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Abstract. The main purpose of this paper is to discuss the notion
of neutrosophic graphs, weak isomorphisms, co-weak isomor-
phisms and isomorphisms between two neutrosophic graphs. It is

proved that the isomorphism between the two neutrosophic
graphs is an equivalence relation. Some other properties of mor-
phisms are also discussed in this paper.
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1 Introduction

Graph theory has its origins in a 1736 paper by the cele-
brated mathematician Leonhard Euler (10), known as the
father of graph theory, when he settled a famous unsolved
problem known as Ko™ nigsburg Bridge problem. Graph
theory is considered as a part of combinatorial mathemat-
ics. The theory has greatly contributed to our understand-
ing of communication theory, programming, civil engi-
neering, switching circuits, architecture, operational re-
search, economics linguistic, psychology and anthropolo-
gy. A graph is also used to create a relationship between a
given set of objects. Each object can be represented by a
vertex and the relationship between them can be represent-
ed by an edge.

In 1965, L.A. Zadeh (22) published the first paper on his
new theory of fuzzy sets and systems. A fuzzy set is an ex-
tension of classical set theory. His work proved to be a
mathematical tool for explaining the concept of uncertainty
in real life problems. A fuzzy set is characterized by a
membership function which assigns to each object a grade
of membership ranging between zero and one. Azriel
Rosenfeld (18) introduced the of notion of fuzzy graphs in
1975 and proposed another definitions including paths, cy-
cles. connectedness etc. Mordeson and Peng (15) studied
operations on fuzzy graphs. Many researchers contributed
a lot and gave some more generalized forms of fuzzy
graphs which have been studied in (6) and (8). These con-
tributions show a new dimension of graph theory.

F. Smarandache (20) introduced the notion of neutrosophic
set which is useful for dealing real life problems having
imprecise, indeterminacy and inconsistant data. The theory
is generalization of classical sets and fuzzy sets and is ap-
plied in decision making problems, control theory, medi-
cines, topology and in many more real life problems. The
notion of neutrosphic soft graph is introduced by N. Shah
and A. Hussain (19). In the present paper neutrosophic
graphs, their types, different operations like union intersec-

tion complement are definend. Furthermore different mor-
phisms such as weak isomorphisms, co-weak isomorphism
and isomorphisms are defined. Some theorems on mor-
phisms are also proven here. This paper has been arranged
as the following; In section 2, some basic concepts about
graphs and neutrosophic sets are presented which will be
employed in later sections. In section 3, concept of neutro-
sophic graphs is given and some of their fundamental
properties have been studied. In section 4, concept of
strong neutrosophic graphs and its complement is studied.
Section 5 is devoted for the study of morphisms of neutro-
sophic graphs. Conclusions are also given at the end of
Section 5.

2 PRELIMINARIES

In this section, some definitions about graphs and neutro-
sophic sets are given. These will be helpful in later sec-
tions.

2.1 Definition (21) A graph G’ consists of set of finite ob-
jects V =1{v,,v,,v,....,V,} called vertices (also called points

or nodes) and other set E = {g ,e,,e,....,e,} whose element

are called edges (also called lines or arcs).
Usually a graph is denoted as G"=(V,E). Let G" be a

graph and e ={U,V} be an edge of G*. Since {U,V} is 2-
element set, we may write {U,V} instead of {v,u}.Itis of-

ten more convenient to represent this edge by uv or vu.

2.2 Definition (21) An edge of a graph that joins a vertex
to itself is called loop.

2.3 Definition (21) In a multigraph no loops are allowed
but more than one edge can join two vertices, these edges
are called multiple edges or parallel edges and a graph is
called multigraph.

2.4 Definition (21) A Graph which has neither loops nor
multiple edges is called a simple graph.
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2.5 Definition (21) A sub graph H™ of G” is a graph hav-
ing all of its vertices and edges in G .
2.6 Definition (21) Let G’ = (v,E) and G, =(v,,E,) be two

graphs. A function f :V, —»V, is called Isomorphism if

i) f is one to one and onto.
i) for all abeV,{abjeE if
{f(a), f(b)} € E, when such a function exists, G’ and G, are

and only if
called isomorphic graphs and is written as G" = G; .

2.7 Definition (21) The union of two simple graphs
G, =(V,.E) and G} = (V,.E,) is the simple graph with
the vertex set vV =V, UV, and edge set E = E, UE,. The
union of G
G =G UG, =(V,UV,,E, UE,))=(V,E).

2.8 Definition (21) The join of two simple graphs
G, =(V,.E) and G} =(V,,E,) is the simple graph with
the V =V, uV,
E=E UE, UE',where E' isthe set of all edges join-

and G, is denoted by

vertex  set and edge set
ing the nodes of v, and v, and assume that v, NV, = 0.
The join of G and G; is denoted by
G =G +G, =(V,UV,,E, UE, UE") .

2.9 Definition (21) The intersection of two simple graphs
G’ =(V,.E) and G =(V,.E,) is the simple graph with
the vertex set vV =V, NV, and edge set E = E,NE,. The
and G, is denoted by
G =G NG, =(V,NV,,E,NE,)=(V,E).

2.10 Definition (20) A neutrosophic set A on the uni-
verse of discourse X is defined as
A={<xT,(x),1,(x),F,(x)>xe X}, where T | F:X _>]6,1+[

and 0 <T,(x)+1,(x)+F,(x) <3*.. From philosophical point

*

intersection of G

of view, the neutrosophic set takes the value from real
standard or non standard subsets of ]6, 1*[. But in real

life application in scientific and engineering problems it is
difficult to use neutrosophic set with value from real stand-
ard or non-standard subset of ]6, 1+|: .

3 NEUTROSOPHIC GRAPHS

3.1 Definition Let G™ = (v, E) be a simple graph
andE =V =xVv.Let Ty Iy, Fr: V— [0, 1] denote the

truth-membership, indeterminacy- membership and falsity-
membership of an element x € Vand Ty, Iy, Fy: £ —

[0, 1] denote the truth-membership, indeterminacy-
membership and falsity- membership of an
element(z, y) € E. By a neutrosophic graphs, we mean a

3-tuple G =(G”, f, g) such that

Ty (X Y) =min{T, (X), T, (Y)}

1, OGYy) =min{l (O, 1 (Y}

Fy (X, y) = max{F; (X), F: (Y)}
Forallz, y € V.
3.2 Example Let G* = (v, E) be a simple graph with V =
{z1, z2, 23} and E = {(z1, z2) (z2,, x3) , (z1, z3)}. A
neutrosophic graph G is given in table 1 below and

T (zi, x5) = 0, I(xi, zj) = 0 and F(zi, x5) = 1 forall
(xi, j) € E\ {(z1, x2), (x2, x3), (x1, x3)}.

Tablel
f X, X, X5
T, 0.3 0.1 0.1
I, 0.4 0.3 0.3
F; 0.5 0.4 0.6

g (Xlﬁxz) (XZ’XS) (XI’XS)

T, 0.1 0.1 0.1
Iy 0.1 0.2 0.2
F 0.9 0.8 0.7

(0.1,0.1,0.9)

(0.3,0.4,0.5)

(0.1,0.3,0.4)

(0.1,0.2,0.8)

(0.1,0.3,0.6)

X3

Figure 1

3.3 Definition A neutrosophic graph G = (G*, f,,g,) iS
called a neutrosophic subgraph of G = (G*, f, g) if

) T )<T (), 1,00 <1 (X),F . (X) = F (),

i T <TGy, 106y < TG Y), B y) 2 By (x, ).
forall z, y € V.

A neutrosophic subgraph of example 3.2 is given in table
2 below and T (zi, xj) = 0,14(xi, z5) =0 and Fy(zi, x;)
=1 for all (zi, zj) € E\{(x1, x2),(x2, x3),(x1, x3)}.
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Table 2
f! X, X, X
.. 0.1 0.1 o0.1
|fl 0.1 0.2 0.2
[ = 0.5 0.4 0.6

9" (X.%) (X.%X)  (X,X)

Tgl 0.1 0.1 0.1
Igl 0.1 0.1 0.1
Fgl 0.9 0.8 0.7

(0.1,0.1,0.6)

(0.1,0.2,0.4)

(0.1,0.2,0.8)

Figure 2

3.4 Definition A neutrosophic
graph G = (G*, f', g') IS said to be spanning neutrosophic

subgraph of G = (G*, f,g) If
T 00 =T{(0), 1,0 =1{(x), F,() =F{(x) forallz € V.

3.5 Definition Let G” = (v,,E,)and G, =(V,,E,) be two
simple graphs. The union of two neutrosophic graphs

G, = (G, f',ghand G, =(G;, f*,g?) is denoted by

G =(G* f.g), where G" =G UG, f=fUf?
g=9'U g’ where the truth-membership, indeterminacy-

membership and falsity- membership of union
are as follows

T/ (x) if xeV, -V,
T, (X)=1T2(x) if xeV, -V,
max{T;(X),TZ(X)} ifxeV, NV,
;i (x) if xeV, -V,
I, () =117(x) if xeV, -V,
max{l; (x), 17 (X)} ifxeV, "V,
Fi(x) if xeV, -V,
F(x)=<F?(x) if xeV, -V,
min{F; (x), FZ(X)} ifxeV, NV,
Also
Ty if (x,y)eE —E,
T, y) =T (xy) if (X,y)eE,-F,
max{T (X, y),T.(Xy)} if (x,y)e E,NE,
Iy OGy) if (X, y) € E —E,
L,y =11,.(%y) if (X,y)eE,—F
max{l , 6, y), 1. (% Y)} if (x,y) € E,NE,

Fgl (X9 y) lf (X> y) € El - E2
Fo(Xy)=1F.(xy) if (X,y)eE, -F,

min{F, (x,y).F.(x.Y)} if (x.y) <E, NE,

3.6 Example Let G" = (v,, E,) be a simple graph with V1
= {x1, x3, v4} & E1 ={(z1, z4),(x3,, x4),(x1, x3)}. A
neutrosophic graph G'1 is given in table 3 below and

Ty (xi, xj) = 0, I, (zi, ) = 0 and Fy (x4, xj) = 1 for
all (zi, zj) € F1\ {(x1, z4), (23, x4), (z1, z3)}.

Table 3
f! X, X X,
T,, 0.1 0.2 0.2
.. 0.2 0.4 0.5
F 0.3 0.5 0.7

9" (XuX) (X,%) (X,X5)

Tgl 0.1 0.1 0.1
Igl 0.2 0.3 0.2
Fgl 0.7 0.8 0.5
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(0.1,0.2,0.3)

X4 The union G = (G*, f, g) is given in table 5 below and
Ty (xi, zj) = 0, I, (zi, ) = 0 and Fy (zi, z5) = 1 for

(0.1,0.2,0.7)
all (xi, xj) € Vx V\ {(z1, z4), (a3, z4), (21, x3),

(0.2,0.5,0.7)

7(X27X4 ),(1‘27 z3), (3747 375)7 (3727 375)}

(0.1,0.3,0.8)

Table 5
(0.2,0.4,0.5)}
f X, X, X, X, X 5
T, ©0.1 0.1 02 04 02
* I, 02 02 04 06 O.1
Figure 3 F, 03 0.4 04 0.7 0.6

A neutrosophic graph G, = (G, f*,g%) is given in table 4

below where G, =(V,,E,), V2 = {z2, 23, 24, 5} and

g (%) (XX%) (X,%)  (%,%) (X, Xs) (X5, %) (X, Xs)
E2 = {(x2, x3) , (3,, x4) , (x4, x5) , (22, x5)} and T, 0.1 0.2 0.1 0.1 02 01 0.1
To(xi, xj) = 0, Iy (xi, 5) = 0 and Fy (xi, xj) = 1 for l, 02 0.3 0.2 0.2 0.1 02 0.1
all (zi, zj) € E2\{(x2, x3) ,(Xo,%Xy),(x3,, z4) , (T4, x5) F, 07 0.8 0.5 0.8 0.8 0.7 09
(2, 75)}-
Table 4
f> X, X, X, x5
- 0.1 0.2 0.4 0.2

1 - 0.2 0.3 0.6 0.1

Ffz 0.4 0.4 0.7 0.6

97 (%.%) (XuX) (%,%) (X Xs) (X5,X,)

T, 0.1 0.2 0.1 0.2 0.1

9 (0.1,0.1,0.9)
|gz 0.2 0.3 0.1 0.1 0.2

ng 0.8 0.9 0.9 0.8 0.7

X2

(0.1,0.2,0.4)

X3

(0.2,0.1,0.8)

X5

Figure 5
(0.1,0.1,0.9)

(0.2,0.1,0.8)

X4

Figure 4
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3.7 Proposition The union G = (G*, f, g) of two neutro-
sophic graphs G, = (G, f',g")and G, =(G,, f*,g%)isa
neutrosophic graph.

Proof
Case i)  If(x,y)eE —E, then
T,009) =T, (6y) <min{T, (0.7, ()} =min{T, 00,7, ()}
so - Ty(xy) <min{T, (x),T; (y)}
Also 1y (xy)=1,06y) sminl, (0,1, (y)) =minl (X),1; (y)}
o1y X,V)<mm{ (X). 14 (y)
y

}
Now  Fy(xy)=F,(xy)2max{F, (x),F,(y)} = max{F, (x), F (y)}

(
(
(

)=
Similarly If x,y)eE —E, then we can show the same as done ahove.
Case ii) If(x,y) e E,NE,, then
Tg(X,) max {T, (X, Y).T,(X.Y)}
max {min{T () f(y)},min{TZ(X),sz(y)}
<min{max{T , (x),T , ()}, max{T , (y),T , (y)) = min{T, (x),T
Also ud)mw{( xg( )
<max{min{l ,(x) |, (y)}.min{l , (0.1 ,(y)}
<min{max{l , (x), 1, (5, max{l ; (y), 1, (y)) = min{l; (x), 1
Now  F (X y)=min{F (X, Y).FL (X Y)}
2 min{max{F , (x),F,, (y)},max{F , (x),F , (y)}
2 max{min{F , (x),F , ()}, min{F , (y),F ,(Y))

= max {F (x), Ff v}
Hence the union G =G, UG, isa neutrosophic graph.

3.8 Definition The intersection of two neutrosophic graphs
G, =(G’, f',g"and G, =(G;, f*,g°) is denoted by
G=(G',f,g),where G=G NG, ,f=f'nf',g=9'"n g,
V' = Vi N V2 and the truth-membership, indeterminacy-

membership and falsity- membership of intersection are as
follows
T () =min{T, (X), T.. ()},

F¢ (x) = max{F,, (X), F. (%)
Ty (6 y) =min{T, (%, y),T. (% Y)},

Fy (x,y) = max{F , (x,y),F . (X, y)}
forallz, y € V.

I (00 = min{l , (X), 1. (%)},

1,00y =min{l (Y100 Y)]

3.9 Example Let G = (V,, E,) be a simple graph with V1
= {1, x2, x5} & E1={(21, z5), (a1, x2), (2, x5)}.

A neutrosophic graph G, = (G, f',g') is given in table

)}

6 below and Ty (zi, 25) = 0, I, (zi, 25) = 0 and
Fy (wi, x5) = 1 for all (x4, zj) € E1\

{(z1, z5), (a1, x2), (x2, x5)}.

Table 6
f! X, X, X
., 02 0.4 0.3
.. 0.3 0.6 0.4
F,, 0.7 0.7 0.6
9" (X,%) (X,%X5)  (X,Xs)
Tgl 0.2 0.3 0.2
|gl 0.3 0.4 0.3
|:g1 0.7 0.8 0.7

(Y}

(0.2,0.3,0.7)

(0.2,0.3,0.7)

(0.4,0.6,0.7)

(0.3,0.4,0.8)

(0.3,0.4,0.6)

Xs

Figure 6

Let G; = (V,,E,) be a simple graph with V2 =

{2, x3, x5} and F2 ={(x2, x3), (x3, x5)(x2, x5)}.

A neutrosophic graph G, =(G;, f?,97) is given in table 7

below and T (xi, z5) = 0, I, (xi, zj) = 0 and Fy (zi, x5)
= 1 for all (zi, x5) € E2\{(z2, x3), (x3, x5)(x2, x5)}.
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Table 7
f > X, X4 X
.= 0.3 0.2 0.4

1. 0.5 0.4 0.5

F,. 0.6 0.6 0.9
9% (X,%)  (X5,%X5) (X5, Xs)
ng 0.1 0.2 02
Igz 0.3 0.4 04
ng 0.7 0.9 0.9

(0.1,0.3,0.7)

(0.3,0.5,0.6)

(0.2,0.4,0.6)

(0.2,0.4,0.9)

(0.4,0.5,0.9)

Xs

Figure 7

LetV=VinVe= {2, 25}, E=E1N E2=
{(z2, z5)}. The intersection of the above two graphs G1

and G2 is given in the table 8 below and figure 8.

Table 8
f X2 X5 g (Xz > XS )
L 0.3 0.3 Tg 0.2
[ 0.5 0.4 1 o 0.4
F 0.7 0.9 , 0.9
X2 X5
v (0.2,0.4,0.9)

/ \
(0.3,0.5,0.7) (0.3,0.4,0.9)

Figure 8

3.10 Proposition The intersection G = (G”, f, g) of two
neutrosophic graphs G, = (G, f',g"yand G, =(G,, f*,g°)
is a neutrosophic graph where V= Vi N Va.

Proof

Letx,yeV =V,N\V, and (x,y)e E=E NE,,
then T, (x,y) = min{T, (% y),T..(x.y)
<minfmin{T, (0.7, (y)}min{T ()T, (y)

<min{min{T, (0. , (9}, min{T , ()T ,(y)
= min{T, (X).T, ()}

Also 1,(x.Y) :min{lg,(x,y),lgz(x,y)}

Smin{min{ltl(x)1 Itl(y)},min{IfZ(X),Ifz(y)}
<minmin{l, (0.0, (0} min{l, (y)1,(y) =min{l, (X1 (9}
Now Fg (xy)= max{Fgl (x,Y), ng (xy)}

> max{max{F, (X, F (1)} max{F (0, F , (1)}

2 max {max{F , (x), F, ()}, max{F , (y), F , (y)}} = max{F; (x), F; (y)}

il 12 !

Hence the intersection G =G, NG, is a neutrosophic graph.

4 Strong Neutrosophic Graphs

In this section we will study the notion of strong neutro-
sophic graphs and complement of such graphs.

4.1 Definition A neutrosophic graph G = (G*, f,g) is

called strong if
Ty(z, y) = min{T7 (z), Tr (y)}

]g(CL', y) = min{[f (QL'), If (y)}
Fy(z, y) = max{Fr (z), Fr(y)}
forall (z, y) € E.

4.2 Example Let V = {21, 2, 3} and

E:{(X19X2)7 (X27X3) I (X25X3) } ° A Strong

neutrosophic graph G = (G*, f,g) where G™ = (V,E) is
simple graph, is given in table 9 below and T (X, X;) =
0, Iy (%,%;) = 0and Fy (x,X%;) =1 forall (X,X;) €

i2 ) L

Vx VA {(X, %), (%.%), (X,%)} .
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Table 9

-

X, X, X,
T, 0.1 0.2 0.3
02 0.3 0.4
F, 04 0.5 0.7

-
-

g (X%X) (X,%X) (X, X5)
T, 0.1 0.2 0
1, 0.2 0.3 0
F, 0.5 0.7 1

(0.2,0.3,.07)

Figure 9

4.3 Definition Let G = (G”, f, g) be a strong neutrosophic
graph. The complement G = (G*, f, g) of strong neutro-

sophic graph G =(G', f,g) is neutrosophic graph where

M) T,00=Tr()1,(x)=11(X),F, (X)=F1(x), for all x eV.

and
(i ?g(x,y):{min{Tf(X),Tf(y)} ing(>_<,y)=0
otherwise
- min{l, (X), 1, (y)} ifl (x,y)=0
IQ(X’ y): .
0 otherwise
Fuxy) = {max{Ff (X),F (y)} if Fg-(x, y)=1
1 otherwise

4.4 Example For the strong neutrosophic graph in previ-
ous example, i.e. The complement of

(0.3,0.4,0.7)

(0.2,0.3,.07)

Figure 10

(0.1,0.2,0.7)

(0.1,0.2,0.4) (0.3.0.4.0.7)

(0.2,0.3,0.5)

Figure 11

Similarly the complement of neutrosophic graph

(0.3,0.4,0.8)

(0.3,0.6,0.8)

(0.3,0.5,0.9)

(0.4,0.5,0.9)

X2

Figure 12

is given by

(0.3,0.6,0.8)
(0.3,0.4,0.5)

(0.4,0.5,0.9)

Figure 13

5 Homomorphism Of Neutrosophic Graphs
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In this section we introduced and discussed the notion of
homomorphisms of neutrosophic graphs. We have also
discussed weak isomorphism, co- weak isomorphism and
isomorphism here.

5.1 Definition A Homomorphism h:G, — G, between

two neutrosophic graphs G, = (G, f',g")and

G, =(G,, f?,g%) isamapping h:v, >V,

which satisfies

M) T,00<T, (). 1,00<1,(h(x).

Ffl (x) = Ff2 (h(x)), forallxeV,.

(i) T, ()T (OO 1, G6y) <1 (G0.h(Y),
Fgl (x,y) = ng (h(x),h(y)), forallx,yeV,.

5.2 Definition A weak isomorphism h:G, — G, between
two neutrosophic graphs G, = (G, f',g')and

G, =(G,,f?,g*) isamapping h:V, —V, which is a bi-

jective homomorphism such that 771 () = T2 (h(x)), If:
(x) = I (h(z)), Fri (z) = Fr2 (h(x)), forallz, y € V.

5.3 Example Let G = (v,,E))and G, = (Vv,.E,) betwo
simple graphs with V1 = {z1, z2, z3}, E1 = {

{(XI’X2)3 (XZ’X3)7 (X3’X1) }

Vo =606, By = {04, %), (%, X0, (4, %) ). TWO
neutrosophic graphs G, = (G/, f',g")and

G, =(G,, f?,g%) are given in table 10 and Table 11 be-
low and Ty (X,X;) = 0,Ig(%,X;) = 0 and Fy(X,X;) =1

for all (Xi,Xj) € VXV\ { {(X19X2)7 (X25X3), (X17X3) }

Also
Tg(xi,xj):o,lg(xi,xj):o and F, (%, x;) =1
for all (X, X;) €V xV \{(X;, X5, (X5, X3), (> X;) }.
Table 10
f! x, >, X
Tf. 0.2 0.1 0.1
1 . 0.3 0.2 0.5
| = 0.5 0.4 0.7

£1

9" (X.%) (X, %) (%, %)

Tg. 0.1 0.1 0.1

|g] 0.1 0.2 0.3

Fg, 0.9 0.7 0.9
Table 11

> X, >, x
T _. 0.2 O.1 O.1
0.3 0.2 0O0.5

F_. 0.5 0.4 0.7

9% (X.%) (G, %)  (X,%)

ng 0.1 0.1 0.1

Ig2 0.2 0.2 0.3

ng 0.8 0.7 0.8
X1 X2

(0.1,0.2,0.4)

(0.10.3,0.9)

(0.1,0.5,0.7)

Figure 14

(0.1,0.2,0.8)

(0.2,0.3,0.5)

(0.1,0.2,0.4)

(0.1,0.3,0.8)
(0.1,0.2,0.7)

(0.1,0.5,0.7)

Figure 15
Now we define h:v, -V, by h(X ) = X, h(X,) =
Xy, h( %) = X, then Tr (z) = Tr (h(z)), I (x) =
Ir: (h(x)), Fr (z) = Fr2 (h(z)), forallz € V>
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By easy calculation, it can be seen that h is a weak iso-
morphism.

5.4 Proposition

Weak isomorphism between neutrosophic graphs satisfies
the partial order relation.

Proof

Let G, = (G, f'.g"), G, =(G,, f*,g%) and
G, =(G;, f*,g?) be three neutrosophic graphs with sets of

vertices V1, V2 and V3 respectively. Then
1) The relation is reflexive. Let h:Vv, — Vv, be an identity

mapping such that h( X, ) = X, , forall x €V,. Thatis
Tf1 (x) =Tf2 (h(x)),[f1 (x) = 1f2

(h(x)), Ff1 (x) = Ff2 (h(x)), forall x €V, and
Tgl (x, y)=Tg2 (h(x), h(y)), Ig1 (X, y) =
Ig2 (h(x), h(Y)), Fo (z,y) = Fg2 (h(x), h(y)) ,for
all x, ye Vi.Soh : Vi — V1 isaweak isomorphism of

the neutrosophic graph G'1 onto itself.

2) The relation is anti-symmetric. Let A be a weak isomor-
phism between the neutrosophic graphs G'1 and G2, that is
h : Vi — V2 is a bijective mapping. Therefore h( X, ) = z2

, forall x, € V, satisfying Tr1 (X, ) =Tr2 (h( X)), I

(X,) =1Ir2(R(X)), Frn(%,)= Fr2(h(X)) , forall x
€ Vyand Tor (X, ¥,) < T2 (R(X, ), h(Y,)), Lo

(X5 Y1) < oo (A(X), (Y1) Far (X5 Yy) = Foe
(h(X ), h(Yy,))....(1), forall x, y, €V, .
Let k be a weak isomorphism between the neutrosophic

graph G2 and G'1 so the relation is anti-symmetric that is
k : V2 — Vi is a bijective map with Tr2 (X, ) = Th

(R(x)), L2 (%) = L1 (K(%,)),- Fr2 (%) = Fis
(k(x,)) forall x, € Vaand Ty (X,, y2) <Ta
(

(k(%y); k(Y2))s g2 (%, ¥,) < Ion (K(X, ), k(Y,)),
FQQ(Xza Yz)SFgl(k(Xz)ak(yz)) forall(xz, Y2)€

(Va xV2)....(2), forall x,, y, € V2. The subset relation

(1) and (2) hold good on the finite sets V1, V2

when the neutrosophic graphs G1 and G2 have the same
no. of edges and the corresponding edges are identical.
Hence G1 and G2 are identical.

3) The relation is transitive. Let h : V1 — V2 and k : V2 —

V3 be weak isomorphisms of the neutrosophic graphs

G, =(G, f',g"HontoG, =(G,, f*,g*) and
=(G,,f*,g%) onto G,

Then kof is a bijective mapping from V1 to V3 and defined

=(G,, f*,g’)respectively.

as (koh)(X,)

isomorphism, so h( X, ) = X,

= k[h(x )], forall x € V,. As h is a weak

, forall x, € V, and
T.()=T.(x),1,(x)=1_."hx),F,(x)=F.(hx) forall
X € V. Also Ty ( 19 yl) <Tg (h( X )7 h( Y ))7 Iy

(XI’ yl)Slgz(h(Xl)’ h(yl)))'
For (X, ¥,) = Fg2 (h(X,), h(Y,)), forall x, y, €V,.

As k is a weak isomorphism, so k( X, ) = X,, forall x, €
V2 and T2 (%) = T (k(x,)),

I (%) = Irs (k(x,)),

Fr(x,) = Fp (k(x,)) and

ng(Xz, yz) < T (l{:(X ) k(yz))a

192()(27 y2)5193(k ) k<y2))

(x :
Fo: (%, v,) < Fos (k(x,), k(y,)),
forall x,, y, € V2.

As Tp (x) = Tr (h(x)), I (%) = I52 (h(X,)),
Fr(x) = Fr(h(x)), forall x, € V1 and

Tr2 (%) = Tps (K(%,)), Lr2 (%) = I5s (K(X,)),
Fi(%,) = Frs (k(x,)) forall z2 € V2. so

T 06) =T (kOO T 06) =1 (kIO Fi(x,) = Fa (k((h(x,))
forall x, € Vi. AsTa (X, ¥,) <Tg2 (h(X% ), h( Yy,) =
ng(Xz, yz) 7191()(17 yl) < Ige (h(xl)7 h( yl)

= Ig2 (Xza yz)v Fg (le yl) > Fye (h(xl )7 h(yl)):

Fg2(x,, y,) forall x, y, € V1, s0

Tg1(Xl, yl)STQQ(Xza yz)’
Ig1(Xl,y1)SIg2(X2, yz)vF-‘Jl(Xla yl)ngQ(sz yz)
forall x,, y, € V1.

But T2 (sz yz) < Tys (k( )a k( yz))
IgQ(Xza YZ) < Igs (k( Xz): k( y2))7
Fgz (sz yz) > Fys (k(xz), k( 2))7
Therefore
Tor (z1, Y,) < Tos (k(X%,), k( Y,)),

I (%5 Y1) < Tgs (K(X,), K(C Y,)),

For (X, Y,) = Fgs (k(X,), k(y,)) forall x, y, € V1.

So koh is a weak isomorphism between G'1 and G3.
that is, the relation is transitive. Hence the theorem.

5.5 Definition A co-weak isomorphism h:G, — G, isa
map h : V1 — V2 between two neutrosophic graphs
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G, =(G', f',g") and G, =(G,, f*,g*) which is a bijec-
tive homomorphism that satisfies the condition

Tgl(xl ’ YI) :TQQ(h(X ) (Y1))7

]g1(Xl, yl) = Ig (h( 1) ( ))'
Fo(X, yi) = Foe(h(X ), h(Y)))
forall z, y € Va.

5.6 Definition An isomorphism % : G1 — G2 is a map-
ping h : Vi — V2 which is bijective that satisfies the fol-

lowing conditions
D T.CO=T ), 1,0 =1.(hx),
F. (X)) =F_. (h(x)), forallxeV,
(D) T (X, y) =T_. (h(). h(y)),
I (% y) =1 (hCO, h(y)),

F, (% y) = F_. (h(), h(y)),
If such h exists then we say G1 is isomorphic to G2
and we write G, = G, .

5.7 Proposition

The isomorphism between neutrosophic graphs is an

equivalence relation.
Proof
Let Gl :(G:’ fl>gl)’ Gz :(G; fzegz) and

=(G,, f*,g’) be three neutrosophic graphs with
sets of vertices Vi, V2 and V3 respectively then
i) The relation is reflexive. Consider the identity map-
ping h : Vi — Visuchthath(x ) = x, forall x €

forall X,y eV,.

Vi. Then h is a bijective mapping satisfying

; I (x) = If: (h(z)),

for all x € V1.

() Tr(z) =Tr (M

),

Fri (z) = Fr: (h(=

i) To (z,y) = To2 (h(x),
Iy (2. 'y) = Tis (h(z).

Fo (2, y) = Fo: (h(z),

showing that A is an isomorphism of the neutrosophic
graph G1 on to itself, thatis G, = G,.

i) The relation is symmetric. Let » : Vi — V2 be an

);

h(y)),
h(y)),
h(y)), for all z, ye V1

isomorphism of G'1 onto G2 then h is bijective func-
tion. Therefore h(z1) = a2, forall z1 € V.

Also T (:L‘) =Tt (h(:lf)), In ((L‘) = If (h(x))7
Fpi(z) = Fr:(h(z)), forall z € V1 and
Ty (, y) = To2(N(2), hgy)),

Iy(z, y) = Io> (h(z), h(y)),
For (z, y) = Fg= (h(z), h(y)), forall z, y € V1.

Since h is bijective,

so it is invertible, that is, h
h™ (x,) = x,forall x, € V2.

:G, — G, will exist and

Since T (X,) = Tz (h(X,)),

In (Xz) =1Ip (h(xl))7 Fp (Xz) :Ff(h(xl)) SO
Tr (h™ (x )) = sz(xz) or

T2 (%) = T (W™ (%)),

I (%) =1In(h" (x,)) and

Fr(h" (x,)) = Fn(h"' (x,)) forall x, € V2. Also
Tor (%5 Y,) ng( (%), h(y1)) so

Tor (™ (%), (h (y2))) Ty (fc2 y2) 0

Ty (X%, y2) = T (N7 (22), (7 (12))).

Similarly Igl(xl,y1) Igz (R(X, ), h(y1)) so

I (W7 (%), (7 (42))) = Io2 (%, , y2) OF

Iox (%, y2) = I (W7 (x,), (W™ (32))), and

For (X, y1) = Fg2 (h(X, ), h(y1)) implies

Fou (W' (%), (h™(y2))) = Fo (X, y2) or

Fg= (%,, y2) = Fo (N7 (X,), ( h™ (32))).

Hence h™ : G2 — Gior h™' : V2 — Vi (Both one to

one & onto) is an isomorphism from G2 to G, that is
G,=G, .S0G, =G,= G, =G,.

iii) The relation is transitive.
Let h:v, »v,and k:v, —v,be the isomorphism

of the neutrosophic graphs G1 onto G2 and G-
onto Gs respectively. Then koh : Vi — Vs is

also a bijective mapping from V1 to V3 defined as

(koh)(x1) = k[h(z1)] ,

V2 is an isomorphism therefore h(z1) = xz2, for all

forall z1 € V1. Since h : V1 —

x1 € Vi. Also Tr (%) = Tr (h(X )),
I (%) = Is (h(X)), Fra (%) = Fpa (h(x,)), forall
x e Viand To (%, ¥,) = Te= (R(X ), h(Y,)),

Ion (%5 i) = o2 (R(X,), B( V1)),

Fo (le y1) = ng(h(Xl), h(yl)),forall X, ¥ € Vi
Since k : V2 — V3 is an isomorphism so

k(x2) =3, Tr: (x2) = Trs (k(22)),

Ir2 (x2) = Ips (k(x2)), Fr2 (x2) = Frs (k(x2)) and

Ty (z2, y2) = Tgs (k(x2), k(y2)), g2 (22, y2) =
Igs (k(x2), k(y2)),Fg2 (x2, y2) = Fgs (k(x2), k(y2
all z2, y2 € Vo. As Tri (%) = Tr: (h( X)) and

)) soTr (%) =Tr (h(X

), for

T2 (332) =1y (k(:cz )) =

Nasir Shah , Some Studies in Neutrosophic Graphs



Neutrosophic Sets and Systems, Vol. 12, 2016

64

Tt (z2) = Tfs (k(x2)) = Trs (k(h(X,)), forall z1 € V1
which shows T (%, ) = Trs (k(h(X,)), forall x, € Vi.

Similarly we can show I (%, ) = Irs (k(h(X,)),
Fri (%) = Fss (k(h(X)). Furthermore Tg: (X, , y1)
T2 (h(X, ), h(y1)) and Ty= (x2, y2) = Tys (k(z2), k(y2))
80 T (X, y1) = Tz (h(X, ), h(y1)) = T2 (2, y2)
Ty ((z2), k(32)) = Tos [(K(R(X, ), (K(h(y1))], 50
Tor (%5 y1) = Tos [(k(R( X)), (k(h(y1))]

forall x,, y1 € V.

Similarly we can show
Igi (1, y1) = Igs [(k(h(z1)), (K(h(y1))],
Fou (21, y1) = Fos [(K(h(21)), (k(h(y1))]-

So gof is isomorphism between G1 and G3.
Hence isomorphism between the neutrosophic graphs is an
equivalence relation.

5.8 Remarks

1. If G = G1 = G2 then the homomorphism is called an
endomorphism and the isomorphism is called an automor-
phism.

2. If G1 = G2 = G then the co-weak and weak isomor-
phism become isomorphism.

3. A weak isomorphism preserves the equality of the of
vertices but not necessarily the equality of edges.

4. A co-weak isomorphism preserves the equality of the
edges but not necessarily the equality of vertices.

5. An isomorphism preserves the equality of edges and the
equality of vertices.

Conclusion

In this paper we have described the neutrosophic graphs
with the help of neutrosophic sets. Some operations on
neutrosophic graphs are also presented in our work. We
have proved that the isomorphism between neutrosophic
graphs is an equivalence relation and weak isomorphism
between neutrosophic graphs satisfies the partial order re-
lation.
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