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Categories, Structures, and the Frege-Hilbert Controversy:
The Status of M eta-mathematics'

STEWART SHAPIRO*

There is a parallel between the debate between Gottlob Frege and David
Hilbert at the turn of the twentieth century and at least some aspects
of the current controversy over whether category theory provides the
proper framework for structuralism in the philosophy of mathematics.
The main issue, | think, concerns the place and interpretation of meta-
mathematics in an algebraic or structuralist approach to mathematics. Can
meta-mathematics itself be understood in algebraic or structural terms?
Or is it an exception to the slogan that mathematics is the science of
structure?
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The slogan of structuralism is that mathematics is the science of structu@e.
Rather than focusing on the nature of individual mathematical objects,
such as natural numbers, the structuralist contends that the subject maiter
of arithmetic, for example, is the structure of any collection of objects that
has a designated, initial object and a successor relation that satisfiesghe
induction principle. In the contemporary scene, Paul Benacerraf’s classic
‘What numbers could not be’ [1965] provides the standard motivation far
structuralism, arguing that numbers are not objects and that numerals &re
not singular terms. According to Benacerraf, elementary arithmetic is coi-
cerned with systems that share the common structure, and not with ghy
particular ontology. As structuralism was gaining momentum in the philoz
sophy of mathematics, Colin McLarty’s ‘Numbers can be just what the§
have to’ [1993] put forward the thesis that category theory provides the
proper, or at least an especially insightful and compelling, framework fgr
it. He points out that objects (and arrows) in categories have only relatiorfal
properties, which are just the features that the structuralist focuses orgin
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systems that exemplify the natural-number structure. Recent issues of this
journal explore the relationship between category theory and structural-
ism. Geoffrey Hellman [2003] challenges the foundational claims made on
behalf of category theory, and McLarty [2004] and Steve Awodey [2004]
reply. It is interesting that these two replies take the debate in competing
and perhaps incompatible directions.

The title of Hellman [2003] is a question: ‘Does category theory provide
a framework for mathematical structuralism?’, and Awodey’s opening sen-
tence provides an answer: ‘yes, obviously'. Like just about everything else,
it depends on what question is being asked. What sort of framework are
we after? And what is mathematical structuralism? For that matter, what is
category theory? | suspect that, to some extent at least, the various sides of
this debate are at cross-purposes, focusing on different sets of issues and
guestions. Even if this is true, it does not follow that the debate is useless,
uninteresting, or unimportant. It may be that the issues and questions of
one side are more central to mutual concerns than the issues and questions
of the other side.

In this note, | hope to shed a little light on the question, or questions, by
relating the present debate to a clash that took place over a hundred years
ago, between two intellectual giants, Gottlob Frege and David Hilbert.
| propose to focus on the role and function of meta-mathematics, which,
| suggest, does not fit smoothly into Hilbert's algebraic perspective at the
time. The problem was directly remedied in the subsequent development
of the Hilbert program some decades later, where it is explicit that the
proper meta-mathematics is finitary arithmetic. But, the story goes, this
resolution was undermined with the incompleteness theorems, thanks to
Godel. So there is some unfinished business in the original debate, at least
from Hilbert’s side of it.

The general issue concerning meta-mathematics provides some per-
spective to the current debate over category theory and structuralism. The
category-theory folks, or at least some of them, are squarely on Hilbert's
side of the Frege-Hilbert divide. This is no accident, of course. Saunders
Mac Lane’s roots go back to Géttingen. In part, Hellman’s approach to
structuralism [1989], [1996], as well as my own, also fall on Hilbert’s side
(see, for example, Shapiro [1997], Chapter 5, 83, or Shapiro [1996]). How-
ever, my ownante rem structuralism is an attempt to have it both ways.

At least some of the questions answered in Shapiro [1997] derive from
what may be called the Frege-Quine tradition, and they concern the afore-
mentioned unfinished business of the Hilbert program—the proper role or
place of meta-mathematics. In my book, | use the word ‘structure’ as a
sortal, with quantifiers ranging over structures. | took this as a burden to
say something about what a structure is, and | was led to traditional talk of
universals and platonic forms. Fellow structuralists, such as Hellman and
Michael Resnik [1997], accept the same problematic, and give different
answers from mine, the former being a structuralism without structures.
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CATEGORIES, STRUCTURES, AND THE FREGE-HILBERT CONTROVERS®3

The issue at hand is distinctly Fregean. We try to say what a structure is,
and when two structures are identical or distinct. In short, we require a
mathematical and/or a philosophidakory of structures or of systems-
with-shared-structure. One of the burdens of McLarty [2004] is to show
that the meta-mathematical matters can themselves be approached from
the categorical perspective.

The debate between Frege and Hilbert concerned geometry. Alberto
Coffa ([1986], pp. 8, 17) provides a delightful summary of the situation on
the ground at the time:

During the second half of the nineteenth century, through
a process still awaiting explanation, the community of geo-
meters reached the conclusion that all geometries were here
to stay... [T]his had all the appearance of being the first
time that a community of scientists had agreed to accept in a
not-merely-provisory way all the members of a set of mutually
inconsistent theories about a certain domaint was now up

to philosophers. . to make epistemological sense of the mathe-
maticians’ attitude toward geometry. The challenge was a
difficult test for philosophers, a test which (sad to say) they all
failed. . .

For decades professional philosophers had remained largely
unmoved by the new developments, watching them from afar
ornotatall. .. As the trend toward formalism became stronger
and more definite, however, some philosophers concluded that
the noble science of geometry was taking too harsh a beating
from its practitioners. Perhaps it was time to take a stand on
their behalf. In 1899, philosophy and geometry finally stood in
eyeball-to-eyeball confrontation. The issue was to determine
what, exactly, was going on in the new geometry.

What was going on, | believe, was that geometry was becoming Ie§s
the science of space or space-time, and more the formal study of certgin
structures. Issues concerning the proper application of geometry to phys-
ics were being separated from the status of pure geometry, the brafich
of mathematics. Hilbert’s Grundlagen der Geometrie [1899] represents &
the culmination of this development, delivering a death blow to a role fc%
intuition or perception in the practice of geometry. Although intuition o
observation may be the source of axioms, it plays no role in the actual
pursuit of the subject.

The early pages of Hilbert [1899] contain phrases like ‘the axioms cﬁ
this group define the idea expressed by the word ‘betweehand ‘the
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1 Coffa’s claim that philosophers had ignored and then opposed the developments in geo-
metry is a bit of an exaggeration. Husserl [1900] made effective use of the new perspective in
developing his metaphysics and philosophy of science (see Chapter 11, especially §870-71).
Thanks to Per Martin-Lof for the reference. Coffa focuses on Frege and Russell.
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axioms of this group define the notion of congruence or motion’. The idea
is summed up as follows:

We think of. .. points, straight lines, and planes as having cer-
tain mutual relations, which we indicate by means of such
words as ‘are situated’, ‘between’, ‘parallel’, ‘congruent’,
‘continuous’,etc. The complete and exact description of these
relations follows as a consequence of #xems of geometry.

A crucial aspect of the axiomatization is that the system is what | call
‘free-standing’. Anything at all can play the role of the undefined primitives
of points, lines, planestc., so long as the axioms are satisfied. Hilbert
was not out to capture the essence of a specific chunk of reality, be it space,
the forms of intuition, or anything else. Otto Blumenthal reports that in a
discussion in a Berlin train station in 1891, Hilbert said that in a proper
axiomatization of geometry, ‘one must always be able to say, instead of
“points, straight lines, and planes”, “tables, chairs, and beer mags”.’

In a retrospective encyclopedia article, Hilbert's student and protégé
Paul Bernays ([1967], p. 497) summed up the aims of the new geometry:

A main feature of Hilbert's axiomatization of geometry is that
the axiomatic method is presented and practiced in the spirit
of the abstract conception of mathematics that arose at the end
of the nineteenth century and which has generally been adop-
ted in modern mathematics. It consists in abstracting from the
intuitive meaning of the terms.. and in understanding the
assertions (theorems) of the axiomatized theory in a hypothet-
ical sense, that is, as holding true for any interpretation

for which the axioms are satisfied. Thus, an axiom system is
regarded not as a system of statements about a subject mat-
ter but as a system of conditions for what might be called a
relational structure. . [On] this conception of axiomatics, .
logical reasoning on the basis of the axioms is used not merely
as a means of assisting intuition in the study of spatial figures;
rather logical dependencies are considered for their own sake,
and it is insisted that in reasoning we should rely only on those
properties of afigure that either are explicitly assumed or follow
logically from the assumptions and axioms.

At first, Frege had trouble with this orientation to mathematics. In a
letter dated December 27, 1899, he lectured Hilbert on the nature of defin-
itions and axioms. According to Frege, axioms should express truths;

2 ‘Lebensgeschichte’ in Hilbert [1935], pp. 388-429; the story is related on p. 403.

3 The correspondence between Frege and Hilbert is published in Frege [1976] and trans-
lated in Frege [1980]. See Blanchette [1996] for an insightful discussion of Frege’s notion
of logical consequence.
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definitions should give the meanings and fix the denotations of terms.
These are fundamentally different enterprises, and should never be con-
fused. Moreover, with a Hilbert-style implicit definitiomeither job is
accomplished. Frege complained that Hilbert [1899] does not provide a
definition of, say, ‘between’ since the axiomatization ‘does not give a char-
acteristic mark by which one could recognize whether the relation Between
obtains’:

.. the meanings of the words ‘point’, ‘line’, ‘between’ are not
given, but are assumed to be known in advancégl]t is also
left unclear what you call a point. One first thinks of points in
the sense of Euclidean geometry, But afterwards you think
of a pair of numbers as a point. Here the axioms are made
to carry a burden that belongs to definitions [B]eside the
old meaning of the word ‘axiom’,.. there emerges another
meaning but one which | cannot grasp.

According to Frege, definitions are in sharp contrast with axioms a
theorems. The latter

.. must not contain a word or sign whose sense and meaning,
or whose contribution to the expression of a thought, was not
already completely laid down, so that there is no doubt about
the sense of the proposition and the thought it expresses. The
only question can be whether this thought is true and what its
truth rests on. Thus axioms and theorems can never try to lay
down the meaning of a sign or word that occurs in them, but it
must already be laid down.
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Frege’s point is a simple one. If the terms in the proposed ‘axioms’ do ngt
have meaning beforehand, then the statements cannot be true (or false),
and thus they cannot be axioms. If they do have meaning beforehand, t@en
the ‘axioms’ cannot be definitions.

Hilbert replied on December 29, rejecting Frege’s suggestlon that tlge
meanings of the words ‘point’, ‘line’, and ‘plane’ are ‘not given, but areg
assumed to be known in advance’

| do not want to assume anything as known in advance. | regard
my explanation .. as the definition of the concepts point, line,
plane... If one is looking for other definitions of a ‘point’,
e.g. through paraphrase in terms of extensionless, then

| must indeed oppose such attempts in the most decisive way;
one is looking for something one can never find because there
is nothing there; and everything gets lost and becomes vague
and tangled and degenerates into a game of hide and seek.
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This talk of paraphrase is an allusion to ‘definitions’ like Euclid’s ‘a point

is that which has no parts’. Such ‘definitions’ play no role in the mathem-
atical development, and are thus irrelevant. Later in the same letter, when
responding to the complaint that his notion of ‘point’ is not ‘unequivocally
fixed’, Hilbert wrote:

... itis surely obvious that every theory is only a scaffolding
or schema of concepts together with their necessary relations
to one another, and that the basic elements can be thought of
in any way one likes. If in speaking of my points, | think of
some system of thingg.g., the system love, law, chimney-
sweep. .. and then assume all my axioms as relations between
these things, then my propositioresy., Pythagoras’ theorem,
are also valid for these things. [A]ny theory can always be
applied to infinitely many systems of basic elements. One only
needs to apply a reversible one-one transformation and lay it
down that the axioms shall be correspondingly the same for
the transformed things. This circumstance is in fact frequently
made use ofe.g., in the principle of duality. .. [This] ... can
never be a defect in a theory, and it is in any case unavoidable.

Note the similarity to the remark in the train station. Hilbert repeated the
role of what is now called ‘implicit definition’ (or, in philosophical circles,
‘functional definition’) noting that it is impossible to give a definition of
‘point’ in a few lines since ‘only the whole structure of axioms yields
a complete definition’. He noted the now familiar point that isomorphic
structures are equivalent.

Frege did not get it, or did not want to. On the following September 16,
he wrote that he could not reconcile the claim that axioms are definitions
with Hilbert’s view that axioms contain a precise and complete statement
of the relations among the elementary concepts of a field of study. For
Frege, ‘there can be talk about relations between conceptmly after
these concepts have been given sharp limits, but not while they are being
defined’. On September 22, an exasperated Hilbert replied:

...aconcept can be fixed logically only by its relations to other
concepts. These relations, formulated in certain statements
| call axioms, thus arriving at the view that axioms are the
definitions of the concepts. | did not think up this view because

I had nothing better to do, but | found myself forced into it by
the requirements of strictness in logical inference and in the
logical construction of a theory. | have become convinced that
the more subtle parts of mathematics can be treated with
certainty only in this way; otherwise one is only going around
in a circle.
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CATEGORIES, STRUCTURES, AND THE FREGE-HILBERT CONTROVERS®7

Hilbert's claim that a concept can be fixed only by its relations to other
concepts is a standard motivation for structuralfsm.

Nowadays we have a rough and ready distinction which we can apply
here. The algebraist says that a group is anything that satisfies the axioms of
group theory; a ring is anything that satisfies the ring axiatts,There is
no such thing aghegroup’ or ‘the ring’. Hilbert says the same thing about
geometry, and, by extension, arithmetic, real analysis, and so forth. At the
time, it seems, Hilbert tookvery branch of mathematics to be algebraic:
any given branch is ‘about’ any system that satisfies its axioms. In opposi-
tion to this, Frege insisted that arithmetic and geometry each hepeeific 9
subject matter, space in the one case and the realm of natural numbers in
the other. And the axioms express (presumably self-evident) truths athut
this subject matter. Following a suggestion of Hellman’s, let us say that fer
Frege, the axioms of arithmetic and geometryessertory; and for Hilbert, §
they arealgebraic. Sentencesthatare assertory are meantto express pro
itions with fixed truth values. Algebraic sentences are schematic, applylgg
to any system of objects that meets certain given condifions. 5

For what it is worth, myante rem structuralism proposes to bridge the 8
gap between the algebraic and assertory approach to theories like Euclldgan
geometry, arithmetic, real analysis and complex analysis. From one pgr-
spective, called ‘places-are-offices’, the theories are algebraic, applyiag
to whatever systems satisfy them. However, if the axioms of a branch §)f
mathematics are satisfiable and categorical, then they characterize a (single)
structure, and the axioms are trofeit. | call this the ‘places-are-objects’ 5
perspective. The idea is that places in a structuréama fide objects, and
we can have quantifiers ranging over them. The structure itself is a chugak
of reality, and the theory is about it. So the same axioms are algebraic fram
one perspective, and assertory from another (Shapiro [1997], Chayter :g

o
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4 The exegetical and historical issues are complex, and it would take us too far afield%o
go much deeper. Did Hilbert intend his remark to be limited to mathematical, or perhags
just geometrical concepts’7 Consider, moreover, Frege’s ([1884] Introduction) own contéxt
principle that one can ‘never ask for the meaning of a word in isolation, but only in th(g
context of a proposition’. This can be, and has been, interpreted to entail that a conceptgan
only be fixed by its relations to other concepts (see, for example, the neo-logicists Wri
[1983], Hale [1987]). S

The word ‘algebraic’ might be a bit misleading. There is a three-fold distinction thaB
can be made here. Say that atheory is ‘Fregean’ if it is intended to be about a specific subject
matter, and that a theory is ‘Hilbertian’ if it consists of taking the logical consequences &f
an axiomatization regarded as an implicit definition of a type of structure. Contempor
group theory and ring theory are not pursued, for more than a few minutes, in this Hilbertian
manner. Rather, the group theorist studies all groups, developing relationships between them
and with other structures. This study is made in a background framework, perhaps naive
set theory, and one can take either a Fregean or a Hilbertian approach to this background.

6 It was thus potentially misleading for me to refer to theories like arithmetic and real
analysis as ‘non-algebraic’ in the motivating sections of Shapiro [139F] pp, 40—-41).
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One can take any algebraic sentence and interpret it directly as a
proposition about all systems of a certain sort. Consider, for example, the
Euclidean sentence that there is a point that lies between any two distinct
points. From the algebraic perspective, this comes to something like this:

(*) Inany (possible) Euclidean systesn for any two distinct
objectsz, b in S that are ‘points-inS’, there is a third object
¢ that is also a point-irf, andc lies between-ins a andb.

This is the route of eliminative structuralisenla Benacerraf and modal
structuralisma la Hellman, the latter supplying the ‘translation’ schemes
explicitly, with full mathematical rigor. The above passage from Bernays
contains a sentence in this form, and such statements are at least implicit
in Hilbert's motivating remarks and in the correspondence with Frege.

What is the status of statements like (*)? It would seem that for the
algebraist, such sentences must themselves be assertory. This is just to
insistthat a philosopher or mathematician assert something when stating the
algebraic position. Moreover, it would run counter to the spirit of Hilbert's
approach to think of the opening quantifier in (*) as itself restricted to
a particular system. A system of what? A system of systems? At least
prima facie, then, if an algebraist insists that all (legitimate) mathematical
statements are algebraic, then (*)-type assertions are not mathematical.
But this seemsd hoc. In typical cases, the (*)-type assertions contain
no non-logical terminology, and so for the algebraist, there is nothing to
reinterpret. In an attempt to recapture Hilbert’s perspective, Frege [1971]
himself showed how to make statements like (*) in his own logical system.
And, of course, for Frege such statements, like all others in mathematics,
are assertory.

Hilbert's thoroughgoing algebraic perspective is reminiscent of the oft-
heard claim that a category is anything that satisfies the axioms of category
theory, what Awodey calls the top-down approach. Contrary to what | once
wrote (Shapiro [1997], p. 193), the ‘arrows’ of a category do not have to
be functions (as those notions are understood in set theory—not to quibble
over terminology). The category theorist claims that her account, in terms
of the axioms of category theory, is a more fruitful way to define and
organize (algebraic) mathematics than Hilbert's method of implicit defini-
tion in higher-order languages (which is closer to the techniques of Shapiro
[1997]). | do not have the expertise to shed light on that matter, and it does
not strike me as particularly philosophical. | see how many of the philo-
sophical claims in my book can be formulated in terms of category theory,

I took the distinction to be implicit in mathematical practice, although this begs the question
against a thoroughgoing algebraist like Hilbert of 1900. The correct idea, | think, is that
theories like arithmetic and real analysis can be treated as assertory from one perspective,
that of places-are-objects. This does not preclude them from also being treated algebraically.
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rather than the quasi-model-theoretic perspective | took at the time. | will
not speak for my fellow structuralists.

Some of the central points in Hellman [2003] have roots in a closely
related matter on which Hilbert and Frege never saw eye to eye: the
role of consistency and the nature of mathematical existence. Hilbert's
Grundlagen provided consistency and independence proofs by finding
interpretations that satisfy various sets of axioms. Typically, he would
interpret the axioms of a theory in terms of constructions on real num-
bers. This approach, now as common as anything in mathematics, runs
roughshod over Euclid’s definition of a ‘point’ as ‘that which has no parts'y
When we interpret a ‘point’ as an ordered pair of real numbers, we sée
that points can indeed have parts. This free reinterpretation of axiomssis
a main strength of contemporary mathematical logic, and a mainstay of
mathematics generally. It drives the structuralist, algebraic, perspective ®n
mathematics. And it runs counter to the Fregean perspective. In the fitst
letter Frege complained that Hilbert takes ‘a pair of numbers as a pomﬁ
contrastlng this with ‘points in the sense of Euclidean geometry’. 5

What is the Hilbertian to make of the statements of consistency them-
selves? Are they algebraic or assertory, or both at once? In the 1899 letfer,
Frege said that there is never a serious question of consistency. From the
truth of axioms, concerning their intended subject matter, ‘it follows that
they do not contradict one another’. Since Hilbert did ‘not want to assu
anything as known in advance’, he rejected Frege’s claim that we can reason
from truth to consistency. He wrote:

As long as | have been thinking, writing and lecturing on these
things, | have been saying the exact reverse: if the arbitrarily
given axioms do not contradict each other with all their con-
sequences, then they are true and the things defined by them
exist. This is for me the criterion of truth and existence.

SL/LO/L/EL/BPIIE EW|IY

On the algebraic, top-down approach, we characterize a structure and
thereby study systems that exemplify that structure. Clearly, if the charag-
terization is not coherent, then one has not characterized a p033|ble system
and the enterprise has misfired. The more controversial claim is the ccgw-
verse: if the given characterization is coherent, then all has gone well. Thére
is no further mathematical or metaphysical burden to discharge. The qués
tion of coherence is all that remains of the traditional issue of existence ;at
least for mathematics. E

But whatof this notion of coherence? Is itraathematical question, S
and, if so, how do we negotiate it? For Hilbert, coherence is consistency,
and by this he surely meant deductive, proof-theoretic consistency. If it
is not possible to derive a contradiction from a collection of axioms, then
‘the things defined by’ the axioms exist, and the axioms ‘are true’ of those
things.
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It seems clear that for Hilbert and just about anyone else, consistency is
itself a mathematical matter. His methodology indicates that in order for us
to be assured that certain mathematical objects exist, we have to establish
the consistency of an axiomatization. In eundlagen, Hilbertdischarged
this burden, at least in part, by providing relative consistemopfs. For
example, in showing how to interpret the axioms of a non-Euclidean geo-
metry in the real numbers, he established that the non-Euclidean theory is
consistent if real analysis is.

We now enter the realm of meta-mathematics. Given the way this matter
is handled in Hilbert'€srundlagen, itis clear that meta-mathematics is itself
mathematics. What are we to make of it? What is the statswtsments
(and proofs) of consistency? Are they assertory or algebraic?

This matter is not treated explicitly in HilbertGrundlagen, and it is
hard to be definitive on what his view was, or should have been, but | suggest
that the meta-theory—the mathematical theory in which the consistency of
an axiomatization is established—is not to be understood algebraically, not
as another theory of whatever satisfisaxioms. Instead, the statement that
a given theory, such as Euclidean geometry, is consistent is itself assertory.
The notion of consistency is a contentful property of theories, and is not
to be understood as defined implicitly by the axioms of the meta-theory.
For one thing, the meta-theory is not axiomatized in@nandlagen, and
so there is no implicit definition of the meta-theoretic notions. This, of
course, is not decisive. It would be a routine exercise for a graduate student
in mathematical logic to axiomatize the meta-theory of Grendlagen.
Given the structural analogy between natural numbers and strings, the
meta-theory would resemble elementary arithmetic. However, if a Hilbert-
ian algebraist did think of the axiomatized meta-theory as algebraic, then
she would have to worry aboitls consistency. How would we establish
that? The ensuing regress is vicious to the epistemological goals of the
Grundlagen.’

Inthe later Hilbert programg(g., [1925]) relative consistency gives way
to absolute consistency. There, the meta-theory is finitary proof theory,
focused directly on formal languages themselves. It is explicit that finitary
prooftheoryis notjustthe study of another structure, on a par with geometry
and real analysis. Finitary proof theory has its own unique subject matter,
related to natural numbers and formal syntax, and it is ultimately founded
on something in the neighborhood of Kantian intuition. Hilbert said that
finitary proof theory is contentful. In present terms, the theorems of finitary
proof theory are assertory, not algebraic.

Of course, thanks to Gédel, finitary proof theory proved to be all but
useless for establishing consistency. We have come to live without abso-
lute consistency proofs. The crisis in set theory passed, and we now fly

7 | am indebted to an anonymous referee for this point.
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without a Hilbert-style safety net. But, of course, the powerful algebraic
orientation to mathematics continues to thrive today, as well it should.
The orientation is championed by, among others, the advocates of cat-
egory theory. But, in practice, how do we satisfy ourselves that a given
characterization—whether it is a traditional axiomatization or a type of
category—is coherent, and thus characterizes a structure or a possible
system? This is the unfinished business from the Hilbert program that
I mentioned earlier.

Here is the question: Do we still need some sort of meta-mathematics
to answer legitimate foundational questions? If we do need metg-
mathematics, can it be understood algebraically, or structurally, on a gar
with (pure) geometry, and, for the Hilbert-style algebraist, infinitary ariths
metic and real analysis? Or is meta-mathematics an exception to the slogan
that mathematics concerns structure?

As noted above, in the debate with Frege, Hilbert said that (deductlvﬁ)
consistency is sufficient for ‘existence’, or, better, that consistency is &l
that remains of the traditional, metaphysical matter of existence. This mugh
continued into the Hilbert program. If we restrict ourselves to first-ordef
axiomatizations, then Gdodel's completeness theorem does assure us fhat
conS|stency implies existence. The theorem is that if a first-order axiomat-
ization is consistent, then it has a model: there is a system that makes-the
axioms true. So perhaps Hilbert's claim about consistency foreshadovv%d
the completeness theorem. But then what is the status of the completeriess
theorem itself? If the algebraist wants to use it to bolster the claim that
consistency is all that remains of the traditional question of existence, thgn
she must think of the completeness theorem as itself assertory. Indeed, she
might assert it in defense of her algebraic claim. To play the foundationa®
role, the meta-theory in which the completeness theorem is proved canﬁot
be algebraic. It must be contentful.

Recall also that Hilbert's original axiomatizations are not first- ordef
Indeed, when first-order logic was originally separated out for special stud,
it was called theestricted functional calculus. The completeness theorem
fails in higher-order systems (see Shapiro [1991], Chapter 4): deducttve
consistency does not entail coherence. Consider, for example, the the@ry
| shall call PA-weird, consisting of the second-order Peano axioms together
with the formal statement that second-order PAnonsistent. PA-weird 2
is consistent, but it has no models and, arguably, it does not describé,‘f a
coherent structure. In my structuralism book, | propose that coherence isto
be modeled by satisfiability. But satisfiability seems to require an assertdhiy
theory of sets or structures.

This is not just an obscure matter for philosophers of mathematics. The
practice of mathematics occasionally runs into serious questions concern-
ing coherence, and, thus for the Hilbert-style algebraist or the structuralist,
the existence of certain structures. Mark Wilson ([1993], &llI) illustrates
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the historical development and acceptance of a space-time with an ‘affine’
structure on the temporal slices:

... the acceptance af.. non-traditional structures poses a
delicate problem for philosophy of mathematigg,, how can

the novel structures be brought under the umbreltaiemath-
ematics? Certainly, we rightly feel, after sufficient doodles have
been deposited on coffee shop napkins, that we understand the
intended structure. . But it is hard to find a fully satisfactory
way that permits a smooth integration of non-standard struc-
tures into mathematics . We would hope that ‘any coherent
structure we can dream up is worthy of mathematical study

The rub comes when we try to determine whether a proposed
structure is ‘coherent’ or not. Raw ‘intuition’ cannot always be
trusted; even the great Riemann accepted structures as coher-
ent that later turned out to be impossilisistence principles
beyond ‘it seems okay to me’ are needed to decide whether a
proposed novel structure is genuinely coherenfL]ate nine-
teenth century mathematicians recognized thatexistence
principles. .. need to piggyback eventually upon some accep-
ted range of more traditional mathematical structure, such as
the ontological frames of arithmetic or Euclidean geometry.
In ... our century, set theory has become the canonical back-
drop to which questions of structural existence are referred.
(pp- 208-209)

Within the community of professional mathematicians, if not philosophers,
a set-theoretic proof of satisfiability resolves any legitimate questions of
existence.

But we now have an especially sharp version of the previous question
concerning meta-theory. What are we to make of the set-theoretic model
theory used to resolve questions of coherence in practice? Set theory, of
course, is far more substantial than finitary proof theory, but it plays a
similar role in adjudicating matters of ‘existence’. There are two theoretical
options concerning the meta-mathematical background, what Wilson calls
the ‘canonical backdrop’. One is to argue that for set theory to play the
foundational role, it is1ot to be understood algebraically. On this view, set
theory has a subject matter, the iterative hierarchy V. It ess@rtory theory
about how various structures relate to, and interact with, each other. Our
first option, then, is to think of the background meta-mathematics—model
theory—in the same way that Frege thought of arithmetic and geometry, and
the same way that Hilbert understood finitary proof theory and, arguably,
the assertions of relative consistency in Gizindlagen der Geometrie.

This orientation toward the meta-theory supports Hellman’s [2003]
claim that the category theorist requires an ‘external’ theory of relations,
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functions, and the like. This ‘home address’ issue concerns the nature of
the fundamental terminology of category theory. Hellman’s pointis that the
talk of relations and functions (or functors) in the informal language of cat-
egory theory must be assertory, and that set theory is a natural background
for such assertions. It is not that one thinks of the iterative hierarchy as
literally containing all structures, or all categories. Rather, we think of the
iterative hierarchy as containing an isomorphism type for each structure.
My own structure theory (Shapiro [1997], Chapter 3, §4) was meant to play
the same assertory, foundational, role as set theory, and, indeed, structure
theory is a notational variant of set theory. Hellman’'s [1989] modal set
theory does the same work, without presupposing the (actual) existence of
any abstract objects. In present terms, the point here is that the meta- the&ry
whatever it is, must itself be assertory, and thus an exception to the sIo@n
that mathematics is the science of structure.

A category theorist who goes for this first theoretical option concernmi;
the meta-theory is not without resources. McLarty [2004] argues thatZa
set theory formulated in categorical terms, such as ETCS or CCAF, will
work even better as a canonical backdrop than the more standard Zerméglo-
Fraenkel settheory. To be sure, if a category-based theory is to play this rdle,
thenitsaxioms must be assertory. The canonical backdrop, whatever it may
be, is ‘external’ to the algebraic perspective. But there is nothing to prevent
the category-theorist from understanding a theory as assertory. This is got
to say that McLarty himself takes the axioms of some category-based Set
theory this way. His point is that if one needs or wants a set theory to serve
as canonical backdrop for questions of existence, as on our first optigh,
then a category-based set theory will do the job as well as, or better than,
the more standard Zermelo-Fraenkel set theory. | must plead ignorange,
or at least incompetence, concerning the proper mathematical theoreti¢al
framework for such meta-mathematical questions, once it is agreed tiat
such questions are legitimate, and assertory. The various category theoa:les
and set theories are inter-translatable, and the debate sometimes turng on
which is more natural. cn

In any case, our first theoretical option is not quite the bottom-up
approach alluded to in Awodey [2004]. The algebraic structuralist does
not construct the structures of mathematics within his or her favored set
theory. Settheory does not supply the ultimate subject matter for any branth
of mathematics. Rather, we use set theory to establish that a given theﬁry
is coherent.

In the account ofinte rem structuralism in Shapiro [1997] | said that S
a structureconsists of places and relations. So far, this is only a struc™
tural claim, analogous to the set-theoretical thesis that a set consists of its
members. However, | provided a mathematical theory of structures and
their places, and | suppose that | was thinking of the subject matter of that
theory as the universe of all of mathematics. In that sense, my account is
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bottom-up, within what we may call the Frege-Quine tradition. | presume
that if ordinary model theory is understood as a semantics for mathematical
languages, it too is bottom-up in the same sense, since it aims to provide a
theoretical account of the interpretations of various theories. In any case,
there is little need to quibble over labels.

To sum up our first theoretical option, standard set theory, the category-
based set theory suggested by McLarty, my own structure theory, or
Hellman's modal set theory are themselves assertory theories of sets, struc-
tures, the possible existence of systeabs, As such, each of them is not
just another mathematical theory, providing an implicit definition of some
structures, orisomorphismtypes. The reasonforthisis that settheory, struc-
ture theorygtc., has a foundational role to play concerning the coherence
of definitions. And this last is an assertory matter.

Anyway, this is one way to look at the meta-mathematical background.
A second theoretical option, more in line with Awodey [2004], is to kick
away the foundational ladder altogether, and take the meta-mathematical
set theory, structure theory, or whatever, itself to be an algebraic theory.
On this view, set theory does not directly serve as a court of appeal for
matters of coherence and thus existence, neither in the sense of supplying
the ultimate ontology for mathematics, on the bottom-up approach, nor
in the attenuated sense of supplying isomorphism types of everything in
mathematics. The axioms of set theory are just implicit definitions that, if
coherent, characterize a structure or a class of structures. The same goes
for structure theory, modal set theory, and the various topos theories.

On this view, everything in mathematics is algebraic. So if there is to
be an assertory canonical backdrop—a non-algebraic theory of coherence,
consistency, mathematical existence, whatever—it will be relegated outside
of mathematics, perhaps to philosophy. But this seemadahoc way
to draw boundaries between disciplines. As we have seen, at least some
guestions of existence have been settled, by mathematicians, via rigorous
proof. So this is a tough pill to swallow.

On our second theoretical option, set theory may still help when serious
guestions of coherence arise in practice for theories other than set theory.
We go back to the plan executed in Hilber@undlagen, and settle for
the analogue of relative consistency proofs. By finding a model of a given
theoryT in set theory, or in ‘the’ iterative hierarchy, one shows tfias
coherent, and defines a structufeet theory does. Such a proofis effective
whether the background set theory is formulated in traditional terms or in
the idiom of category theory, as suggested in McLarty [2004].

Notice that we have no formal assurance that our set theory is itself
coherent, and thus characterizes a structure or possible system. But perhaps
we don’t need such assurance. On the first theoretical option, where the
meta-theory is assertory, we likewise have no theoretical assurance that set
theory istrue. Again, we have no safety net, and do not really need one.
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From the present, thoroughly algebraic perspective, we are still left with
the notion of relative consistency. And our nagging question returns. What
are we to make of a statement of relative consistency—a proposition that a
given theoryT is consistent if set theory is? Since, on the view in question,
all of mathematics is algebraic, there is no room for any assertory matters in
mathematics. So if we insist on the letter of our second theoretical option,
and if statements of relative consistency are assertory, as seems obvious,
then they are not mathematical. But it seems equally obvious that relative
consistency is a mathematical matter.

Perhaps at least one of these ‘obvious’ theses can be resisted. ©n
our second theoretical optlon to spea#thematically about consistency, 3
coherence, or the like, is just to speak within an algebraic theory. Tﬁe
statements of relative consistency hold in any interpretation or relnterpre_t-
ation of the non-logical terminology in the background set theory, which
includes things like the membership symbol and a sign for satlsfactloil
Just as (pure) geometry is naltout any particular things, be they spaced
points or space-time points, (pure) set theory, proof theory, model theogy,
formal semantics, and the like, are not about any particular things, be thgy
theories, consistency, deductions, interpretations, models, or the like. o
be sure, we do make assertory statements about physical space—in physics
itself for example. Such statements are part of the starafmplication of <
geometry. In doing physical geometry, we interpret the non-logical termi
ology of pure geometry accordingly, and the axioms, so interpreted, may
or may not be true. Similarly, assertory statements about interpretatioss,
deductions, relative consistency, and the like, are an application of the bagk-
ground meta-theory, perhaps the standard application. Just as mathematics
became liberated from intuitions concerning physical space and space-tite
in the nineteenth century, contemporary mathematical logic is similarly
liberated from theories, interpretations, deductions, and consistency. A3 a
structuralist, our theorist can hold—in assertory phllosophy—thatsatlsflata-
ility, consistency, or coherence implies existence, but she cannot maintain
that any of these notions are mathematical matters. There simply aredo
distinctly mathematical objects, and so theories, deductions, and mter—
pretatlons are not mathematical. But perhaps we should not quibble O\Sger
labels®

60 UO }

8 On one occasion when | presented an ancestor of this paper, a mathematician inZhe
audience endorsed the thoroughgoing algebraic perspective, calling it a ‘Copernican rev@u-
tion’. Just as the pioneers of modern physics and astronomy showed that we do not havé to
think of the earth as unmovable, or even unmoving, so the pioneers of modern mathematics
showed that we do not have to see talk of numbers and the like as grounded in a solid subject
matter. It is an intriguing analogy, but | am not sure what was meant. If the idea is that the
modern mathematician does not need absolute certainty that her axioms are consistent, then
it applies just as well to the less than thoroughgoing perspective of our first option. It is
just the lack of a safety net, noted above. However, if the mathematician’s comment was
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This is not the place to decide which of the theoretical options are best
for structuralism, or for category theory, or for mathematics generally. In
this note, | will rest content if | have managed to sharpen the battle lines a
little.
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