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I.  Introduction
The literature on speculative bubbles in foreign exchange rates is voluminous, with much of it failing to reject the presence of bubbles in many exchange markets.
   Serious testing of this issue began with the work of Meese (1986), Evans (1986), and Woo (1987).  Each used a different approach, and each found evidence failing to reject the presence of bubbles in at least some exchange markets.

A bubble is a sustained price movement away from a fundamental.  Thus, thee central empirical problem in considering whether or not a given phenomenon represents a bubble is properly specifying the fundamental.  That most tests cannot separate a bubble test from a model test is a deep difficulty as initially noted by Flood and Garber (1980).
  This problem is especially difficult for studying foreign exchange markets as there is disagreement on what is the true theoretical fundamental for a foreign exchange rate, much less being able to identify it in a given empirical situation.  This paper avoids problems of misspecifying exchange rate fundamentals by observing deviations from uncovered interest parity.  Regardless of the fundamentals of exchange rates and interest rates, efficient markets and rational expectations assure that the fundamental of deviations from uncovered interest parity is zero at all times. 


We use state-space analysis employing the Kalman filter to estimate models that specify rational speculative bubbles as an unobserved component to test for their presence.  This was first used to study the German hyperinflation (Burmeister and Wall, 1982) and more recently used by Wu (1995) to study foreign exchange rate bubbles.  In contrast with most literature, Wu rejected continuous stochastic rational bubble activity in a set of recent exchange rate series using state-space analysis.  Stochastic rational bubbles crash but at a time known to rational investors only by a probability for which they must be compensated with a risk premium.  Thus, such a bubble rises faster than the rate of interest (Blanchard and Watson, 1982), the rate that a perfect foresight bubble that never crashes rises (Brock, 1974).

A main innovation of our approach is to use a backward induction method whereby the time series is examined backwards in time and the unobserved component is a decaying first order autoregressive component from a shock (or innovation).  When the data is reversed back to its proper order, this shock has the interpretation of being the crash of a steadily increasing rational bubble component.  If this rate of increase exceeds the rate of interest, then this could be a stochastic rational bubble.

Another innovation is that while using the uncovered interest parity model, we eschew analyzing forward exchange rates and stick instead with spot rate changes as our measure of expectations, thereby following fully the assumption of rational expectations.  If rational expectations hold, then we avoid the misspecified fundamentals problem, although there are studies casting doubts on rational expectations in foreign exchange markets motivated by apparently empirically perverse relationships between forward rate changes and interest rate changes and survey data showing agents in foreign exchange markets having substantial heterogeneity of expectations (Froot and Frankel, 1989; Ito, 1990; MacDonald, 1990; Liu and Maddala, 1992).

After conducting Monte Carlo experiments to examine the effectiveness of the state-space technique, we then use it to test the series representing the deviations from uncovered interest parity by Japanese and German exchange and interest rates on a monthly basis between January of 1980 and August, 1995.  Inspecting the whole series using standard diagnostic procedures finds no significant serial correlation with values appearing normally distributed around zero, apparently white noise as predicted by uncovered interest parity.  However, we find one short span of the series where a bubble or some other changing intervention apparently occurred.  It is estimated to have grown at a rate exceeding the rate of interest and is thus consistent with stochastic rational bubble theory.  Furthermore, the timing of the apparent bubble is consistent with evidence of other possible bubble phenomena in German and Japanese financial markets. 

II.  Theory of Rational Bubbles in Exchange Markets
The price of an asset at time t is given by

pt = ft + bt + (t






(1)

where pt is price, ft is fundamental, bt is bubble, and (t is a Gaussian white noise, independently and identically distributed (IID) process.  The fundamental should equal a unique, long-run general equilibrium value of the asset, based on endowments, tastes, and technology.  For financial assets, with rational expectations and IID shocks, this should equal the discounted sum of the expected future returns.

As already noted, there is disagreement regarding the true nature of the fundamental for exchange rates.  Indeed, in a world of fiat money there may easily be multiple equilibria for exchange rates, thereby seriously complicating the problem (Wallace, 1990).  The benefit of inspecting deviations from uncovered interest parity instead of exchange rates is that the expected value of all observations of the series is zero, i.e., the fundamental ft is zero for all t. However, any bubble found in the series could reflect a bubble in the exchange rate, or in one of the two countries’ interest rates, or bubbles in any two or all three of the markets.

Nevertheless, the conventional view is that exchange rates operate on two different time 

horizons.  The long run equilibrium is given by purchasing power parity while the shorter run equilibrium is given by uncovered interest parity (which presumably holds in the long run equilibrium as well).  Evidence regarding PPP is that exchange rates are often far away from this equilibrium for extended periods of time, with a typical rate of reversion on the order of 15% per year (Frankel and Meese, 1987; Rogoff, 1996).  Evidence regarding UIP is also quite mixed (Frankel and Rose, 1995).

Tirole (1982) showed that bt must equal zero if there are a finite number of fully informed, risk-averse, infinitely-lived agents, trading real assets with real returns in discrete-time trading periods.
   One example where a rational bubble can occur is when there is fiat money (not a real asset with real returns).  It has been known since at least Brock (1974) that perfect foresight rational inflationary price bubbles are possible with fiat money, and that they grow at the rate of interest.

For the case of fiat money which earns no return, the efficient market arbitrage condition in the deterministic case is given by

Et(bt+1|Wt) = (1+rt)bt





(2)

where Et is expectations, Wt is the information set, and rt is the nominal interest rate.  Introducing a stochastic element while maintaining rational expectations, can be done by positing that the probability of a crash at any time t is (t which is known to agents.  In this case, risk-neutral agents will demand a risk premium to cover this probability and the arbitrage condition yields that 

bt+1 = (t-1(1+rt)bt,






(3)

which increases at a more rapid rate than does a deterministic non-crashing rational bubble.

Uncovered interest parity (UIP) maintains that the difference in interest rates on equivalent period loans in different countries should be equal to the expected change in the exchange rates between the two countries

Et[st+1]- st = rt - r*t            





(4)

where st is the natural log of the spot exchange rate and r*t represents the nominal interest rate of the nation whose currency is in the denominator of st. Assuming agents do not possess perfect foresight, then 

Et[st+1] = st+1 + xt






(5)

which can be substituted into (4)

st+1 - st - (rt - r*t) = xt 





(6)

where xt is the deviation of the future spot rate from its previously anticipated value.  Assuming rational expectations and no bubbles, xt would be IID with zero mean.  However, if a rational bubble is present in the exchange rate or either of the two interest rates, then xt would be 

xt = bt + (t 







(7)

where bt is the bubble term and (t is the IID error with zero mean.

III.  Econometric Methodology

It is interesting to note that the theoretical path of a single rational bubble is growing geometrically until it bursts and its value drops to zero (see Figure 1) assuming a constant interest rate.  This is exactly the reverse path of a first order autoregressive (AR(1)) response to a single shock when the AR(1) coefficient is positive (see Figure 2). Therefore, if the goal is to see if series such as xt behave in a way that is consistent with the existence of rational bubbles, it is appropriate to essentially reverse the series and investigate it for AR(1) behavior.  Specifically, xt can be specified as in (7) with

bt = (bt+1 + vt






(8)

where, given the backwards treatment of the data, ( would be expected to be less than one.  Under this unusual specification vt should be interpreted as the sudden shock away from the fundamental, i.e., the reverse action of the bubble bursting and returning to the fundamental.

Modeling the frequency at which bubbles are considered to burst is obviously important.  If one assumes they burst (to some extent) every period, then vt in (8) could be treated like an ordinary disturbance term.  Unfortunately, standard time series methodology based on serial correlations will give the same assessment of a series regardless of the direction under which it is diagnosed.  Therefore, reversing the data in this case will not be helpful in searching for rational bubble behavior.  However, if one were to assume that bubbles burst only occasionally, then one could model the reverse bursting of the bubbles as interventions.  The intervention function could be specified to represent the slow decay of the reverse bubble term as depicted in Figure 2.  

The problem is determining when interventions have occurred.  In the case of bubbles bursting there is no available theory and data to help identify their presence.  The technique employed in this paper to find the time or times that interventions have occurred is to investigate all periods for bubble behavior.  Each observation of the inspected series is hypothesized to be the last period before a rational bubble bursts and the log-likelihoods of the bubble and a restricted non-bubble specification are compared.  Monte Carlo experiments in which series simulated without any specified bubble are examined to determine what is an acceptable p value for rejecting the non-bubble restriction.  

Spans of the series (of length s) are investigated separately for evidence of bubble behavior over that particular span with the null hypothesis that the most recent observation in the series is the last period before the rational bubble burst.  To model the bubble component bt that captures the effects of the hypothesized intervention of the observed series xt, state-space time series models are employed in which bt is specified as an unobserved state.  The Kalman filter is then used to generate the prediction error decomposition of the log-likelihood function, thus providing maximum likelihood estimates of all parameters.  The state-space model is composed of the measurement equation

[xt] = [1][bt] + [(t]






(9)

in which bt is the unobserved state, and the transition equation is

[bt]= ([bt+1]+h[It]






(10)

where It = 1 at time s (which is the period in which the bubble is at its apex just before it bursts) and 0 for all other periods while h is the magnitude of the bubble of at its apex.  The maximized log-likelihood function for this bubble specification is compared to that for the non-bubble white noise specification (i.e., restricting ( and h to be zero) to look for evidence of a possible bubble.  


This approach to specifying, estimating and determining the significance of possible bubbles is complicated by two minor problems.  The first is that the technique might be biased towards indicating a bubble when a single large outlier is present.  Specifically, an outlier may cause the model specified in (9) and (10) to provide a better fit of the series even when ( is restricted to be zero, because simply accounting for a single spike of magnitude h at time s may noticeably improve the fit.  To account for this bias towards finding a bubble the data are fit again by the same bubble model except that the bubble is assumed to pop one period earlier.  The fit of this second bubble specification that trims the deviation at time s from the specified bubble is also compared to that of the non-bubble specification.  If the trimmed bubble specification does not significantly improve the fit when the regular bubble specification does, then it is evident that the latter is driven by a single deviation at time s that is unusually large.  In these cases the bubble specification is rejected. 


A second complication arises in determining the appropriate span that is inspected (i.e.,  the value of s).  If s is too large, the variance of the observations that are included but which occur long before the bubble begins to grow strongly affects inferences regarding the existence of a bubble.  If too short a span is considered then simply the existence of a different mean over the span from the mean of the entire series from which the span is taken will cause the technique to indicate a possible bubble.  In these cases the estimate of the coefficient ( in (10) is very close to one while h is close to the mean of the span.  Under these circumstances it is necessary to increase the length of the span until the observations where the hypothesized bubble began growing are included in the comparison of the bubble and non-bubble specifications.  The estimate of ( must be consistent with the size of s, i.e., the larger the estimate of (, then the slower the growth of the bubble (or the decay of the inverted bubble) and, therefore, the greater s must be.  The Monte Carlo simulations show that if the estimate of ( with the given s is too close to one, that increasing s one observation at a time and repeating the comparison often leads to lower estimates of ( and/or a great reduction in the difference in the maximized log-likelihoods of the bubble and non-bubble models.  Essentially, expanding the size of s weeds out those cases in which the mean of the span was different but there was no bubble shape to the data.  

Monte Carlo experiments were conducted in which 100,000 white noise spans (generated by Gauss version 3.2.15’s random number generator) were fit by both the bubble and non-bubble specifications to determine the probability that white noise would generate differences in their respective maximized log-likelihoods of particular values.  The size of s used in the experiments was 20 except, as described above, in cases where ( was too large and the data was reconsidered with s increased by one.  

The experiments show that the probability that the difference in log-likelihoods between both the regular as well as the trimmed bubbles and the non-bubble specification for a single span of white noise generated data will be greater than 6.0 is approximately 0.021%.  The probability that the technique would find such a span on a particular series depends on the length of the series.  For example, in considering a series that is 200 observations long, then there are 181 different spans of length 20 (e.g., 1-20, 2-21, … 181-200) that can be inspected. Therefore, the probability of finding at least one span where the difference in log-likelihoods is greater than 6.0 would be 181 times 0.021%, or 3.80%.  This gives an idea of the probability that a span that is generated by a white noise process would resemble a bubble.  Similarly, the rate of finding differences in the maximized log-likelihoods of a single span greater than 7.0 was 0.010%, greater than 8.0 was 0.003%, and greater than 9.0 was 0.001%.  These can also be multiplied by the number of spans in a series to provide a measure of confidence that any difference found of that magnitude or greater indicates a rejection of the white noise restriction in favor of the bubble specification.

IV.  Results
Our data series is gathered from the International Financial Statistics from January, 1980 through August, 1995 (187 observations).  The exchange rate used in the construction of the series representing the deviations from uncovered interest parity (i.e., xt in 6) was the end-of-the-month quotations of the yen/Deutschemark exchange rate.  The interest rates used were monthly observations of the daily averages of the overnight money market interest rates.  The generated xt is plotted in Figure 3.  The correlogram and descriptive statistics for the series are provided in Figures 4 and 5, respectively, which show that the series is easily consistent with white noise generated data. 

The series was reversed and each span of 20 observations was investigated as described above for evidence of a bubble.  Of the 168 spans considered along the 187 observation series, one area of the series shows several sequential spans where bubble activity seems likely.  Specifically, the possibility is that the last period before a bubble burst is either January, February, or April of 1990.  However, the largest improvements in both the bubble and the trimmed bubble specifications over the non-bubble specification is for a bubble that would have burst between the April and May of 1990 observations.  The improvement in the maximized log-likelihood for both the bubble and trimmed bubble over the non-bubble specification are no less than 10.15.  In the Monte Carlo experiments not one of the 100,000 simulated white noise spans had this great of difference in maximized log-likelihoods.  If there had been just one, then the implied probability of finding this large of difference when considering the 168 spans would be only 0.168%. Therefore, the possibility that this portion of the observed series is not white noise is highly likely.  Figure 3 includes a plot of the estimated bubble which is characterized by the estimates of ( (=0.876) and h (=1.445).  As one would expect, the Q statistic on the residual (i.e., et in 9) improves (i.e., falls) notably for all lags over the Q statistic for the observed series.  

Since the estimate of ( is found by essentially interpreting the reversed data, the estimated bubble actually grew at a rate of [(1/( - 1) ( 100]% per period.  Therefore, the estimate of (=0.876 implies that the bubble was growing at 14.2% per month which is clearly very large. This indicates that those rational investors who were speculating in the exchange or interest rate markets were requiring/receiving a large premium to compensate themselves for bearing the risk that the bubble might burst.  

V.  Discussion of Results

The question must now be addressed: Are these empirical findings reasonable with respect to broader developments in Japanese and German financial markets?  The answer is that the timing of this apparent bubble does coincide with a period of extraordinary turmoil in the financial markets of both countries.
 


In Japan we observe the peak of the Japanese stock market occurring in December, 1989, followed by a dramatic decline.  Thus, the later stages of the apparent Japanese stock market bubble coincided with but ended before this apparent bubble did.  Now it might seem odd that a rise in asset values in Japan would be associated with speculation in another country’s currency, but financial outflows from Japan into many markets, such as U.S. real estate, were notable at that time, many of these investments being backed by the collateral of also-then-appreciating Japanese real estate values (Ito and Iwaisako,1995).  


That there might have been an especially strong flow into Germany during this period is not all surprising, especially after the fall of the Berlin Wall in early November, 1989.  The euphoria regarding impending German unification was considerable and thus it is not at all surprising that Japanese financial flows would have headed in that direction.  That this might suddenly have reversed in the spring of 1990 can be easily attributed to a combination of the increasing financial problems within Japan that required liquidity  there as both stock and real estate values declined.  Furthermore, the Deutsches Bundesbank began to raise serious questions regarding the financial terms of the German unification which proved valid once it occurred and which may have begun to dampen this investor euphoria. 


A further piece of evidence regarding the nature of the Japanese/German financial relationship during this period is discussed in Ahmed, et al (1997).  They find strong evidence of bubbles in the closed-end Germany Fund, which exhibited a premium that rose from early November, 1989 only to crash in late February, 1990.
  Premia or discounts on closed-end funds are widely thought to reflect investor sentiiments (Zweig, 1973).  Evidence is strong that much of that rise was due to Japanese investment, with Japanese investors holding about 80% of the shares of the Germany Fund at the end of February, 1990 (Ahmed, et al, 1997).  This would certainly suggest strongly euphoric speculative activity by Japanese investors with regard to German assets, even though the closed-end Germany fund is itself not a significant component of the German financial markets.


Given that this fund collapsed in February, why did not the apparent exchange rate bubble collapse then too?  First we note that this was a fund in New York in U.S. dollars based on German assets.  Since its bubble represented a premium above the net asset values, its end did not represent a collapse of those values.  Rather, a cessation of the rise of the net asset values could have easily ended the bubble on the closed end fund.  At least with regard to the apparent exchange rate bubble, it would appear that it had stopped rising several months before it collapsed.  This would be consistent with a scenario in which an end to intense speculation in the Deutschemark could have been associated with the bursting of the closed-end fund bubble, while the bursting of the apparent exchange rate bubble could have plausibly come two months later.

VI.  Conclusions
This paper takes a series that the theory of uncovered interest parity under rational expectations would predict to be white noise and which standard diagnostic tests would clearly not reject as white noise and inspects it for evidence of stochastically crashing rational bubbles.  The methodology takes advantage of the fact that an innovation that decays at a deterministic rate strongly resembles the backward path of such a rational bubble.  The estimation is conducted by state-space models that specify an intervention function as an unobserved component of the observed series.  Monte Carlo experiments are used to determine the probabilities at which non-bubble (i.e., white noise) generated data emulate bubbles and, therefore, they provide a criterion by which white noise behavior can be rejected in favor of a bubble specification with a particular degree of confidence.  Applying the technique to the series does find strong evidence of a deviation from white noise that is consistent with the existence of a stochastic rational bubble (in the Japanese and German exchange rate and/or interest rates) which it estimates to have burst between April and May of 1990.  This result is not surprising given that this was a period of considerable turmoil in the Japanese and German financial markets.
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Abstract: STATE-SPACE ESTIMATION OF 
RATIONAL BUBBLES IN FOREIGN EXCHANGE MARKETS


This paper considers a series which uncovered interest parity predicts to be white noise and which diagnostic tests fail to reject as white noise, and inspects it for evidence of stochastic rational bubbles.  State-space methods are used that specify a bubble component of the series as an unobserved state.  The technique’s effectiveness is demonstrated by Monte Carlo experiments.  One span of the series is found in which a stochastic rational bubble specification clearly dominates the white noise specification.  It coincides with a period of general financial turmoil in the associated economies (Japan and Germany during 1989 and early 1990).

JEL Classification Codes:  G15, F31, C22 
�  For a more thorough survey of this literature see Frankel and Rose (1995). 





	�  One possible exception to this problem may be the case of closed-end funds where the net asset value of the fund can be viewed in many cases as being the fundamental and thus sustained premia or discounts as representing positive or negative  bubbles (Ahmed, et al, 1997).


�  For a review of models arising as these conditions are relaxed, see Rosser (1991, Chaps. 4, 5, 15).


�  For more on state-space models and their estimation using the Kalman filter, see Harvey (1989). 


�  For more detailed discussion of financial, macroeconomic, and institutional changes occurring in the Japanese and German economies during this period, see Rosser and Rosser (1996, Chapters 6,10).





�  This premium exceeded 100% before the crash (Ahmed et al., 1997).  Given that most closed-end funds usually exhibit discounts, it is very hard to explain this large premium as indicating anything other than exuberant speculative behavior.





�  Although the stochastic rational bubble model assumes an exponential rise followed by a sudden crash, many apparent historical bubbles, such as the U.S. stock markets in 1929 and 1987, reached peaks around two months before they experienced sharp crashes.  Such phenomena can be explained by models in which there are heterogenous agents, with better informed agents selling out at the peak and the crash occurring later when the less informed agents panic (DeLong, et al, 1990).
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