriptions for ay,...,ay extending O(by,...,b,), where M
is sufficiently large so that all the by,..., b, are amongst the ai,...,ap).
Thus wy satisfies BEx since the right hand side of (16) depends only on the
signature of ©.

To show BIP, we note that continuing with the same reasoning, we can show
also that for a partial state description

O(by, .y bm) = N\ B ) A \ n,(bibr) (18)

1<i<m {b; by }eC
i<t

we have

wp(@(by, b)) = [ 26 [] 2

1<i<m {bj,br}€C
i<t

Assume that ® and ¥ are some partial state descriptions which instantiate
no pairs in common. Let by,...,bs be the constants that & and ¥ have in
common and let A be a unary trace for these constants. If A is not consistent
with ® or U, then we clearly have

wp(® AT A) = wp(®|A) wp (V] A) (19)
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because both sides are 0. So suppose @ is as in (18), s < m,

Wby, ... by, bosts v s byin) =

1<i<s m+1<i<m+n {b;,bt}€D
i<t

where D is some set of 2-element subsets of {by,...,bs,bmi1,. - bmint, DN
C =0, and

A<bla'--7bs) = /\ 5kl(b)

1<i<s

We can now use the above observation regarding values of wy for partial
state descriptions to prove that (19) holds in this case, too, since both sides

are
M oe I -

s+1<i<m+n {b;,bt yeCUD
i<t

Hence BIP holds when ¢, ¢ are partial state descriptions.

To prove that (14) holds with general ¢, ¢ € QFSL, note that any quantifier
free sentence ¢(by,...,b,) is equivalent to a disjunction of partial state de-
scriptions ®,, as in (18), with C' = C’;. Assume that ¢ € QF SL instantiates
no pairs in common with ¢. Without loss of generality, let by,...,bs be the
constants that ¢ and ¢ have in common and b,,,11, ..., by, the remaining
constants appearing in . 1 is equivalent to a disjunction of partial state
descriptions W as in (20) where D = C’i, and so by the above, for any unary
trace A for by, ..., b,

we(pAY|A) = (\/(I) /\\/\Ilf ) = > wp( @ AT, |A) =
u, f
D wy (Pu] A) - wyp (Ty ] A) Zwy<1>m Zwy Up| A) =

(] e

as required.

A) =wp(0|A) - wp(¥[A),
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For the final part of the theorem, assume that w satisfies Ex and BIP. We
define

zy, = w(Be(a:))
and
Vi) = 2n = w(yn(ai, az) | Br(a:) A Be(ar))

where Si(x) A B.(y) is the unary trace of v,(z,y). Note that by Ex, this
definition is correct in that it does not matter which a;, a; we take, and
when j = j(h) = j(g) (that is, when 7, ~ 7,), then 2, = z,, and y; is given
the same value. Using BIP, we can check that with Y defined in this way,
wy equals w for state descriptions, and hence w = wy for all sentences. [

2.3. Representation Theorem

We showed in Theorem 1 that the probability functions wy satisfy BEx. We
now prove that the functions satisfying BEx are exactly the convex combi-
nations of the wy functions in the following sense.

Theorem 2. Let w be a probability function for a binary language L satis-
fying BEx. Then there exists a (normalised, o-additive) measure pu on the
Borel subsets of Dy, such that for any 0 € SL,

w®) = [ wp(O)du(?). (21)

Conversely, for a given measure j1 on the Borel subsets of Dy, the function
defined by (21) is a probability function on SL satisfying BEx.

Proof. Let w be a probability function for L satisfying BEx. It suffices to
prove (21) for state descriptions, the rest follows, for instance, as in Corol-
lary 9.2 of [10]. The proof is based on the fact that for a state description
O(by,...,by) and u > m

w(O(by, ... by)) = > Wby, ... by bty -5 ba)) s
W(by,..., by bm+1,ee,00)EO (b1, ,bm)
(22)

and it proceeds via grouping state descriptions for u individuals according to
their extended signature and counting their numbers.
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Let t1,...,t, e N, t; +to+---+1t, =t. We define

t B t B !
{tiie{l,...;n}})  \ti,to,...,tn)  tiltal.. 8,

Let u € Nt and let @t = (Ur,...,Uga; t1,...,t,) be an extended signature
on u. First, we wish to count the number of all state descriptions with this
extended signature. Thinking about state descriptions in terms of u X u
matrices as in (6), this involves placing, on the diagonal, the number 1 wu;
times, the number 2 uy times and so on. We are thus creating uiu. many
spaces (when k # ¢) or w many spaces in which to place atoms from
the classes I';, j € A(k,c) (k # ¢) or j € A(k, k) respectively. Once a place
for an atom from a given I'; is chosen, no freedom remains over which atom
from this class it is when k # ¢ or when k = ¢ and e = d (that is, when
s; = 1). When k = ¢ and e # d (i.e., when s; = 2), either one of the two
atoms from this class can be chosen to fill the place.

It follows that the number of state descriptions with extended signature t,

denoted by N (0, it), is

(ul, : u ,uaq) 1§k1<_!§2q ({tj :jlglj{c(/ﬁc)ﬁ
up(up—1)
<Al ({tj:jGQA(k:,k)}) I[ 57| @

1<k<24 jEA(k,K)

Now let m7i be an extended signature, m < u and let O(by, ..., b,,) be a state
description with this signature. Arguing similarly to above, we find that

the number of state descriptions with signature it extending O(by, ..., by,),
denoted by N (1, iit), is

( u—m ) H ( UpUe — MEM, )
Uy — M, ..., Uza — Mg {t;j —n;:j€ Ak, c)}

1<k<c<24

uk(u2k—1) _ mk(”;k_l) (t;—n)
) (24
< 11 ({tj —mn;:j € Ak, k)}) Il = (24

1<k<29 JEA(k,k)
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We make the convention that our multinomial expression is 0 if any of the
terms are negative. Note that the number calculated in (24) depends only
on the signature 77 and not on the particular choice of ©(by, ..., by,).

We shall write w(mni) for w(O(by, ..., by)); by BEx this is unambiguous. Let
Sign(u) denote the set containing all extended signatures @t on u. From (22)

L=w(T)= Y N0 at)w(i),

ateSign(u)
wimi) = > N, at) w(at),
ateSign(u)

and hence

wiii) = mﬁ“ N (O, @) w(a. (25)

ﬁfESign(u) ’ {)

We shall show that

(M) (" T (11 (%)

. UpUe
1<k<29 1<k<c<29 \ jeA(k,c)

nj
tisit

II 1T (%ZU—ZU) (26)

1<k<29 \jeA(k k) 2

is of the order O (ﬁ_l) (independently of uy, ..., ug,t1,...,t,). We make

a convention that if some u; = 0 or some ¢; = 0 then terms involving these
are missing from the product above.

First, let my, < u; and n; < t; for every j,k, so that none of the terms in

24) are negative. The term N(mﬁfm in (26) can be written as
N(0,at)
n; t -1 nj

Uk ™k tj 7 ij
1" (0 (Gs) )OI (1)

1<k<29 1<k<e<2¢ \ jeA(k,c) 1<k<29 \ jeA(k,k) 2
(27)

: 1—dug!

HlSkSQQ HOSZSmk—l( k ) (28)

H0§l§m—1 (1—1ut)
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y H (HjeA(k,c) Hogignrl (1 - it; )) (29>

—1
1<k<c<L24 HOSlSmkmfl (1 —1 (ukuc) )

HjeA(k,k) Hogignjq (1 B Z’tjil)
x H ug (up—1) !
Lshs2e HOSZS(mk(mk—l)/Q)_l (1 - <T> )

Let P stand for the product of (28), (29) and (30).

(30)

We observe that P is bounded by a constant independent of u, the u;, and
the ¢;. For example,

(28) < ! :
1—(m—1)m-!
and similarly for (29) and (30).

Furthermore, we need only consider those & where my, > 0 in the limit of (26)
since otherwise n; = 0 for j € A(k,c) and factors involving corresponding
N (it at)
N(0,at)

uy, t; cancel out from and they are all 1 in the product which is

being subtracted.

We shall prove the claim about (26) by cases. Consider first the case that
for some k with my > 0 we have uy < \/u. Then

I ()" <

1<k<24

each of the other products in (27) is at most 1, so (26) = | (27)- (1 — P)| =

O(/u'). A similar argument works if u, > /u for every k with my, > 0
but for some j we have n; > 0 and ¢; < \/u.

The second case is when for every k such that my > 0, v, > /u and for
every j with n; > 0, t; > y/u. In this case, P is close to 1. To see this, note

1—ouy 1
1-Bu—1>

that (28) can be written as a product of m fractions of the form
a,B € {1,...,m} and that the distance of each fraction from 1 is

1

-1

’1_0”%

T gu Y <2080 FawT) < 2V (@ B) < dmva
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Hence (28) is 1+ O <\/ﬂfl>. A similar argument works for the other two
products, (29) and (30), so Pis 1+ O (ﬂ_1>. It follows that (26) is again

of order O <\/ﬂ_1>.

Now suppose uy < my, for some k (the case when wuy > mk for every k but
N (mn uf)

some j is such that ¢; < n; is similar). Note that then NOSD =0. In

addition, my > 0 and u; < \/u, so arguing as above (27) Would be of order
O(y/u") and consequently so would (26), which exhausts all cases.

Define }_/'ﬁ; by

ﬁ for J € A(k,C), U, U 7& 0, k <c,
0 otherwise.

In what follows, we will write wg; for wy . Note that wg{(mm) is equal to
(27).

We shall now employ methods from Nonstandard Analysis, particularly Loeb
Measure Theory [8, 4] to complete the proof. An alternative classical proof
may be found in [11].

Let U* be a nonstandard w;-saturated elementary extension of a sufficiently
large portion U of the set theoretic universe containing w. As usual, ¢*
denotes the image in U* of ¢ € U where these differ. Working now in U*, let
u € N* be nonstandard. Then (from (25)) we still have

wrmi) = Y N (177, 1%{)/\/* 0, ab)w* (7). (32)

ateSign* (u)

Loeb Measure Theory enables us to conclude from (32) that for some o-
additive measure u' on Sign*(u) we have (for all standard extended signatures

i)
L o N*(mﬁ,ﬁf)) L
- = )y (at) . 33
w(mn> /Sign*(U) ( N* (®7 ﬁf) : (u‘) ( )
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Since, in U, (26) is O <\/ﬂfl>, this gives
wiii) = [ (g i) dy (). (34)
Sign*(u)

Moreover, O(w%(ﬁiﬁ)) equals w(o(};ﬂ{))(mﬁ). So defining p on the Borel sub-
sets A of Dy, by

u(A) = ,u’{ﬁf ] 0(175;) = ("x1,. .., "@aa; Y1y ..., Yp) € A}

where the zy,y; are as defined in (31), means (34) becomes (using, for ex-
ample, Proposition 1, Chapter 15 of [13])

i) = [ g i) ()

as required.

In the opposite direction, a function on SL defined by (21) clearly satisfies
P1 and P2, and by the Lebesgue Dominated Convergence Theorem it also
satisfies P3. So it is a probability function. This function satisfies BEx
because all the wy do. 0

We shall now use the above representation theorem to show that the wy
functions, which by Theorem 1 are the only probability functions satisfying
BIP and Ex, can be characterised alternatively as the only probability func-
tions satisfying IP and BEx. The fact that the wy satisfy BEx and IP follows
from Theorem 1 and the other part follows from the following theorem.

Theorem 3. Let w be a probability function on SL satisfying BEz and IP.
Then w 1s equal to wg for some Y € Dy.

Proof. " Let u be the o-additive normalised measure guaranteed to exist by
Theorem 2 such that

w = / wy du(Y) .
Dr

"We use the method of the proof of [10, Theorem 20.6].
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Let 0(by,...,by) € QFSL and let ¢ be the result of replacing each b; in ¢
by biym. By IP and since w(0) = w(0#’) by (B)Ex, we have

0 = 2(w@A0)—w®) w®))

It follows that there exists a subset A of D, with p measure 1 such that
wy(#) as a function of Y is constant on A for every 6 € QFSL, see e.g. [11]
for details. Therefore, for any Y € A we must have that w and wy are equal
for quantifier free sentences and hence for all sentences, as required. O

2.4. Binary Instantial Relevance

In this section we consider how the idea of instantial relevance might be
captured in our atom-based binary context. Assuming that the available
evidence is in the form of a partial state description, the evidence may be
extended to another partial state description either by adding unary infor-
mation about a new individual, or by adding a binary atom instantiated by
a pair of individuals each of which may or may not be new. In each of these
cases, if we have already learnt (and added to the evidence) the same infor-
mation about another individual or pair of individuals, it should enhance our
probability that this information will be learnt about the given individual or
pair of individuals too.

Adding unary information about a single constant does not involve any intri-
cacies, and instantial relevance amounts to requiring that for a partial state
description A(ay,...,a,) and any S,

w(Bk(am2) [A) < w(Br(ami2) | Brlamsr) A A). (35)
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Adding an atom instantiated by some constants by, by is more complicated,
since such sentences are already determined to some degree by A when one
or both of by, by are amongst the aq, ..., a,. More precisely, assume that

’}/h<b1, b2> A\ A(al, e ,(lm)

is consistent and that Si(z) A B.(y) is the unary trace of ,(z,y). Then
Alay, ..., a,) may already imply 7, (b1, bg), or imply only Sk (b1) A Be(bs), or
only Bi(by), or only S.(by), or none of these. According to which of these
holds, we define the Eztra in 7,(b1, by) over A(ay, ..., a,,) to be, in order,

0, {12k {n2h {2k, ({n2h {1 {125 {1} {2}}

respectively. Clearly, conditional probabilities of instantiated atoms given
partial state descriptions should only be compared if the Extra in them over
the evidence is the same.

Binary Principle of Instantial Relevance Let A(ay,...,a,,) be a partial
state description. Then (35) holds for any Py. Furthermore, if v, is an atom
and by, by, by, by are constants such that AN~y (by, be) Avyp(by, by) is consistent
and the Extras in v, (b1, ba) over A N ~y(b,05), in vu(b1, ba) over A and in
(b, by) over A are all the same then

w(Ya(br, b2) [ A) < w(yn(be, b2) [ A Aya(by, 05)) - (36)

Theorem 4. Let w be a probability function on SL satisfying BEr. Then w
satisfies the Binary Principle of Instantial Relevance.

Proof. First, note that every wy satisfies (35) and (36) with equality by
the definition of these functions. This is the case since

Wy (AN Br(amy2)) = wyp(A) - 2,

Wy (AN Brlame2) A Bi(ams1)) = wy(A) - 2,
and, for example, when the above Extra is {{1,2}, {2}} and the unary trace
of 7h<x7 y) Is ﬂk(x) A 60(3/>7 then

w(A A yn(b1,b2)) = w(A A w61, 05)) = w(A) -y - e,
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wW(A A (b, b2) Ay (D, b5)) = w(A) -y - 2.
By Theorem 2, since w satisfies BEx, w is an integral of the wy. Let u be
the corresponding measure. Then (35) and any instance of (36) become

( [ f(V)wy(A)du(?)>2 <(/ L(f(?))wa(A)du(?)> (f L up(A)du(r))

for some function f (in the above cases, f (17') is x, or ypx. respectively), and
this integral inequality holds for any f, as required. O

We remark that the same method yields the following related result:

Theorem 5. Let w be a probability function on SL satisfying BEz. Let
A(ay,...,an) be a partial state description. If vy, is an atom and by, by, by, b,
are constants such that A A\ v, (b1,ba) A (b, b5) is consistent and the Extra
in v (b}, b5) over A is the same as the Extra in v, (by, be) over A A (b, b))
then

w0, b5) [ A) < w(yn(br, b2) [ A A Ya(by, b)) - (37)

2.5. Binary Sufficientness Postulate

Finally, we turn our attention to disregarding irrelevant information. A clas-
sical principle in the unary case is Johnson’s Sufficientness Postulate (see
Page 5). This principle says that the conditional probability of a new con-
stant satisfying an atom, given a state description, should not depend on
what the other atoms in the state description do, only on how many con-
stants the state description is about and how many of them satisfy this very
same atom.

An earlier attempt at generalising Johnson’s Sufficientness Postulate to the
binary context was made in [14], but it proved very restrictive in the sense
that only two probability functions satisfied it. This earlier approach was not
based on atoms, but rather focused on the conditional probability of a full
state description for ay, ..., a;,11 given a full state description for ay, ..., a,.
Such an approach corresponds to assuming that an agent learns about the
world through successively encountering new individuals and learning every-
thing about each of them - including all their connections to all individuals
encountered previously - in one go.
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However, suppose instead that the agent only learns all about (one or) two
individuals at a time and learns nothing about their connections to other
individuals. That is, the agent is always focusing on (at most) two individuals
at any one time. The fact that the language is binary makes this a plausible
assumption. Then it is clear that the evidence should be a partial state
description, and that we need to consider the conditional probability of an
instantiated atom - some 7y (ay, a,), or a l-atom - some Sg(ay,).

Furthermore, for a partial state description

Alay,...,am) = /\ Bri (a;) A /\ Vhi o (@i ar)

1<i<m {a;,at}€C
i<t
the probability of an extension of it by some Sy (@, 11) (how a new individual
behaves in isolation), should arguably depend only on the i, (how other
individuals behave in isolation), rather than on the ~;,,. An extension of A
by some vy (ay, a,) for 1 <u < v <m, {ay,a,} ¢ C (how a, and a, relate to
each other given how each of them behaves in isolation), should depend only
on those 7y, , where a; and a; behave in isolation just as a, and a, do.

Accordingly, we broaden the notion of the extended signature of a state
description to partial state descriptions. We define the extended signature
of A as above, to be the vector (my,...,maa; ny,...,n,), where my is the
number of times that k& appears amongst the k; and n; is the number of (7, t)
such that {a;,a;} € C'and v, € I';.

Recall that j(h) denotes the j for which v;, € I'; and A(k, ¢) denotes the set
of all j = j(h) such that the unary trace of v,(z,y) is Sx(x) A Be(y). The
extended signature of A still satisfies

24
k=1

but the sums of n; for j € A(k,c) or A(k, k) no longer need to be as in (12),
(13) and we define

E n; = Ngec E n; = Ngk-

jeA(k,c) JEA(kk)

Note that ng . = ney.
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Taking our argument further along the lines of the Unary Johnson’s Suffi-
cientness Postulate, we are led to the requirement that

e the conditional probability of Bi(am+1) given A should depend only on my
and m,

and noting that for j € A(k,, k,) there are s; (that is, 1 or 2) atoms 7, in I';
such that 7, (ay, a,) is consistent with A (because the unary trace is fixed),
we further require that

o forl <u<wv<m,je A(ky,k,) and h € T;, the conditional probability
of Yh(au, ay) given A should depend only on n;, s; and ny, , -

The (atom-based) Binary Sufficientness Postulate consists of the two
requirements above. It is shown in [15] that the unique regular® probability
functions w satisfying Ex and this principle, are those for which the above
conditional probabilities satisfy

n; A

mk‘i_ﬁ S_J 9243

w(B(amy1) | A) = —2=, WY (A, ay)|A) = ZL———
Bulame)|8) = 2B iy a)|a) = 222

for some 0 < p, A < o0.

3. An Atom-based Approach for Polyadic Languages

For the rest of this paper, we assume again that L is a language with relation
symbols Ry, ..., R, of arities r1,...,r,. Moreover, we assume that it is r-ary
for some r > 1, so the maximum of the r; is 7.

The atoms of L are the state formulae for r variables. We denote them?
(1o )y N (T, )

As in the binary case, state descriptions for at least r constants can be
expressed as a conjunction of (instantiated) atoms,

@(b17-~->bm) = /\ 7h¢1 ,,,,, iT(bh?""bir)' (39>

1<ii<...<ip,<m

8Regular probability functions are those that give all state descriptions non-zero prob-
abilities.
9Note that N (as well as the N, defined below) depend on L.
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Clearly, we have yp,, , (biy, ..., bi.) = O[bi, ..., b;,]; these sentences express
all the information contained in © that involves b;,,...,b;. and no other
constants. Polyadic atoms thus again act as the basic building blocks for
all sentences of the language. Note that no ‘smaller units’ involving fewer

variables could play this role, since the language is r-ary.

Even so, we will find it convenient to have a way of referring to blocks smaller
than atoms.

Definition. The g-atoms for g < r are the state formulae of L for g vari-
ables. They are denoted by

’yf(q:l,...,xg),...,fyj’(,g(xl,...,:L’g).

Thus the 7} (z1, ..., x,) are just the atoms 7 (z1,...,z,) and N, = N. Note
that in the binary case there are the 47 = ~, (the binary atoms) and the
74 (1-atoms), which we referred to as (3 in the previous section to avoid
superscripts altogether.

Every state description for at least r constants can be expressed as a conjunc-
tion (39). Conversely, such a conjunction is consistent (and hence defines a
state description) just when any pair of the v, . (bi,...,b;.) agree when

restricted to the constants they have in common. We will find it useful to
make these shared components visible so we write

Oy, ... .bm) = N AN v (i b) (40)

1<s<r 1<i1<...<is<m

This works even when m < 7. Note that the 7~ are such that

.....

’7}81 ) (bi17-~~7bis>:@[bi17-~-7bis]-

Let g < r. The following definition is motivated by the need to isolate the
part of a state description in which at most g constants are brought together
instantiating a relation. We refer to this part as to the g-ary trace of the
state description. More precisely,

Definition. The g-ary trace of the state description (40), denoted by

(6 rg)(bla SR >bm)7
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or sometimes simply (O [ g), is defined to be

/\ /\ ’yszl ,,,,, is (bila e 7bis) . (41)

1<s<g 1<i1<..<ts<m

Note that this agrees with the definition of the unary trace we made in the
previous section (on page 9). Any consistent conjunction of the form (41) is
called a g-ary trace for the constants by, ..., by,.

Partial state descriptions are composed of instantiated s-atoms in a similar
way to state descriptions, but the sentences do not necessarily combine to
give a full state description.

Definition. A partial state description for by,...,b,, is a sentence of the
form
Alby,. o bw) =\ A Ve oo Bigs b)) (42)
1<s<r  {bj) by, FECS
i1<...<ig
where C* is some set of s-element subsets of {b1,...,b,}.

We will assume that (42), like (40), displays all the instantiated 7; implied
by A. In other words, we assume that (J._, C® contains along with any
{biy,...,b;.}, also all its subsets.

In addition, when writing A(by,...,b,) for a partial state description, we
mean that all of by, ..., b, actually appear in it, so C* contains all singletons
{b;} fori =1,...,m. We remark also that a partial state description (42) is a
state description just when C" contains all r-element subsets of {b1, ..., b, }.
Note that any g-ary trace of a state description is a partial state description.

We define the g-ary trace of a state formula, and a partial state formula
analogously to the definitions for state descriptions.

3.1. Polyadic Signatures

As in the binary case, we need to introduce an equivalence between atoms
(and more generally, between g-atoms) to capture the fact that g-atoms
obtained from each other by permuting the variables represent the same
thing.

Accordingly, we define 7 ~ 77 if there exists a permutation o € S, such
that

V@1, xg) = VTo(1), - - - To(g)) (43)
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and we denote the equivalence classes of ~ by T'{, ... ,ng . When g = r we
drop the superscript and write just I'y ..., ,I[',, and we write p for p,. If (43)
holds, we say that ;) obtains from ~{ via o. Note that the equivalence classes
Fjl- are singletons and p; = N; = 29, so they are not necessary and we can
work with the v} instead, as we did with the 4 in the previous section, for
r=2.

For 1 < g < r, every F? can be split into subclasses, each subclass containing
all v/ with the same (g—1)-ary trace. Define S? to be the number of elements
in these subclasses (given g and j, these subclasses of F? all have the same
number of elements). In the binary case, we wrote just s; for s?. Thus s?
expresses in how many ways the (g — 1)-ary trace of some/any ~; from I'J
can be extended to a 7} € I'}; one of these ways is to j itself but there may
be other possibilities. Furthermore, we define s? to be the total number of
g-atoms with a given (g — 1)-ary trace. Note that this is independent of the
trace chosen, and that for any given (g — 1)-ary trace, 9 is the sum of the
s7 over the j for which I'} contains an atom with this trace.

We extend the definition of a signature from binary languages to r-ary lan-
guages for r > 2 in the obvious way:

Definition. The signature of a state description © as in (39) (or (40)) is
defined to be the vector (ng,...,n,), where n; is the number of (iy,...,1%,)
such that 1 <41 < ... <1, Smaund’yhi1

Thus, the signature records how many atoms from each equivalence class
there are within ©(by,...,b,). When m < r, the signature is not defined,
but the notion of extended signature still makes sense, where the extended
signature of © as in (40) is the vector

1 1 . Loor—1 r—1 .
(ST TR R OSSP 3
and n? is the number of (i1,...,4,) such that 1 < 43 < ... < iyz < m

and 7;1_1 € I'Y. Note that the extended signature is derivable from the

signature (when m > r) and that it is defined even when m < r.

Signature Exchangeability Principle, Sgx The probability of a state
description depends only on its signature.

Sgx for L unary or binary is the same as Ex or BEx respectively. Sgx implies
Ex but the converse implication does not hold in general. We gave an example
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of a probability function satisfying Ex but not Sgx (BEx) for r = 2 in the
previous section.

3.2. Polyadic Independence
The following definition aims to capture exactly which sets of g constants
are brought together instantiating a relation within a sentence:

Definition. For a sentence ¢(by,...,b,) € QFSL we define C; to be the

set of all sets {b,, ..., bk, } with s elements such that all of by, ..., b, appear
in some £Rqy(bi, ..., b;,,), d € {1,...,q} featuring in ¢.
We refer to Cj as the set of s-sets of constants appearing in ¢. For example,

consider a language containing one binary relation symbol R; and one ternary
relation symbol Rs. For

¢ = Ri(ar,a2) V Ro(ay, az, ay)

we have C} = {{as},{ar},{as}}, CF = {{as, a7}, {as,a4}} and C} = 0 for
k > 3. Note that |J_, C3 is closed under taking subsets.

A modification of the Disjunctive Normal Form Theorem yields the following
lemma:

Lemma 6. Let ¢(by,...,by) € QFSL. Then ¢(by,...,by) is equivalent
to a disjunction of partial state descriptions as in (42), with C° = Cj for
s=1,...,7.

We are now in a position to formulate a general version of the Independence
Principle based on atoms, as stated on Page 6 for » = 1 and on page 15
for r = 2. In this generalised version we require that the following holds for
any g < r: if two quantifier free sentences have no (g + 1)-sets of constants
in common then they are conditionally independent given a g-trace for the
constants that they share.

Strong Independence Principle, SIP Let L be an r-ary language and let
0 <g<r. Assume that ¢,vb € QFSL are such that

Cngl N CiJrl _ @

and let by, ..., b, be the constants that ¢ and ¢ have in common (if any). Let
A be a g-trace for the constants by, ..., by whent >0, and A =T (tautology)
if ¢ and 1) have no constants in common. Then

w(gAPpA) =w(@[A)-w(y|A).
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The Basic SIP Functions. Recall that for g < r, N, is the number of
g-atoms and p, is the number of equivalence classes of g-atoms under ~.

Let Y = <y%,...,y]1,1 : y%,...,y}i; 3 YL, Yp,) be a vector of real num-
bers such that

p1
0<yl<1, > y =1
j=1
and such that for 1 < g < r the following holds: For any (g — 1)-ary trace v

for x1, ..., z,,
> sy =1 (44)
J
where the sum is taken over those j € {1,...,p,} for which F? contains some
75 with the (g — 1)-ary trace 1.

We use Dy, to denote the set of vectors satisfying the above conditions. In a
bid to keep our formulae simpler, we will write

Zh = Yjn)

where j(h) is that j for which 47 € I'J. Note that (44) is the same as requiring

Yoo =1 (45)

(1 g—1)=2

The vectors Y € Dy, play a similar role in the polyadic to the role the vectors
Z € Dgq from w;z play in the unary. For a given }7, the corresponding function
wy assigns a state description ©(by, .. ., by,) the probability of obtaining it by
the following process: First the 7} are chosen for by, ..., b,,, independently
according to the probabilities z}. Then the ~7 are chosen for b;,b;, with
i1 < iy from amongst the eligible ones, i.e. from amongst those 72 for which
(vi [ D(@1,22) = v, (21) A, (22), independently and according to the

probabilities 27, and so on. Note that this works by virtue of (45), because

when choosing vj, for b;,,...,b;,, (v/ g — 1) is determined.
More formally, given Y as above, for a state description O(ay,...,ay) such
that

Oay,...,am) = /\ V.. i a) (46)

1<s<r
1<i)<...<ig<m
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we define

wy (O(ay, ..., ay)) = H L7 (47)

1<s<r
1<i]<...<is<m

Note that, as in the binary case, if 0 € Sy, and W(ay, ..., an) = O(Ao(1); - - - s Uo(m))
then wy(0) = wg (V).

Theorem 7. The functions wy determine probability functions that satisfy
Sgz and SIP (and hence also Ex and IP).

Furthermore, any probability function satisfying Ex and SIP is equal to wy
for some Y.

Proof. To show that wy determines a probability function note that (i)
and (ii) from page 3 clearly hold. For (iii), we will prove that for any state
description ©(ay, ..., a,;,) we have

wy (0(ay, ... an)) = > wy (01 (ay, .. .\ Ay A1) -

Ot (at,...,am,am+1)EO(a1,...,am)

Let O (ay,...,am, ant1) extend ©. Then wy(OT (ay,. .., am, @nir)) is the
product

S S
H PR H PRy sty 12 (mt 1)

1<s<r 1<s<r
1<i)<...<ig<m 1<iy1<...<ig_1<m

where the first product is as for © and h;, ;. (m+1) is that h for which

Vil s ooy iy A1) = O [agy, ooy ai,_y s A -

That is, where O7 is

Oay,...,am) A /\ o/

1<s<r
1< <. <ig_1<m

(ai17 sy Qg gy am+1)' (48>

D] 5eens ig_1,(m+1)
Consider some r-tuple (i1, ..., i,—1,(m+ 1)) with 1 < i) < ... < i3 < m.
If some ©F | © satisfies

6+[ai17 e aa'i,«_la am+1] - ,7/:,(612'17 s 7a’i1~_17 am-i—l) )
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then any conjunction that differs from (48) only by having v} (@i, . .., @i, Gmi1)
in place of v} (ai,, ..., a;._,,am+1), where v and 7, have the same (r — 1)-ary
trace, is also a state description extending ©. Since the zj for all such k£ sum

to 1 (from (45)), we can sum them out. Similarly, we can deal with the other
r-tuples, then the (r — 1)-tuples and so on, working our way down.

Similar reasoning gives us that (47) holds even when ay, ..., a,, are replaced
by any other distinct constants by,...,0b,,, and that we have an analogous
formula for the probability of partial state descriptions:

Using this, SIP is first seen to hold for partial state descriptions ¢, ), and
then employing Lemma 6, in general. We omit the details.

To prove tlie last part of the theorem, assume that w satisfies Ex and SIP.
We define Y by
Vi = 2 = wlyplar, .- am) | (y(ar, .. am) [g — 1))

where v, € I'Y and (v} (a1, ..., am) [g— 1) stands for a tautology when g = 1.
Note that by Ex it does not matter which v from I'J we take, and that (44)
must hold. Writing any state description in the form (46) and using Ex and
SIP, we can show by induction (adding the conjuncts for increasing numbers
of constants one by one) that its probability is given by (47). O

Corollary 8. Let L be an r-ary language and let i be a normalised o-additive
measure on the Borel subsets of Dy. For any 0 € SL define

w®) = [ wel)au?), (49)

Then the function w is a probability function on SL satisfying Sgz.

Proof. This can be proved by a straightforward checking of (P1), (P2), (P3)
and Sgx, using the Lebesgue Dominated Convergence Theorem for (P3). O

However, whether or not the converse to Corollary 8 holds, that is, whether
any probability function satisfying Sgx can be expressed in the form (49)
remains to be investigated.
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3.8. Polyadic PIR and JSP

For a general r-ary language, instantial relevance based on atoms can be
captured similarly to the binary case. To do this, we first generalise the
concept of Fxtra to describe how much information a g-atom instantiated by
bi,...,bs adds to a partial state description.

Let
Alay, ... ay) = /\ /\ Viey oo (@i -5 ) (50)

1§s§7‘ {ail AAAAA ais}ecs
i1<...<is
be a partial state description. Recall that (J._; C* is assumed to be closed
under taking subsets. Let by, ..., b, be distinct constants, some of which may
be amongst ay, ..., an,. Assume that vj(by,...,b,) is consistent with A.

Definition. The Extra in ] (by,...,b,) over A is the set E of those subsets
{t1,....ts} of {1,..., g} such that {b,,..., b} is not in | J,_, C*.

Note that E is empty just if A(ay, ..., a,,) implies 7§ (by, ..., b,), otherwise
{1,...,g9} isin E. FE contains the singleton {i} just when b; is a new con-
stant not featuring in A. F is the whole power set of {1,..., ¢} when all of
bi,...,by are new. The Extra is closed under supersets, and the additional
information in 7} (b1, ..., by) over A consists of all £R4(bi,, .. .,b;, ) implied
by 77 (b1, ..., b,) and such that {b;,,...,b; } € E.

Polyadic Principle of Instantial Relevance, PPIR Let A(ay,...,ay)
be a partial state description, 1 < g < r, and let v} be a g-atom. Let
bi, ..., by, Uy, ... U, be such that

AN (b1, ..., by) /\ngl(b'l,...,b;)

is consistent. Assume that the Extras in vy (b1, . .., by) over AN (by, ..., b)),

in (b, ..., bg) over A and in ;) (by, ..., b)) over A are all the same. Then

Wy (b1, ..., 0g) [A) Sw (Vi (b, ..., bg) [ANAL(DY, ..., D)) (51)

Theorem 9. Any convexr combination (or integral) of the functions wy sat-
1sfies PPIR.

Proof. Let A, ~] and by,...,b,, b}, ... ;b be as in the statement of PPIR.
Assume A is as in (50). Let E be the Extra in 47 (by,...,b,) over A. We
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have

wﬁ?(A) = H H Zzh ----- is

1S3Sr {ail ..... ais}ecs
i1 <...<ig

wy (AN (b1 - -, bg)) = we(AAY(BY, - - b)) = w

~u
—~
N
otV
K

K

4

o

{t1,....,ts}€E
2
Wi (A A (b, . bg) ALY, .. b)) = wy(A) - T =, ..
{t1,...,ts}€E

It follows that for w = wy, (51) holds with equality.

The proof for w defined by (49), and hence also for any convex combination
of the wy, follows from the above equations exactly as in the binary case. [

By the same method we also obtain that under the same assumptions as those
in PPIR except that merely the Extras in 4] (b1, ..., by) over AA~](b), ..., b;)
and in 7/ (b}, ..., b)) over A are required to be the same, we obtain that any
convex combination (or integral) w of the functions wy satisfies

w(yi( ;,...,b’g)|A)§w(”yz(bl,...,bg)]A/\fyz( ’1,...,b;)).

We now address irrelevance. Searching for a polyadic variant of JSP, we are
again led to consider the conditional probability of some 7} (by,. .., b,) given
a partial state description A(ayq,...,a,) as in (50). For 1 < g < r, we will
require the partial state description to be (g — 1)-complete, that is, C9!
contain all the (¢ — 1)-element subsets of {ai,...,a,}. In other words, A
implies a state description for any (g — 1)-tuple of constants from amongst
the ay, ..., a,.'° Furthermore, we will require that the Extra in 7 (b1, . .., b,)
over A contains just the set {1,2,..., g}, that is, either ¢ = 1 and we consider
the conditional probability of a 1-atom instantiated by a new constant, or
g > 1 and we consider the conditional probability of a g-atom instantiated
by constants already appearing in the evidence.

These conditions held in the binary case (that is, when r = 2) considered in
the previous section. For a general r, we propose the following generalisation
of the Binary Sufficientness Postulate:

10Note that by the convention from page 31, any partial state description A(ay, ..., an)
is 1-complete.
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The Polyadic Sufficientness Postulate Let A(ay,...,a,) be a partial
state description as in (50).

(1) w(Vi(ams1) | A) depends only m and on the number of times that ;. ap-
pears amongst the 7}1”1 i =1,...,m.

(i1) Let 1 < g < r and assume that A is (g — 1)-complete. Let by, ..., b, be

from amongst the ai, ..., am, and such that {by,...,b,} ¢ C9. Assume that
Yo (b1, ..., by) N A is consistent. Then

Wy (b, ..., by) | A)

depends only on g and on

1. the number of times that ~; or an equivalent atom appear amongst the

2. the number of times that v; or an equivalent atom could have appeared
amongst the ’Yig“l AAAAA . i A. That is, the number of g-sets {ai,, ..., a;,} €
CY, such that

7]2- ig(a’h""?aig)r(g_]‘)

is the (g — 1)-ary trace of ¥{(ai,, ..., a;,) for some vj ~ 7.

3. s7 where j = j(h) is such that v; € T}, that is, the number of atoms
v} such that 4§ ~ ) and A N~§(bi, ..., by) is also consistent.

It might be hoped and expected that the Polyadic Sufficientness Postulate
determines an interesting class of probability functions just like Johnson’s
Sufficientness Postulate and the Binary Sufficientness Postulate do in the
unary and binary cases respectively. A natural class of probability functions
satisfying this principle, are the probability functions w?t* for \, € (0, oc]
determined as follows:

If we refer to the number from (i) above!! as my, then

A
mh—|—2—;

W) |4) = T

1 That is, if my, is the number of times that ’y}L appears amongst the 'Vllul‘
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If j = j(h) and we refer to the numbers'? from (ii-1) and (ii-2) as nJ and v{
respectively, then

Bl

w(yp (b, .-, bg) [A) =

0
M(QMKQQQ

_|_
+ >\

(recall that ¢ is the total number of relation symbols in our language and
s9 was defined on page 32). We know that in the binary case discussed
in the previous section, these are the unique regular probability functions

satisfying Ex and the above principle. The general case remains to be further
investigated.

4. Conclusion

We based our investigation on the notion of (polyadic) atoms as our central
building blocks, since they provide the smallest complete units from which
state descriptions (and hence all sentences) can be built. Using this, we were
able to propose, first in the binary context and then for general polyadic
languages, generalisations of the unary concept of a signature, and principles
based on invariance under signatures (BEx, Sgx), independence, instantial
relevance and an irrelevance principle generalising Johnson’s Sufficientness
Postulate, as well as probability functions satisfying these. We have also
introduced the more general g-atoms for g < r (where r is the arity of the
language), and used these to define partial state descriptions. In addition,
we were able to completely characterise the probability functions satisfying
BEx, BEx+IP and Ex+BIP for binary languages. We have seen that Ex
does not imply Sgx and that the signature of a state description is not a
determining characteristic of it (up to a permutation of constants) as in the
unary case.

This opens the door to many new questions arising from these ideas. For
example, considering a fixed r-ary language, let g-atoms again be the state
formulae for g variables, but this time for any positive natural number g. We

12That is, nj is the number of times that vh or an equivalent atom appear amongst the
7h . sand v is the number of times that 77 or an equivalent atom could have appeared

amongst the ’yh . in A

.......
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may define the g-signature of a state description for m individuals (where g <
m) analogously to (r-)signatures. We end this paper with some observations
regarding these g-signatures, a direction to be further researched.

It is easy to see that the g-signature of a state description determines its
s-signature for s < g. Hence, for such s, g, a probability function which gives
state descriptions with the same s-signature the same probability, must also
give the same probability to state descriptions with the same g-signature.

Conversely, however, it is not the case that the s-signature of a state descrip-
tion determines its g-signature for s < g, not even when r < s < g. One
example, for r =2, s = 2 and g = 3, is provided by the state descriptions on
page 14. Here we give another example, for r =2, s = 3 and g = 4:

Example. Let L contain one binary relation symbol. Then the 6 state formu-
lae (3-atoms) represented by

1 11 1
2 11 1
2 21 1

— = N

2 11 2 1
2 21 2 1
1 1 11 2

N =N

1 1
1 1
1 1

NI \V]

2 1 11
1 21 2
1 211

are equivalent. Furthermore, the following two are also equivalent:

11 1 21

2 11 11 2.

1 2 2 11

However,

112111 111211
211111 211111
121111 221111
22211 2 122111
222 211 222211
222121 2 22 2 21

feature only the above 3-atoms and it can be checked that they have the same
3-signature but not the same 4-signature.
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