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Abstract.

In this paper, a generalization of the neutrosophic
topological space is presented. The basic definitions of
the neutrosophic crisp a-topological space and the
neutrosophic crisp a-compact space with some of their

characterizations are deduced. Furthermore, we aim to
construct a netrosophic crisp a-continuous function, with
a study of a number its properties.
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1 Introduction

In 1965, Zadeh introduced the degree of membership5
and defined the concept of fuzzy set [15]. A degree of non-
membership was added by Atanassov [2], to give another
dimension for Zadah's fuzzy set. Afterwards in late 1990's,
Smarandache introduced a new degree of indeterminacy or
neutrality as an independent third component to define the
neutrosophic set as a triple structure [14]. Since then, laid
the foundation for a whole family of new mathematical
theories to generalize both the crisp and the fuzzy
counterparts [4-10]. In this paper, we generalize the
neutrosophic topological space to the concept of
neutrosophic crisp a-topological space. Moreover, we
present the netrosophic crisp a-continuous function as well
as a study of several properties and some characterization
of the neutrosophic crisp a-compact space.

2 Terminologies

We recollect some relevant basic preliminaries, and in
particular, the work of Smarandache in [12,13,14], and
Salama et al. [4, 5,6,7,8,9,10,11]. Smarandache introduced
the neutrosophic components T, I, F which respectively
represent the membership, indeterminacy, and non-
membership characteristic ma]pping[s of the space X into

the non-standard unit interval ] 0 1"

Hanafy and Salama et al. [3,10] considered some
possible definitions for basic concepts of the neutrosophic
crisp set and its operations. We now improve some results
by the following.

2.1 Neutrosophic Crisp Sets
2.1.1 Definition

For any non-empty fixed set X a neutrosophic crisp set
A (NCS for short), is an object having the form
A=(A, Ay, A) where Aj, Ay and A are subsets of X sat-
lsfylng A] F\A2 =¢, Al ﬁA3 =¢andA2 ﬁA3 :¢.
2.1.2 Remark

Every crisp set A formed by three disjoint subsets of a
non-empty set X is obviously a NCS having the
form A= (A}, Ay, Az).

Several relations and operations between NCSs were de-
fined in [11].

For the purpose of constructing the tools for developing
neutrosophic crisp sets, different types of NCSs ¢, , X, A°

in X were introduced in [9] to be as follows:
2.1.3 Definition
¢n may be defined in many ways as a NCS, as follows:

) ¢y =(¢9,X),0r
i) gy =(g,X,X),0r
iii) gy =(g, X, ¢),0r
V) ¢y =(¢.4.4)-

2.1.4 Definition
XN may also be defined in many ways as a NCS:

) Xy =(X,¢,¢),0r
) Xy =(X,X,¢),o0r
1ii) Xy :<x,¢,x>’or
V) X =({X,X,X).
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2.1.5 Definition
Let A=(A;,A,,A;) aNCS on X, then the complement

of the set A, ( A for short ) may be defined in three dif-
ferent ways:
€) A =(A" A" AT,
C) A" =(A,ALA)
) A= <A3, AZC,A1>
Several relations and operations between NCSs were in-
troduced in [9] as follows:
2.1.6 Definition
Let X be a non-empty set, and the NCSs A and B in
the form A=(A, Ay, A;), B =(B,,B,,B;) then we may consid-
er two possible definitions for subsets (A =B )
(A = B) may be defined in two ways:
1) AcB< A c<B,A B, and Ay oBjzor
2) AcB< A cCB,A, 5B, and A; ©B;

2.1.7 Proposition
For any neutrosophic crisp set A , and the suitable
choice of ¢,;, X, , the following are hold:

Don = A on SOn-
i) Ac Xy, Xy <Xy
2.1.8 Definition
Let x is a non-empty set, and the NCSs A and B in the
form A=<A1,A2,A3>, B = (B;.B,,B;) . Then:
1) ANB may be defined in two ways:

) AnB =(A NB, A, "By, A; UB3)Or
i) AnB=(A NB|,A; UB,,A; UB;3)

2) A UB may also be defined in two ways:

DAUB=(A UB,,A, B, A, NB,) or

ii) AUB=(A UB,,A, UB,,A NB,)

2.1.9 Proposition
For any two neutrosophic crisp sets A and B

on X, then the followings are true:

1) (AnB)°=A°UBC.

2) (AuUB)® =A®°~BC.

The generalization of the operations of intersection and
union given in definition 2.1.8, to arbitrary family of neu-
trosophic crisp subsets are as follows:

2.1.10 Proposition
Let |Aj : j € J§ be arbitrary family of neutrosophic crisp

subsets in X, then
D A A, may be defined as the following types :
i

D oA = (M ALOA LUA, ) sor

i) DA = <m A

uAj2 ,uAh > .

2) U A, may be defined as the following types :
]

VA .NA > or
2 1K}

1

mAjz,mAjB >

DA =(UA

i oA =(UA,

2.1.11 Definition

The Cartesian product of two neutrosophic crisp sets A
and B is a neutrosophic crisp set A x B given by

AxB=(A xBj, Ay xB,,A; xB3).

2.1.12 Definition

Let (X,I') be NCTS and A=(A;,A,,43) be a NCS in X . Then the
neutrosophic crisp closure of A (NCcl(A) for short) and neutro-
sophic crisp interior (NCint(A) for short) of A are defined by

NCcl(A)=N{K:K isa NCCSin X and A € K}

NCint (A)=U{G:Gisa NCOSin X and G € A4),

Where NCS is a neutrosophic crisp set and NCOS is a neutro-
sophic crisp open set. It can be also shown that NCcl(4) is a
NCCS (neutrosophic crisp closed set) and NCint(4) is a NCOS
(neutrosophic crisp open set) in X .

3 Neutrosophic Crisp a-Topological Spaces

We introduce and study the concepts of neutrosophic
crisp a-topological space
3.1 Definition

Let (X,I) be a neutrosophic crisp topological space
(NCTS) and A =(A,,4,,45) be a NCS in X, then A is said to
be neutrosophic crisp a-open set of X if and only if the fol-
lowing is true:  AS NCint(NCcl(NCint(A)).
3.2 Definition

A neutrosophic crisp a-topology (NCaT for short) on a
non-empty set X is a family IT"* of neutrosophic crisp
subsets of X satisfying the following axioms

i) ¢N,XN€ra'
ii) ANA, eI’ forany Ajand A, eT"*.
i) UA el V {A :jedjeTe.

J

In this case the pair (x ,ra) is called a neutrosophic crisp
a-topological space (NCaTS for short) in X . The ele-

ments in ['“ are called neutrosophic crisp a-open sets
(NCaOSs for short) in X . A neutrosophic crisp set F is a-
closed if and only if its complement F € is an a-open neu-
trosophic crisp set.
3.3 Remark

Neutrosophic crisp a-topological spaces are very natural
generalizations of neutrosophic crisp topological spaces, as
one can prof that every open set in a NCTS is an a-open
setin a NCaTS
3.4 Example

LetX = {a,b,c, d } , ¢n » X N be any types of the universal

and empty sets on X, and A, B are two neutrosophic crisp
sets on X defined by A= <{a}, {b, d }, {C}> ,
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B=(la}.bol{c)) . T ={g,.X,.A} then the family

' = {#,.X,.A B} Is a neutrosophic crisp a-topology
on X.
3.5 Definition

Let (X, 17" ),(X,r¢) be two neutrosophic crisp a-

topological spaces onX . Then I* is said be contained

inTy (in symbolsT* < Ty) if G ey for each GeTy .
In this case, we also say that re is coarser than re.

3.6 Proposition
Let{ Ii:je J} be a family of NCaTS on X . Then

N7 is a neutrosophic crisp a-topology on X . Further-
more, U T is the coarsest NCaT on X containing all

a-topologies.
Proof
Obvious.

Now, we can define the neutrosophic crisp a-closure and
neutrosophic crisp a-interior operations on neutrosophic
crisp a-topological spaces:

3.7 Definition
Let (X,I“) be NCaTS and A= (A, Ay, A;) beaNCS in

X, then the neutrosophic crisp a- closure of A (NCaCl(A)
for short) and neutrosophic crisp a-interior crisp (NCalnt
(A) for short) of A are defined by

(A}, = {< ALALLA > jed } Then we see
that we have two types defined as follows:

Typel: NCalnt(A) =< UA, ,UA, ,AA, >
(NCalnt(A)° =< nA] .,NA] ,UA], >
Hence NCaCI(A%) = (NCaint(A))°
Type2: NCalnt(A) =< UA, .NA .NA, >
(NCaInt(A)® =< NA] ,UA] ,UA], >-
Hence NCaCI(A®) = (NCalnt(A))°
b) Similar to the proof of part (a).

3.9 Proposition
Let (x 51—0{) be a NCaTS and A,B are two neutrosoph-

ic crisp a-open sets in X . Then the following properties
hold:

(a)
(b)
©

NCaint(A) = A,

A= NCaCI(A),

Ac B = NCalnt(A) = NCalnt(B),
(d A<= B= NCaCI(A) = NCaCl(B),
() NCaint (A~ B) = NCalnt(A) ~ NCalnt(B),
() NCaCl(AUB) = NCaCl(A)UNCaCl(B),
(8) NCalnt(X,)= X,
(h) NCaCl(4y) = ¢, -

Proof. Obvious

NCaCl(A)={K :K is an NCS in X and A = K} 4 Neutrosophic Crisp a-Continuity

NCalnt (A) = U{G:G is an NCOS in Xand G — A}

where NCS is a neutrosophic crisp set, and NCOS is a neu-
trosophic crisp open set.

It can be also shown that NCaCl (A) is a NCaCS (neu-
trosophic crisp a-closed set) and NCalnt (A) is a NCaOS
(neutrosophic crisp a-open set) in X .

a) A is a NCa-closed in X if and only if
A= NCcaCI(A).

b) A is a NCa-open in X if and only if
A=NCalnt(A).

3.8 Proposition
For any neutrosophic crisp a-open set A in (X,ra) we
have

(@) NCaCI(A®) = (NCalnt(A))°,
(b) NCalInt(A®) = (NCaCI(A))°.

Proof
a) Let A=(A,A;,A;) and suppose that the family of all

neutrosophic crisp subsets contained in A are in-
dexed by the family

In this section, we consider f:X—Y to be a map between

any two fixed sets X and Y.
4.1 Definition

(@) If A=(A, Ay, As) isaNCSinX, then the
neutrosophic crisp image of A under f, denoted by f (A),
is the a NCS in Y defined by

f(A)=(F(A), F(A), f(A))

(b) If f is a bijective map then f': Y — X is a map
defined such that:
forany NCS B = (B, B,.B;) inY, the neutrosophic
crisp preimage of B, denoted by f ~!(B), is a NCS in X

defined by t-1(B) = < 1B, f1(B,), f’l(B3)>~

Here we introduce the properties of neutrosophic images
and neutrosophic crisp preimages, some of which we shall
frequently use in the following sections.

4.2 Corollary

Let A= {A :ieJ},be NCaOSs in X, and

B={B;:jeK]be NCaOSsinY,and f:X >Ya

function. Then

() Ach o f(A)cf(h) BB o f(B)c 7(By,
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(b) Ac f7'(f(A)) andif f is injective, then A=f7(f(4)).
(c) t7'(f(B)) c B andif f is surjective, then f(f(B) )=B-
(d) f'UB))=uUf(B), ("B = f(B),

©) f(UA)=UT(A): F(nA) = f(A)-

® o) = XN ) =

(8) f(dy) =dy, F(Xn) =Yy, If Tissubjective.

Proof
Obvious.
4.3 Definition

Let (X , 1“1“) and (Y . ) be two NCA'TSs, and let

f : X =Y be a function. Then f is said to be
Q-continuous iff the neutrosophic crisp preimage of each
NCSin Ty isaNCSin~.
4.4 Definition

Let (X , Fl“) and (Y Iy ) be two NCTSs and let

f : X —Y beafunction. Then f is said to be open iff
the neutrosophic crisp image of each NCS in [* is a NCS
inTy.
4.5 Proposition

Let (x , 1"0“) and (Y s 1//5‘) be two NCaTSs.
If f:X —Y is a-continuous in the usual sense, then in
this case, f is a-continuous in the sense of Definition 4.3

too.
Proof
Here we consider the NCaTs on X and Y, respectively,

as follows : e = {

(G.$.G°):G ey |and

e = {H.6.H)  H e Wy,
In this case we have, for each <H .o, H °> ely,
HewY/,
P (H g HE) = (17 (H) ), £ (H )

=(f'H,g,(f '(H)°) eI
4.6 Proposition

Let f (X, I7) — (Y. T5).
f is continuous iff the neutrosophic crisp preimage of each
CNaCS (crisp neutrosophic a-closed set) in T* is a
CNaCSinry .

Proof
Similar to the proof of Proposition 4.5.
4.7 Proposition
The following are equivalent to each other:

(a) f:(X,[") — (Y,T¥) is continuous .

(b) f '(CNaInt(B) = CNaldnt( f '(B))
foreach CNSBinY.

() CNeaCI(f '(B)) = f '(CNaCI(B))

foreachCNCBin Y.
4.8 Corollary

Consider (X ,17*) and (Y e )to be two NCaTSs, and
let f : X =Y be a function.
if T ={f"'(H):Hery}. Then T will be the
coarsest NCaT on X which makes the function f: X —Y

a-continuous. One may call it the initial neutrosophic crisp
a-topology with respectto f.

5 Neutrosophic Crisp a-Compact Space
First we present the basic concepts:
5.1 Definition

Let (X , F“) be an NCaTS.

@  Ifafamily {G,.G,.

X satisfies the condition

w {<Gi .G, .G, >; iecd }: X, , then it is called
an neutrosophic a-open cover of X.

(b) A finite subfamily of an a-open cover

Gi3>:ieJ}0f NCaOSs in

{<Gi1 .Gi, . Gi > :ieJ(on X, which is also a neutrosophic a-

open cover of X, is called a neutrosophic crisp finite a-
open subcover.
5.2 Definition

A neutrosophic crisp set A= (Al, A, A3> ina NCAaTS
(X ) l““) is called neutrosophic crisp a-compact iff every

neutrosophic crisp open cover of A has a finite
neutrosophic crisp open subcover.
5.3 Definition

A family {k;,.

compact sets in X satisfies the finite intersection property
(FIP for short) iff every finite subfamily
{<Ki JKLK, >:i - 1,2,...,n} of the family satisfies the

Ki, > Ki3> tied } of neutrosophic crisp a-

condition m{<Kil7Ki2’Ki3> i =1,2,...,n}¢ by -
5.4 Definition
A NCaTS (x)ra) is called neutrosophic crisp a-

compact iff each neutrosophic crisp a-open cover of X has
a finite a-open subcover.
5.5 Corollary

A NCaTS (X ,r“) is a neutrosophic crisp a-compact

iff every family {<Gi ,G,.,G, > ‘ied } of neutrosophic
crisp a-compact sets in X having the the finite intersection
properties has nonempty intersection.

5.6 Corollary
Let(x.17), (v, 7 ) be NCaTSsand f : X —Y bea

continuous surjection. If (x , 1"1”‘) is a neutrosophic crisp

a-compact, then so is (Y,FZ“ .
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5.7 Definition

() Ifafamily {<Gil,

crisp a-compact sets in X satisfies the

condition A c U Gi;»Gi, ,Gi3> tied }, then it is called a

neutrosophic crisp open cover of A.
(b) Let’s consider a finite subfamily of a neutrosophic

crisp open subcover of {<Gi1 .G, ,Gi3> el }

Gi, ,Gi3> el } of neutrosophic

5.8 Corollary
Let(X,FI“), (Y,l";‘) be NCaTSsand f: X —Y be a

continuous surjection. If A is a neutrosophic crisp a-
compact in (X,r]“), thensois f(A) in (Y,F;‘ )

6. Conclusion

In this paper, we presented a generalization of the
neutrosophic topological space. The basic definitions of
the neutrosophic crisp o-topological space and the
neutrosophic crisp a-compact space with some of their
characterizations were deduced. Furthermore, we
constructed a netrosophic crisp a-continuous function,
with a study of a number its properties.
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