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Abstract— In this paper, we introduce the definition of triple Aboodh transform, some properties for the transform are presented.
Furthermore, several theorems dealing with the properties of the triple Aboodh transform are proved. In addition, we use this
transform to solve partial differential equations with integer and non-integer orders.
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1. INTRODUCTION

Many real world problems that arise in all the field of applied science are described by partial differential equation of integer and
non-integer order. Many researchers have turned their attention to solve partial differential equation and to develop new methods
for solving such equations, due to that many papers are published for developing methods for solving partial differential equation,
integral equations, fractional differential equation and so on[1,2,3 ,5] “in press” [4]. One of the well-known methods for solving
these equations is the integral transform methods, like Laplace transform method [6, 7], Summed transform method [8, 9], Natural
transform [10], Ezaki transform method [11], and so on.

Khalid Aboodh[12] in 2013 introduced a new integral transform called Aboodh transform, which is derived from the Fourier
integral and similar to Laplace transform, and applied it to solve ordinary differential equation , after that he introduced the double
Aboodh transform and used it to solve Integral differential equation and partial differential equation[13]. Aboodh transform
method proved very affection methods to solve partial differential equation, and fractional differential equation.

The objective of this article is to extend the Aboodh transform to the triple Aboodh transform, and discuss some theorems and
properties about the triple Aboodh transform. To show the applicability and efficiency of this interesting transform we apply this
transform to some test examples.

First, we recall the definition of first Aboodh and double Aboodh transforms given by Khalid Aboodh [12] the definition of first
Aboodh transform is given by:

ALF ()] =K (p)==[F (x )e ", x>0,
P
and the inverse Aboodh transform is defined by:
f(x,y)=
The double Aboodh transform [13] is defined by

a+ioo

- px
— apr e™K (p)dp .

=i

0 00

AA,[f(x.y).p.a]=K (p,q)=piq”f (x,y e P ¥dxdy,

00
where f (X,y) is continuous functionand X,y >0.
Moreover, the inverse of double Aboodh transform is given by:

a+ioo p+ioo

1 1
fxy)=5- I pe’ Eﬂj q e¥K(p,q)dq |dp

This article has been organized as follows: In Section 2 we introduce the definition of triple Aboodh transform, and we present the
triple Aboodh transform of some partial derivative of function of three variables, in section 3 we present existence and uniqueness of
triple Aboodh transform. In section 4, we state the convolution theorem of the triple Aboodh transform and its proof. Some theorems
and properties of the triple Aboodh transform method are given in section 5. In section 3, we give an analysis of the proposed
method. In section 6, we demonstrate the applicability of the triple Aboodh transform by presenting three examples. Finally, the
conclusion follows in section 7.
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2. DEfiNITION OF THE TRIPLE ABOODH TRANSFORM

In this section, we introduce the definition of triple Aboodh transform and triple Aboodh transform of partial and fractional
derivatives which are used further in this paper, moreover we apply triple Aboodh transform for some basic functions.

Definition 2.1 let f be a continuous function of three variables, then the triple Aboodh transform of f (X Y ,t) is defined by:

K (p.a,r)=AAA (f (x,yt )):mirﬂj'e(pxmwst)f (x,y . t)dxdydt (1)
0

In addition, the inverse of triple Aboodh transform is given by:
1 a+ioo 1 p+ico 1 y +ioo
f(x,y,t)=AlA A= — e | — e |— | r e"K(p,q,r)dr |dg |dp (2
oy ) =AlAA = oo™ s [ae? oo ] (p.a.T)dr |dg [dp (2)
a—1o0 }’*IOO

—ioo

First of all, we find triple Aboodh transform for partial derivatives
The triple Aboodh transform of nth derivative of a function of three variables is given by:

"f (x,y,t) S nem2 o™f (0,y 1)
AxAy A Tt =p AA A (f (x,y,t))—népn "TA A o
PN AL 219 R YN S gnmzn p (201000
xPy ™l T =q x Py t( (X,y,t))—zq x™M T m I

ay m=0 0
A A A anf (leit) _ nA A .I: - n—m72A A amf (leio)
020 T — =1 AA A ( (x,y,t))—Zr 07 I
m=0

e The triple Aboodh transform of mixed derivative of a function of three variables is given by:

o% (x,y,z,t)

pq pr
=parkK (p,q,r)-—K (p,q,0)——K (p,0,r
Xy ot J park (p,q,r) ; (p.q,0) q (p,0,r)

AA, A (

p ar pr pq par

3
AA, A (MszzAxAyAt (f (x,y,2,0))-1A, A (f (O,y.1))
X
of (0,y,t 2 1 of (0,y,0
L (FOLD) B, (1 (y.0)a, [ 2HEXD)

+%A2 (f 0,y.0))

e The triple Aboodh transform of the partial fractional Caputo derivatives of a function of three variables is given by:

o%f (x,y t « SIVEE f (0.y.0)
k =0

Pt (x,y t L *F (x,0,t
AcA, A #}qﬁAxAyAt(f X,y )= a’ A A, (¥ ,

X"y ayﬁ k=0 ayk
o (X, y t e 0f (x,y,0)
AcAy A %}”AXAWU CHANED s ZAXAV( ak )
k=0

Where the Caputo fractional derivative [14] of functionf (x,y,t) defined by:

e Aboodh transform of the Some Functions
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a. Iff(x,yt)=1,for x>0y >0t >0, then K(p,q,r)=

e

b, Iff(x,y,t):xyt,thenK(p,q,r)zﬁ.

A

d. AXAyAt(\/ﬁ):%.

e AA A (cos(x +y +t))= (p - §3+)<(1q++rq;;>(tqrr+r3).

f.osin(x+y+t)= E +p;13;(2r++qzq)r(r—ir3)

0 AxAyAt(cos(ax)cos(by)cos(ct))=(pz_az)(qf_bz)(rz_cz)-
abc

h. AA i in(by )sin(ct))= .
Ay A (sin(ax ) sin(by )sin(ct)) p(pz—az)q(qz—bz)r(rz—cz)
! ey I

3. EXISTENCE AND UNIQUENESS OF TRIPLE ABOODH TRANSFORM

In this section we discuss the existence and uniqueness of the triple Aboodh transform, and we prove the uniqueness of the triple
Aboodh transform.

Let f (X,y,t) be a continuous function on the interval [0,00), which is of exponential order, that is for some a,b,c e ‘R

It (x,y.b)|
x‘y]t>0e(ax+by+ct) '

Under the above condition, the triple Aboodh transform exists for all p >a,q >b,r >c . In the next theorem, the uniqueness of the
triple Aboodh transform is proven.

Theorem 3.1: let h(x,y,t)and I(x,y,t) be continuous functions defined for x,y,t >0 and having the Aboodh transform

H(p,q,r) and L(p,q,r) respectively. If H(p,q,r)=L(p,q,r), thenh(X,y,t)=1(X,y,t).
Proof: If we assume a, 3,y to be sufficiently large, then since

a+ioo p+ioco y +ico

1 1 1
f(x,y,t)=— P | — e | = | r e"K(p,q,r)dr |dq |d
( y) 2mi .p Zﬂiﬂj._q 271'1'-[ (p..1) a4 %
a —100 —100 y*lOO
We deduce that
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a+ioo f+ico y +ico

(xyt=—j jqeq —J-re”H(pqr)drdqdp
~ 1 a+ico o 1 PHioco " 1 y +ico .

_ga:[mp e Z_”iﬂ:[wq e z—m_y:[mr e"L(p.,q,r)dr |dg
=1(x,y.t)

and the theorem is established.

Theorem 3.2: If K(p,q,r) =A,A A [f (,y t)], Then
AA, A [f (x —a,y =b,t —c)H (x —a,y —b,t —c)]:e*pa*“b*mK (p.qa.r)
Where H (x Y ,t) is the Heaviside unit step function defined by :
H(x -ay -bt —c)={
Proof: By defnintion we have

AAGA [T (x —a,y —bt—c)H (x —a,y bt —c)]=

pqr”j e Y (x —a,y —b,t —¢)H (x —a,y —b,t —c) |dxdydt

1 X>ay >b,t>c
X <ay<b t<c

000000

px —qy —rt
—— ”Ie f (x —a,y —b,t —¢)dxdydt
abc
By letting x —a=u, , y—-b=u,, t—c=u,

_ _ _ _ _ _ _i —pa—gb-rc —pu;—qu,—ru
AAA [ (x—ay -bt—c)H (x —a,y -bt—c)]= pqre ”_([e 2f (uy,Uy,Ug, )duydudusg
=e PP K (p,q,r).

4. CONVOLUTION THEOREM

In this section, we state and prove the convolution theorem of triple Aboodh transform.
Theorem 4.1: If at the point (p,q,r) the integral

Gi(par)=ro J'” (Peay=rt)g, (x,y t)dxdydt

is converge, and in addition if

G,(p.q.r) T ”J. p)qu”t)gz(x y,t )dxdydt

is absolutely converge, then the following expression

G(p.q,r)=parG,(p.q.r)G,(p.q,r)
is the Aboodh transform of the function

tyx
g(x,y,t) :jjjgl(x =X1, Y =Y.t —11)8, (X4, Y1, )dx dydt;
000

and the integral
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G(p.a.r) = ar J” p”qy”t)g(x y,t)dxdydt

is converge at the point (p,q,r) .
Proof:

G(p.q,r) e J._” (Pxsay +rt) g (x,y.t)dxdydt

tyx
oar ”I (px+ay+rt) [J-IJ.gl(X =X,y =yt _t1)92(xl’yl'tl)dxldyldtl}j)(dydt
000

By using Heaviside unit step functlon

T 1 ¢
f”gz(xlyyl,tl)dxldyldt {W”je (Pay =)o (x —xp,y —y .t —t)H (X —Xp,y —y .t —tl)dxdydt}
0 0

= I.[J. 9, (X, Y.ty )dxdy,dte ~P TG, (p.q.r)
0

= parG,(p.q,r)G,(p.d.r)
5.  Some properties of triple Aboodh transform
In this section, we discuss and prove various properties of tripe Aboodh transform.
e The triple Aboodh transform is a linear operator, that is

AA A [ (af +bg)(x,y.t)|(p.a.1) =
aA A A [ (x,y,)](p.a,r)+bA A A [g(x,y t)](p.a,r)
Proof:

L[ et
Ay Ay [(af +bg)(xly,t)](P'q,|’)—HJ.”-G Pt (@ +bg ) (x,y ,t)dxdydt
— (px+qy +rt) f dxadvdt +b. (px+qy +rt ) dxdvd
apqr-”‘»[ (x,y,t)dxdydt + —HI g(x,y,t)dxdydt

:a'AX AyAt [f (X ’ y 1t)](paqu)+b'AxAyAt [g (X ' y !t)](pvq!r)
e Changing of scale property:

If ALA A [f (x,y.t)]=K(p.,q,r), then AA A [ (ax,by,ct)]:ﬁK(

o |o
ola
Oql =
~

Proof:

AcA A [F (@ by ct)] = ﬁ j”e APy 1t oy by ot )dxdydt
0

:LK(pgrj
abc abec

Note that the first and double Aboodh transforms satisfy the changing of scale property.
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e Shifting property:

If ALA A [F (x,y.1)]=K(p,q.r), then A, A A [e‘ax‘by*tf (x,y,t)J: K (p +a,q+b,r +c)
Proof:

—ax —by ot L ([ [o-(pxsay rt), —ax by —ct
AA A [e by ~ctf (x,y,t)]_ﬁj.”e ( Jg ~ax by —ctg (x,y,t)dxdydt

[e’e]

=lJ.e—(P+a)>< iJ.J.e—(Wb)Y—(HC)tf (x,y,t)ydt dx
p qr 0%

0
=1J.e‘(”+a)X K (x,q +b,r +c)x
P 0
=K (p+a,q+b,r+c)
Note that first and double Aboodh transforms satisfy the shifting property.
e  Multiplyingby x"y ™t

( 1)n+m+v an+m+v

AAAII:X y tf(xyt)] (park (p.q.r))

pqgr apnqm v

Proof:

AA A [x "yMF(x,y ,t)} = ﬁj‘ﬁe(p”‘“*” X"y ™YE (x,y,t)dxdydt

Ix” e ™ ”e‘“y "y "t'f (x,y,t)dydt |dx
qr 00
The expression in the bracket satisfies the property of the double Aboodh transform, that is

m+v am+V

q"

ALY " Gy 0]=C 0 S (ark (c,an).

thus,

1jx” o DT 8m+v (OIrK (x,q,r))dx

0 ar
3 (_1)n+mw an+mw

———(pqrK (p.q,r)),
pgr  op"q"r ( )

and this complete the proof.

o Iff (y.)=g()h(y)z (), thenA, A A [f (x.y.)]=A [g0)]A, [hW]A [2O)].
Proof:
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AA AT (x,y.t)]= ﬁﬂje‘“’“‘” Uf (x,y,t)dxdydt
0

b
par

:{lfe‘pxg(x)dxHETe‘th(y)dy}FTe‘”z(t)dt}
p 0 q 0 r 0

=A, [9(x)]A, [ny)]A [20)]

Il Te(p“’” g (x)h(y)z (t )dxdydt

Theorem 5.1: An exponentially of order continuous function f (x,y,t) on [O,oo) can be recovered from only

K(p.q,r) as:
)|

) _)M M n+l m m+1 v v+l oM nm
f(x,y,t)=Ilim %(—j — (—j — | PAarK (-, —,
nmy—oo nlml! X y t opoqor Xy

Proof: The poof is similar to proof given by Abdon Atangana see [15].

¢—¢-|<

To check the efficiency of the previous theorem, let us consider the following example:
Let f (x,y,t)=e* Y=t for which the triple Aboodh transform can be found as:
1
K(p.g.r)= ,
p(p+a)a(q+b)r(r+1)
by applying the high-order mixed derivative to the expression, we get the following:
an+m+v n!m!v! _1 n+m-+v
[park (p,a, )] = e

(p+a) " (@+b)"(r +c)

op"oq™mor’
by using theorem( 5.1), we get:

n n+1 m m+1 v v+l n -n-1 m -m-1 v v -1
f(x,y,t)=Ilim (—j (—] (—j [a+—] (b +—j (c +—j
n,my—wo\ X y t X y t
—n-1 -m-1 V-1
= lim (1+%j (1+b—y) (1+£j ,
n,my —w n m Vv

by applying the logarithm and L’Hopital’s rule we get:
Inf (x,y,t)=—ax —by —ct,

f(x,y,t)y=e &=t

6. APPLICATION

In this section, we construct some different examples to illustrate the applicability and efficiency of the triple Aboodh
transform.

Example 1: Consider the following fractional partial differential equation:

O’ (x,y 1)
2

DA (x,y,t)= , O<a<l, 3 ,

with the following initial and boundary values:

f (O,y,t) 201 fx (O,y,t) :Sin(y)Ea(_ta)

f (x,y,0)=sin(x)sin(y)
Solution: Applying the triple Aboodh transform to equation (3) and for the initial and boundary conditions we get:
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FYAA A (F (XY 1)-TPAA, (F (x,y.,0)=p*AA A (f (x,y.1))

1 of (0,y,t
AT O.Y.0)- A A (%j
Where,
. . 1
AA, (f(x,y,0)=AA, (5|nxsmy):p(p+l)q(q+1)
A/A(F 0y 1)=A,A (0)=0
oF Oy, 1)) r“? 1
AyA‘( ox j_1+r“ a@+1)’
thus,

pq@2+1)| p2+1 re+1
re? 1 1
r“+1p(p®+1)a@*+D’
by applying the inverse of triple Aboodh transform, we get:

a-2
(r = p2)AA A (f X,y D) =— [ ! 1 }

AAGA(f (x,y 1)) =

re—2 1
r“+1p(p?+1)a@’ +1)

f(x,y.t)=ATA AT =sin(x)sin(y )E, (-t%).

Example 2: Consider the following nonhomogeneous third-order Mboctara partial differential equation:
% (x,y,t)
ox oy ot
subject to the following initial and boundary conditions:
f Oy t)=e 2" f(x,0t)=e>" f(x,y,0)=e*%.
Solution: Applying the triple Aboodh transform to equation (4), we get:

+f (x,y,t) =3 X2 (4)

1
p(p+Da(@+2)r(r-1’

(par +HK (p,q,r)=U (p,q,r)+ )

Where,
r r
u (p,q,r)=pr—qr<(p,q,0)+%r<(p,o,r)+%K<o,q,r)
qr pr pq par

_ par —2
p(p+Da(@+2)r(r-1’

By substituting the value of U (p,q,r) in equation (5), we get:

K(p,q,r)=

by applying the triple inverse Aboodh transform we get:
f(x,y,t)=e" &,
Example 3: Consider the following diffusion equations:
o%f (x,y,t) +82f 0Ly 1) g of (xuy.t) _
ox? oy 2 ot
Subject to the following initial and boundary conditions:

1
p(p+Da@+2)r(r-1°

0, (6)
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f (O,y ,t) :e2y+t ,f (11 y ,t) :el+2y+t
f (x,0,t)=e*"¥ f (x,051t)=e*"
f(x,y,0=e""%,
Solution: By applying the triple Aboodh transform to equation(6), we get:
(p?+a’-r)K(p.a.,)=U(p.q.1) 7)
Where

U(p.a.r)=A,A(f (O,Y,t))+%AyAt (MJ

OX
1 of (x,0t 1
+AA (T (x :Oyt))+aAyAt (%j‘?AxAy (f (x.y,0))
~ p?+q®-r
p(p-Da@-2r(r-1)
By substituting the value ofU (p,q,r) , equation (7) becomes:

1
K(p,q,r)= 8
P = (oD@ -2r -9 ©

Applying the triple inverse Aboodh transform on equation(8), we get :
f (X,y ,t) =e><+2y+t_

7. CONCLUSION

In this present work, triple Aboodh transform and its inverse are defined in order to solve partial differential equations and
fractional differential equations, furthermore, we present several properties and theorems of triple Aboodh transform. To see the
efficiency of triple Aboodh transform, we apply this transform on three different examples; the results show that the triple Aboodh
transform method is an appropriate method for solving partial differential equations of both integer and fractional order.
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