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An exact algebraic solution for the recursive
path model with manifest variables

PETER H. SCHONEMANN
Purdue University, Lafayette, Indiana

It is shown that the classical recursive path "model" By = Ax + Uz, where Cov(x,z) = 0 and
B is lower triangular, has a very simple algebraic solution that is essentially given by the chol
eski factor of the partial variance-covariance matrix, Var (ylx), This solution always exists, and
it is unique provided only that Var(x) and Var(Ylx) are nonsingular. It may be useful for ex
ploratory work and also as a starting configuration to speed up convergence of iterative esti
mation schemes.

NOTATION

a "recursive path analysis model" (see , e.g., Li, 1975 ,
and Wright , 1918, 1921) if

Let y' = (YI, . ",yp) a vector of p G"1) observed
"dependent" (or "endogenous") real-valued random
variabl es with pxp variance -covariance matrix Var(y) ,
x' = (XI, ' . . ,xm) a vector of m G"I) observed "indepen
dent" (or "exogenous") real-valued random variables
with nonsingular mxm variance-covariance matrix
Var(x). The covariance matrix between the dep endent
and independent variables will be denoted Cov(y,x).

It is customary to call the structural relations

By =Ax + Uz

Var(z) = Ip,

Cov(x ,z) = 0,

(1.1)

(1 .2a)

(1.2b)

By from the independent variables in x (with hetero
scedastic errors, Yaree) = U2

) . Finally , the p-variate
random vector Z' = (Zl" " ,zp) can be interpreted as a
vector of p standardized "residuals" that are uncorre
lated with the m independent variables Xj.

It should be noted that these residual random vari
ables , although "unobserved ," are perfectly well defined
in th e population by the structural relations (1J) and
the stochastic conditions (1. 2) as linear combinations
of the observed Yi and Xj . This is no longer the case in
the presentl y popular "LISREL model" (e.g. , Joreskog,
1973), which is a generalization of the relations (1J)
and ( 1.2) and allows for " latent" variables, in analogy
to th e classical factor model. In this case , there is an
excess of postulated (linearly) independent latent
variables over observed variables. Hence , the latent
variables ("causes") of the general LISREL model are
ind eterminate , for the same reasons that they are inde 
terminate in the classical factor model (see, e.g. , Guttman,
1955 , Schonernann & Steiger, 1978 , Schone mann &
Wang, 1972 , and Wilson, 1928).

B is lower triangular with diag(B) = diag(I), (1.2c)
ALGEBRAIC SOLUTION

Th e author's mailing address is: Department of Psychological
Scien ces, Purd ue University. Lafayett e, IN 47907.

The lower triangular matrix B will be called the
"recursion matrix" of the structural relations (1J). It
carri es the observed dependent variables Yi into a set of
images Yi* in such a way that the nth image depends
only on Yn and possibly the prec eding n-l Yi, thus
implying an order relation among the dependent vari
abies . In view of (1.2), B always has an inverse of the
same form , that is, also lower triangular with 1s in the
diagonal. The pxm matrix A will be called the " regres
sion pattern" of the structural relations (1.1) , since its
rows contain the regression weights for predicting y* =

Var(y)= B-1 (A Var(x) A' + U2)B -I'. (2. 2)

and for the variance-covariance matrix of the dependent
variables

(2.1)

(2.3)

Cov(y,x) Var -I (x) = B-1 A,

On substituting (2.2) into (2.1) , one finds that

Var (y) _ B-1 A Var(x)A'n-1 ' =
Var(y ) - Cov(y,x) Var-I (x) Cov(x ,y)

Since B is lower triangular with diag(B) = diag(I) ,
it has a unique inverse B-1

. On premultiplying (1.1)
with B-1

, one finds for the covariance matrix of y with
x, in view of (l .2b),

(1.2d)U = diagonal, positive definite.
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is the partial variance-covariance matrix, Var(y]x).
Hence, (2.2) is equivalent to

NUMERICAL ILLUSTRAnONS

HH' = (B-1 UXUB-I ') = Vartylx),

where

Although the computations are fairly straightforward,
(2.4) a brief numerical illustration will be given. The data are

taken from U (1975, p. 324), who, in tum, borrowed
them from Jencks, Smith, Acland , Baine, Cohen, Gintis,
Heyns , and Michaelson (1972). In the analysis presented

(2.5) by U, the first two variables are treated as independent
variables :

where H is the positive definite choleski factor of the
partial covariance matrix, Vartylx) , and diag(X) denotes
the diagonal of a square matrix X.

It is easy to see that the map from [Var(y) , Var(x) ,
Cov(y,x)] to [Var(x), A, B, U] is bijective (1:1 onto) ,
since

is a choleski ("triangular") factor of Var(y Ix). It is well
known that such factorizations exist for all grarnian
matrices and that they are unique up to column reflec
tions. Since rankivarty]x) = rank(H), a necessary and
sufficient condition that U can be chosen positive
definite is that Vartylx) be nonsingular. Since it is also
gramian by definition, the reflections can then always
be chosen so that H and , hence, also U = diag(H) are
positive defmite . One thus arrives at

One thus arrives at Theorem 1: A necessary and suf
ficient condition that the structural relations (2.1) and
(2.2) have a solution is that Var(x) and Varty]x) be of
full rank , in which case the solution is unique and given
by (2 .6).

The relations (1.1) and (1.2), therefore, do not define
a "model" in the conventional sense of a formalized
falsifiable theory , but rather a canonical decomposi
tion of the observed (p+m)-variate random vector
(x' ; y') akin to a principal components decomposition
or a canonical correlation decomposition . On reading the
earlier literature on path analysis, one gathers the
impression that it has not always been realized that the
classical recursive path "model" is actually a tautology
(see also Numerical Illustrations section below).

As was shown, such a decomposition can always be
found and therefore is empirically not falsifiable without
imposing additional constraints. It is interesting to note
that its existence and uniqueness do not depend on A
having full column rank.
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A. Variables 1 and 2 indepe ndent B. Variable 1 independent

Algebraic solution obtained with

Correlatioos (froll. Li, 1975 , p.3211):

(1) G = Cov(y,x) Var-I (x)
(2) Vartylx) =

Var(y) - Cov(y,x) Var-I (x) Cov(y,x)
(3) Vartylx) = HH' (choleski decomposition)
(4) U = diag(H)
(5)B=UW1

(6) A = BG.

YI : early child IQ (IQ1)
Y2: child's education (CEO)
Y3 : child's adult IQ (IQ2)

Va riables : 1 : father's eduoation (FED)
2 : father's ocoupation (POC )
3 : early obild's lQ (lQl )
4 : cbild" educatiDD (CED)
5 : adult ohild's rc (lQ2)

XI : father's education (FED)
X2 : father 's occupation (FOC) .

Table 1
Exact Solution of Recursive Path "Model" for

Jencks's et at. (1972) Data

And the next three variables are treated as dependent
variables:

Thus, in this case, the recursive path paradigm is used to
explain the adult child's IQ as a function of the preced
ing four variables, two of which are treated as exogen
ous. The correlations matrix for the five variables are
given in Table 1.

The computations can be summarized in six steps :

(2 .6a)

(2.6b)

(2.6c)

(2.7a)

(2 .7b)

(2 .7c)

B = diag(H) Wi ,

A = diag(H) Wi Cov(y ,x) Var-I (x),

U = diag(H) , (positive definite),

Var(x) = Var(x),

Var(y) =B-1 (A Var(x) A'+U2 )B-1
"

Cov(y,x) = B-1 A Var(x) .
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Step 2 : 8 8' s V. r (x.lx ) :
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5 -.001 -.693

o 0
o 0

.782 0

.19. .518

. 782 ..518)

o 0
o 0

1.00 0
-.2U 1.00

In th e anal ysis above, we have used 8 of the 10 correlations.
Th e two co rrelations not used are rQ' = 0.305 and rQ, =
0.314 [these arc the correlation s of the tw o ind ependent
variables, FED and FOe, with the ultimate dependent
variable, IQ2 - PHS) . On th e basis of Fig. 325 [the path
diagram) , two additional equ ations may be written down
for the se two correlations. These are called "excess" equa
tions and th e system is said to be over-determined or over
identified" (Li, 1975, p. 325) .

The author then used his path coefficients to com
pute the two correlations supplied by the "excess
equations" to obtain an "estimate" of .304 for rQI .

On the basis of the small numerical discrepancy, he
concluded:

According to the diagram, the expected correlation be
tween X, and Q is .304, while the observed correlation is
rQ I = 0.305 , in spite of the sampling and rounding off of
errors. A similar situation exists for rQ, . We conclude that
the path coefficients indicated in Fig. 325 are consistent
with the data" (emphasis added) (Li, 1975, p. 327).

The matrix G at Step 1 is simply the (sample estimate
of the) matrix of regression weights of y on x, and the
matrix at Step 2 is the estimate of the partial covariance
matrix, Var(ylx). Choleski factorization of Var(y Ix)
then gives the gram factor H at Step 3 and its diagonal
the diagonal matrix U at Step 4. Inversion of H gives
the recursion matrix B = UH-I for the dependent
variables at Step 5, which is used to obtain the regres
sion pattern A = BG at Step 6. Since none of these
computations involve iterations of any kind , this alge
braic solution is computationally very efficient and can
be obtained with the most elementary equipment, for
example , a microcomputer.

These computations are illustrated, step by step, in
Table I for the Jencks et al. (1972) data, both for
m = I (one independent, four dependent variables)
and m = 2 (two independent, three dependent variables).
The residual matrices, BVar(y)B' - AVar(x) A', are
exactly equal to U2 in both instances.

The numerical results obtained for m = 2 coincide
exactly with those given by Li (1975 , path diagram,
p. 325) , who, however, was apparently unaware that the
structural relations (1.1) and (1.2) are tautological:

. 199 .199

.139 .216

. 0 02 .001

Cbeok : B '.r(~) 8' - 1 '.r(x) I' • 02 :

. 8 8 1
o
o

5 .

o 0
. 6 12 0

o .268

2 . 50 9
3 .199
, . 139
5 .002

.Hl 0
o .881
o 0
o 0

o 0
o 0

.612 0
o .268

This example illustrates once again that counting
equations and unknowns may lead to false inferences
about the degree of identifiability of systems of struc
tural relations (see also Guttman's, 1958, p. 306 , critique
of the once widespread trust in "Lederman's number"
by factor analysis). In the above example, the system
is "just identified" (in the sense that it always has
exactly one and only one solution), because the "excess
equations" are redundant. The small numerical dis
crepancies Li (1975) observed are solely due to rounding
error , not to sampling error.

The fact that the defining structural relations (1.1)
and (1.2) of the recursive path "model" with manifest
variables are tautological in the sense that no data can
be found that permit rejection of these postulated rela
tions does not mean, of course, that they cannot be
rendered empirically falsifiable by imposing additional
constraints .
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