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Preface

The first part of this volume contains all the exercise questions that ap-
pear in Logic: The Laws of Truth by Nicholas ].J. Smith (Princeton Univer-
sity Press, 2012). The second part contains answers to almost all of these
exercises. Both the questions and the answers are a collaborative effort
between Nicholas J.J. Smith and John Cusbert.

One obvious use of this work is as a solutions manual for readers of Logic:
The Laws of Truth—but it should also be of use to readers of other logic
books. Students of logic need a large number of worked examples and
exercise problems with solutions: the more the better. This volume should
help to meet that need.

After each question, a cross-reference of the form ‘[A p.x]” appears. This
indicates the page on which the answer to that question can be found. You
can click on the cross-reference to be taken directly to the answer. Each
answer then contains a cross-reference of the form ‘[Q p.x]” which leads
back to the corresponding question. Other blue items are also links: for
example, clicking on an entry in the Contents pages takes you directly to
the relevant section, and at the end of each exercise set and each answer
set there is a link back to the Contents.

If you find any errors—or have any other comments or suggestions—
please email nicholas.smith@sydney.edu.au. The latest version of this
work can be found at:

http://njjsmith.com/philosophy/lawsoftruth/
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Chapter 1

Propositions and Arguments

Exercises 1.2.1

Classify the following as propositions or nonpropositions.

1. Los Angeles is a long way from New York. [A p.78]
2. Let’s go to Los Angeles! [A p.78]
3. Los Angeles, whoopee! [A p.78]
4. Would that Los Angeles were not so far away. [A p.78]
5. Ireally wish Los Angeles were nearer to New York. [A p.78]
6. I think we should go to Los Angeles. [A p.78]
7. I hate Los Angeles. [A p.78]
8. Los Angeles is great! [A p.78]
9. If only Los Angeles were closer. [A p.78]
10. Go to Los Angeles! [A p.78]
[Contents]



Exercises 1.3.1

Represent the following lines of reasoning as arguments.

1.

If the stock market crashes, thousands of experienced investors will
lose a lot of money. So the stock market won’t crash. [A p.78]

. Diamond is harder than topaz, topaz is harder than quartz, quartz is

harder than calcite, and calcite is harder than talc, therefore diamond
is harder than talc. [A p.79]

Any friend of yours is a friend of mine; and you're friends with ev-
eryone on the volleyball team. Hence, if Sally’s on the volleyball
team, she’s a friend of mine. [A p.79]

When a politician engages in shady business dealings, it ends up on
page one of the newspapers. No South Australian senator has ever
appeared on page one of a newspaper. Thus, no South Australian
senator engages in shady business dealings. [A p.79]

[Contents]

Exercises 1.4.1

State whether each of the following arguments is valid or invalid.

1.

All dogs are mammals.
All mammals are animals.

All dogs are animals. [A p.79]

All dogs are mammals.
All dogs are animals.

All mammals are animals. [A p.79]

All dogs are mammals.
No fish are mammals.

No fish are dogs. [A p.79]



4. All fish are mammals.
All mammals are robots.

All fish are robots. [A p.79]

[Contents]

Exercises 1.5.1

1. Which of the arguments in Exercise 1.4.1 are sound? [A p.79]

2. Find an argument in Exercise 1.4.1 that has all true premises and a
true conclusion but is not valid and hence not sound. [A p.79]

3. Find an argument in Exercise 1.4.1 that has false premises and a false
conclusion but is valid. [A p.79]

[Contents]

Exercises 1.6.1.1

1. What is the negand of:

(i) Bob is not a good student [A p.80]

(ii) I haven’t decided not to go to the party. [A p.80]
(iii) Mars isn’t the closest planet to the sun. [A p.80]
(iv) It is not the case that Alice is late. [A p.80]
(v) Idon’t like scrambled eggs. [A p.80]
(vi) Scrambled eggs aren’t good for you. [A p.80]

2. If a proposition is true, its double negation is. . . ? [A p.80]

3. If a proposition’s double negation is false, the proposition is. . . ?
[A p.80]

[Contents]



Exercises 1.6.2.1

What are the conjuncts of the following propositions?

1.

o o= W N

The sun is shining, and I am happy. [A p.80]
Maisie and Rosie are my friends. [A p.80]
Sailing is fun, and snowboarding is too. [A p.80]
We watched the movie and ate popcorn. [A p.80]

Sue does not want the red bicycle, and she does not like the blue one.
[A p.80]

The road to the campsite is long and uneven. [A p.80]

[Contents]

Exercises 1.6.4.1

What are the (a) antecedents and (b) consequents of the following propo-
sitions?

1.

If that’s pistachio ice cream, it doesn’t taste the way it should.
[A p.80]

. That tastes the way it should only if it isn’t pistachio ice cream.

[A p.80]

. If that is supposed to taste that way, then it isn’t pistachio ice cream.

[Ap.81]

. If you pressed the red button, then your cup contains coffee.

[A p.81]

. Your cup does not contain coffee if you pressed the green button.

[A p.81]

. Your cup contains hot chocolate only if you pressed the green button.

[A p.81]

[Contents]



Exercises 1.6.6

State what sort of compound proposition each of the following is, and
identify its components. Do the same for the components.

1.

10.

If it is sunny and windy tomorrow, we shall go sailing or kite flying.
[A p.81]

. If it rains or snows tomorrow, we shall not go sailing or kite flying.

[A p.81]

. Either he’ll stay here and we’ll come back and collect him later, or

he’ll come with us and we’ll all come back together. [A p.81]

. Jane is a talented painter and a wonderful sculptor, and if she re-

mains interested in art, her work will one day be of the highest qual-
ity. [A p.81]

. It’s not the case that the unemployment rate will both increase and

decrease in the next quarter. [A p.82]

. Your sunburn will get worse and become painful if you don’t stop

swimming during the daytime. [A p.82]
Either Steven won'’t get the job, or I'll leave and all my clients will
leave. [A p.82]

. The Tigers will not lose if and only if both Thompson and Thomson
get injured. [A p.82]

. Fido will wag his tail if you give him dinner at 6 this evening, and if
you don’t, then he will bark. [A p.82]
It will rain or snow today—or else it won't. [A p.83]
[Contents]



Chapter 2

The Language of Propositional
Logic

Exercises 2.3.3
Using the glossary:
A: Aristotle was a philosopher

B: Paper burns
F: Fireis hot

translate the following from PL into English.

1. A [A p.84]
2. (AAB) [A p.84]
3. (AA—B) [A p.84]
4. (~F A —B) [A p.84]
5. =(FAB) [A p.84]

[Contents]



Exercises 2.3.5

Using the glossary of Exercise 2.3.3, translate the following from PL into
English.

1. ((AAB)VF) [A p.84]
2. (mAV —B) [A p.84]
3. ((AVB)A—(ANAB)) [A p.84]
4. ~(AVF) [A p.84]
5. (AN(BVF)) [A p.85]

[Contents]

Exercises 2.3.8
1. Using the glossary:

The sky is blue
Grass is green
Roses are red
Snow is white
Bananas are yellow

XTEIROT

translate the following from PL into English.

(i (W — B) [A p.85]
(ii) (W < (WA -R)) [A p.85]
(iii) —(R — —W) [A p.85]
(iv) (RVW) = (RA-W)) [A p.85]
(V) ((WAW)V (RA-B)) [A p85]
vi) (G <w = R)) [A p.85]
(vil) ((Y & Y) A (Y & =) [A p.85]
(viii) ((B— W) — (=W — —B)) [A p.85]
(ix) (((R/\W) AB) — (YVG)) [A p.85]



(x) (=R A (=W V G)) [A p.85]

2. Translate the following from English into PL.

(i) Only if the sky is blue is snow white. [A p.86]
(ii) The sky is blue if, and only if, snow is white and roses are
not red. [A p.86]

(iii) It’s not true that if roses are red, then snow is not white.
[A p.86]
(iv) If snow and roses are red, then roses are red and/or snow isn't.
[A p.86]
(v) Jim is tall if and only if Maisy is, and Maisy is tall only if Nora
is not. [A p.86]
(vi) Jim is tall only if Nora or Maisy is. [A p.86]
(vii) If Jim is tall, then either Maisy is tall or Nora isn't. [A p.86]
(viii) Either snow is white and Maisy is tall, or snow is white and she
isn’t. [A p.86]
(ix) If Jim is tall and Jim is not tall, then the sky both is and is not
blue. [A p.86]
(x) If Maisy is tall and the sky is blue, then Jim is tall and the sky is
not blue. [A p.86]

3. Translate the following from English into PL.

(i) If it is snowing, we are not kite flying. [A p.87]
(ii) If it is sunny and it is windy, then we are sailing or kite flying.

[A p.87]

(iii) Only if it is windy are we kite flying, and only if it is windy are

we sailing. [A p.87]

(iv) We are sailing or kite flying—or skiing. [A p.87]

(v) If—and only if—it is windy, we are sailing. [A p.87]

(vi) We are skiing only if it is windy or snowing. [A p.87]

(vii) We are skiing only if it is both windy and snowing.  [A p.87]

(viii) If it is sunny, then if it is windy, we are kite flying. [A p.87]

(ix) We are sailing only if it is sunny, windy, and not snowing,.
[A p.87]



(x) If it is sunny and windy, we’re sailing, and if it is snowing and
not windy, we're skiing. [A p.87]

[Contents]

Exercises 2.5.1

1. State whether each of the following is a wif of PL.

(i) ((A— B)) [A p.87]
(ii)) (A —— B) [A p.87]
(iii) (A — (A — A)) [A p.87]
iv) A= (A= A)) [A p.87]
) ((AAB)A)A [A p.87]
(vi) (AV(AV(AV(AV(AV(AV(AVA)))))) [A p.87]
(vii) ((AAV ABQ)) [A p.87]
(viii) ((AV A) ABC)) [A p.87]
(ix) ABC [A p.87]

x) (AVAAN(AVA)AN((AVA)NA))) [A p.87]

2. Give recursive definitions of the following.

(i) The set of all odd numbers. [A p.88]
(ii) The set of all numbers divisible by five. [A p.88]
(iii) The set of all “words” (finite strings of letters) that use only (but
not necessarily both of) the letters a and b. [A p.88]

(iv) The set containing all of Bob’s ancestors. [A p.88]
(v) The set of all cackles: hah hah hah, hah hah hah hah, hah hah
hah hah hah, and so on. [A p.88]
[Contents]
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Exercises 2.5.3.1

Write out a construction for each of the following wifs, and state the main
connective.

1. (=PV (QAR)) [A p.89]
2. =«(PA(QVR)) [A p.89]
3. (=P AN=Q)V —R) [A p.89]
4. (P=Q)V(R—Y9)) [A p.89]
5. (P + Q) <+ R) < S) [A p.89]
6. (=P A==P) = (P A —P)) [A p.90]

[Contents]

Exercises 2.5.4.1

1. For each of the remaining orderings (2-6) of the connectives —, A,
and V given in §2.5.4, state which disambiguation (1-5) results from
restoring parentheses to our original expression in this order.

[A p.90]
[Contents]
Exercises 2.5.5.1

1. Write the following in the notation of this book:
(i) V-PAQR [A p.90]
(i) = AV PQR [A p.90]
(iii) A -V PQR [A p.90]
(IV) VA ﬁPﬂQ—!R [A p90]
(V) <><>¢<> PORS [A p.90]

2. Write the following in Polish notation:

(i) ~(PA(QVR)) [A pI1]

11



@) ([P—(QVR)] —S) [A p91]
(i) [(P— Q) V(R — 9)] [A p91]
(iv) (P—[(QVR)—S]) [A p91]
(v) [(=P A —==P) = (P A—P)] [A p.91]

[Contents]
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Chapter 3

Semantics of Propositional Logic

Exercises 3.2.1

Determine the truth values of the following wffs, given the truth values
for their basic components, which are written under those components.

1. (=P A (Q V R) [A p.92]
T T F
2. =(P V (Q — R)) [A p.92]
T T F
3. (=-=P A (Q = (R Vv P)) [A p.92]
F T T F
4. (--P AN (Q = (R Vv P)) [A p.92]
T F F T
5. (P Vv Q — (P V P)) [A p.92]
F T F F
6. (P v Q) — (P Vv P) [A p.93]
T EF T T
7. (P - (Q = (R = 9)) [A p.93]
T T T F
8 (P - (Q — (R —= 9)) [A p.93]
F T F T
9. = (((w-P < P) < Q) — R) [A p.93]
F F E F



10. = (((-P 4 P) <+ Q) — R) [A p.93]

T T T T
[Contents]
Exercises 3.3.1

Draw up truth tables for the following propositions.
1. (PAQ)VP) [A p.93]
2. (PA(PVP)) [A p.94]
3. =(=P A Q) [A p.94]
4. (Q— (QA-Q) [A p.94]
5. (P— (Q = R)) [A p.94]
6. (PVQ)« (PAQ)) [A p94]
7. ~((PAQ) ¢ Q) [A p.94]
8. (P — —P) — —P) — —P) [A p.94]
9. =(PA(QAR)) [A p.95]
10. ((=RV S) A (SV —T)) [A p.95]
[Contents]

Exercises 3.4.1

Draw up a joint truth table for each of the following groups of proposi-
tions.

1. (P — Q)and (Q — P) [A p.95]
2. (P« Q)and (PVQ)A—~(PAQ)) [A p.95]
3. =(PA—Q) and —-Q [A p.95]
4. (P— Q)AR)and (PV (QVR)) [A p.96]
5. (PAQ)A(=RA=S))and (PV (R — Q)) AS) [A p.96]

14



(PA=P)and (QA-Q) [A p.96]

(PV(Q ¢ R))and ((Q = P)AQ) [A p.96]
-((PANQ)AR)and ((P — Q) «+» (P — R)) [A p.97]
(PVvQ),~Pand (QV Q) [A p.97]
(P—(Q— (R—S)))and =S [A p.97]

[Contents]

Exercises 3.5.1

1.

Can the meaning of any of our two-place connectives (A, V, =, <)
be specified as the truth function 2 defined in Figure 3.2? [A p.98]

. Define truth functions f7 and f2 such that the meanings of A and —

(respectively) can be specified as these truth functions. [A p.98]

. Suppose we introduce a new one-place connective x and specify its

meaning as the truth function f] defined in Figure 3.2. What is the
truth value of xA when A is T? [A p.98]

. What truth values do you need to know to determine the truth value

of x(A — B)?

(i) The truth values of A and B.
(i) The truth value of A but not of B.
(iii) The truth value of B but not of A.
(iv) None. [A p.98]

. Which of our connectives could have its meaning specified as the

two-place function g(x,y) defined as follows?

g(xy) = f5(f2(x),y)
[A p.98]

[Contents]

15



Chapter 4
Uses of Truth Tables

Exercises 4.1.2

Use truth tables to determine whether each of the following arguments is
valid. For any argument that is not valid, give a counterexample.

1. AVB
A—C
. (B=C)—=C [A p.99]

2. A
. ((A=B)A(B—=C))Vv C [A p.99]

3. (AN—B) = C
-~C
B
. —A [A p.100]

4. (AAB) < C
A
.. C—B [A p.100]

5. (FAA-B) < =C
-(AVB)
.. C—=-C [A p.100]

6. AVB
-AVC
B—C
. C [A p.101]

16



10.

—(AVB) + -C
—AN-B
S CAC

~(AANB) = (CV A)
-AV —-B

A

. =(CV=C)

A— (BAC)
B < —C
.' _\A

A — B
B—C
-C

Exercises 4.2.1

[A p.101]

[A p.101]

[A p.102]

[A p.102]

[Contents]

Write out truth tables for the following propositions, and state whether

each is a tautology, a contradiction, or neither.

1.

—_
e

© ® N e o e w N

(PVQ)—P)
(=PA(QVR))
(=PVQ) < (PA=Q))
(P—=(Q—= (R—=P)))
(P—=((P=Q)—Q))
(P—=((Q—P)—Q))
(P=Q)v=(QA=Q))
(P = Q)V~(QA=P))
(PAQ) < (Q ¢ P))
~((PAQ) = (Q < P))

17



Exercises 4.3.1

Write out joint truth tables for the following pairs of propositions, and
state in each case whether the two propositions are (a) jointly satisfiable,
(b) equivalent, (c) contradictory, (d) contraries.

1. (P — Q)and —(P A —-Q) [A p.105]
2. (PAQ)and (P A-Q) [A p.105]
3. ~(P + Q) and =(P — Q) V =(PV —Q) [A p.105]
4. (P—-(Q—R))and ((P - Q) — R) [A p.106]
5. (PA(QA-Q))and =(Q — ~(RA-Q)) [A p.106]
6. (P A=P)and (RV —R) [A p.107]
7. (PA=P)and -(Q — Q) [A p.107]
8. (P— Q) — R)and =(PV —~(QA —R)) [A p.108]
9. (P+ Q)and ((PAQ)V (=P A-Q)) [A p.108]
10. (P < Q) and ((PAQ)V (=P A—-Q)) [A p.109]
[Contents]

Exercises 4.4.1

Write out a joint truth table for the propositions in each of the following
sets, and state whether each set is satisfiable.

1. {(PVvQ),~(PAQ),P} [A p.109]
2. {~(P = Q),(P+ Q),(-PVQ)} [A p.109]
3. {(P = =P),(PV —P),(-P — P)} [A p.109]
4. {((PVQ)VR), (=P — -Q),(-Q — —R),~P} [A p.110]
5. {(P+ Q),(QVR),(R—P)} [A p.110]
6. {(—=P — =Q), (P <> Q), P} [A p.110]
7. {=P,(P — (P = P)), (=P < P)} [A p.110]
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8. {(PV—-Q),(P—-R),7R,(-R— Q)} [A p.111]
9. {-R,-P,((Q——-Q) —R)} [A p.111]
10. {(=PV =Q),=(PA=Q),(PV =Q),~(=PA-Q)} [Ap111]
[Contents]
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Chapter 5

Logical Form

Exercises 5.1.1

For each of the following propositions, give three correct answers to the
question “what is the form of this proposition?”

1. ~(R = (R = Q)) [A p.112]
2. (RVP) = (RVP) [A p.112]
3. PA(~P — Q) [A p.112]
4 (-PVQ)AP) &R [A p.112]

[Contents]

Exercises 5.2.1

1. The following propositions all have three logical forms in common.
State what the three forms are, and in each case, show what replace-
ments of variables by propositions are required to obtain the three
propositions from the form.

(i) —=—C
(i) =~ (A AB)
(iii) =—=(C A =D) [A p.113]

20



2. State whether the given propositions are instances of the given form.
If so, show what replacements of variables by propositions are re-

quired to obtain the proposition from the form.

(i) Form: =(a — B)
Propositions:
(@ —(P— Q)
(b) ~(R— Q)
© ~(R—=(R—=Q))

(ii) Form: =(a — (a« — B))
Propositions:
@ ~(P = (P —Q))
(b) =(P — (P — P))
© ~(P—=(Q—P)

(iii) Form: (a vV B) — (a A B)
Propositions:
@ (=PVQ) = (=PAQ)
(b) (PV —P)— (PA—P)
() 7°(RVS) — —(RAS)

(iv) Form: a V (=B V «)
Propositions:
@ (PVQ)V(QV(PVQ))
(b) QV(=QV(QAQ))
(c) =PV (=—PV —P)

Exercises 5.3.1

[A p.113]
[A p.113]
[A p.113]

[A p.113]
[A p.113]
[A p.113]

[A p.113]
[A p.113]
[A p.113]

[A p.113]
[A p.113]
[A p.113]

[Contents]

For each of the following arguments, give four correct answers to the ques-
tion “what is the form of this argument?” For each form, show what re-

placements of variables by propositions are required to obtain the argu-

ment from the form.

1. 7(R— (R—=Q))
.. RV(R— Q)

21
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2. (PANQ)—Q
- =(PAQ) [A p.114]
3. \Q— (R—=S)

. R—=S [A p.115]
4. (P—-Q)V(-Q—P)

~(-Q = P)

P — =Q [A p.115]

[Contents]

Exercises 5.4.1

For each of the following arguments, (i) show that it is an instance of the
form:

b
x— B
. ﬁ
by stating what substitutions of propositions for variables have to be made

to obtain the argument from the form, and (ii) show by producing a truth
table for the argument that it is valid.

1. P

P—Q

. Q [A p.116]
2. (AAB)

(AANB) — (BVC)

-~ (BVQ) [A p.116]
3. (Av-A)

(AV-A) = (AN-A)

 (AN-A) [A p.116]
4. (P — —P)

(P — —P) = (P — (QA—-R))

- (P = (QA—-R)) [A p.116]

[Contents]
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Exercises 5.5.1

1. (i) Show by producing a truth table for the following argument
form that it is invalid:

[
B [A p.117]

(ii) Give an instance of the above argument form that is valid; show
that it is valid by producing a truth table for the argument.

[A p.117]

2. While it is not true in general that every instance of an invalid argu-
ment form is an invalid argument, there are some invalid argument
forms whose instances are always invalid arguments. Give an exam-
ple of such an argument form. [A p.117]

[Contents]
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Chapter 6

Connectives: Translation and
Adequacy

Exercises 6.5.1

Translate the following arguments into PL and then assess them for valid-
ity (you may use shortcuts in your truth tables).

1.

Bob is happy if and only if it is raining. Either it is raining or the sun
is shining. So Bob is happy only if the sun is not shining. [A p.118]

. If I have neither money nor a card, I shall walk. If I walk, I shall get

tired or have a rest. So if I have a rest, I have money. [A p.119]

. Maisy is upset only if there is thunder. If there is thunder, then there

is lightning. Therefore, either Maisy is not upset, or there is light-
ning. [A p.121]

. The car started only if you turned the key and pressed the accelera-

tor. If you turned the key but did not press the accelerator, then the
car did not start. The car did not start—so either you pressed the ac-
celerator but did not turn the key, or you neither turned the key nor
pressed the accelerator. [A p.122]

. Either Maisy isn’t barking, or there is a robber outside. If there is a

robber outside and Maisy is not barking, then she is either asleep or
depressed. Maisy is neither asleep nor depressed. Hence Maisy is
barking if and only if there is a robber outside. [A p.123]
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6. If it isn’t sunny, then either it is too windy or we are sailing. We are
having fun if we are sailing. It is not sunny and it isn’t too windy
either—hence we are having fun. [A p.124]

7. Either you came through Singleton and Maitland, or you came through
Newcastle. You didn’t come through either Singleton or Maitland—
you came through Cessnock. Therefore, you came through both
Newecastle and Cessnock. [A p.125]

8. We shall have lobster for lunch, provided that the shop is open. Ei-
ther the shop will be open, or it is Sunday. If it is Sunday, we shall go
to a restaurant and have lobster for lunch. So we shall have lobster
for lunch. [A p.126]

9. Catch Billy a fish, and you will feed him for a day. Teach him to fish,
and you'll feed him for life. So either you won't feed Billy for life, or
you will teach him to fish. [A p.127]

10. I'll be happy if the Tigers win. Moreover, they will win—or else they
won’t. However, assuming they don't, it will be a draw. Therefore,
if it’s not a draw, and they don’t win, I'll be happy. [A p.128]

[Contents]

Exercises 6.6.3

1. State whether each of the following is a functionally complete set of
connectives. Justify your answers.

@ {—,~} [A p.128]

(i) {+, v} [A p.129]

(iii) {@15} (The connective @15 is often symbolized by |;
another common symbol for this connective is NOR.) [A p.130

]
(iv) {—=, A} [A p.130]
W) {~ @1} [A p.131]
(vi) {V, @4} [A p.131]

2. Give the truth table for each of the following propositions.
(i) B@iy A [A p.131]
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(ii) (A@11B) @158 [A p.131]
(iii) ~(AV (A®gB)) [A p.131]
(iv) A< (A@3-B) [A p.131]

(v) (A@12B) Y (B@1p A) [A p.132]
(vi) (A@12B) Y (B@ A) [A p.132]

. Consider the three-place connectives f and f, whose truth tables are
as follows:

o B oy | 8B | B
T T T T F
T T F F F
TF T T T
T F T T T
FTT T T
F T F F T
F F T T F
F F F T F

(i) Define § using only (but not necessarily all of) the connectives
V, A, and —. [A p.132]

(i) Do the same for {. [A p.132]

. State a proposition involving only the connectives = and A that is
equivalent to the given proposition.

(i) (A — B) [A p.132]
(i) ~(AV B) [A p.132]
(ili) =A V —B [A p.132]
(iv) =(=AV B) [A p.132]
(v) A< B [A p.132]
(vi) (A= B)V(B— A) [A p.132]

(i) What is the dual of @4? [A p.132]
(i) What is the dual of —? [A p.133]
(iii) Which one-place connectives are their own duals? [A p.133]
(iv) Which two-place connectives are their own duals?  [A p.133]
]
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Chapter 7

Trees for Propositional Logic

Exercises 7.2.1.1

Apply the appropriate tree rule to each of the following propositions.

1. (A V —B) [A p.134]
2. (A — B) [A p.134]
3. ((A— B)AB) [A p.134]
4. ((A < B) < B) [A p.134]
5. (A & —=—A) [A p.134]
6. ~(-AVB) [A p.135]

[Contents]

Exercises 7.2.2.1

Construct finished trees for each of the following propositions.

1. (A — B) = B) [A p.135]
2. ((A— B)V (B — A)) [A p.135]
3. =(=A — (AVB)) [A p.135]
4. =—((AAB)V (AA-B)) [A p.135]

[Contents]
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Exercises 7.2.3.1

Construct finished trees for each of the following propositions; close paths
as appropriate.

1. (A= (B— A)) [A p.136]
2. (A= B)V(~AVB)) [A p.136]
3. =((A— B)V (~AVB)) [A p.136]
4. ———(AVB) [A p.136]
5. —(AA-A) [A p.136]
6. =(=(AAB) ¢+ (=AV —B)) [A p.137]

[Contents]

Exercises 7.3.1.1

Using trees, determine whether the following arguments are valid. For
any arguments that are invalid, give a counterexample.

1. A

- (AVB) [A p.137]
2. (AV B)

. B [A p.137]
3. (AV B)

(A—C)

(B— D)

- (CvD) [A p.138]
4. ((AVv—=B) —C)

(B — —|D)

D

. C [A p.138]
5 B

(A — B)

A [A p.138]
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o [A p.138]

.. (BAD) [A p.139]

. (A = B) [A p.139]

e [A p.140]
10.

. ~(AA—E) [A p.140]

[Contents]

Exercises 7.3.2.1

1. Using trees, test whether the following propositions are contradic-
tions. For any proposition that is satisfiable, read off from an open
path a scenario in which the proposition is true.

1) ANA-A [A p.141]
(ii) (AVB)A—=(AVB) [A p.141]
(iii) (A — B)A=(AV B) [A p.141]
(iv) (A — —-(AVB))A—=(=(AVB)VB) [A p.141]
(v) =((#BVC) «» (B—()) [A p.142]
(vi) (A< -A)V(A— —=(BVC)) [A p.142]
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. Using trees, test whether the following sets of propositions are sat-

isfiable. For any set that is satisfiable, read off from an open path a

scenario in which all the propositions in the set are true.

(i) {(AVB), =B, (A — B)}
(i) {(AVB), (BVC), ~(AVC)}

[A p.142]
[A p.142]

(iii) {~(=A — B), =(C < A), (AVC), =(C — B), (A — B)}

[A p.143]

(iv) {(A <« B), =(A = C), (C— A), (AANB)V(AAC)}[A p.143]

Exercises 7.3.3.1

[Contents]

Test whether the following pairs of propositions are contraries, contradic-
tories, or jointly satisfiable.

1.

AL T

(WA — B)and (B — A)

(A — B)and =(A — (A — B))

—(A <> -B) and -(A V —B)

—~(AV —B) and (—A — —B)
(wAAN(A— B))and ~(—A — (A — B))
((A— B) <> B)and ~(A — B)

Exercises 7.3.4.1

[A p.144]
[A p.144]
[A p.145]
[A p.146]
[A p.147]
[A p.147]

[Contents]

Test whether the following propositions are tautologies. (Remember to
restore outermost parentheses before adding the negation symbol at the
front—recall §2.5.4.) For any proposition that is not a tautology, read off
from your tree a scenario in which it is false.

1.

2.

A— (B— A)
A— (A — B)
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10.

Y ® N & g ok W»

((AAB)V (A — B)) = (C = A)
(AA(BVC)) < ((ANB)V(ANC))
-AV -(AAB)

AV (mAN-B)

(A— B)V (AA—B)
(BA—-A) <+ (A <+ B)
(AV(BVC))+ ((AVB)VC)
(

AN(BVC)) < ((AVB)AC)

Exercises 7.3.5.1

[A p.148]
[A p.149]
[A p.149]
[A p.149]
[A p.150]
[A p.150]
[A p.150]
[A p.151]

[Contents]

Test whether the following are equivalent. Where the two propositions
are not equivalent, read off from your tree a scenario in which they have
different truth values.

1.

—_
e

Y ® N S g ok w N

Pand (P A P)

(P — (QV-Q))and (R - R)
~(AV B) and (~A A =B)
~(AVB)and (~AV —B)
—(AAB)and (mA A —B)
~(AAB)and (~A V —B)

Aand ((AAB)V (AA-B))

—(P ¢+ Q)and (PA=Q)V (=PAQ))
((PAQ) = R)and (P — (-QVR))
—~(P + Q) and (Q A —P)
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[A p.151]
[A p.151]
[A p.152]
[A p.152]
[A p.152]
[A p.153]
[A p.153]
[A p.154]
[A p.154]
[A p.155]

[Contents]



Chapter 8

The Language of Monadic
Predicate Logic

Exercises 8.2.1

Translate the following propositions from English into MPL:
1.

10.
11.
12.

® N o O o= LW N

The Pacific Ocean is beautiful. [A p.156]
New York is heavily populated. [A p.156]
Mary is nice. [A p.156]
John is grumpy. [A p.157]
Seven is a prime number. [A p.157]
Pluto is a planet. [A p.157]
Bill and Ben are gardeners [A p.157]
If Mary is sailing or Jenny is kite flying, then Bill and Ben are grumpy.

[A p.157]
Mary is neither sailing nor kite flying. [A p.157]
Only if Mary is sailing is Jenny kite flying. [A p.157]
John is sailing or kite flying but not both. [A p.157]

If Mary isn’t sailing, then unless he’s kite flying, John is sailing.
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13. Jenny is sailing only if both Mary and John are. [A p.157]

14. Jenny is sailing if either John or Mary is. [A p.157]
15. If—and only if—Mary is sailing, Jenny is kite flying. [A p.157]
16. If Steve is winning, Mary isn’t happy. [A p.157]
17. Two is prime, but it is also even. [A p.157]

18. Canberra is small—but it’s not tiny, and it’s a capital city. [A p.157]

19. If Rover is kite flying, then two isn’t prime. [A p.157]
20. Mary is happy if and only if Jenny isn't. [A p.157]
[Contents]

Exercises 8.3.2

Translate the following from English into MPL.

1. If Independence Hall is red, then something is red. [A p.158]
2. If everything is red, then Independence Hall is red. [A p.158]
3. Nothing is both green and red. [A p.158]
4. Tt is not true that nothing is both green and red. [A p.158]
5. Red things aren’t green. [A p.158]
6. All red things are heavy or expensive. [A p.158]
7. All red things that are not heavy are expensive. [A p.158]
8. All red things are heavy, but some green things aren’t. [A p.158]
9. All red things are heavy, but not all heavy things are red. [A p.158]

—_
[e)

. Some red things are heavy, and furthermore some green things are
heavy too. [A p.158]

—_
—_

. Some red things are not heavy, and some heavy things are not red.
[A p.158]
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12. If Kermit is green and red, then it is not true that nothing is both
green and red. [A p.159]
13. Oscar’s piano is heavy, but it is neither red nor expensive. [A p.159]
14. If Spondulix is heavy and expensive, and all expensive things are red
and all heavy things are green, then Spondulix is red and green.!
[A p.159]
15. If Kermit is heavy, then something is green and heavy. [A p.159]
16. If everything is fun, then nothing is worthwhile. [A p.159]
17. Some things are fun and some things are worthwhile, but nothing is
both. [A p.159]
18. Nothing is probable unless something is certain. [A p.159]
19. Some things are probable and some aren’t, but nothing is certain.
[A p.159]
20. If something is certain, then it’s probable. [A p.159]
[Contents]
Exercises 8.3.5
Translate the following propositions from English into MPL.
1. Everyone is happy. [A p.159]
2. Someone is sad. [A p.159]
3. No one is both happy and sad. [A p.159]
4. If someone is sad, then not everyone is happy. [A p.159]
5. No one who isn’t happy is laughing. [A p.160]
6. If Gary is laughing, then someone is happy. [A p.160]
7. Whoever is laughing is happy. [A p.160]

1“Spondulix” is the name of a famous gold nugget, found in 1872.
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10.
11.
12.
13.
14.
15.
16.

17.
18.
19.

20.

. Everyone is laughing if Gary is. [A p.160]

. Someone is sad, but not everyone and not Gary. [A p.160]
Gary isn’t happy unless everyone is sad. [A p.160]
All leaves are brown and the sky is gray. [A p.160]
Some but not all leaves are brown. [A p.160]
Only leaves are brown. [A p.160]
Only brown leaves can stay. [A p.160]
Everyone is in trouble unless Gary is happy. [A p.160]

Everyone who works at this company is in trouble unless Gary is
happy. [A p.160]

If Stephanie is telling the truth, then someone is lying. [A p.160]

If no one is lying, then Stephanie is telling the truth. [A p.160]

Either Stephanie is lying, or no-one’s telling the truth and everyone

is in trouble. [A p.160]
If Gary is lying, then not everyone in this room is telling the truth.

[A p.160]

[Contents]

Exercises 8.4.3.1

Write out a construction for each of the following wffs, and state the main

operator.
1. Vx(Fx — Gx) [A p.161]
2. Vx—-Gx [A p.161]
3. =3dx(Fx A Gx) [A p.161]
4. (Fa A —3x—Fx) [A p.161]
5. Vx(Fx A Jy(Gx — Gy)) [A p.162]
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6. (Vx(Fx — Gx) A Fa)
7. ((=Fa N =Fb) — Vx—Fx)

Qo

. VxVy((Fx A Fy) — Gx)

\O

. Vx(Fx — VyFy)
10. (VxFx — VyFy)

Exercises 8.4.5.1

[A p.162]
[A p.162]
[A p.163]
[A p.163]
[A p.163]

[Contents]

Identify any free variables in the following formulas. State whether each

formula is open or closed.
1. Tx N Fx
. Tx N\ Ty
. IxTx N IxFx
. IxTx AVyFx
. IxTx A Fx

2

3

4

5

6. dx(Tx A Fx)
7. Vy3xTy

8. Ix(VxTx — JyFx)
9. JyvxTx — JyFx
10. Vx(3xTx A Fx)

11. Vx3dxTx A Fx

12. dxTy

13. VxTx — dxFx

14. 3xVy(Tx V Fy)

15. VxFx A Gx
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[A p.163]
[A p.163]
[A p.163]
[A p.163]
[A p.164]
[A p.164]
[A p.164]
[A p.164]
[A p.164]
[A p.164]
[A p.164]
[A p.164]
[A p.164]
[A p.164]
[A p.164]



16
17
18
19
20

. VxVyFx — Gy

. VaVy(Fx — VxGy)

. JyGb A Ge

. JyGy ANVx(Fx — Gy)

. Vx((Fx — 3xGx) A Gx)
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[A p.164]
[A p.164]

[Contents]



Chapter 9

Semantics of Monadic Predicate

Logic

Exercises 9.1.1

For each of the propositions:

(i) Pa (i) 3xPx (iii) VxPx

state whether it is true or false on each of the following models.

1. Domain: {1,2,3,...}?
Referent of a: 1

Extension of P: {1,3,5,...

2. Domain: {1,2,3,...}
Referent of a: 1

Extension of P: {2,4,6,...

3. Domain: {1,2,3,...}
Referent of a: 2

Extension of P: {1,3,5,...

4. Domain: {1,2,3,...}
Referent of a: 2

Extension of P: {2,4,6, ...

2That is, the set of positive integers.

3That is, the set of odd numbers.

4That is, the set of even numbers.
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5. Domain: {1,2,3,...}
Referent of a: 1
Extension of P: {1,2,3,...}

6. Domain: {1,2,3,...}
Referent of a: 2
Extension of P: @

Exercises 9.2.1

[A p.165]

[A p.165]

[Contents]

State whether each of the following propositions is true or false in each of

the six models given in Exercises 9.1.1.

(i) (—Pa A —Pa)

(
(ii) (—=Pa — Pa)
(iii) (Pa <> JxPx)
(

(iv)
(v) —(VxPx A =3xPx)

dxPx V —Pa)

Exercises 9.3.1

1. If a(x) is (Fx A Ga), what is
(i) a(a/x)
(i) a(b/x)

2. If a(x) is Vy(Fx — Gy), what is
(i) a(a/x)
(i) a(b/x)

3. If w(x) is Vx(Fx — Gx) A Fx, what is
(i) a(a/x)
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[Answers p.165]

[Contents]
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[A p.166]

[A p.166]
[A p.166]
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(i) a(b/x)
4. If a(x) is Vx(Fx A Ga), what is
(i) a(a/x)
(i) a(b/x)
5. If a(y) is 3x(Gx — Gy), what is
(i) a(a/y)
(ii) a(b/y)
6. If a(x) is Jy(Vx(Fx — Fy) V Fx), what is

(i) a(a/x)
(i) a(b/x)

Exercises 9.4.3

1. Here is a model:
Domain: {1,2,3,4}
Extensions: E: {2,4} O:{1,3}

[A p.166]

[A p.166]
[A p.166]

[A p.166]
[A p.166]

[A p.166]
[A p.166]
[Contents]

State whether each of the following propositions is true or false in

this model.

(i) VxEx

(ii) Vx(Ex V Ox)
(iii) JxEx
(iv) Jx(Ex A Ox)
(v) Vx(—Ex — Ox)
(vi) VxExV dx—Ex

2. State whether the given proposition is true or false in the given mod-

els.

(i) Vx(PxV Rx)

(a) Domain: {1,2,3,4,5,6,7,8,9,10}
Extensions: P: {1,2,3} R:{5,6,7,8,9,10}
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(b) Domain: {1,2,3,4,5,6,7,8,9,10}
Extensions: P: {1,2,3,4} R:{4,5,6,7,8,9,10} [A p.167]
(i) Ix(=Px <> (Qx A —Rx))
(a) Domain: {1,2,3, ...
Extensions: P: {2,4,6,...} Q:{1,3,5,...} R:{2,4,6,...}
[A p.167]
(b) Domain: {1,2,3,...}
Extensions: P: {2,4,6,...} Q:{2,4,6,...} R:{1,3,5,...}
[A p.167]
(iii)) dxPx A Ra

(a) Domain: {1,2,3,...}

Referent of a: 7

Extensions: P: {2,3,5,7,11,...}° R:{1,3,5,...} [A p-167]
(b) Domain: {Alice, Ben, Carol, Dave}

Referent of a: Alice

Extensions: P: {Alice, Ben} R: {Carol, Dave} [A p.167]

3. Here is a model:

Domain: {Bill, Ben, Alison, Rachel}

Referents: a: Alison r: Rachel

Extensions: M: {Bill, Ben} F: {Alison, Rachel}
J: {Bill, Alison} S: {Ben, Rachel}

State whether each of the following propositions is true or false in
this model.

(i) (Ma A Fr) — Jx(Mx A Fx) [A p.167]
(i) VxVy(Mx — My) [A p.167]
(iii)) (=MaV —Jr) — IxJy(Mx A Fy) [A p.167]
(iv) VxMx — VxJx [A p.167]
(v) IxJy(Mx A Fy A Sr) [A p.167]
(vi) Jx(Fx A Sx) — Vx(Fx — Sx) [A p.167]

5That is, the set of prime numbers.
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4. For each of the following propositions, describe (a) a model in which
it is true, and (b) a model in which it is false. If there is no model of
one of these types, explain why.

(i) Vx(Fx — Gx) [A p.167]
(i) VxFx A —Fa [A p.167]
(iii) dxFx A —Fa [A p.168]
(iv) Jx(Fx A Gx) [A p.168]
(v) Vx(Fx — Fx) [A p.168]
(vi) dxFx A dxGx [A p.168]
(vii) VxFx — dxFx [A p.168]
(viii) Jx(Fx A —Fx) [A p.168]
(ix) dxFx A dx—Fx [A p.168]
(x) 3x(Fx — Fx) [A p.169]
(xi) dxFx — dxGx [A p.169]
(xii) dxFx — VxGx [A p.169]
(xiii) VxFx — Fa [A p.169]
(xiv) Vx(Fx — Fa) [A p.169]
(xv) Fa — Fb [A p.169]
(xvi) Vx(FxV Gx) [A p.170]
(xvii) dx(Fx V Gx) [A p.170]
(xviii) Vx(Fx A =Fx) [A p.170]
(xix) Vx3y(Fx — Gy) [A p.170]
(xx) Vx(Fx — JyGy) [A p.170]
5. (i) Is Vx(Fx — Gx) true or false in a model in which the extension
of F is the empty set? [A p.170]

(ii) Is 3x(Fx A Gx) true in every model in which Vx(Fx — Gx) is
true? [A p.170]
[Contents]
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Exercises 9.5.1

For each of the following arguments, either produce a countermodel (thereby
showing that the argument is invalid) or explain why there cannot be a
countermodel (in which case the argument is valid).

1. dxFx A dxGx
. 3x(Fx A Gx) [A p.171]

2. dx(Fx A Gx)
oo dxFx A 3xGx [A p.171]

3. Vx(Fx V Gx)
—VxFx
. VaGx [A p.171]

4. Vx(Fx — Gx)
Vx(Gx — Hx)
.. Vx(Fx — Hx) [A p.171]

5. Vx(Fx — Gx)
Vx(Gx — Hx)
.. Vx(Hx — Fx) [A p.171]

[Contents]
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Chapter 10

Trees for Monadic Predicate Logic

Exercises 10.2.2

1. Using trees, determine whether the following propositions are log-
ical truths. For any proposition that is not a logical truth, read off
from your tree a model in which it is false.

(i) Fa — dxFx [A p.172]
(i) dxFx — —Vx—Fx [A p.172]
(iii) Vx((Fx A —-Gx) — JxGx) [A p.173]
(iv) VxFx — dxFx [A p.173]
(v) (FaA(FbAFc)) — VxFx [A p.173]
(vi) dxFx A dx—Fx [A p.174]
(vii) Ix(Fx — VyFy) [A p.174]
(viii) Vx(Fx — Gx) — (Fa — Ga) [A p.174]
(ix) =Vx(Fx A Gx) <> Ix—(Fx A Gx) [A p.175]

(x) ~3x(Fx A Gx) <> Vx(—=Fx A =Gx) [A p.175]

2. Using trees, determine whether the following arguments are valid.
For any argument that is not valid, read off from your tree a model
in which the premises are true and the conclusion false.

(i) dxFx A dxGx

- Jx(Fx A Gx) [A p.176]
(i) IxVy(Fx — Gy)
. Vy3x(Fx — Gy) [A p.176]
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(iii) Fa — VxGx

. Vx(Fa — Gx) [A p.177]
(iv) Fa — VxGx
. dx(Fa — Gx) [A p.177]
(v) Vx(FxV Gx)
—VxFx
. VxGx [A p.177]
(vi) Jx(Fx A Gx)
oo JdxFx A 3xGx [A p.178]
(vii) Vx(Fx — Gx)
Fa
. Ga [A p.178]
(viii) —Vx(Fx V Gx)
. 3x(=Fx A =Gx) [A p.178]
(ix) Vx(Fx — Gx)
Vx(Gx — Hx)
. =3x(—Fx A Hx) [A p.179]
(x) Vx(FxV Gx)
. =3dx(Fx A Gx) [A p.179]
[Contents]

Exercises 10.3.8

Translate the following arguments into MPL, and then test for validity us-
ing trees. For any argument that is not valid, read off from your tree a
model in which the premise(s) are true and the conclusion false.

1. All dogs are mammals. All mammals are animals. Therefore, all
dogs are animals. [A p.180]

2. If everything is frozen, then everything is cold. So everything frozen
is cold. [A p.181]

3. If a thingis conscious, then either there is a divine being, or that thing
has a sonic screwdriver. Nothing has a sonic screwdriver. Thus, not
everything is conscious. [A p.182]

4. All cows are scientists, no scientist can fly, so no cow can fly.
[A p.183]
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10.

. Someone here is not smoking. Therefore, not everyone here is smok-

ing. [A p.184]
. If Superman rocks up, all cowards will shake. Catwoman is not a
coward. So Catwoman will not shake. [A p.185]

Each car is either red or blue. All the red cars are defective, but some
of the blue cars aren’t. Thus, there are some defective cars and some
nondefective cars. [A p.186]

. For each thing, it swims only if there is a fish. Therefore, some things

don’t swim. [A p.187]

. All robots built before 1970 run on kerosene. Autovac 23E was built

before 1970, but it doesn’t run on kerosene. So it’s not a robot.
[A p.188]

Everyone who is tall is either an athlete or an intellectual. Some peo-
ple are athletes and intellectuals, but none of them is tall. Graham is a
person. Therefore, if he’s an athlete, then either he’s not an intellectu-
al, or he isn’t tall. [A p.189]

[Contents]
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Chapter 11

Models, Propositions, and Ways
the World Could Be

There are no exercises for chapter 11. [Contents]
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Chapter 12

General Predicate Logic

Exercises 12.1.3.1
State whether each of the following is a wff of GPL.
1. VxFly [A p.191]
2. VxIyFly [A p.191]
3. VxR%xy [A p.191]
4. Vx3xR%yy [A p.191]
5. R%x [A p.191]
6. VxR?x [A p.191]
7. Vx(F'x — R%x) [A p.191]
8. Vx3y(Flx — R2xy) [A p.191]
9. Vx3y(Flxy — R%y) [A p.191]
10. VxJyVx3yR2xy [A p.191]
[Contents]
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Exercises 12.1.6

Translate the following into GPL.

1. Bill heard Alice. [A p.192]
2. Bill did not hear Alice. [A p.192]
3. Bill heard Alice, but Alice did not hear Bill. [A p.192]
4. If Bill heard Alice, then Alice heard Bill. [A p.192]
5. Bill heard Alice if and only if Alice heard Alice. [A p.192]
6. Bill heard Alice, or Alice heard Bill. [A p.192]
7. Clare is taller than Dave, but she’s not taller than Edward. [A p.192]
8. Mary prefers Alice to Clare. [A p.192]
9. Mary doesn’t prefer Dave to Clare; nor does she prefer Clare to Dave.
[A p.192]
10. Edward is taller than Clare, but he’s not tall. [A p.192]
11. The Eiffel tower is taller than both Clare and Dave. [A p.192]
12. If Dave is taller than the Eiffel tower, then he’s tall.
[A p.192]

13. Although the Eiffel tower is taller, Clare prefers Dave. [A p.193]
14. If Alice is taller than Dave, then he prefers himself to her. [A p.193]
15. Dave prefers Edward to Clare only if Edward is taller than the Eiffel

tower. [A p.193]
16. Dave prefers Edward to Clare only if she’s not tall. [A p.193]
17. Mary has read Fiesta, and she likes it. [A p.193]
18. Dave doesn’t like Fiesta, but he hasn’t read it. [A p.193]
19. If Dave doesn’t like The Bell Jar, then he hasn’t read it. [A p.193]

20. Dave prefers The Bell Jar to Fiesta, even though he hasn’t read either.
[A p.193]

[Contents]
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Exercises 12.1.9

Translate the following into GPL.

1. (i) Something is bigger than everything. [A p.193]
(ii) Something is such that everything is bigger thanit. [A p.193]
(iii) If Alice is bigger than Bill, then something is bigger than Bill.

[A p.193]

(iv) If everything is bigger than Bill, then Alice is bigger than Bill.
[A p.193]
(v) If something is bigger than everything, then something is bigger
than itself. [A p.193]
(vi) If Alice is bigger than Bill and Bill is bigger than Alice, then
everything is bigger than itself. [A p.193]
(vii) There is something that is bigger than anything that Alice is big-
ger than. [A p.193]
(viii) Anything thatis bigger than Alice is bigger than everything that
Alice is bigger than. [A p.193]
(ix) Every room contains at least one chair. [A p.193]

(x) In some rooms some of the chairs are broken; in some rooms all
of the chairs are broken; in no room is every chair unbroken.

[A p.194]
2. (i) Every person owns a dog. [A p.194]
(ii) For every dog, there is a person who owns that dog. [A p.194]
(iii) There is a beagle that owns a chihuahua. [A p.194]
(iv) No beagle owns itself. [A p.194]
(v) No chihuahua is bigger than any beagle. [A p.194]
(vi) Some chihuahuas are bigger than some beagles. [A p.194]
(vii) Some dogs are happier than any person. [A p.194]
(viii) People who own dogs are happier than those who don’t.
[A p.194]
(ix) The bigger the dog, the happier it is. [A p.194]

(x) Thereis abeagle that is bigger than every chihuahua and smaller
than every person. [A p.194]
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3. (i) Aliceis a timid dog, and some cats are bigger than her.

[A p.195]
(ii) Every dog that is bigger than Alice is bigger than Bill. [A p.195]
(iii) Bill is a timid cat, and every dog is bigger than him. [A p.195]
(iv) Every timid dog growls at some gray cat. [A p.195]
(v) Every dog growls at every timid cat. [A p.195]
(vi) Some timid dog growls at every gray cat. [A p.195]
(vii) No timid dog growls at any gray cat. [A p.195]
(viii) Alice wants to buy something from Woolworths, but Bill doesn’t.
[A p.195]

(ix) Alice wants to buy something from Woolworths that Bill doesn't.
[A p.195]

(x) Bill growls at anything that Alice wants to buy from Woolworths.
[A p.195]
4. (i) Dave admires everyone. [A p.196]
(i) No one admires Dave. [A p.196]
(iii) Dave doesn’t admire himself. [A p.196]
(iv) No one admires himself.® [A p.196]
(v) Dave admires anyone who doesn’t admire himself.” [A p.196]
(vi) Every self-admiring person admires Dave. [A p.196]
(vii) Frank admires Elvis but he prefers the Rolling Stones. [A p.196]

(viii) Frank prefers any song recorded by the Rolling Stones to any

song recorded by Elvis. [A p.196]
(ix) The Rolling Stones recorded a top-twenty song, but Elvis didn’t.
[A p.196]

(x) Elvis prefers any top-twenty song that the Rolling Stones recorded
to any song that he himself recorded. [A p.196]
[Contents]

®Read “himself” here as gender-neutral—that is, the claim is that no one self-admires.
"Read “himself” here as gender-neutral—that is, the claim is that Dave admires any-
one who doesn’t self-admire.

51



Exercises 12.2.2

1. Here is a model:
Domain: {1,2,3,...}
Referents: a:l b:2 ¢:3
Extensions: E: {2,4,6,...}
pP: {2,3,57,11,...}8
L: {(1,2),(1,3),(1,4),...,(2,3),(2,4),...,(3,4),...} ?

State whether each of the following propositions is true or false in

this model.
(i) Lba [A p.196]
(i) LabV Lba [A p.196]
(ifi) Laa [A p.196]
(iv) JxLxb [A p.196]
(v) dxLxa [A p.196]
(vi) dxLxx [A p.197]
(vii) VxdyLxy [A p.197]
(viii) VxdyLyx [A p.197]
(ix) Jx(Px A Lxb) [A p.197]
(x) 3x(Px A Lcx) [A p.197]
(xi) Vx3y(Ey A Lxy) [A p.197]
(xii) Vx3y(Py A Lxy) [A p.197]
(xiii) Vx(Lcx — Ex) [A p.197]
(xiv) Vx((Lax A Lxc) — Ex) [A p.197]
(xv) VaVy(Lxy V Lyx) [A p.197]
(xvi) 3x3y3z(Ex APy NEz APz A Lxy A Lyz) [A p.197]
(xvii) Jx3y3z(Lxy A Lyz A Lzx) [A p.197]
(xviii) VaVyvz((Lxy A Lyz) — Lxz) [A p.197]

8That is, the set of prime numbers.

9That is, the set of all pairs (x,y) such that x is less than y. A more compact way of
writing this set is {(x,y) : x < y}. See §16.1 for an explanation of this kind of notation
for sets.
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2. Here is a model:

Domain: {1,2,3}
Referents: a:1 b:2 ¢ 3
Extensions: F: {1,2}

G: {2,3}

R: {(1,2),(2,1),(2,3)}

S: {(1,2,3)}
State whether each of the following propositions is true or false in
this model.

(i) VxVy(Rxy — Ryx) [A p.197]
(i) VxVy(Ryx — Rxy) [A p.197]
(iii) Vx3y(Gy A Rxy) [A p.197]
(iv) Vx(Fx — Jy(Gy A Rxy)) [A p.197]
(v) Ixdy3zSxyz [A p.197]
(vi) Ix3ySxay [A p.197]
(vii) dx3ySxby [A p.197]
(viii) JdxSxxx [A p.197]
(ix) JxJy(Fx A Fy A Sxby) [A p.197]

(x) Jx3y(Fx A Gy A Sxby) [A p.197]

3. Here is a model:

Domain: {Alice, Bob, Carol, Dave, Edwina, Frank}

Referents: a:Alice b: Bob c: Carol d: Dave e: Edwina
f: Frank

Extensions: M: {Bob, Dave, Frank}
F:  {Alice, Carol, Edwina}
L:  {(Alice, Carol), (Alice, Dave), (Alice, Alice),
(Dave, Carol), (Edwina, Dave), (Frank, Bob) }
S: {(Alice, Bob), (Alice, Dave), (Bob, Alice), (Bob, Dave)
(Dave, Bob), (Dave, Alice) }

State whether each of the following propositions is true or false in
this model.

(i) VxVy(Lxy — Lyx) [A p.197]
(i) dxLxx [A p.198]
(iii) —dxSxx [A p.198]
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(iv) VaVy(Sxy — Syx) [A p.198]
(v) VxVyVz((Sxy A Syz) — Sxz) [A p.198]
(vi) Vx(Mx — JyLyx) [A p.198]
(vii) Vx(Fx — JyLyx) [A p.198]
(viii) Vx(Fx — JyLxy) [A p.198]
(ix) JxJy(Lax A Lyb) [A p.198]
(x) Vx((Lxd Vv Ldx) V Mx) [A p.198]

4. For each of the following propositions, describe (a) a model in which
it is true and (b) a model in which it is false. If there is no model of
one of these types, explain why.

(i) VxFxx [A p.198]
(i) VxVy(Fxy — Fyx) [A p.198]
(iii) VxVy(Fxy <> Fyx) [A p.198]
(iv) dxVyFxy [A p.198]
(v) VxdyFxy [A p.198]
(vi) Ix3dyFxy [A p.198]

(vii) VxVyFxy [A p.199]
(viii) dxdyFxy A —Faa [A p.199]
(ix) VxVyFxy A —Faa [A p.199]
(x) VxVy(Fxy <> Fyx) A Fab A\ —Fba [A p.199]
[Contents]

Exercises 12.3.1

1. Using trees, determine whether the following propositions are log-
ical truths. For any proposition that is not a logical truth, read off
from your tree a model in which it is false.

(i) Vx(Rxx — JyRxy) [A p.200]
(i) Vx(JyRxy — JzRzx) [A p.200]
(iii) VxRax — Vx3yRyx [A p.200]
(iv) VxdydzRyxz — dxdyRxay [A p.201]
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(v) =Vx3dyRxy [A p.201

]

(vi) VaVyVz((Rxy A Ryz) — Rxz) [A p.202]
(vii) IxVyRxy — Vx3dyRxy [A p.202]
(viii) dyVxRxy — VxdyRxy [A p.203]
(ix) IxVyRxy — Ix3yRxy [A p.203]
(x) VaxVy3dzRxyz V VxVyVz—Rxyz [A p.204]

. Using trees, determine whether the following arguments are valid.
For any argument that is not valid, read off from your tree a model
in which the premises are true and the conclusion false.

(i) VxVyVz((Rxy A Ryz) — Rxz)
Rab
Rba
. dxRxx [A p.204]

(ii) VxFxa — JxFax

dxFxa

. dxFax [A p.205]
(iii) Jx3y3z(Rxy A Rzy)

. JxRxx [A p.205]
(iv) VaxVy(Rxy — Ryx)

dxRxa

.. dxRax [A p.206]

(v) VaVy(—Rxy — Ryx)
.. Vx3dyRyx [A p.206]

(vi) VaVy(Rxy — (Fx A Gy))

. mdxRxx [A p.206]
(vii) Vx(Fx — (VyRxy V =3yRxy))

Fa

—Rab

. —Raa [A p.207]

(viii) VaVy(3z(Rzx A Rzy) — Rxy)
VxRax
. VxVyRxy [A p.207]
(ix) Vx3dyRxy
. JxRxb [A p.208]
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(x) 3xVy(Fy — Rxy)
JxVy—Ryx
. dx—Fx [A p.208]

. Translate the following arguments into GPL and then test for validity
using trees. For any argument that is not valid, read off from your
tree a model in which the premises are true and the conclusion false.

(i) Alice is older than Bill, and Bill is older than Carol, so Alice
must be older than Carol. [A p.209]

(ii) Alice is older than Bill. Bill is older than Carol. Anything older
than something is older than everything that that something is
older than. It follows that Alice is older than Carol.  [A p.209]

(iii) I trust everything you trust. You trust all bankers. Dave is a

banker. Thus, I trust Dave. [A p.210]
(iv) Everybody loves somebody, so everybody is loved by some-
body. [A p.211]

(v) Nancy is a restaurateur. She can afford to feed all and only those
restaurateurs who can’t afford to feed themselves. So Nancy is
very wealthy. [A p.212]

(vi) Everything in Paris is more beautiful than anything in Can-
berra. The Eiffel tower is in Paris, and Lake Burley Griffin is
in Canberra. Therefore, the Eiffel tower is more beautiful than

Lake Burley Griffin. [A p.213]
(vii) Politicians only talk to politicians. No journalist is a politician.
So no politician talks to any journalist. [A p.214]

(viii) There is no object that is smaller than all objects; therefore, there
is no object such that every object is smaller than it. [A p.215]

(ix) Either a movie isn’t commercially successful or both Margaret
and David like it. There aren’t any French movies that Margaret
and David both like. So there aren’t any commercially success-

ful French movies. [A p.216]

(x) There’s something that causes everything. Thus, there’s nothing
that is caused by everything. [A p.217]
[Contents]
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Exercises 12.4.1

For each of the following arguments, first translate into GPL and show that
the argument is invalid using a tree. Then formulate suitable postulates
and show, using a tree, that the argument with these postulates added as
extra premises is valid.

1. Roger will eat any food; therefore, Roger will eat that egg. [A p.217]
2. Bill weighs 180 pounds. Ben weighs 170 pounds. So Bill is heavier
than Ben. [A p.218]
3. John ran 5 miles; Nancy ran 10 miles; hence, Nancy ran farther than
John. [A p.218]
4. Sophie enjoys every novel by Thomas Mann, so she enjoys Budden-
brooks. [A p.219]
5. Chris enjoys novels and nothing else; therefore, he does not enjoy
anything by Borges. [A p.219]
[Contents]
Exercises 12.5.4
For each of the following wffs, find an equivalent wff in prenex normal
form.
1. (VxPx V VxQx) [A p.220]
2. (IxPx Vv IxQx) [A p.220]
3. (VxPx — VxPx) [A p.220]
4. (VxPx <> VxPx) [A p.220]
5. =Vx(Sx A (JyTy — FzUxz)) [A p.220]
[Contents]
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Chapter 13

Identity

Exercises 13.2.2

Translate the following into GPLIL

1.
2.

Y ® N & g e

10.
11.
12.
13.

Chris is larger than everything (except himself). [A p.221]
All dogs are beagles—except Chris, who is a chihuahua. [A p.221]

Ben is happy if he has any dog other than Chris by his side.
[A p.221]

Chris is happy if he is by anyone’s side but Jonathan’s.  [A p.222]
Jonathan is larger than any dog. [A p.222]

Everything that Mary wants is owned by someone else.  [A p.222]

Mary owns something that someone else wants. [A p.222]
Mary owns something she doesn’t want. [A p.222]
If Mary owns a beagle, then no one else does. [A p.222]

No one other than Mary owns anything that Mary wants. [A p.222]
Everyone prefers Seinfeld to Family Guy. [A p.222]
Seinfeld is Adam’s most preferred television show. [A p.222]

Family Guy is Adam’s least preferred television show. [A p.222]
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14.

15.
16.
17.
18.
19.
20.
21.
22.
23.

24.
25.
26.

27.

28.
29.

30.

Jonathon watches Family Guy, but he doesn’t watch any other televi-

sion shows. [A p.222]
Jonathon is the only person who watches Family Guy. [A p.222]
Diane is the tallest woman. [A p.222]
Edward is the only man who is taller than Diane. [A p.222]
Diane isn’t the only woman Edward is taller than. [A p.222]

No one whom Diane’s taller than is taller than Edward.  [A p.222]

Edward and Diane aren’t the only people. [A p.222]
You're the only one who knows Ben. [A p.222]
I know people other than Ben. [A p.222]
Everyone Ben knows (not including Chris and me) is happy.

[A p.222]
The only happy person I know is Ben. [A p.222]
Ben is the tallest happy person I know. [A p.222]

Jindabyne is the coldest town between Sydney and Melbourne.
[A p.222]

There’s a colder town than Canberra between Sydney and Melbourne.
[A p.222]

For every town except Jindabyne, there is a colder town. [A p.223]

No town between Sydney and Melbourne is larger than Canberra or

colder than Jindabyne. [A p.223]
Jindabyne is my most preferred town between Sydney and Melbourne.

[A p.223]

[Contents]
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Exercises 13.3.1

1. Here is a model:
Domain: {Clark, Bruce, Peter}
Referents: a: Clark b: Clark e: Peter f: Peter
Extensions: F: {Bruce, Peter}
R: {(Clark, Bruce), (Clark, Peter), (Bruce, Bruce),

(Peter, Peter) }
State whether each of the following propositions is true or false in
this model.

(i) Vx(=Fx — x =a) [A p.223]
(i) Vx(x =a — VyRxy) [A p.223]
(iii) 3x(x # f A Ff ARxf) [A p.223]
(iv) Vx(x # b — Rax) [A p.223]
(v) Ix(x # a AVy(Fy — Rxy)) [A p.223]
(vi) Jx(x # e A Rxx) [A p.223]

2. Here is a model:

Domain: {1,2,3,...}

Referents: a:l bl 2 e4
Extensions: F: {1,2,3}

G: {1,3,5,...}

R: {(1,2),(2,3),(3,4),(4,5),...}
State whether each of the following propositions is true or false in

this model.
(i) Jx(Rax A —Rbx) [A p.223]
(i) Vx((Fx A=Gx) — x =¢) [A p.223]
(iii) Vx(x #a — JyRyx) [A p.223]
(iv) Vx(Gx — Jy3z(Rxy A Ryz A Gz)) [A p.223]
(v) Vx((x=aVx=0b) = x #c) [A p.223]
(vi) Ix(—Fx Ax # e A Jy(Fy A Ryx)) [A p.223]

3. For each of the following propositions, describe (a) a model in which
it is true and (b) a model in which it is false. If there is no model of
one of these types, explain why.
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(i) Vx(Fx — x =a) [A p.223]
() Ix(x =aAx=0) [A p.223]
(iii) IxVy(x # y — Rxy) [A p.223]
(iv) VaVy(Rxy — x =y) [A p.224]
(V) VaVy(x # y — JzRxyz) [A p.224]
(vi) Ix(x =aANa# x) [A p.224]

(vii) VaVy((Fx AFy) — x =y) [A p.224]
(viii) Ix(Fx AVy(Gy — x =y)) [A p.224]
(ix) Vx(Fx — Jy(x # y A Rxy)) [A p.224]

(x) Vx((Fx A Rax) — x # a) [A p.224]

(xi) IxJyFz(x #y Ay #z A x # z A Rxyz) [A p.224]

(xil) VxVyVz(Rxyz — (x Zy ANy #zAx # z)) [A p.224]
(xiil)) VxVy(x #y — (FxV Fy)) [A p.225]
(xiv) Ix(Fx AVy((Fy Ax #y) — Rxy)) [A p.225]
(xv) VaVyVz(Rxyz — (Rxxx A Ryyy A Rzzz)) [A p.225]
(xvi) Vx(Rxx — Vy(x =y — Rxy)) [A p.225]
(xvii) (Fa A Fb) AVxVy((Fx ANFy) = x =y) [A p.225]
(xviii) Ix3y(Fx AFy AVz[Fz = (x =zVy = z)]) [A p.225]
[Contents]

Exercises 13.4.3

1. Using trees, determine whether the following sets of propositions
are satisfiable. For any set that is satisfiable, read off from your tree
a model in which all propositions in the set are true.

(i) {Rab — —Rba, Rab, a = b} [A p.226]
(ii) {Rab, =Rbc, a = b} [A p.226]
(iii) {Vx(Fx — x =a), Fa, a # b} [A p.227]
(iv) {Vx(Fx — Gx), 3xFx, =Ga, a = b} [A p.227]
(v) {Vx(x #a — Rax), Vx—Rxb, a # b} [A p.228]
(vi) {3IxVy(Fy — x =y), Fa, Fb} [A p.228]
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(vii) {VxVy(Rxy — x =y), Rab, a # b} [A p.229

]

(viii) {Vx((Fx A Rxa) — x # a), Fb A Rba, a = b} [A p.229]
(ix) {Ixdy3FzRxyz, Vx(x =x - x =a)} [A p.229]
(x) {Vx—=Rxx, VxVyx =y, IxRax} [A p.230]

2. Using trees, determine whether the following arguments are valid.
For any argument that is not valid, read off from your tree a model
in which the premises are true and the conclusion false.

(i) JxFx
JyGy
VxVyx =y
. Jx(Fx A Gx) [A p.231]
(i) IxFy(Fx NGy AVz(z=xVz=y))
- 3x(Fx A Gx) [A p.232]
(iii) Rab
oo VaYyVz(((Rxy A Ryz) A x = z) — Ryy) [A p.233]
(iv) VaxVy(Rxy — Ryx)
dx(Rax Ax # D)
oo dx(RxaNx #b) [A p.233]
(V) VaVyx =y
.. VaVy(Rxy — Ryx) [A p.234]
(vi) VaVyVz((Rxy A Rxz) =y = z)
Rab N Red
b#d
SaFc [A p.234]
(vii) IxJy(Rxy Ax =y)
. VxRxx [A p.235]
(viii) Vx(x =aV x =b)
S Vxx=a [A p.235]
(ix) VxRax
—VxVyx =y
oo 3x3y3z(Rxy ARxz Ay # z) [A p.236]
(x) Vxx =a
S Vxx=b [A p.236]
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3. Translate the following propositions into GPLI and then test whether
they are logical truths using trees. For any proposition that is not a
logical truth, read off from your tree a model in which it is false.

(i) If Stan is the only firefighter, then nothing else is a firefighter.

[A p.237]
(ii) If Julius Caesar is left-handed but Lewis Carroll isn’t, then Lewis
Carroll isn’t Julius Caesar. [A p.237]
(iii) If the sun is warming all and only things other than itself, then
the sun is warming Apollo. [A p.238]

(iv) If Kevin Bacon isn’t Kevin Bacon, then he’s Michael J. Fox.
[A p.238]
(v) If no one who isn’t Twain is a witty author, and Clemens is an
author, then Clemens is not witty. [A p.239]
(vi) No spy trusts any other spy. [A p.240]

(vii) Either everything is identical to this ant, or nothing is.

[A p.240]
(viii) If Doug is afraid of everything but Santa Claus, then either he’s
afraid of himself, or else he’s Santa Claus. [A p.241]
(ix) If Mark respects Samuel and only Samuel, then Mark doesn’t
respect himself. [A p.242]
(x) EitherIam a physical body, or I am identical to something that’s
not a physical body. [A p.243]
[Contents]

Exercises 13.5.1

1. Translate the following propositions into GPLI and then test whether
they are logical truths using trees. For any proposition that is not a
logical truth, read off from your tree a model in which it is false.

(i) There are at most two gremlins. [A p.244]
(ii) There are at least three Beatles. [A p.245]

(iii) There is exactly one thing that is identical to Kevin Bacon.
[A p.246]

(iv) If there are at least two oceans, then there is an ocean. [A p.247]
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(v) Take any two distinct dogs, the first of which is larger than the
second; then the second is not larger than the first.  [A p.247]

(vi) If there is exactly one apple, then there is at least one apple.

[A p.248]
(vii) It’s not the case both that there are at least two apples and that
there is at most one apple. [A p.248]

(viii) Either there are no snakes, or there are at least two snakes.
[A p.249]

2. Translate the following arguments into GPLI and then test for valid-
ity using trees. For any argument that is not valid, read off from your
tree a model in which the premises are true and the conclusion false.

(i) There are at least three things in the room. It follows that there
are at least two things in the room. [A p.250]

(ii) There are at least two bears in Canada, so there are at most two
bears in Canada. [A p.251]

(iii) There is at most one barber. So either every barber cuts his own
hair, or no barber cuts any barber’s hair. [A p.252]

(iv) There are at most two things. If you pick a first thing and then
pick a second thing (which may or may not be a different object
from the first thing), then one of them is heavier than the other.
So everything is either the heaviest or the lightest thing.

[A p.253]

(v) Some football players are athletes. Some golfers are athletes.
Thus, there are at least two athletes. [A p.254]

(vi) Everything is a part of itself. So everything has at least two
parts. [A p.255]

(vii) There are at least two things that are identical to the Eiffel tower.
Therefore, there is no Eiffel tower. [A p.256]

(viii) I'm afraid of Jemima and the chief of police. So either Jemima is
the chief of police, or I'm afraid of at least two things. [A p.257]

[Contents]

Exercises 13.6.1.1

Translate the following into GPLI, using Russell’s approach to definite de-
scriptions.
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1. Joseph Conrad is the author of The Shadow Line. [A p.258]

2. The author of The Shadow Line authored Lord Jim. [A p.258]
3. The author of The Shadow Line is the author of Lord Jim. [A p.258]
4. Vance reads everything authored by the author of Lord Jim.
[A p.258]
5. Joseph Conrad authored The Inheritors, but it’s not the case that he is
the author of The Inheritors. [A p.258]
6. The author of The Shadow Line is taller than any author of Lord Jim.
[A p.258]
7. There is something taller than the author of The Shadow Line.
[A p.258]
8. The author of The Shadow Line is taller than Joseph Conrad, who is
taller than the author of Lord Jim. [A p.258]
9. The father of the author of The Shadow Line is taller than Joseph Con-
rad. [A p.258]
10. The father of the author of The Shadow Line is taller than the author
of The Shadow Line. [A p.258]
[Contents]
Exercises 13.6.2.1

Translate the claims in Exercises 13.6.1.1 into GPLID, using the defi-
nite description operator to translate definite descriptions. [A p.259]

[Contents]
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Exercises 13.6.3.1

Translate the claims in Exercises 13.6.1.1 into GPLI, treating definite
descriptions as names and stating appropriate uniqueness assump-

tions as postulates. [A p.260]
[Contents]
Exercises 13.7.4

1. Translate the following into GPLIF.
(i) 2+2=4 [A p.261]
(i) 2x2=14 [A p.261]
(i) 24+2=2x2 [A p.261]
(iv) 22 =2 x2 [A p.261]
v) (x+y)* = (x+y)(x +y) [A p.261]
vi) (x+y)? = x%+2xy +y? [A p.262]
(vii) Whether x is even or odd, 2x is even. [A p.262]
(viii) Tripling an odd number results in an odd number; tripling an
even number results in an even number. [A p.262]
(ix) 5x < 6x [A p.262]
(x) If x <y, then 3x < 4y [A p.262]
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2. Here is a model:

Domain: {Alison, Bruce, Calvin, Delilah}
Referents: a: Alison b: Bruce c: Calvin d: Delilah
Extensions: F:  {Alison, Delilah}

M: {Bruce, Calvin}

S: {(Alison, Bruce), (Alison, Calvin),

(Alison,Delilah),(Bruce, Calvin),
(Bruce, Delilah),(Calvin, Delilah) }
Values of
function symbols: f:  {(Alison, Bruce),(Bruce, Calvin),
(Calvin, Bruce), (Delilah, Calvin)}
m:  {(Alison, Delilah), (Bruce, Alison),
{(Calvin, Delilah), (Delilah, Alison)}
s: {(Alison, Alison, Bruce),
(Alison, Bruce, Calvin),
(Alison, Calvin, Delilah),
(Alison, Delilah, Alison),
(Bruce, Alison, Calvin),
(Bruce, Bruce, Calvin),
(Bruce, Calvin, Delilah),
(Bruce, Delilah, Alison),
(Calvin, Alison, Delilah),
(Calvin, Bruce,Delilah),
(Calvin, Calvin, Delilah),
(Calvin, Delilah, Alison),
(Delilah, Alison, Alison),
(Delilah, Bruce, Alison),
(Delilah, Calvin, Alison),
(Delilah, Delilah, Alison) }

State whether each of the following propositions is true or false in
this model.

(i) VaMf(x) [A p.262]
(i) IxMm(x) [A p.262]
(iii) s(c,b) = d [A p.262]
(iv) s(a,a) = f(c) [A p.262]
(v) Ff(b) — MF(b) (A p.262]
(vi) VaVy3IzVw(s(x,y) = w <> w = z) [A p.262]

(vii) IxJyFzTw(s(x,y) =zAs(x,y) =w Az # w) [A p.262]
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(viii) s(s(b,a),s(d,a)) = s(b,c) [A p.262]

(ix) IxTJys(x,y) = m(y) [A p.262]
(x) Vxdys(y,x) = x [A p.262]
3. Here is a model:
Domain: {1,2,3,...}
Referents: a1:1 a»:2 asz: 3
Extensions: E: {2,4,6,...}
o: {1,2,3,...}
L {(y)ix <y

Values of
function symbols: ¢q:  {(x,y):y =x*} 1
s {(xyz)iz=x+y} 0
p {lxyz)iz=xxy}®
State whether each of the following propositions is true or false in
this model.

(i) s(ap,a) = as [A p.262]
(i) p(ap,ap) = a3 [A p.262]
(iil) s(ap,az) = p(az, az) [A p.262]
(iv) q(az) = p(a, a2) [A p.262]
(v) Vavyq(s(x,y)) = p(s(xy),s(x,y)) [A p.262]
(vi) VxVyq(s(x,y)) = s(s(q(x), p(az, p(x,¥))),9(y)) [A p.262]
(vii) VxEp(ay, x) [A p.262]
(viii) Vx((Ox — Op(az, x)) A (Ex — Ep(as, x))) [A p.262]
(ix) IxLp(as, x)p(as, x) [A p.262]
(x) VaVy(Lyx — Lp(as, x)p(ag,y)) [A p.262]
OThat s, {(1,2), (1,3),(2,3),(1,4),(2,4),(3,4),(1,5),(2,5),(3,5), (4,5),...}.
UThatis, {(1,1),(2,4),(3,9), (4,16),...}.
2Thatis, {(1,1,2),(2,1,3),(2,2,4),(1,2,3), (3,1,4), (3,2,5), (3,3,6),(2,3,5),(1,3,4), (4,1,5
BThatis, {(1,1,1),(2,1,2),(2,2,4),(1,2,2),(3,1,3), (3,2,6),(3,3,9),(2,3,6),(1,3,3), (4,1,4
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4. For each of the following propositions, describe (a) a model in which
it is true and (b) a model in which it is false. If there is no model of

one of these types, explain why.

(vii) VaxVyf(s(x
(viii) Jx3ys(x,y) = f(x) — IxTys(x,

(ix) 3x3ys(x,y) = f(x) = 3x3yf(s(xy
(X) VaVy3zVw(s(x,y) = w > w = z)
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[A p.263]
[A p.263]
[A p.263]
[A p.263]
[A p.263]
[A p.263]
[A p.263]
[A p.264]
[A p.264]
[A p.264]

]

[Contents



Chapter 14

Metatheory
Exercises 14.1.1.1
What is the complexity of each of the following wffs?
1. Fa [A p.265]
2. (Hx — Vx(Fx — Gx)) [A p.265]
3. Vxx = x [A p.265]
4. Vxdy—Rxy [A p.265]
5. =Vxa # x [A p.265]
6. Vx(Fx — JyRxy) [A p.265]
7. (Vxa =x A —3xa # x) [A p.265]
8. (FaN(FaN (FaN (FaN (FaAFa))))) [A p.265]
9. Vx(Fx — Vx(Fx — Vx(Fx — Vx(Fx — Vx(Fx — Fx))))) [A p.265]
10. (((—3x(—=FxV Gx) Aa # b) — —Fa)V (=3x(—Fx V Gx) V —Fa))
[A p.265]
[Contents]
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Exercises 14.1.2.1

In §10.1 we showed that the tree rules for (negated and unnegated) dis-
junction and the quantifiers are truth-preserving (in the precise sense spelled
outin §14.1.2), and in §13.4 we showed that the tree rule Sl is truth-preserving.
Complete the soundness proof by showing that the remaining tree rules
are truth-preserving;:

1. Unnegated conjunction. [A p.265]
2. Negated conjunction. [A p.266]
3. Unnegated conditional. [A p.266]
4. Negated conditional. [A p.266]
5. Unnegated biconditional. [A p.266]
6. Negated biconditional. [A p.267]
7. Negated negation. [A p.267]

[Contents]

Exercises 14.1.3.1

Fill in the remaining cases in step (III) of the completeness proof.
1. v is of the form —«, and a’s main operator is conjunction. [A p.267]

2. v is of the form —a, and a’s main operator is the conditional.
[A p.267]

3. 7y is of the form —a, and a’s main operator is the biconditional.
[A p.269]

4. <y is of the form —a, and a’s main operator is the existential quantifier.
[A p.269]

5. 9’s main operator is the biconditional. [A p.269]

[Contents]

71



Chapter 15
Other Methods of Proof

Exercises 15.1.5

1. Show the following in A; by producing formal proofs.

(i) -P—Q,-PFQ

(i) PF-Q— P

(i) " QF (=P —-Q)—P

(iv) HP—P

(v) (P —==-Q)FQ

(vi) P,-P+Q
(vii) PAQF (P — —Q) — —~(P — Q)

[Ap.271
[Ap.271
[Ap.271
[Ap.271
[A p.272
[Ap.272
[Ap.272

—t d b d bd bd e

2. Show the following in A; by producing formal or informal proofs.

(i F=(P—-Q)—Q

(i) FP— (PVQ)

(i) - ((P—-Q) = (P—R)) = (P — (Q—R))
(iv) H(P—= Q) = (-Q — —P)

vy P—-Q,P——-QF-P

vi) P—-Q,-Q—PFQ
(vii) F(P—=(Q—R)) - (Q— (P —R))

3. Show the following in A; by producing formal or informal proofs.

(i) WP — —==P

72

[A p.274]



(i) P — —PF —P [A p.275]
(i) P = QF -Q — =P [A p.275]
(iv) F=Q — (Q — P) [A p.275]
) PAQFP = Q [A p.275]
i) =QF (PV Q) — P [A p.276]
(vii) =P A=Q F =(PV Q) [A p.276]
(viii) =(PV Q) F =P A =Q [A p.277]
(ix)  —~(P A —P) [A p.277]
(x) F(PA=P) = Q [A p.278]
(xi) F P < P [A p.278]
(xii) F P — (=P — Q) [A p.279]

4. Show the following in AY: by producing formal or informal proofs.

(i) Vx(Fx — Gx),Fat Ga [A p.279]
(ii) VxFx F Vx(Gx V Fx) [A p.279]
(iii) VxVy(Rxy — Ryx), Rab - Rba [A p.279]
(iv) IxFx — =Ga - Ga — Vx—Fx [A p.280]
(v) - Fa — dxFx [A p.281]
(vi) Fa,a=0bF Fb [A p.282]
(vil) VaVyx =yFa=0» [A p.282]
(viii) a=b,a=ckc=Db [A p.282]
(ix) Fa=b—>b=a [A p.283]
(x) Fa,-FbtF —a =10 [A p.283]
(xi) b =a,Vx(-Fx - x=a)F Fb [A p.285]
(xii) + VxFx — VyFy [A p.285]

5. Explain why the original unrestricted deduction theorem does not
hold in A}~ and why the restricted version stated at the end of §15.1.1.1
does hold. [A p.285]

[Contents]
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Exercises 15.2.3

1. Show the following in Nj.

i F(=-P—P)—P
(i) A-C,B—-C, AVBFC
(iii) F =—=P — P
(iv) -(AVB)F—-AA-B
(v) A,mA+B
(vij A—-B, B—-CFHA—=C
(vii)) P—- QF —-Q — —P
(viii) AVB,-AFB
(ix PR, Q— R, PVQFR
(x) P— QF —=(PA-Q)

[A p.286]
[A p.286]
[A p.286]
[A p.287]
[A p.287]
[A p.287]
[A p.288]
[A p.288]
[A p.289]
[A p.289]

2. Establish each of the following in each of the systems N; through Ns.

(i) FAV-A
(i) AN-AF B
(iii) - A — A
(iv) F —(AA-A)

3. Show the following in va 3=

(i) F Vx(Fx — Fx)
(i) Ix(Fx A Gx) F JxFx A 3xGx
(iii) Vx(Fx — Gx),-3xGx + -3xFx
(iv) Vx(Fx > x=a)FFb—a=10
(v) VxVyx =y, Raa = VxVyRxy
(vi) = VxRxx — Vx3yRxy
(vii) F dxFx — —Vx—Fx
(viii) ~dxFx - Vx—Fx
(ix) Vxx =atFb=c
(x) FVaVy((Fx A —=Fy) = ~x =y)
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[A p.290]
[A p.291]
[A p.291]
[A p.293]
[A p.293]
[A p.293]
[A p.294]
[A p.294]
[A p.295]
[A p.295]
[A p.296]
[A p.296]
[A p.296]
[A p.297]



4. (i) Reformulate the rules of system Nj in list style. Re-present your
answers to Question 1 above as proofs in the list style.

[A p.297]

(ii) Reformulate the rules of system Nj in stack style. Re-present
your answers to Question 1 above as proofs in the stack style.

[A p.301]

5. State natural deduction rules (i.e., introduction and elimination rules)
for <. [A p.304]
[Contents]

Exercises 15.3.3

1. Define the following notions in terms of sequents.

(i) The proposition « is:

(a) a contradiction [A p.305]

(b) satisfiable [A p.305]
(ii) Propositions a and S are:

(a) jointly satisfiable [A p.305]

(b) equivalent [A p.305]

2. Redo some of Exercise 7.3.1.1 and Exercise 7.3.2.1 using the sequent
calculus Sy instead of trees. [A p.305]

3. Redo some of Exercise 10.2.2, Exercise 12.3.1 and Exercise 13.4.3 us-
ing the sequent calculus S}~ instead of trees. [A p.305]

4. State sequent rules (i.e., left and right introduction rules) for <.
[A p.305]

5. State a (new) tree rule that is the analogue of Cut. [A p.305]

[Contents]
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Chapter 16

Set Theory

There are no exercises for chapter 16. [Contents]
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Chapter 1

Propositions and Arguments

Answers 1.2.1

AN N

10.

v *® N

Proposition

Non-proposition (Exhortation)
Non-proposition (Exclamation)
Non-proposition (Wish)

Proposition (Not a wish: the speaker is making
a statement about what she wishes.)

Proposition
Proposition
Proposition
Non-proposition (Wish)

Non-proposition (Command)

Answers 1.3.1

1.

If the stock market crashes, thousands of experienced

investors will lose a lot of money.

The stock market won’t crash.
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2. Diamond is harder than topaz.
Topaz is harder than quartz.
Quartz is harder than calcite.
Calcite is harder than talc.

Diamond is harder than talc. [Qp.3]

3. Any friend of yours is a friend of mine.
You're friends with everyone on the volleyball team.

If Sally’s on the volleyball team, she’s a friend of mine. [Q p.3]

4. When a politician engages in shady business dealings, it ends
up on page one of the newspapers
No South Australian senator has ever appeared on page one of
a newspaper.

No South Australian senator engages in shady business deal-
ings. [Qp3]

[Contents]

Answers 1.4.1

1. Valid. [Qp.3]
2. Invalid. [Qp-3]
3. Valid. [Qp.3]
4. Valid. [Qp4]

[Contents]

Answers 1.5.1

1. Arguments 1 and 3. [Qp4]
2. Argument 2. [Q p-4]
3. Argument 4. [Qp-4]

[Contents]
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Answers 1.6.1.1

1. (i) Bobis a good student [Qp4]
(ii) Ihave decided not to go to the party. [Qp4]
(iii) Mars is the closest planet to the sun. [Qp.4]
(iv) Alice is late. [Qp4]
(v) Ilike scrambled eggs. [Qp4]
(vi) Scrambled eggs are good for you. [Qp4]
2. True. [Qp4]
3. False. [Qp4l
[Contents]
Answers 1.6.2.1
1. The sun is shining. I am happy. [Qp.5]
2. Maisie is my friend. Rosie is my friend. [Qp.5]
3. Sailing is fun. Snowboarding is fun. [Qp.5]
4. We watched the movie. We ate popcorn. [Qp.5]
5. Sue does not want the red bicycle. Sue does not like the blue bicycle.
[Qp.5]
6. The road to the campsite is long. The road to the campsite is uneven.
[Q p-5]
[Contents]
Answers 1.6.4.1
1. (a) That’s pistachio ice cream.

(b) That doesn’t taste the way it should. [Qp.5]

2. (a) That tastes the way it should.
(b) Thatisn’t pistachio ice cream. [Qp.5]
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3. (a) Thatis supposed to taste that way.
(b) That isn’t pistachio ice cream. [Qp.5]

4. (a) You pressed the red button.
(b) Your cup contains coffee. [Qp.5]

5. (a) You pressed the green button.
(b) Your cup does not contain coffee. [Qp.5]

6. (a) Your cup contains hot chocolate.

(b) You pressed the green button. [Qp.5]

[Contents]

Answers 1.6.6

1. This is a conditional with antecedent ‘It will be sunny and windy
tomorrow” and consequent “We shall go sailing or kite flying tomor-
row’. The antecedent is a conjunction with conjuncts ‘It will be sunny
tomorrow” and ‘It will be windy tomorrow’. The consequent is a dis-
junction with disjuncts “We shall go sailing tomorrow” and “We shall
go kite flying tomorrow’. [Q p.6]

2. This is a conditional with antecedent ‘It will rain or snow tomorrow’
and consequent “We shall not go sailing or kite flying tomorrow’.
The antecedent is a disjunction with disjuncts ‘It will rain tomorrow’
and ‘It will snow tomorrow’. The consequent is a negation with ne-
gand ‘We shall go sailing or kite flying tomorrow’. The negand, as
mentioned in answer to the previous question, is a disjunction with
disjuncts ‘We shall go sailing tomorrow” and “We shall go kite flying
tomorrow’. [Q p.6]

3. This is a disjunction with disjuncts ‘He’ll stay here and we’ll come
back and collect him later” and “He’ll come with us and we’ll all come
back together’. The first of these disjuncts is a conjunction with con-
juncts ‘He’ll stay here” and “We’ll come back and collect him later’;
the second of the disjuncts is also a conjunction, with conjuncts “He’ll
come with us” and “We’ll all come back together’. [Q p.6]

4. This is a conjunction with conjuncts ‘Jane is a talented painter and a
wonderful sculptor” and ‘If she remains interested in art, her work
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will one day be of the highest quality.” The first of these conjuncts
is itself a conjunction, with conjuncts ‘Jane is a talented painter” and
‘Jane is a wonderful sculptor’; the second conjunct is a conditional,
with antecedent ‘Jane remains interested in art’ and consequent ‘Jane’s

work will one day be of the highest quality’. [Qp.6]

. This is a negation with negand ‘The unemployment rate will both
increase and decrease in the next quarter’. The negand is a conjunc-
tion with conjuncts “The unemployment rate will increase in the next
quarter” and “The unemployment rate will decrease in the next quar-

ter’. [Q p.6]

. This is a conditional with antecedent “You don’t stop swimming dur-
ing the daytime’ and consequent “Your sunburn will get worse and
become painful’. The antecedent is a negation with negand “You stop
swimming during the daytime’; the consequent is a conjunction with
conjuncts “Your sunburn will get worse” and “Your sunburn will be-

come painful’. [Qp.6]

. This is a disjunction with disjuncts ‘Steven won’t get the job” and ‘I'll
leave and all my clients will leave’. The first of these disjuncts is a
negation with negand ‘Steven will get the job’; the second disjunct
is a conjunction with conjuncts ‘I'll leave” and “All my clients will

leave’. [Q p.6]

. This is a biconditional with components ‘“The Tigers will not lose’
and ‘Both Thompson and Thomson will get injured’. The first is a
negation with negand “The Tigers will lose’; the second is a conjunc-
tion with conjuncts “Thompson will get injured” and “Thomson will
get injured’. [Qp.6]

. This is a conjunction with conjuncts ‘Fido will wag his tail if you
give him dinner at 6 this evening” and ‘Fido will bark if you do not
give him dinner at 6 this evening’. The first of these conjuncts is
a conditional with antecedent “You will give Fido dinner at 6 this
evening’ and consequent ‘Fido will wag his tail [at 6 this evening]’;
the second conjunct is a conditional with antecedent “You do not give
Fido dinner at 6 this evening” and consequent ‘Fido will bark [at 6
this evening]’. Finally, the antecedent of this last conditional is a
negation with negand “You give Fido dinner at 6 this evening’.

[Q p.6]
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10. This is a disjunction with disjuncts ‘It will rain or snow today” and ‘It
will not rain or snow today’. The first of these disjuncts is itself a dis-
junction, with disjuncts ‘It will rain today” and ‘It will snow today’.
The second of these disjuncts is a negation with negand ‘It will rain
or snow today’. The latter, as already mentioned, is a disjunction,
with disjuncts ‘It will rain today” and ‘It will snow today’.  [Q p.6]

[Contents]
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Chapter 2

The Language of Propositional
Logic

Answers 2.3.3

1. Aristotle was not a philosopher. [Qp.7]
2. Aristotle was a philosopher and paper burns. [Qp.7]
3. Aristotle was a philosopher and paper doesn’t burn. [Qp.7]
4. Fire is not hot and paper does not burn. [Qp.7]
5. It's not true both that fire is hot and that paper burns. [Qp.7]

[Contents]

Answers 2.3.5
1. Either Aristotle was a philosopher and paper burns, or fire is hot.
[Qp-8]
2. Either Aristotle wasn’t a philosopher, or paper doesn’t burn. [Q p.8]
3. Aristotle was a philosopher or paper burns—but not both.  [Q p.8]

4. It's not the case either that Aristotle was a philosopher or that fire is

hot. [Qp.8]

84



5. Aristotle was a philosopher, and either paper burns or fire is hot.

[Qp.8]
[Contents]
Answers 2.3.8

1. (i) If snow is white, then the sky is blue. [Qp.8]
(ii) Snow is white if and only if both snow is white and roses are
not red. [Qp.8]

(iii) It’s not the case that if roses are red then snow is not white.
[Qp.8]
(iv) If roses are red or snow is white, then roses are red and snow is
not white. [Qp.8]
(v) Either snow is white and snow is white, or roses are red and the
sky is not blue. [Qp.8]

(vi) Either grass is green, or if snow is white then roses are red.
[Q p-8]
(vii) Bananas are yellow if and only if they're yellow; and they’re not
if and only if they’re not. [Qp.8]
(viii) If, if the sky is blue then snow is white, then if snow isn’t white
then the sky isn’t blue. [Qp.8]
(ix) If roses are red, snow is white and the sky is blue, then either
bananas are yellow or grass is green. [Qp.8]

(x) It’s not the case both that roses aren’t red and that either snow
isn’t white or grass is green. [Qp.9]
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2. Glossary:

The sky is blue
Snow is red
Jim is tall
Maisy is tall
Nora is tall
Roses are red
Snow is white

SRZZTDE

(i) (W — B)

(ii)) (B <« (WA-R))

(iii) =(R — —=W)

(iv) ((EAR) — (RV —E))

(v) ((J <> M)A (M — =N))

(vi) (J = (NVM))

(vii) (J = (M V —N))

(viii) (WA M)V (WA-M))

(IX) (JA=]) = (BA=B))
x) (MAB) = (JA—B))



3. Glossary:

We are skiing

We are kite flying
We are sailing

It is snowing

It is sunny

It is windy

(i
(ii

(iii

S — =K)
(UAW) — (LVK))

(iv

Answers 2.5.1

1. (i) No
(i) No
(iii) Yes
(iv) No
(v) No
(vi) No
(vii) No

(viii) No
(ix) No
(x) Yes
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[Qp.9]
[Qp.9]
[QpIl
[QpIl
[QpIl
[QpIl
[QpIl
[QpIl
[Qp.9]
[Qp.10]
]

[Contents

[Qp.10
[Qp.10
[Qp.10
[Qp.10
[Qp.10
[Qp.10
[Qp.10
[Qp.10
[Qp.10
[Qp.10
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2.

(i)

(ii)

(iii)

(iv)

(v)

(a) 1is an odd number.

(b) If x is an odd number then so is x + 2.

(c) Nothing else is an odd number.

Note: We are assuming here that ‘number” means ‘positive in-
teger’. If it is taken to mean ‘integer’ (i.e. positive, negative or
zero) then the answer is:

(a) 1is an odd number.

(b) If x is an odd number then so are x +2 and x — 2.

(c) Nothing else is an odd number. [Q p.10]
(a) 5is divisible by five.

(b) If x is divisible by five then so is x + 5.

(c) Nothing else is divisible by five.

Note: We are assuming here that ‘number” means ‘positive in-
teger’. If it is taken to mean ‘integer’ (i.e. positive, negative or
zero) then the answer is:

(a) 5is divisible by five.

(b) If x is divisible by five then so are x 4+ 5 and x — 5.

(c) Nothing else is divisible by five. [Q p.10]
(a) aissuch a word; b is such a word.

(b) If x is such a word then so are xa and xb.

(c) Nothing else is such a word. [Q p.10]
(a) Bob’s mother is in the set; Bob’s father is in the set.

(b) If x is in the set then so are x’s mother and x’s father.
(c) Nothing else is in the set. [Q p.10]

(a) hah hah hah is a cackle.

(b) If x is a cackle then so is x hah.

(c) Nothing else is a cackle. [Q p.10]
[Contents]
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Answers 2.5.3.1

1.

1
2
3.
4
5

P
- Q
R
P
- (QAR)

6. (-PV (QAR))
Main connective is V.

1. P / (2i)

2.Q / (2i)

3.R / (2i)

4. (QVR) 2,3/ (2iiV)
5. (PA (Q VR)) 1,4 / (2iiN)
6. 7 (PAN(QVR)) 5/ (2ii—)
Main connective is —.

1. P / (2i)
2.Q / (2i)
3.R / (2i)

4. =P 1/ (2ii—)
5. -Q 2 / (2ii—)
6. 7R 3/ (2ii—)
7. (=P A —Q) 4,5 / (2iiN)
8. ("PA—=Q)V-R) 6,7/ (2iiV)
Main connective is V.

1. P / (2i)
2. Q / (2)
3.R / (21)
4. S / (21)
5. (P = Q) 1,2/
6. (R—S) 3,4/
7.((P—>Q)V((R—S)) 56/

/ (2i)

/ (2i)

/ (2i)

1/ (2ii)
2,3/ (2iiA)
4,5 / (2iiV)

Main connective is V.
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[Qp.11]

[Qp.11]

[Qp.11]



5. 1.P / (2i)
2.Q / (2i)
3.R / (2i)
4. S / (21)
5. (P + Q) 1,2/ (2ii«)
6. ((P < Q) < R) 3,5/ (2ii<)
7.(((P+ Q) <> R) <> S) 4,6/ (2ii+)
Main connective is <. [Qp.11]
6. 1.P / (2i)
2. —P 1/ (2ii~)
3. ==P 2 / (2ii~)
4. (—|P A —|—|P) 2,3/ (2ii/\)
5. (P A —=P) 1,2/ (2iiN)
6. (PN —=P) — (PA=P)) 4,5/ (2ii—)
Main connective is —. [Qp.11]
[Contents]
Answers 2.5.4.1
1. | ordering | disambiguation [Qp.11]
2 2
3 3
4 4
5 2
6 5
[Contents]
Answers 2.5.5.1
1. (i) (~PV(QAR)) [Qp.11]
(ii) ~((PVQ)AR) [Qp.11]
(iii) (~(PVQ)AR) [Qp.11]
(iv) ((=PA=Q)V—R) [Qp.11]
™) (P Q) ¢ R] & 8) [Qp1]
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2.

(i) ~APVQOR
(ii)) -— PV QRS
(iii) V — PQ — RS
(iv) - P — VORS
(v) = A=P—==P A P-P
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[Qp.12]
[Qp.12]
[Qp.12]
[Qp.12]

]

[Contents



Chapter 3

Semantics of Propositional Logic

Answers 3.2.1

phase 0:
phase 1:
phase 2:

phase 0:
phase 1:
phase 2:
phase 3:

phase 0:
phase 1:
phase 2:
phase 3:

phase 0:
phase 1:
phase 2:
phase 3:

phase 0:
phase 1:
phase 2:

T T F
F T
F
(P V (Q = R))
T T F
F
T
F
(--P A (Q — (R
F T T
T
F T
F
(=P AN (Q — (R
T F F
F
T T
T
(P v Q — (P V
F T F
T F
F
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[Q p.13]

[Qp.13]

[Qp.13]

[Qp.13]



10.

Answers 3.3.1

1.

phase 0:
phase 1:
phase 2:

phase 0:
phase 1:
phase 2:
phase 3:

phase 0:
phase 1:
phase 2:
phase 3:

phase 0:
phase 1:
phase 2:
phase 3:
phase 4:
phase 5:

phase 0:
phase 1:
phase 2:
phase 3:
phase 4:
phase 5:

((P

Moo A
I NS e

oo H <
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[Qp.13]

[Qp.13]

[Q p.13]

[Qp.13]

[Qp.14]

[Contents]

[Qp.14]



<« = = <« = <« =
— — — — — — —
Q. o¥ a. Q. o¥ Q. o¥
9 9 9 9 9 & &
— ﬂ .
Q F’
e <|Bomomom| T~ &
a, Q —~
~ Tl s | (D T s =
ﬁ T B B
~ ~ =9
[P B B B < |rse % \@/ o
> BB HEA R BRBR —
NN < B R R B wFT
=) o, ~ A, > (B B BB
BialatalatEN S & [ B
<=/ T & —
Nl (S| IS T S S TR TR N M o
Q -
& @1 = T = T R QFHHEREKHRFHELRL QFHFEREHEKL QFERBEL
U & T s TR TN B (O B SR I <P oI S S = S G Ji i 2 R < S0~ S G P B [<W |V So S SR S B [ W S e 2
o I3 <f To) Ne) o~ o0
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= =
— —
o Q.
o o
—
T Ee B RS BORSy BORsy B
D - N N L
—~ &
~
< PR R R PR R KPR REARBEBEERE
Q L~
— N
< B PR EEe EEw FEw Fiw Fiw B | [ [P PR By BB BB
a9 R~
= e P Boy Fiy B B BB
RE RN N Rl i
I = T R S T T e T | S T S R T L
(@] o = TR PR R S S T 1 S S R e = T
S e e = TR = TR = TR = T R [ e e e & S & & g
o S
—

[Contents]

Answers 3.4.1

<+ = =
— — —
o¥ o o¥
& c c

Q

a9

&

= S

< |
N > e B | T
T = | &
& s )

—~ e PR B
—~ @}
T e A e
& T = T I = T oy
QbR OF~RBER QA
N T N O T S o S e
— o o3
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— o
=) TR N T T Nty I
o, N
Q
9
B B B B B B B B B B B B B B B
—
< =
2B B B P B B BB e b e B B B B B B Bt Bt B B B B B
& =
SN— ~—
SRR R |
wn
A, [ [me B B B i B B Bt B B P B Bl B By P
SN—
(R P B R BB B R B PR B PR B P
—
R~ R4 R P B B B B Bt Bt B B P B B FRC B P
r
< R R
Py < R R P P P
Q |~~~
Q
TB B m B B B B B e e e e e e e R R R R R B
[a W
¥ Nt
N—
— T N L R G R
el e el e V) O S D ORI W BRIy W Wy
O el el e N N e e N
Sl e N el R el el el i ST ST S Ty e Ty e Ty o
< o)

[Qp.14]

) )
— —
8, 8,
o o
oY
< | B R R R
Ay
Hiaiaizial L an
&
Q N—
s o= [
< ||
o TP mm B B BB B
— &
A
M e | | E BB AR
<l [
R
= | N R
Q= | Qe
SO Rl = =N B (sFR SR R S SO S
Ne) N
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2
(B R B R B BB B
&
T T e N
©)
B B R B B BOBOB
-
=
= VU5~ VU - U= VN - Sy - i =

(PAQ)

B B B B B B B B

N

e el il
il N

HEBEBEAEA K

8.[P O R

[Qp.15]

o )
— —
o ¥
c o
wn
N T e T T = T e T ST = T
0
B Eae BB BB B BB RR BB B B BB
=
S B FE BB B B BB BORR BB BB RO
>
e <
A, TR BREREBRRRRR
M Ay =
-
o
N el el N el el el Rl ol
& S = T S - T T S 3
Q| QR R B B R B
SN R N N S R ol R el N I ST SV So S SO SO S e
o) S
—

[Contents]
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Answers 3.5.1

1

e

. No. None of our connectives has a truth table which matches the

outputs of this truth function in all cases.

out output of | output of

MPUY | function f? | function f2

(T,T) T T

(T,F) F F

(ET) F T

(EF) F T

T

[Q p.15]
[Qp-15]

[Qp.15]

(iv) You do not need to know any truth values. Whether (A — B) is

Tor E x(A — B) is T, because * sends both possible inputs (T and F)

to T.

These outputs match the truth table for — in every case.

—. The outputs of g are as follows:

input | output of g
(T,T) T
(TF) F
(ET) T
(EF) T

[Qp.15]

NB To get the output of ¢ where the input is (x, y), we first take x as
input to f;, and then take the output of this, and y—in that order—as
the inputs to f. The output of that is the output of g for input (x, y):

x y | f(x) ] AHF)Y)
T T| F T
T F| F F
F T| T T
F F| T T

The rightmost column of this table gives us the outputs of g for all

possible values of x and y, since ¢(x,y) = f3(f1(x),y).

98

[Qp.15]
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Chapter 4

Uses of Truth Tables

Answers 4.1.2

[Qp.16]

Valid

1.

— C

(B —- C)

HEHEEHRARBEBEBERK

B R BB PR BB

HAEABERARBEBBB

el el

A B C|A V B|A — C

R R R
O R R R

O R R

Invalid. Counterexample: A false, B false, C false (row 8). [Q p.16]

2.

C

AN (B — Q))

(A — B)

HEHHE B

BB BB BB BB

RN NN S Y

B B B B B B B B

B BB B B BB R

—A

SN s N el =l

A B C

o R
O R R R

R R
*
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[Qp.16]

3. Invalid. Counterexample: A true, B true, C false (row 2).

-A

T sl =l =

-C

S el = T e B P R S R

-B) — C

A A

HEHBERARBEBBEBE

Ry oy BB PR B BB

B B BB B B B B

A B C

R R R R
el

el
*

[Qp.16]

4. Valid.

R

< C|C — B

(A N B)

el e N

B B B B B B B B

A B C

AR R N =
OB R R R

O R R

[Qp.16]
-C

5. Valid.

C—

B B Pl BB BB B

el e e R e e S

-(A V B)

B B B B B B B B

oo e e s BB

-B) + —C

(—|A A\

R PR PR BB B

el N e

N e - Y

B B B B B B BB

Foy By Py B BB BB

A B C

i R RN S =
B R R R

O R R R
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[Qp.16]

6. Valid

R

-A VvVC|B—=C

o

Py Fhy By By BOBOB B

MR

A B C|AVB

R R R
R R R

o R R

Invalid. Counterexample: A false, B false, C false (row 8). [Q p.17]

7.

-C

B PR PR BB B
T T S-S

-B|CA

—A A

By o BB PR B BB

e

By iy Py By BB B B

<~ —=C

—(AV B)

By B R B R BB B

TR T =TT

B B B B B PR B

Eoy FEy Py By Fiy oy BB

A B C

o
R R R

B
*

[Qp.17]
~C)

Invalid. Counterexample: A true, B false, C true (row 3).

8.

~(C Vv

Fo BORE BORE PR P

B B B B B B BB

el == I S S =

-B

—A V

B B BeOBeORR R BB

HFEHREHEBHBBBERK

B By Py By B BB B

— (CVA)

~(ANB)

BB B B B R PO

e

B B B B B B B B

B o B BB B B B

A B C

R R B R R

R e

o R R R R
*
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[Qp.17]

9. Valid.

-A

P~ e N B

-C

B «

By BB B BB B

o el TR

(BAC)

B B B Fuy BeORRe B PR

S

A B C|lA —

R R R
R R R

o R R

[Qp.17]

10. Valid.

-A

-C

A B C|lA—=B|B—=C

T
T
F
F
T
T
F
F

[Contents]

Answers 4.2.1

[Qp.17]

Neither

1.

A
TIH B
Q
> BB B
-
Q- B
A R
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[Qp.17]

2. Neither

(Q V R))

(—|P A\

BB B R B BB

A

B B B B BB BB

P O R

~ B B B BB R
R B R R

il el el e

[Qp.17]

3. Contradiction

—Q))

<~ (P A

(=P vV Q)

N N

B B B B

T S e

B B B P

R BB

P Q

H B

H B

[Qp.17]

4. Tautology

(R _— P)))

Q —

(P —

B B B B B BB B

BB B B OB BB B

HEHBHEE B

P QO R

R R R
OB R R

HEHEBEBFARA K

[Qp.17]

5. Tautology

o
Tl B B
Q
SN
&
T
&
Q= =
A~
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[Qp.17]

6. Neither

@)
Tl e o
o
Tl o
=
T~ e
-
Q- B~ = K
A

[Qp.17]

7. Tautology

~Q))

-(Q A

V

(P —Q)

B B R B

B B B B

B B B B
el

BB BB

Q

P

R

el I e

[Qp17]

8. Tautology

-P))

-(Q A

V

(P = Q)

Ry By BB

RE R B BR

B B P B
il

BB BB

P Q

B

H B A

[Qp.17]

9. Neither

A
T = B
&
T B
o
< (B B R
&
Q= B =
A

[Qp.17]

10. Contradiction

— (Q<P))

~((PAQ)

B B B B

B BB B

=N~ ==

e

P Q

el

R

[Contents]
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Answers 4.3.1

1.

P QI(P = Q) |~P A —Q)
*xT T T T ¥ ¥
T F F F T 7
F T T T ¥ F
F F T T ¥ ¥

(a) jointly satisfiable, because both true on e.g. *’ed row.
(b) equivalent, because same truth value on every row

(c) not contradictory, because jointly satisfiable

(d) not contrary, because jointly satisfiable [Qp.18]
P QI(P A QIFP AN =Q)

«T T T F ¥
T F F T 7

tF T F F F
F F F F 7

(a) jointly unsatisfiable, because no row on which both true
(b) not equivalent, because different truth values on e.g. *’ed row.
(c) not contradictory, because both false on e.g. t’ed row.

(d) contrary because jointly unsatisfiable and not contradictory

[Q p.18]
P QP < Q) |~ — Q) V (P V =Q)
T TI|F T ¥ T F ¥ T ¥
«T F|T ¥ T ¥ T F T 7
F T|T ¥ F T T T F F
F F|F T ¥ T F F T 7
(a) jointly satisfiable, because both true on e.g. *’ed row.
(b) equivalent because same truth value on every row
(c) not contradictory, because jointly satisfiable
(d) not contrary, because jointly satisfiable [Qp.18]

105



4.1 P Q R|(P - (Q — R)|((P - Q) — R)
«T T T T T T T
T T F F ¥ T F
T F T T T ¥ T
T F F T T ¥ T
F T T T T T T
tF T F T ¥ T F
F F T T T T T
F F F T T T F
(a) jointly satisfiable because both true on e.g. *’ed row.
(b) not equivalent because different truth values on e.g. t'ed row.
(c) not contradictory, because jointly satisfiable
(d) not contrary, because jointly satisfiable [Qp.18]
5/ P Q RI(P AN (Q A -Q)|~(Q — —(R A —Q))
«T T T F F F F T T F F
T T F F F ¥ F T 7 .
T F T F P T F T F T ¥
T F F F F ¥ F T 7 F ¥
F'T T F F ¥ F T 7 F ¥
F T F F F ¥ F T 7 F ¥
F F T F F T F T ¥ T 7
F F F F P T F T 7 F T

(a) jointly unsatisfiable, because no row on which both true
(b) equivalent because same truth value on every row
(c) not contradictory, because both false on e.g. *’ed row.

(d) contrary, because jointly unsatisfiable and not contradictory

[Qp.18]
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6.| P R|{(P AN =P)| (R vV =R)
*xT T F F T ¥
T F F F T 7
F T F 7 T F
F F F 7 T T
(a) jointly unsatisfiable, because no row on which both true
(b) not equivalent because different truth values on e.g. *’ed row.
(c) contradictory, because jointly unsatisfiable and no row on
which both false
(d) not contrary, because no row on which both false [Qp.18]
7. P Q| (P AN =P)|-(Q — Q)
*xT T F F F T
T F F F F T
F T F 7 F T
F F F 7 F T

(a) jointly unsatisfiable, because no row on which both true
(b) equivalent because same truth value on every row
(c) not contradictory, because both false on e.g. *’ed row.

(d) contrary, because jointly unsatisfiable and not contradictory

[Qp.18]
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Z
EY
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—+ X

M A A A
M = 30
IR I e I N W
NaNNEEEN
R I R
so el B o e o e o e s e |

NNENNNENN<
N N |
NN N

(a) jointly unsatisfiable, because no row on which both true
(b) not equivalent because different truth values on e.g. *’ed row.
(c) not contradictory, because both false on e.g. 1’ed row.

(d) contrary, because jointly unsatisfiable and not contradictory

[Qp.18]

(P Q)| ((P

oo -
R e
e e T | B

=A<
> ~|

NN >
~

(a) jointly satisfiable, because both true on e.g. row 1
(b) equivalent because same truth value on every row
(c) not contradictory, because jointly satisfiable

(d) not contrary, because jointly satisfiable [Qp.18]
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10.] P Q (P<Q) [((PAQ) vV (=P A =Q))
«xT T T T T ¥ F F
T F F F F ¥ F 7T
F T F F F T F F
F F T F T T T 7

(a) jointly satisfiable, because both true on e.g. row 1
(b) equivalent because same truth value on every row
(c) not contradictory, because jointly satisfiable

(d) not contrary, because jointly satisfiable [Qp.18]
[Contents]

Answers 4.4.1

1. Satisfiable (x’ed row) [Qp.18]
P QI (P VvV Q|- A Q)
T T T F T
«xT F T T F
F T T T F
F F F T F
2. Unsatisfiable [Qp.18]
P Q|- = Q| (P=Q) | (=P vV Q)
T T|F T T F T
T F|T ¥ F ¥ F
F T|F T F T T
F F |F T T T T
3. Unsatisfiable [Qp.18]
P[P = -P)[(P V =-P)[(=P — D)
T F F T F P T
F T 7 T 7 T F
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[Qp.18]

4. Unsatisfiable

P~ e B B

-Q —

By PR B PR BB B

TR SR N

R R B BoRRy RRB<OBS

—Q)

(—|P —

B B B BB B BB

R

B B B B BB BB

vV R

(PVQ)

O

B B B B B BB By

P O R

~ B B B BB R
R B R R

il el el e

[Qp.18]

5. Satisfiable (x’ed row)

A
TIHEHERRERE
=
=
>R
=
Q
O Il =N T
-
RS o B B B
Q= =
Sl el = SO e

*

[Qp.18]

6. Satisfiable (x’ed row)

(P Q)

H AR E

—Q)

(=P —

Fa PR B

H BN B

RRORR BB

P Q

il S e

R

[Qp.18]

7. Unsatisfiable

(=P <+ P)

(P — P))

(P —

-P

P~ B

=
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[Qp.19]

8. Unsatisfiable

Q
TIHEEFLHRFRG
R
Ualaisiaiaiaiaia
e
I R e e T
2
TR RRBR
ol

—Q)

P v

B Bme BeOBNORR RRBOBR
o R

P O R

~ B B B BB R
R B R R

il el el e

[Qp.19]

9. Satisfiable (x’ed row)

Q) —R)

(Q —

HEHBHRARBEBEBEL

Fo By BOBORR RRGBOB

B BR B B BR BR PB P

-P

T s = =

-R

o R O

P QO R

il S T e

i

o R
*

[Qp.19]
—|(—'P VAN

10. Unsatisfiable

—Q)

B PR B

B B B B

N
O

—Q)

PV

B B R B
R

—Q)

—|(P A\

N N

Ra P By PR

SR

—Q)

(-P VvV

Fa PR B
~ BB e

R BB

LY

~ B

el I

[Contents]
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Chapter 5

Logical Form

Answers 5.1.1

Note: There are also other correct answers to questions 1-4.

1. () —(a—B)
(i) ~(a = (B —= 7))
(i) —(a« — (« — B))
2. () (a«—p)
(i) (&« — a)
(iil) ((aVp) = (aVp))
3. () a
(i) a NB
(iii) aA(B— )
4. (1) «a
(i) « < B

(iii) (A B) ¢ 7
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[Q p.20]

[Q p.20]

[Q p.20]

[Q p.20]

[Contents]



Answers 5.2.1

1. First form: -«

(i) a:C

(i) a: (AAB)

(i) a : (CA D)

Second form: —«

(i) a:—C

(i) a : =(A A B)
(iii) & : =(CA—D)

Third form: «
(i) a: —C

(i) a: == (AAB)
(iii) & : =—(C A =D)

2. (i) (@) Yes:
(b) Yes:

(c) Yes:

(i) (a) Yes:
(b) Yes:

(c) No.

(iii) (a) Yes:

R

(b) Yes: a

(c) No.
(iv) (a) No.
(b) No.
(c) Yes:

RR R R R

:P; B: =P
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[Qp.20

[Qp.21
[Qp.21
[Qp.21

]
]
]
]
[Qp.21]
[Qp-21]
[Qp.21]
[Qp.21]
[Qp-21]
[Qp.21]

]

]

]

]

[Qp.21
[Qp.21
[Qp.21

[Contents



Answers 5.3.1

Note: There are also other correct answers to questions 1-4.

1. () (e = (« — B))
So(aV(e—B))
replacements: a : R; f: Q
(i) —~(a = p)
(V)
replacements: « : R; : (R = Q)
(iii) ~(a = (B = 7))
s@vi(p—=17))
replacements: a : R; B: R;v:Q
(iv) a
B
replacements: « : 7(R — (R - Q)); B: RV (R — Q) [Qp.21]

2. (@) (anp)—B

s (e AB)

replacements: x : P; B : Q
(i) « — B

P

ST

(PAQ);B:Q

replacements:

&

(iil) & — B
%
oo

F(PAQ)B:Q5r:~Q

replacements:

&

(iv) a

p
oY
replacements:

S

L (PAQ) =+ Q;B:—Q;7:~(PAQ) [Qp22]
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3. (i) ~a«— (B—7)

-
SRy
replacements: a : Q; B: R;v:S
(i) -« — B
-
replacements: « : Q; : (R — S)
(ii)) & — B
«
replacements: « : =Q; f: (R = S)
(iv) a
p
Y
replacements: « : =Q - (R — S);Bf: =Q;7: (R—S)
[Qp.22]
4. () (a = =p) V (2B = «)
—(=p = a)
o —
replacements: x : P; B : Q
(i) (« = p) vV (B—a)
—(p— a)
S — B
replacements: a : P; B : =Q
(i) a VB
—B
o
replacements: « : (P — —=Q); B : (-Q — P)
(iv) a
p
Sy
replacements: a : (P — =Q) V (-Q — P);
B:2(=Q—=P);v:(P—==Q) [Qp-22]
[Contents]
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Answers 5.4.1

i) a:P; B:Q

1.

~ N
! N
o o¥
& o
<
r
< |
&) <
> —
[aa}
— <
@) r
> <
=) <
THEHEEHHERERH T
) o<
< Am r
o= < |>
> < =
S e
o TR R R R Q[
S T 2T
Ay 2O o Am Mm =
QA= = MBTTFFTTFF Avn/\
A WATTTTFFFF .mPTF
o\ o

[Qp.22]

(i) a: (P—==P); p: (P = (QA—R))

() [P O R

4.

(QA—R))

TR RHRRH
-
=
7
<
=
\ﬁ
-
Tl
A
T
AI
-
n,
.
T TN S
~

R R R

HEAEREBEAK

HEEBEEA A

[Qp.22]
[Contents]
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Answers 5.5.1

1. (1) a B
T T
*T F
F T
F F
Invalid: in *’ed row, the premise is T and the conclusion is F.
[Q p.23]
(ii) Instance: P
P
Truth table: | P |
T
F
Valid: there is no row in which the premise (P) is true and the
conclusion (P) is false. [Q p.23]
2. a Vo
N AT [Q p.23]
[Contents]
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Chapter 6

Connectives: Translation and
Adequacy

Answers 6.5.1
1. Glossary:
B: Bob is happy.

R: Itisraining.
S:  The sun is shining.

Translation:
(B <+ R)
(RVS)
. (B—=S)
Truth Table:
B R S|(B<R)|(RVS)|(B—=S)
«T T T T T F
T T F T T T
T F T F x
T F F F x [Q p.24]
F T T F x
F T F F x
F F T T T T
F F F T F x

Invalid. Counterexample (*’ed row), where Bis T, Ris Tand S is T.
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2. Glossary:

M: Thave money.

C: TIhavea card.

W: Ishall walk.

T: Ishall get tired.
R: 1Ishall have a rest.
Translation:
(-MA-C) > W

W — (TVR)
S (R— M)
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Truth Table:

R—M

el e e e il e N B e B e B e B e B e B e e B e B e e e B S e B e e B S e B e e B S e

(T VR)

B B B i B B B B B B B B B B B F B B B B B B B B B B BB B BB

il sl sl sl sl el e e e el sl e el

- WIW —

(=M A —=C)

s i i e i e e T

S N = e L T T e e e e o e e e e e e e e e N N Ll - N N o N o N N Y

M C W T R

Bl R ke
Rl e R R S R R T T S T =2
el T T R R e T T = T < o - T = Ty

el e el e il B e B e B e e o S o e e e e e B e B e B e B e B S = S S T S SR e S =

e e R e Tl T T T e O ST Sy SO S SOy ST <
*

[Qp.24]

Invalid. Counterexample (*’ed row), where M isF, CisE Wis T, T

isTand Ris T.
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3. Glossary:

M: Maisy is upset.
T: There is thunder.
L:  There is lightning.

Translation:

M—T
T — L
. MVL

Truth Table:

H
H
h
J

<
h

HHHHT AT A<

mmmm A A A
el I R B IR
eI e Rl R
HHeRAam A
HamaaamA|

NN NSNS

Valid. [Qp.24]

121



4. Glossary:

C: The car started.
K:  You turned the key.
A: You pressed the accelerator.

Translation:

C— (KNA)

(KAN=A) = =C

-C

S (AN=K)V (2K A—A)

Truth Table:

C K A|C — (KANA)|[(KA-A) - —C|-C|(AAN-K) V (-KA-A)
T T T T T Fx
T T F Fx
T F T Fx
T F F Fx

«*F T T T T T F
F T F T T T F
F F T T T T T
F F F T T T T

Invalid. Counterexample (*’ed row), where Cis F, Kis Tand Ais T.
[Q p.24]
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5. Glossary:

B: Maisy is barking.

R: There is a robber outside.

A: Maisy is asleep.

D: Maisy is depressed.

Translation:

(-BVR)

(RA=B) = (AVD)

2. (B+R)

Truth Table:
B R A D|-B V R|(RAN-B) —- (AVvD)|-AAN-D | B+ R
T T T T T T F T
T T T F T T F T
T T F T T T F T
T T F F T T T T
T F T T F T F F
T F T F F T F F
T F F T F T F F
T F F F F T T F
F T T T T T F F
F T T F T T F F
F T F T T T F F
F T F F T F T F
F F T T T T F T
F F T F T T F T
F F F T T T F T
F F F F T T T T

Valid. [Q p.24]
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It is too windy.
We are having fun.

It is sunny.
We are sailing.

-S— (WVL)

Translation:
L —+F
Truth Table:

—SA-W

W:
L:
F:

6. Glossary:
S:

[Q p.25]

=

r

< |~ ~ ~ M~ P~
wn

L

- X X X
TR
=

=

> (B B B B B BORR FROB BB B B BeORRORR
=

X X
il

%

=S

Fo Py Py Fi B Fie B P BB PO BB PP B
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A e R

el e Rl e R e S O N i s i B = T S~ = =

S W L F

OB B B B B B B R R RN R R R R R

Valid.




7. Glossary:

S:  You came through Singleton.
M: You came through Maitland.
N: You came through Newcastle.
C:  You came through Cessnock.
Translation:
(SAM) VN
~(SVM)AC
S (NAC)
Truth Table:
S M N C|[(SAM) VvV N| -~ (SVM) AN C|(NAC)
T T T T T T 2 § Fx
T T T F T T | Fx
T T F T T T N § Fx
T T F F T T 2 § Fx
T F T T F T 2 § Fx
T F T F ¥ T A ¢ Ex
T F F T ¥ Fx
T F F F ¥ Fx
F T T T P T F T Fx
F T T F F T 2 § Fx
F T F T F Fx
F T F F ¥ Fx
F F T T ¥ T T F T T
F F T F ¥ T T ¥ Fx
F F F T F Fx
F F F F F Fx
Valid. [Q p.25]
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8. Glossary:

S: The shop will be open.

L: We shall have lobster for lunch.

T: Itis Sunday.

R: We shall go to a restaurant.

Translation:

S—L

SVT

T— (RAL)

oL

Truth Table:
S L T R|S—L|SVT|T — (RAL)
T T T T T T T T
T T T F T T F ¥
T T F T T T T T
T T F F T T T ¥
T F T T Fx
T F T F Fx
T F F T Fx
T F F F Fx
F T T T T T T T
F T T F T T F ¥
F T F T T Fx
F T F F T Fx
F F T T T T F ¥
F F T F T T F ¥
F F F T T Fx
F F F F T Fx

Valid. [Q p.25]
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9. Glossary:

C:  You will catch Billy a fish.

D: You will feed Billy for a day.

T: You will teach Billy to fish.

L:  You will feed Billy for life.

Translation:

C—D

T — L

oLV T

Truth Table:
Cc b T L|C—D|T—>L|—-L Vv T
T T T T T T F T
T T T F T Fx

«xT T F T T T F F

T T F F T T T T
T F T T Fx
T F T F Fx
T F F T Fx
T F F F Fx
F T T T T T F T
F T T F T Fx
F T F T T T F F
F T F F T T T T
F F T T T T F T
F F T F T Fx
F F F T T T ¥ F
F F F F T T T T

Invalid. Counterexample (*’ed row), where Cis T, Dis Tand T is F
and Lis T. [Q p.25]
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10. Glossary:

H: TIshall be happy.
W: The Tigers will win.
D: It will be a draw.

Translation:

W —H
WV -W
-W — D
~(-DA-W)—H

Truth Table:

W H D W—oH|WV -W|-W — D]| (-D A -W) —

T T T T T ¥ ¥ T F F F T

T T F T T F F T T F F T

T F T Fx

T F F Fx

F T T T T 7 T T F F 7T T

F T F T T 7T T Fx

F F T T T T T T F F 7 T

F F F T T 7T T Fx

Valid. [Q p.25]
[Contents]

Answers 6.6.3

1. (i) Functionally complete:

(&= ) [ (-a = )

oo R
ol M s B | o
o llle s e o IS
o= -

The second last column is the same as the truth table for a A §,
and the last column is the same as the truth table for a V 3, so we
have defined A and V in terms of = and —. We already know
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(i)

that {A, V, =} is functionally complete, so this establishes that
{=, —1} is functionally complete.

(Where do the columns come from? That is, it is easy to see,
once the formula = (o« — —p) is given, that this formula is equiv-
alent to (« A B)—and similarly for (—a — B) and (« V B)—but
where do these formulas come from in the first place? The an-
swer is: they come by trial and error, guided by knowledge of
the relevant truth tables. We know what truth table we want to
end up with—say, the truth table for (a A f)—and we know
what connectives we are allowed to use—in this case — and
——and what their truth tables are; we then play around with
formulas involving different combinations of the allowed con-
nectives until we find one that has the desired truth table.)

[A p.25]

Not functionally complete: we cannot define any connective
which has an odd number of T’s in its truth table; e.g. — (one
T), V (three T’s) or A (one T).

Consider the truth table for « <+ B. (We make no assumptions
about how complex « and f are—i.e. about how many connec-
tives and basic propositions they contain—hence no assump-
tions about how many rows there are in this truth table.) a <>
is T iff « and B have the same truth value (both T or both F);
a <+ Bis Fiff & and B have opposite truth values (one T and
the other F). Let us call a row in which a <+ B is true a ‘T row’
and a row in which it is false an ‘F row’, and let us say that a
T is worth 1 point and an F is worth 0 points (this has no deep
significance: it simply allows the following discussion to be pre-
sented in a simple way). If we sum the number of points in the «
and B columns (combined), each F row contributes 1 point, and
each T row contributes either 2 points or 0 points. Now suppose
there is an odd number of T rows (and hence an odd number of
F rows, as there is an even number of rows in total in any truth
table). Then the total number of points in the x and B columns
(combined) is an odd number (the number of F rows) plus some
2’s and 0’s—i.e. an odd number. That means that either « is true
in an odd number of rows and f is true in an even number of
rows, or vice versa. Either way, it follows that a <+ B is true
in an odd number of rows iff one of x and f is true in an odd
number of rows.

Consider the truth table for a ¥ . a ¥ B is T iff « and 8 have op-
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(iii)

(iv)

posite truth values (one T and the other F); a ¥ B is Fiff « and S
have the same truth value (both T or both F). If we sum the num-
ber of points in the a# and B columns (combined), each T row
contributes 1 point, and each F row contributes either 2 points
or 0 points. Now suppose there is an odd number of T rows
(and hence an odd number of F rows). Then the total number
of points in the « and S columns (combined) is an odd number
(the number of T rows) plus some 2’s and 0’s—i.e. an odd num-
ber. That means that either a is true in an odd number of rows
and B is true in an even number of rows, or vice versa. Either
way, it follows that & ¥ B is true in an odd number of rows iff
one of « and S is true in an odd number of rows.

Now think about formulas that we can define using only <,
¥ and basic propositions. Each basic proposition is true in an
even number of rows (half the rows in the table: recall how the
matrix is laid out); and as we have just seen, any proposition
built from <+ or ¥ and propositions which are true in an even
number of rows, is itself true in an even number of rows. So
every proposition that we can define using only <+, ¥ and basic
propositions has an even number of T’s in its truth table.

[Qp.25]
Functionally complete:
s Blale @Il (BIp @I IELIH
T T F T T
T F F F T
F T| T F T
F F| T F F

The third last column is the same as the truth table for —«, the
second last column is the same as the truth table for « A 8, and
the last column is the same as the truth table for a V , so we
have defined —, A and V in terms of |. We already know that
{A, V, =} is functionally complete, so this establishes that {|} is
functionally complete. [Q p.25]

Not functionally complete: we cannot define any connective
which has an F in the top row. When « and B areboth T, (« — B)
is Tand (« A B) is T—hence so is any formula, however complex,
built up from «’s, p’s, —’s and A’s. Hence no such formula is
equivalent to &, which is F when « is T. [Q p.25]
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2.

(v) Functionally complete:

(vi)

(i)

(i)

(iii)

(iv)

14 [5 ﬂ(ﬁﬂ@lzﬁ) 04@12—'[3
T T|T T
T F|T F
F T|T F
F F|F F

The second last column is the same as the truth table for a \V 3,
and the last column is the same as the truth table for a A B, so
we have defined A and V in terms of = and @;,. We already
know that {A, V, =} is functionally complete, so this establishes

that {—, @15} is functionally complete.

[Q p.25]

Not functionally complete: («@48) and (a@,a) are both equiv-
alent to «, and (B@48) and (B@4u) are both equivalent to B, so
we cannot express anything more with a’s, B’s, V’s and @4’s
than we can with just a’s, f’s and V’s. But {V} is not a func-
tionally complete set of connectives (why not?), hence neither is

{V,@4}.

A B[ (B@yA)

T T F

T F T

F T F

F F F

A B[ ((A®;B) @5 B)

T T ¥ F

T F 7 F

F T F F

F F T F

A B|- (A VvV (A®4B))
T T|F T T
T F|F T ¥
F T|F T 7
F F|T ¥ ¥
A BJA & (A @3 -B)
T T T 7 ¥
T F T T T
F T F T ¥
F F T ¥ T

[Q p-25]
[Q p.25]

[Q p.26]

[Q p.26]

[Q p.26]



5.

T T ¥ F ¥
T F T T F
F T F T T
F F ¥ F ¥
(vij |A B|(A@;pB) ¥ (B@yA) [Q p-26]
T T F F F
T F T T ¥
F T F F F
F F F F F

. Here are two ways to answer each part.

First, we can form a disjunction of row descriptions, in the way ex-
plained in §6.6.2, pp.129-131. This gives:

i) (ABAYV(@ABAYV (&A—BA-)V (-2 ABAT)V

(ma A=BAY)V (ma A=B A=) [Q p-26]
(i) (x A=BAY)V (&A=BA-Y)V (ma ABAY)V (ma AB A=)
[Q p-26]

Alternatively, we can use the following hints, to get:

(@) (=pVy)or=(BA=Y) [Q p-26]
(Hint: Look at the truth table for #(«, B, y), and note that it is
equivalent to (B — 7).)

(i) (aVB)A=(aAP) [Q p.26]
(Hint: Look at the truth table for §(a, B, y), and note that it is
equivalent to (a ¥ B).)

There are also other correct answers to (i) and (ii).

(i) (AA-B) [Q p.26]
(ii) (—A A —B) [Q p.26]
(iii) ~(A A B) [Q p.26]
(iv) AA-B [Q p.26]
(v) ~(AA—-B)A—(BA-A) [Q p.26]
(vi) =(AAN-A) [Q p.26]

(i) @4 [Q p-26]
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(i) @14 [Q p.26]
(iii) @2 and — [Q p26]
(iv) @4, @4, @17 and @13 [Q p.26]

[Contents]
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Chapter 7

Trees for Propositional Logic

Answers 7.2.1.1

1. (~AV —B) v

N
-A -B

[Qp-27]
2. (—|A — B) v

N

[Qp-27]
3. (A= B)AB vV
(A — B)
B
[Qp-27]

4. ((A<+B)«+ B) v

(A< B) —(A <« B)
B -B
[Qp.27]
5. (A <+ —A) V
N
A —-A
—|_|_|A _|_|A
[Qp.27]
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Answers 7.2.2.1

1.

-(-AVB) vV
_|_|A
-B

(A—B) - BV

~(A—B)v B
A
-B

(A—=B)V(B—A)V

(A—-B)v (B—A)V

P PN
-A B -B A

~(=A = (AVB)) v
~A

-—((ANB

)V (AA=B)) v
((AAB)V(

AN-B)) v

(AANB) v (AA=B) v
A A
B ~B
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[Qp.27]
[Contents]

[Qp.27]

[Qp.27]

[Qp.27]

[Qp.27]
[Contents]



Answers 7.2.3.1

1. “(A— (B—A)) Vv
A
—~(B— A) vV
B
—A
X

2. (A — B)V (=AVB) v

(A= B)v (-AVB)V

N P
-A B -A B

3. —((A—B)V(-AVB))V
-(A— B) vV
—(=AVB)V
A
-B
-B
A

4. ~-=(AVB) v
~(AVB) v
-A
-B

5. —(AN-A) vV

/\
A
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[Qp.28]

[Qp.28]

[Qp.28]

[Qp.28]

[Qp.28]



6. ~(~(AAB) < (RAV -B)) v

~(AANB) v =—~(AAB) v
~(~AV-B) v (=AV-B) v

-—A V (AANB) v
A B
B
-A -B X X
X X
[Qp-28]
[Contents]
Answers 7.3.1.1
1. Valid. [Q p.28]
A
-(AVB)V
—-A
-B
X
2. Invalid. Counterexample: Ais T, Bis E. [Qp.28]
(AVB) Vv
- B
P
T X
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3. Valid. [Qp.28]
(AVB)V
(A—=>C) Vv
(B—D)Vv
-~(CVvD)Vv

-C

=D
/\
—A C

TN

A B
X P
-B D
X X

4. Valid. [Q p.28]
((AV-B) = C) VvV
(B— -D) Vv
D
-C

—|(A\/—|B) v C
—-A X

B

N
-B =D

X X
5. Invalid. Counterexample: Ais F, Bis T. [Q p.28]
B
(A—B) v
-A

N
-A B

/]\
6. Valid. [Qp.29]

(A—B) v
-B

-A B
X X
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7. Valid. [Qp.29]

8. Invalid. Counterexample: AisF, BisF, CisT. [Qp.29]

-(-A—B) v
-(C+ A) vV
(AVC) v
—(C—B) v
ﬁﬂ(A—>B) v
A—B VYV
-A
-B

-B
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9. Valid. [Qp.29]

10. Valid. [Qp.29]

[Contents]



Answers 7.3.2.1

1.
(i) Contradiction.

(AN-A) YV
A
-A
X
(ii) Contradiction.
(AVB)AN=(AVB) VvV
(AV B)
—(AV B)
X
(iii) Satisfiable. True when A is Fand Bis F.
(A— B)A—=(AVB)V
(A—B) Vv
-(AVB) Vv
-A
—-B

P
-A B

T X
(iv) Contradiction.
(A— -(AVB))A=(=(AVB)VB) vV
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[Qp.29]

[Qp-29]

[Qp.29]
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(v) Contradiction. [Qp.29]
-((-BVC)«~ (B—=C)) v

-BVC v ~(-BVC) vV
-B—-C)v B—=CV

B -—=B Vv
-C -C
P B
-B C P
X X -B C
X X
(vi) Satisfiable. True when A isF, Bis Fand CisF. [Qp.29]

(A+ —-A)V(A——=(BVQ)) v

R

(AeSA) v A——(BVC) v

/\ /\
A 4 ~A =(BVC) v
X X -C

T

(i) Unsatisfiable. [Q p.30]
(AVB)V
-B
(A—B) Vv
TN
A B
P X
-A B
X X

(ii) Satisfiable. All true when AisF, Bis Tand Cis F. [Q p.30]
(AVB) Vv
(BVC) Vv
-(AVC) Vv
-A
-C

N
A B

X P

B C
T X
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(iii) Satisfiable. All true when A is F, Bis Fand Cis T. [Q p-30]
—|(—|A — B) v
-(C+ A) v
(AVC) v
—(C— B) vV
(A—B) vV

(iv) Satisfiable. All true when Ais T, Bis Tand Cis F. [Q p.30]
A+ BV
-(A—=C) vV
(C—A) VvV
(AAB)V(AANC) V
A
-C

[Contents]
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Answers 7.3.3.1

1. Can both be true, e.g. when Ais T and B is F:

(WA —B) Vv
(B—A)V

——AV B

A PN
P -B A
_|B A X

T

Therefore, jointly satisfiable.

2. Cannot both be true:
(A — B)
(A= (A—B))Vv
A
-(A — B)
X
Cannot both be false:
-(A— B) VvV
-—(A— (A—B))V
(A—-(A—=B)) Vv
A
- B

/\
-A (A — B)

X X
Therefore, contradictories.
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[Q p.30]
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3. Cannot both be true:
—(A < —-B) vV
-(AV -B) Vv
-A
—-—B YV
B

/\
A A

—|_|B _'B
X X
Can both be false, e.g. when A is T and B is F:
—|—|(A — _|B) v
-—(AV-B)V
(A< —B) Vv
(AV-B) Vv

A —-A
PN B
A —B PN
0 A —B
X X
Therefore, contraries. [Q p.30]
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4. Cannot both be true:
(WA — —-B) vV
-A
-—B v
B

/\

X X
Cannot both be false:
-—(AV-B) V
—(-A — =B) Vv
(AV-B) v
-A
—-—B v

B

PN
A —-B

X X
Therefore, contradictories. [Q p.30]
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5. Cannot both be true:
(—|A AN (A — B)) v
-(-A—=(A—B)) vV
-A
(A—B) v
-A
-(A — B)
X
Can both be false, e.g. when Ais T and Bis T:
—-(=AAN(A—=B)) VvV
—|—|(_|A — (A — B)) v
(—A— (A—B)) vV

A A
-B
A A~ -—A v (A= B)
—-A B A X
x T
Therefore, contraries. [Q p.30]

6. Can both be true, e.g. when A is T and B is F:
(A—B)+< BV
-(A—B) vV
A
—-B

(A—-B) v —(A—B)V

B -B
X A
-B
/]\
Therefore, jointly satisfiable. [Q p.30]

[Contents]
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Answers 7.3.4.1

1. Tautology: (A (B> 4))
-(A— (B—

-(B— A) Vv

—A

2. Not a tautology. False when A is T and B is F:
(A= (A—=B))V
A
-(A— B) vV
A
-B
/]\

3. Tautology:
“(((AANB)V—-(A—=B)) = (C—A))V
((AAB)V—(A—=B)) Vv
~(C— A)V
C
—A

(AAB)V —=(ASB)v

A A
B —B
X X
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[Q p.30]

[Q p.30]

[Qp.31]



4. Tautology: [Qp.31]

~((AA(BVC)) & ((AAB)V (AAC))) v

AN(BVC)V -(AAN(BVQ))V
-((AAB)V(ANC))V (ANB)V(ANC)V
-(AAB)V
-(ANC)V
A (AANB) VvV (ANC)V
(BVC) Vv A A
Py B C
B C /\ /\
= -B —A —B X - B X - B
X X x -C -C
-A -C X X
X X
5. Not a tautology. False when Ais T and Bis T: [Qp.31]
—(=AV-(AAB))V
—-—(AAB)V
A
(AANB) vV
A
B
T
6. Not a tautology. False when A is Fand Bis T: [Qp.31]
—(AV (-AAN-B)) vV
—-A
—(=AN-B) vV
PN
X B

T

149



7. Tautology.

8. Not a tautology. False when A is Fand Bis T:

9. Tautology.

—|((A — B) V

[Qp.31]

(AA-B)) vV

-(A—=B) vV
-(AAN-B) v

A

—-B
N

—A
X

~((BA-A) &

(BA-A) v

(A< B) v

~((AV (BVQ))

(AV(BVCQC)) v
-((AVB)VvVC) v
-(AVB) v
-C
-A
-B
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——B
X

[Qp.31]

(A< B)) vV

“(BA-A) v
(A< B) v

[Qp.31]
((AVB)VC(C)) v

~(AV (BVC)) v
(AVB)VC) v
—-A
~(BVC) v
—-B
-C



10. Not a tautology. False when, e.g., Ais T, BisTand Cis F: [Q p.31]

-((AAN(BVC))«< ((AVB)ACQ)) vV

(ANBVC)) v —(AAN(BVCQC)) VvV
“((AVB)AC) v ((AVB)AC) V
A (AVB) v
(BVC) v C
/\
-(AVvB) v —C -A —(BVvC(C) Vv
—A PR N —B
—B B C A B -C
v T X X X
[Contents]
Answers 7.3.5.1
1. Equivalent: [Qp.31]
—(P<+ (PAP)) Vv
-P P
(PAP)v —(PAP)V
P PN
P -P =P
y X X
2. Equivalent: [Qp.31]

~((P = (QV—Q)) < (R—=R)) v

(P—=(QV=Q)) —~(P—(QV~-Q))V

-(R—-R)V (R—R)
R p
=R —.(Q\/—|Q) v
X -Q
_|_|Q

151



3. Equivalent:

[Qp-31]
~(=(AVB) <> (FAA-B)) Vv

-(AVB) v —=(AVB) V
—|(—|A/\—|B) v (—|A/\—|B) v
-A (AVB) v
—-B —A
N —-B
-—A —-—-B PR
X X
X X

4. Not equivalent. Different truth values when, e.g., Ais Fand Bis T:

[Qp-31]
~(=(AVB) ¢ (RAV =B)) v

-(AVB)v  —=(AVB)V
~(mAV-B) v (-AV-B)V
-A (AVB)V

—-B /\
——A A B
——B P
A B A B

X

x 1 X

5. Not equivalent. Different truth values when, e.g., AisFand Bis T:

_|_|A

[Qp.31]
—(=(AAB) <> (mAA-B))V

-(AAB) VvV —-—(AAB)V
—~(=AA-B) v (~AA-B) v
/\ (AAB) YV

A

—B B

/\ A

B A X v

T
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6. Equivalent.

7. Equivalent.

[Qp.31]
—(=(AAB) +> (mAV-B)) vV
-(AAB) v —=(AAB) YV
—|(—|A\/—|B) v (—|A\/—|B) v
AV (AAB) v
-—B Vv A
A B
B
P -A —-B
-A -B X X
X X
[Qp.31]

(A< ((ANB)V(AA-B))) vV

T

-(AAB) vV
—~(AN-B) v

A -A
~((AAB)V(AA-B)) v ((AAB)V(AA-B)) v
(AAB) v (AA-B) v
A A
—B B B
PN
X X
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8. Equivalent. [Qp.31]
(2P Q)< (PA-Q)V(-PAQ))) v

(P Q) v (P < Q) v
~(PA=Q)V (=PAQ)) v (PA=Q)V(=PAQ)) v
~(PA=Q) vV (P+<Q) Vv

-(-PAQ) V
(PA=Q) v (=PAQ) v
By Qv P —P
Q L =
PQ g’ P/\P p P p P
- B Q -0 Q -0
X O~ Q Q X X X X
P mQ N
X X -—P -0
X X
9. Equivalent. [Qp.31]

~((PAQ) = R) & (P = (-QVR))) v

(PAQ)—=R) v —((PANQ)—R) vV
-(P—-(-QVR)) v (P— (-QVR)) vV
P (PANQ) vV
-(-QVR) vV -R
-—Q Vv P
=R Q
Q /\
/\ -P (_‘QVR) v
-(PANQ) v R X P
N X B R
-P —-Q X X

X X
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10. Not equivalent. Different truth values when P is T and Q is F:

[Qp.31]
(2P Q)< (QA-P)) v
—~(P+ Q) v -—(P+ Q) v
-(QA-P) v (QA=P) vV
/\ (P Q) v
P 5p Qp
—Q Q P
P N p/\ﬁp
"Q Py QPR g g
T p x x X X
[Contents]
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Chapter 8

The Language of Monadic

Predicate Logic

Answers 8.2.1
Glossary:

Bill
Canberra
Ben
Jenny
John
Pluto
Mary
New York
The Pacific Ocean
seven (7)
Rover
Steve

two (2)

is sailing

>TRINTIIITFANS

Translations:
1. Bp
2. Vn
3. Nm

156

XISIPRIZATZONOD

is beautiful

is a capital city

is even

is a gardener

is happy

is kite flying

is nice

is a prime number
is grumpy

is small

is a planet

is heavily populated
is winning

is tiny

[Qp.32]
[Qp.32]
[Qp.32]



10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

Y ® N & 9 e

Rj
Pq

Tl

Gb A Gd

(AmV Ke) — (Rb A Rd)
—(Am VvV Km)

Ke — Am

(A]V Kj) A—(Aj AKj)
—Am — (=Kj — Aj)
Ae — (Am A Aj)

(AjV Am) — Ae

Am < Ke

Ws — ~Hm

Pt N\ Et

ScA=YcACc

Kr — =Pt

Hm < —He

157

[Q p.32]
[Qp-32]
[Qp-32]
[Qp.32]
[Qp-32]
[Qp-32]
[Q p.32]
[Q p.32]
[Qp-32]
[Q p.33]
[Qp.33
[Qp.33
[Q p-33]
[Q p.33]
[Q p-33]
[Q p-33]
[Q p.33]
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Answers 8.3.2

Glossary:
Cx: xis certain Rx:  xisred
Ex: xisexpensive Wx: xis worthwhile
Fx: xisfun i Independence Hall
Gx: xis green k: Kermit
Hx: xis heavy p: Oscar’s piano
Px:  xis probable s: Spondulix
Translations:
1. Ri — dxRx [Q p.33]
2. VxRx — Ri [Q p.33]
3. =3x(Gx A Rx) [Q p.33]
4. =—3x(Gx A Rx) [Qp.33]
5. This can be interpreted in two ways. The most natural interpretation
is (i) no red thing is green; but we could also take it to mean (ii) not
every red thing is green (i.e. some red things are not green).
(i) Vx(Rx — —Gx)
(“Pick anything at all: if it is red, then it is not green.”)
or equivalently: =3x(Rx A Gx)
(“There does not exist anything which is both red and green.”)
(ii) —Vx(Rx — Gx) or equivalently: 3x(Rx A =Gx) [Q p.33]
6. Vx(Rx — (Hx V Ex)) [Qp.33]
7. Vx((Rx N =Hx) — Ex) [Qp.33]
(“Pick anything at all: if it is red and not heavy, then it is expensive.”)
8. Vx(Rx — Hx) A 3x(Gx A —Hx) [Q p.33]
9. Vx(Rx — Hx) A =Vx(Hx — Rx) [Qp.33]
10. Ix(Rx A Hx) A 3x(Gx A Hx) [Qp.33]
11. x(Rx A —Hx) A 3x(Hx A =Rx) [Q p.33]
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12. (Gk A Rk) — —=—3x(Gx A Rx) [Qp.34]
13. Hp A—(Rp V Ep) [Qp.34]
14. (Hs NEs AVx(Ex — Rx) AVx(Hx — Gx)) — (Rs AGs)  [Qp.34]
15. Hk — 3x(Gx A Hx) [Qp.34]
16. VxFx — —~dxWx [Q p.34]
17. IxFx A 3xWx A =3x(Fx A Wx) [Q p.34]
18. =dxCx — —dxPx [Q p.34]
19. dxPx A dx—Px A =dxCx [Q p.34]
20. Vx(Cx — Px) [Q p.34]
[Contents]
Answers 8.3.5
Glossary:
Ax: x can stay Rx:  xis telling the truth
Bx: xisbrown Sx:  «xissad
Cx: x works at this company Tx: xisintrouble
Fx: xisaleaf Ux: xislaughing
Gx: xisgrey Yx: xislying
Hx: xishappy g Gary
Lx: xislaughing s:  thesky
Ox: xisin this room t: Stephanie
Px: xisaperson
Translations:
1. Vx(Px — Hx) [Qp.34]
2. dx(Px A Sx) [Q p.34]
3. =3dx(Px A Hx A Sx) [Q p.34]
4. Ix(Px A Sx) — —Vx(Px — Hx) [Qp.34]
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v o® N o

10.
11.
12.
13.
14.

15.
16.
17.
18.
19.
20.

. Vx(Px — (~Hx — —Lx))

or Vx((Px A Lx) — Hx)

or =3x(Px A Lx A =Hx) [Q p.34]
Lg — 3x(Px A Hx) [Qp.34]
Vx((Px A Lx) — Hx) [Q p.34]
Lg — Vx(Px — Lx) [Q p.35]
dx(Px A Sx) A =Vx(Px — Sx) A =S¢ [Q p.35]
-Vx(Px — Sx) — —Hg [Q p.35]
Vx(Fx — Bx) A Gs [Q p.35]
dx(Fx A Bx) A —=Vx(Fx — Bx) [Q p.35]
Vx(Bx — Fx) [Q p.35]

This could be saying either of two things:

(i) that the only leaves that can stay are the brown ones (but maybe
non-leaves can stay too):

Vx((Ax A Fx) — Bx) or Vx(Fx — (Ax — Bx))

(i) that the only things that can stay are brown leaves:

Vx(Ax — (Fx A Bx)) [Q p.35]
-~Hg — Vx(Px — Tx) [Q p.35]
-Hg — Vx((Px A Cx) — Tx) [Q p.35]
Rt — 3x(Px A Yx) [Qp.35]
—3x(Px A Yx) — Rt [Q p.35]
YtV (=3x(Px A Rx) A Vx(Px — Tx)) [Q p.35]
Yg — —Vx((Px A Ox) — Rx) [Q p.35]

[Contents]
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Answers 8.4.3.1

1. Main operator: Vx

[Q p.35]

Step

Wif constructed at this step

from steps/by clause:

1.

2.
3.
4

Fx

Gx

(Fx — Gx)
Vx(Fx — Gx)

/ (31)

/ (31)

1,2 / (3ii) line 5
3 / (3ii) line 7

2. Main operator: Vx

[Q p.35]

Step

WIf constructed at this step

from steps/by clause:

1.
2.
3.

Gx
—Gx
Vx—=Gx

/ (31)
1/ (3ii) line 1
2 / (3ii) line 7

3. Main operator: —

[Q p.35]

Wit constructed at this step

from steps/by clause:

Fx

Gx

(Fx A Gx)
Jx(Fx A Gx)
—3x(Fx A Gx)

/ (3i)

/ (31)

1,2 / (3ii) line 2
3 / (3ii) line 8

4 / (3ii) line 1

4. Main operator: A [Q p.35]
Step | Wif constructed at this step | from steps/by clause:
1. Fa / (3i)
2. Fx / (3i)
3. | -Fx 2/ (3ii) line 1
4. Jx—Fx 3/ (3ii) line 8
5. —Jx—Fx 4/ (3ii) line 1
6. (Fa A —3x—Fx) 1,5/ (3ii) line 2
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5. Main operator: Vx [Q p.35]
Step | Wff constructed at this step | from steps/by clause:
1. Fx / (3i)
2. Gx / (3i)
3. Gy / (3i)
4. (Gx — Gy) 2,3 / (3ii) line 5
5. Jy(Gx — Gy) 4 / (3ii) line 8
6. (Fx A Jy(Gx — Gy)) 1,5 / (3ii) line 2
7. Vx(Fx A Jy(Gx — Gy)) 6 / (3ii) line 7

6. Main operator: A [Q p.36]
Step | WIf constructed at this step | from steps/by clause:
1. Fx / (3i)
2. Gx / (3i)
3. (Fx — Gx) 1,2 / (3ii) line 5
4. Vx(Fx — Gx) 3 / (3ii) line 7
5. | Fa / (3i)
6. (Vx(Fx — Gx) A Fa) 4,5 / (3ii) line 2

7. Main operator: — [Q p.36]
Step | Wff constructed at this step | from steps/by clause:
1. Fa / (3i)

2. Fb / (3i)

3. —Fa 1 / (Bii) line 1
4, —Fb 2 / (3ii) line 1
5. | (=Fa A—Fb) 3,4 / (3ii) line 2
6. Fx / (3i)

7. | -Fx 6 / (3ii) line 1

8. Vx—Fx 7 / (3ii) line 7
9. ((=Fa A =Fb) — Vx—Fx) 5,8 / (3ii) line 5
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8. Main operator: Vx

[Q p.36]

Wif constructed at this step

from steps/by clause:

Fx

Fy

(Fx A Fy)

Gx

((Fx A Fy) — Gx)
Vy((Fx A Fy) — Gx)
VxVy((Fx A Fy) — Gx)

/ (31)

/ (31)

1,2 / (3ii) line 2
/ (31)

3,4 / (3ii) line 5
5 / (3ii) line 7

6 / (3ii) line 7

9. Main operator: Vx

[Q p.36]

Step | Wif constructed at this step | from steps/by clause:
1. Fx / (3i)

2. | Fy / (3i)

3. VyFy 2 / (3ii) line 7

4 (Fx — YyFy) 1,3 / (3ii) line 5

5 Vx(Fx — VyFy) 4 / (3ii) line 7

10. Main operator: —

[Q p.36]

Step | Wif constructed at this step | from steps/by clause:
1 Fx / (3i)

2. VxFx 1/ (3ii) line 7

3. Fy / (3i)

4. | VyFy 3 / (3ii) line 7

5 (VxFx — VyFy) 2,4 / (3ii) line 5

Answers 8.4.5.1

Free variables are underlined:
1. Tx N\Fx Open
2. Tx ATy Open
3. dxTx A 3xFx Closed
4. IxTx ANVyFx Open

[Contents]

[Q p-36]
[Qp.36]
[Q p.36]
[Q p.36]



10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

20.

v *® N & O

dxTx A Fx Open

dx(Tx A Fx) Closed
Vy3dxTy Closed

dx(VxTx — JyFx) Closed
JyVxTx — JyFx Open
Vx(3xTx A Fx) Closed
VxdxTx AN Fx Open

dxTy Open

VxTx — dxFx Closed
IxVy(Tx v Fy) Closed
VxFx A Gx Open

VxVyFx — Gy Open
VaVy(Fx — VxGy) Closed
JyGb A Ge  Closed

JyGy AVx(Fx — Gy) Open

Vx((Fx — 3xGx) A Gx) Closed
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[Q p.36]
[Q p-36]
[Q p-36]
[Q p.36]
[Q p-36]
[Q p-36]
[Q p.36]
[Q p.36]
[Q p-36]
[Q p-36]
[Q p.36]
[Qp-37]
[Qp.37]
[Qp.37]
[Qp-37]

[Q p-37]
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Chapter 9

Semantics of Monadic Predicate

Logic

Answers 9.1.1

—_

i) True (ii) True (iii) False
i) False (ii) True (iii) False
i) False (ii) True (iii) False
i) True (ii) True (iii) False

i) True (ii) True (iii) True

- (
- (
- (
- (
- (
- (

N O = W DN

i) False (ii) False (iii) False

Answers 9.2.1

Model 1:
(i) False

(ii) True
(iii) True
(iv) True

(v) True
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Model 2:

(i) True
(ii) False
(iii) False
(iv) True

(v) True

[Questions p.39]



Answers 9.3.1

1.

N

»

>

o1

57\

Model 3:

(i) True
(ii) False
(iii) False
(iv) True

(v) True
Model 4:
(i) False

(i) True
(iii) True
(iv) True

(v) True

() (Fa A Ga)
(ii) (Fb A Ga)

(i) Yy(Fa — Gy
(ii) Vy(Fb — Gy
(i) Vx(Fx — Gx)

(i) Vx(Fx — Gx) A Fb
(i) Vx(Fx A Ga)

(i) Vx(Fx A Ga)

)
)

N Fa

Model 5:
(i) False

(ii) True
(iii) True
(iv) True
(v) True
Model 6:
(i) True
(ii) False
(iii) True
(iv) True

(v) True

[Questions p.39]

[Contents]

[Qp.39
[Qp.39

]
]
[Qp-39]
[Q p.39]
[Qp-39]
[Q p.40]

]

[Qp.40
[Q p.40]

NB «a(x), i.e. Vx(Fx A Ga), contains no free occurrences of x, so for
any name a, a(a/x) is just a(x). For we replace all free occurrences of
x with g; if there are no free occurrences, nothing gets replaced.
(i) Ix(Gx — Ga)
(i) Ix(Gx — Gb)

(
(i) Jy(Vx(Fx — Fy) V Fa)
(i) Jy(Vx(Fx — Fy) V Fb)
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[Q p.40
[Qp.40

[Qp.40

]
]
]
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[Contents]

Answers 9.4.3

1. (i) False [Q p.40]
(ii) True [Q p.40]
(iii) True [Q p-40]
(iv) False [Q p.40]
(v) True [Q p.40]
(vi) True [Q p.40]

2. (i) (a) False [Q p.40]

(b) True [Qp-41]
(i) (a) True [Qp.41]
(b) False [Qp.41]
(iii) (a) True [Qp.41]
(b) False [Qp41]

3. (i) True [Qp.41]
(ii) False [Qp.41]
(iii) True [Qp.41]
(iv) True [Qp.41]
(v) True [Qp.41]
(vi) False [Qp.41]

4. (i) (a) Domain: {1,2,3,...}
Extensions: F : {1,2} G:{1,2,3}
(b) Domain: {1,2,3,...}
Extensions: F : {1,2} G: {1} [Qp.42]

(i) (a) No such model. For the formula to be true on a model, it
would have to be the case that all members of the (non-
empty) domain were in the extension of F (so that the first
conjunct were true) and also that a certain member of the
domain were not in the extension of F (so that the second
conjunct were true).
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(iii)

(iv)

(vi)

(vii)

(viii)

(ix)

(b) Domain: {1,2,3,...}
Referent of a: 2
Extension of F : {2,4,6,...} [Q p-42]

(a) Domain: {1,2,3,...}
Referentof a : 1
Extension of F : {2,4,6,...}
(b) Domain: {1,2,3,...}
Referentof a : 1
Extension of F : {1,3,5,...} [Qp.42]

(a) Domain: {1,2,3,...}
Extensions: F: {1,2,3,...} G:{2,4,6,...}
(b) Domain: {1,2,3,...}
Extensions: F: {1,3,5,...} G:{2,4,6,...} [Qp.42]

(a) Domain: {1,2,3,...}
Extension of F : {1,3,5,...}

(b) No such model. For the formula to be false on a model, it
would have to be the case that, in that model, some member

of the domain were both in the extension of F and not in the
extension of F [Qp.42]

(a) Domain: {1,2,3,...}
Extensions: F: {1,3,5,...} G:{2,4,6,...}
(b) Domain: {1,2,3,...}
Extensions: F: {1,3,5,...} G:Q@ [Qp.42]

(a) Domain: {1,2,3,...}
Extension of F : {1,3,5,...}

(b) No such model. For the formula to be false on a model,
it would have to be the case that all members of the (non-
empty) domain were in the extension of F (to make the an-
tecedent true) and that no members of the domain were in
the extension of F (to make the consequent false). [Q p.42]

—~~

a) No such model. For the formula to be true on a model,
it would have to be the case that, in that model, a single
member of the domain were both in the extension of F and
not in the extension of F.

(b) Domain: {1,2,3,...}

Extension of F : {1,3,5,...} [Qp.42]

(a) Domain: {1,2,3,...}
Extension of F : {1,3,5,...}
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(x)

(xi)

(xii)

(xiii)

(xiv)

(xv)

(b) Domain: {1,2,3,...}

Extension of F : @ [Qp.42]

(a) Domain: {1,2,3,...}

Extension of F : {1,3,5,...}

(b) No such model. For the formula to be false on a model,
it would have to be the case that, in that model, a single
member of the domain were both in the extension of F and
not in the extension of F. [Qp.42]

(a) Domain: {1,2,3,...}

Extensions: F: {1} G:{2}

(b) Domain: {1,2,3,...}

Extensions: F: {1} G: O [Qp.42]
(a) Domain: {1,2,3,...}

Extensions: F: {1} G:{1,2,3,...}

(b) Domain: {1,2,3,...}

Extensions: F: {1} G: {1} [Q p-42]
(a) Domain: {1,2,3,...}

Referents: a : 1

Extensions: F : {1}

(b) No such model. For the formula to be false on a model, it
would have to be that all members of the domain were in
the extension of F, but the referent of a wasnot.  [Q p.42]

(a) Domain: {1,2,3,...}

Referents: a : 1
Extensions: F : {1,2,3,...}

(b) Domain: {1,2,3,...}

Referents: a : 2

Extensions: F : {1} [Qp.42]
(a) Domain: {1,2}

Referents:a:1 b:2

Extensions: F : {1,2}

(b) Domain: {1,2}
Referents: a:1 b:2
Extensions: F : {1} [Q p.42]
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(xvi)

(xvii)

(xviii)

(xix)

(xx)

5. ()

(ii)

(@) Domain: {1,2,3,...}
Extensions: F: {1,3,5,...} G:{2,4,6,...}

(b) Domain: {1,2,3,... } Extensions: F : {1} G:{2} [Qp.42]

(a) Domain: {1,2,3,...}
Extensions: F: {1} G: O

(b) Domain: {1,2,3,...}
Extensions: F: @ G: @ [Qp.42]
(a) No such model. For the formula to be true on a model, it

would have to be that each member of the domain was both
in the extension of F and also not in the extension of F.

(b) Domain: {1,2,3,...}

Extensions: F : {1} [Q p-42]
(a) Domain: {1,2,3,...}

Extensions: F: @ G : {1}

(b) Domain: {1,2,3,...}

Extensions: F: {1,2,3,...} G:Q© [Qp.42]
(a) Domain: {1,2,3,...}

Extensions: F: @ G : {1}

(b) Domain: {1,2,3,...}
Extensions: F:{1,2,3,...} G:©@ [Qp.42]

True.

Suppose there are no F’s. Then, whatever in the domain 4 (a
new name) refers to, Fd is false—so Fd — Gd is true (because its
antecedent is false). So Vx(Fx — Gx) is true when there are no

F’s. [Qp.42]

No.

If there are no F’s, Vx(Fx — Gx) is true (previous question), but

Jx(Fx A Gx) is false. [Qp.42]
[Contents]
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Answers 9.5.1

1.

Countermodel:

Domain: {1,2}

Extensions: F: {1} G:{2} [Qp.43]
. No countermodel. For the premise to be true, there must be at least

one object in the domain which is in the extension of F and is also in
the extension of G. If this is so, then any such object is a fortiori in the
extension of F—making the left conjunct of the conclusion true—and
in the extension of G—making the right conjunct of the conclusion
true: hence the conclusion is true. [Q p.43]

. Countermodel:

Domain: {1,2}
Extensions: F : {2} G:{1} [Qp.43]

. No countermodel. For the first premise to be true, the extension of

F must be a subset of the extension of G. For the second premise to
be true, the extension of G must be a subset of the extension of H. It
follows that the extension of F is a subset of the extension of H—and

this makes the conclusion true. [Q p.43]
. Countermodel:
Domain: {1,2,3}
Extensions: F: {1} G:{1,2} H:{1,2,3} [Qp.43]
[Contents]
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Chapter 10

Trees for Monadic Predicate Logic

Answers 10.2.2
1. 3

Logical truth.

(ii)

Logical truth.

—(Fa — JxFx) v
Fa
—JxFx v
Vx—Fx \a
—Fa
X

—(IxFx — —Vx—Fx) v
dxFxv'a
—=Vx—Fx v
Vx—Fx \a
Fa
—Fa
X
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(iii) —Vx((Fx A ~Gx) — 3xGx) v
Ix=((Fx AN —-Gx) — IxGx) va
—((Fa A —=Ga) — 3xGx) v
FaN—-Ga v
—-3xGx v’
Fa
—Ga
Vx=Gx \a v
—Ga
/]\

Not a logical truth. Countermodel:
Domain: {1} Referent: a:1
Extensions: F: {1} G: O [Q p.44]

(iv) —(VxFx — JxFx) v
VxFx \a
—dxFx v
Vx—Fx \a
Fa
—Fa
X
Logical truth. [Q p.44]

(v) —((Fa A (FbAFc)) — VxFx) v
FaA(FbAFc) v

—VxFx v
Fa

(Fb N Fc) v
Fb
Fc

dx—Fx v'd

-Fd v

T

Not a logical truth. Countermodel:
Domain: {1,2,3,4} Referents:a:1 b:2 ¢:3 d:4
Extension of F : {1,2,3} [Qp.44]
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(vi) —(dxFx A 3x—Fx) v

—dxFx v —3dx=Fx Vv
Vx—Fx\a Vx—-—Fx\a
—Fa ——Fa v
T Fa
Not a logical truth. Countermodel:
Domain: {1} Referent: a:1
Extension of F : @ [Q p.44]

(vii) —dx(Fx — VYyFy) v
Vx—(Fx — VyFy) \ab
—(Fa — YyFy) v
Fa
-VyFy v
Jy-Fy v'b
—~Fb
—(Fb — YyFy) v
Fb
X
Logical truth. [Q p.44]

(viii) —(Vx(Fx — Gx) — (Fa — Ga)) v
Vx(Fx — Gx) \ a
—(Fa — Ga) v
Fa
—Ga

Fa— Ga v

N
—Fa Ga

X X
Logical truth. [Q p.44]
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(ix) —(=Vx(Fx A Gx) <> Ix—~(Fx A Gx)) v

-Vx(FxAGx) v —=Vx(FxAGx) v
—Jx—(FxAGx) v Ix=(Fx ANGx) Va
Jx—(FxAGx) va  Vx(FxAGx)\a
Vx——(Fx A Gx) \a —(FaNGa) v

—(FaAGa) v FaAGa
——(Fa A Ga) X
X
Logical truth. [Q p.44]
(x) —(=3x(Fx A Gx) +> Vx(=Fx A —=Gx)) v

—3Jx(Fx AGx) v ——3Jx(Fx AGx) v
—Vx(=Fx A=Gx) v Vx(=FxA-Gx) \a

Vx—(Fx A Gx) \a dx(Fx A Gx) va
Ix—=(=Fx A—=Gx) va FaNGa v
—(=FaA—=Ga) v Fa
—(FaAGa) v Ga
—FaA-Ga v
—-—=Fa v —=Ga Vv —Fa
Fa Ga ~Ga
N N X
—Fa —-Ga —-Fa -Ga
X T X

Not a logical truth. Countermodel:
Domain: {1} Referent: a:1
Extensionof F: {1} G: O [Qp.44]
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(1) dxFx A 3xGx v
—3Ix(Fx A Gx) v
dxFx va
JxGx v'b
Vx—(Fx A Gx) \ab
Fa
Gb
—(Fa A Ga)
ﬂFa/\ﬂGa
x —(FbAGb) v

/\
-Fb —Gb

T X
Invalid. Countermodel:
Domain: {1,2} Referents:a:1 b:2
Extensions: F: {1} G: {2} [Q p.44]

(ii) dxVy(Fx — Gy) va
=Vy3Ix(Fx — Gy) v
Jy—3x(Fx — Gy) v'b

Vy(Fa — Gy) \b

—3dx(Fx — Gb) v

Vx—(Fx — Gb) \a

Fa — Gb v
—|(Fa — Gb) v
X

Valid. [Q p.44]
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(iii)

Valid.

(iv)

Valid.

(v)

Fa — VxGx Vv
—Vx(Fa — Gx) v

—Fa VxGx \b
dx—(Fa — Gx) v'b 3Ix—(Fa— Gx) v'b
—(Fa — Gb) v —(Fa — Gb) v

Fa

-~Gb -Gb

X

Fa — VxGx v
—3x(Fa — Gx) v
Vx—(Fa — Gx) \a

—(Fa — Ga) v

Fa
—Ga

/\
—Fa VxGx\a
X Ga
X

Vx(FxV Gx) \ab
-VxFx v
-VxGx v
dx—Fx va
dx—Gx v'b

—Fa
-Gb
FaV Ga

/\
Fa Ga

x FbV Gb
N
Fb Gb
T X

Invalid. Countermodel:
Domain: {1,2} Referents:a:1 b:2
Extensions: F: {2} G: {1}
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(vi) dx(Fx A Gx) Va
—(IxFx A IxGx) v
FanGa v
Fa
Ga

—dxFx v —-3xGx v
Vx—Fx\a Vx-Gx\a
—Fa —Ga
X X

Valid. [Q p.45]

(vii) Vx(Fx — Gx) \a
Fa
—Ga
Fa— Ga v

N
—-Fa Ga

X X
Valid. [Q p.45]

(viii) -Vx(Fx V Gx) v
—Jx(—~Fx A =Gx) v
dx—(Fx VvV Gx) va
Vx—(—=Fx A =Gx) \a
—(FaV Ga) v
—Fa
—Ga
—(=FaA—-Ga) v

—|—|Fa —|—|Ga
X X

Valid. [Q p.45]
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(ix) Vx(Fx — Gx) \a
Vx(Gx — Hx) \a
——=3Jx(-Fx A Hx) v
dx(=Fx AN Hx) va
—~FaANHa v
—Fa
Ha
Fa — Ga v

—Fa Ga

Ga—Ha v Ga— Ha Vv

/\ /\
-Ga Ha —-Ga Ha

T X

Invalid. Countermodel:
Domain: {1} Referent: a: 1
Extensions: F: @ G:@ H: {1} [Q p.45]

(x) Vx(Fx V Gx) \a
——Jx(Fx AGx) v
Ix(Fx ANGx) Va
FaNGa v
Fa
Ga
FaVv Ga v

N
Fa Ga
/I\

Invalid. Countermodel:
Domain: {1} Referent: a:1
Extensions: F: {1} G: {1} [Q p.45]

[Contents]
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Answers 10.3.8

1. Dx: xisadog
Mx: xis a mammal
Ax: xis an animal

Vx(Dx — Mx)
Vx(Mx — Ax)
.. Vx(Dx — Ax)

Vx(Dx — Mx) \a
Vx(Mx — Ax) \a
—Vx(Dx — Ax) v
dx—(Dx — Ax) va
—(Da — Aa) v
Da
-Aa
Da — Ma v
X Ma— Aa v

/\
-Ma Aa

X X

Valid.
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2. Fx: xisfrozen
Cx: xiscold

VxFx — VxCx
. Vx(Fx — Cx)

VxFx — VxCx v
—Vx(Fx — Cx) v
dx—(Fx — Cx) va

-VxFx v VxCx \a
—(Fa — Ca) v —(Fa— Ca) v
Fa Fa
—Ca —Ca
dx—Fx v'b Ca

—Fb X
T

Invalid. Countermodel:
Domain: {1,2} Referents:a:1 b:2
Extensions: F: {1} C: O [Q p.45]
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3. Cx: «x1is conscious
Gx: xisadivine being
Sx: x has a sonic screwdriver

Vx(Cx — (JyGy V Sx))
—dxSx
. VxCx

Vx(Cx — (JyGy V Sx)) \ab
—3xSx v
——VxCx v
VxCx \abc
Vx—Sx \abc

Ca
—Sa
Ca — (JyGy V Sa) v

—Ca JyGyV Sa v
X
JyGy v'b Sa
Gb X
Cb
—Sb

Cb — (JyGy Vv Sb) v

-Cb JyGy v Sb v
x Py
JyGy vc Sb

Gce X
Cc
-Sc
/]\
Invalid. Countermodel:

Domain: {1,2,3,...} Referents:a:1 b:2 c¢:3 ...
Extensions: C: {1,2,3,...} G:{2,3,4,...} S$:@ [Q p.45]
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4. Cx: xisacow
Sx: xis a scientist
Fx: xcanfly

Vx(Cx — Sx)
—3x(Sx A Fx)
. =3x(Cx A Fx)

Vx(Cx — Sx) \a
—3x(Sx ANFx) v
——3x(Cx A Fx) v
dx(Cx A Fx) Va
Vx—(Sx A Fx) \a
CaNFa v
Ca
Fa
Ca— Sa v
x  —(SaANFa) v

Valid. [Q p.45]
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5. Px: xisaperson
Hx: xis here
Sx: xissmoking

dx((Px A Hx) A —Sx)
. =Vx((Px A Hx) — Sx)

Ix((Px AN Hx) A —=Sx) va
—=Vx((Px A Hx) — Sx) v
Vx((Px A Hx) — Sx) \a
(PaNHa)N—Sa v
(PaNHa) v
—Sa
Pa
Ha
(PaNHa) — Sa v

—(PaAHa) Sa
X X

Valid. [Q p.46]
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6. Cx: xisacoward

Rx:  xrocks up
Sx: x will shake
c: Catwoman
s:  Superman

Rs — Vx(Cx — Sx)
—Cc
. ~Sc
Rs — Vx(Cx — Sx) v
—Cc
——=Sc Vv
Sc

—Rs  Vx(Cx — Sx) \cs
Cc— Sc v
Cs —Ss v

Invalid. Countermodel:

Domain: {1,2}

Referents: c:1 s:2

Extensions: C: @ R:@ S:{1}
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7. Bx: xisblue
Cx: xisacar
Dx: «xis defective
Rx: xisred

x(Cx — (Rx V Bx))

Vx((Cx A Rx) — Dx)
x(Bx A Cx A =Dx)

. dx(Cx A Dx) A 3x(Cx A =Dx)

Vx(Cx — (Rx V Bx)) \a
Vx((Cx A Rx) — Dx) \a
Ix(Bx ANCx A —Dx) Va
=(3x(Cx A Dx) A Ix(Cx A =Dx)) v
BanCaA-Da v
Ba
Ca
—Da
Ca — (Ra V Ba)

—|Ca RaVv Ba v
(CaARa)— Da v

—(CaARa) v Da
/\ X
—Ca —Ra
) /\
Ra Ba

-3dx(CxADx) v —=3x(Cx A—-Dx) v
Vx—(Cx ADx)\a Vx—(CxA-Dx)\a
—(CaADa) v —(CaN-Da) v

/\ /\
-Ca —-Da ﬂca ——=Da
X T X

X
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Invalid. Countermodel:
Domain: {1} Referent: a: 1
Extensions: B: {1} C:{1} D:® R:Q [Q p.46]

. Fx: «xisafish
Sx: xswims

Vx(Sx — JyFy)
. dx—Sx

Vx(Sx — JyFy) \abc
—3Jx—Sx
Vx——Sx \abc
—=Sa v
Sa
Sa — JyFy v

—Sa JyFy v'b
X Fb
—=Sb v
Sb
Sb— JyFy v

—Sb JyFy vc

Sc — JyFy v
/\
—Sc dyFy vd
X Fd
Invalid. Countermodel:

Domain: {1,2,3,...} Referents:a:1 b:2 c¢:3 ...
Extensions: F:{2,3,4,...} S§:{1,2,3,...} [Q p.46]
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9. Bx: x was built before 1970
Kx: x runs on kerosene
Rx: xis arobot
a: Autovac 23E

Vx((Rx A Bx) — Kx)
Ba A\ —=Ka
. 7 Ra

Vx((Rx A Bx) — Kx) \a
BaAN—-Ka v
——Ra v
Ra
Ba
—Ka
(RaABa) — Ka v

—(RaABa) v Ka

/\ X
—Ra —Ba

X X
Valid. [Q p.46]
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10. Ax: xis an athlete
Ix: xis an intellectual
Px: xisaperson
Tx: «xistall
g: Graham

Vx((Tx A Px) — (Ax V Ix))
dx(Px A Ax A Ix)
Vx((Px AN Ax A Ix) — —Tx)
Pg
A — (—|Ig\/ —|Tg)
Vx((Tx A Px) — (Ax V Ix))
dx(Px A Ax A Ix)
Vx((Px AN Ax A Ix) — —Tx) \g
Pg
~(Ag = (nIgVv —Tg)) v
Ag
—(—IgV-Tg) v
-—lg v
-—Tg v
Ig
Tg
(PgNAgNIQ) = -Tg V

—~(PgNAgNIg) v —Tg
X

X X X

Valid. [Q p.46]

[Contents]
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Chapter 11

Models, Propositions, and Ways
the World Could Be

There are no exercises for chapter 11. [Contents]
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Chapter 12

General Predicate Logic

Answers 12.1.3.1

—_

—_
©

Y ® N S g bk w N

Yes
Yes
Yes
Yes
No
No
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Answers 12.1.6

Glossary:
a: Alice
b: Bill
c: Clare
d: Dave
e: Edward
f: Fiesta
JE The Bell Jar
m: Mary
t: the Eiffel tower
Tx: x is tall

Hxy: xheardy

Lxy: xlikesy

Rxy: xhasready
Txy: xis taller thany
Pxyz: x prefersytoz

Translations:
1. Hba [Q p49]
2. = Hba [Q p.49]
3. Hba A —~Hab [Q p.49]
4. Hba — Hab [Q p.49]
5. Hba <+ Haa [Q p.49]
6. Hba Vv Hab [Q p.49]
7. Ted N\ —Tce [Q p.49]
8. Pmac [Q p.49]
9. =Pmdc N\ —~Pmcd [Q p.49]
10. Tec A —Te [Q p.49]
11. Ttc N Ttd [Q p.49]
12. Tdt — Td [Q p-49]
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13.
14.
15.
16.
17.
18.
19.
20.

Ttd A Pcdt

Tad — Pdda

Pdec — Tet

Pdec — —Tc

Rmf A Lmf

—Ldf N —Rdf

—Ldj — —Rdj

Pdjf N —=Rdj N —Rdf

Answers 12.1.9

1.

Glossary:

a: Alice

b: Bill

Cx: «xisachair

Bx:  xis broken

Rx: «xisaroom

Bxy: xisbigger thany
Cxy: x contains y

Translations:

(i) IxVyBxy
(ii) JxVyByx
(iii) Bab — dxBxb
(iv) VxBxb — Bab
(v) 3xVyBxy — JdxBxx
(vi) (Bab A Bba) — VxBxx
(vii) IxVy(Bay — Bxy)
(viii) Vx(Bxa — Vy(Bay — Bxy))
(ix) Vx(Rx — Jy(Cy A Cxy))
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[Q p.49
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[Qp.49]

[Q p-49]
[Contents]

]
]

[Q p.50
[Q p.50
[Q p.50
[Qp.50
[Qp.50
[Qp.50
[Qp.50
[Qp.50
[Qp.50
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(x) 3x(Rx A Jy(Cy A Cxy A By)) A
Ix(Rx AVy((Cy A Cxy) — By)) A
—3x(Rx AVy((Cy A Cxy) — —By))

2. Glossary:
Bx:  xisabeagle
Cx:  «xisachihuahua
Dx: xisadog
Px:  xisa person
Bxy: xisbigger thany
Hxy: xis happier than y
Oxy: xownsy

Translations:

(i) Vx(Px — Jy(Dy A Oxy))

(i) Vx(Dx — Jy(Py A Oyx))

(iii) IxJy(Bx A Cy A Oxy)

(iv) —3x(Bx A Oxx)

(v) —=3x3y(Bx A Cy A Byx)

(vi) 3x3Jy(Cx A By A Bxy)
(vii) Ix(Dx A Vy(Py — Hxy))
(viii) VaVy((Px A Py A 3z(Dz A Oxz) A =3w(Dw A Oyw)) — Hxy)

(ix) VaVy((Dx A Dy) — (Bxy — Hxy))
(x) 3x(Bx AVy(Cy — Bxy) AVz(Pz — Bzx))
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3. Glossary:

a: Alice

b: Bill

0: Woolworths
Cx: X is a cat

Dx: x is a dog

Gx: X is grey

Tx: x is timid

Bxy:  xisbigger thany

Gxy:  xgrowlsaty

Wxyz: x wants to buy y from z

Translations:
(i) Ta A Da A 3x(Cx A Bxa) [Qp.51]
(i) Vx((Dx A Bxa) — Bxb) [Qp.51]
(iii) Tb A Cb AVx(Dx — Bxb) [Qp.51]
(iv) Vx((Tx A Dx) — Jy(Gy A Cy A Gxy)) [Qp.51]
(v) Vx(Dx — Vy((Ty A Cy) — Gxy)) [Qp.51]
(vi) 3x(Tx A Dx AVy((Gy A Cy) — Gxy)) [Qp.51]
(vii) =3x3y(Tx A Dx A Gy A Cy A Gxy) [Qp.51]
(viii) dxWaxo A =3dxWbxo [Qp.51]
(ix) Ix(Waxo A =Wbxo) [Q p.51]
(x) Vx(Waxo — Gbx) [Q p.51]
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4. Glossary:

d: Dave

e: Elvis

f: Frank

r: the Rolling Stones
Px: x is a person

Sx: x is a song

Tx: x was in the top twenty
Axy: xisadmires y

Rxy:  xrecorded y

Pxyz: x prefersytoz

Translations:
(i) Vx(Px — Adx) [Qp.51]
(i) —3Ix(Px A Axd) [Qp.51]
(iii) —Add [Qp51]
(iv) —3dx(Px A Axx) [Qp.51]
(v) Vx((Px A =Axx) — Adx) [Q p.51]
(vi) Vx((Px A Axx) — Axd) [Qp.51]
(vii) Afe A Pfre [Qp-51]
(viii) VxVy((Sx A Rrx A Sy A Rey) — Pfxy) [Qp-51]
(ix) Ix(Sx A Tx A Rrx) A —=3x(Sx A Tx A Rex) [Q p.51]
(x) VxVy((Sx A Tx A Rrx A Sy A Rey) — Pexy) [Q p.51]
[Contents]

Answers 12.2.2

1. (i) False [Qp.52]
(ii) True [Q p.52]
(iii) False [Qp.52]
1

(iv) True (Ldb is true if we let the new name d refer to 1.) [Q p.52

(v) False (The extension of L contains no ordered pair whose sec-
ond member is 1, which is the referent of 4; so no matter what
the new name d refers to, Lda is false.) [Qp.52]
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(vi) False (The extension of L contains no ordered pair which has
the same object in both first and second place, so there is no
possible choice of referent for the new name d which makes Ldd

true.) [Qp.52]
(vii) True (No matter what we pick as the referent of d, we can then
pick a referent for e such that Lde is true.) [Qp.52]

(viii) False (If we pick 1 as the referent of d, then we cannot pick a
referent for e such that Led is true.) [Qp.52]

(ix) False (There is no object in the domain which is both in the ex-
tension of P, and in the first place of an ordered pair in the ex-
tension of L which has 2, which is the referent of b, in second
place; so there is no possible choice of referent for the new name

d which makes both Pd and Ldb true.) [Qp.52]

(x) True [Qp.52]
(xi) True [Qp.52]
(xii) True [Qp.52]
(xiii) False [Qp.52]
(xiv) True [Qp.52]
(xv) False [Qp.52]
(xvi) False [Qp.52]
(xvii) False [Qp.52]
(xviii) True [Qp.52]
2. (i) False [Q p.53]
(ii) False [Q p.53]
(iii) False [Q p.53]
(iv) True [Q p.53]
(v) True [Qp.53]
(vi) False [Qp.53]
(vii) True [Q p.53]
(viii) False [Q p.53]
(ix) False [Q p.53]
(x) True [Q p.53]

3. (i) False [Q p.53]
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4.

(ii) True
(iii) True

(iv) True

[Q p.53]
[Q p.53]
[Qp.54]

(v) False (e.g. (Alice, Bob) and (Bob, Alice) are in the extension of
S but (Alice, Alice) isn't. )

(vi) False
(vii) False
(viii) False
(ix) True

(x) True

(i) (a) Domain: {1,2,3}

Extension of F : {(1,1),(2,2),(3,3)}

(b) Domain: {1,2,3}

Extension of F : {(1,1),(2,2)}

(i) (a) Domain: {1,2,3}

Extension of F : {(1,2),(2,1)}

(b) Domain: {1,2,3}

Extension of F : {(1,2)}

(iii) (a) Domain: {1,2,3}

Extension of F : {(1,1),(2,3),(3,2)}

(b) Domain: {1,2,3}

Extension of F : {(1,1),(2,3)}

(iv) (a) Domain: {1,2,3}

Extension of F : {(1,1),(1,2),(1,3)}

(b) Domain: {1,2,3}

Extension of F : {(1,2),(1,3)}

(v) (a) Domain: {1,2,3}

Extension of F : {(1,2),(2,3),(3,1)}

(b) Domain: {1,2,3}

Extension of F : {(1,1),(1,2),(1,3)}

(vi) (a) Domain: {1,2,3}

Extension of F : {(1,1)}

(b) Domain: {1,2,3}
Extension of F : @
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(vii)

(viii)

(ix)

(a) Domain: {1}
Extension of F : {(1,1)}
(b) Domain: {1}
Extension of F : {@} [Q p.54]

(a) Domain: {1,2,3}
Referent of a: 1
Extension of F : {(1,2)}
(b) Domain: {1,2,3}
Referent of a: 1
Extension of F : {(1,1)} [Qp.54]

(a) No such model. For the proposition to be true, the ordered
pair consisting of the referent of 4, followed by the referent
of a, would have to both be in the extension of F and not in
the extension of F

(b) Domain: {1,2,3}

Referent of a: 1
Extension of F : {(1,1)} [Q p.54]

(@) No such model. For the second and third conjuncts to be
true, the extension of F must contain the ordered pair of
the referent of a followed by the referent of b, but must not
contain the ordered pair obtained by switching the order
of these two referents. This is incompatible with the first
conjunct.

(b) Domain: {1,2,3}

Referents: a: 1 b: 2
Extension of F : {(1,1)} [Qp.54]

[Contents]
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Answers 12.3.1

1. () —Vx(Rxx — JyRxy) v
dx—(Rxx — JyRxy) va
—(Raa — 3yRay) v
Raa
—3JyRay v
Vy—Ray \a
—Raa
X

Logical truth. [Q p.54]

(ii) —Vx(dyRxy — JzRzx) v
dx—(3yRxy — zRzx) va
—(3yRay — JzRza) v
JyRay v'b
—3JzRza v
Vz—Rza \ab
Rab
—Raa
—Rba

T
Not a logical truth. Countermodel:
Domain: {1,2} Referents:a:1 b:2
Extension of R : {(1,2)} [Qp.54]

(iii) —(VxRax — Vx3yRyx) v
VxRax \b
—VxdyRyx v
dx—3dyRyx v'b
—JyRyb v
Vy—Ryb \a
Rab
—Rab
X

Logical truth. [Q p.54]
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(iv)

(v)

—(Vx3y3zRyxz — IxIyRxay)
Vx3y3zRyxz \a
—dxdyRxay v
Vx—3yRxay \b
dy3zRyaz v'b

JzRbaz v'c
Rbac
—3dyRbay v
Vy—Rbay \c
—Rbac
X

Logical truth.

——VxdyRxy v
Vx3yRxy \abc
JyRay v'b
Rab
JyRby v'c
Rbc
JyRey v'd
Red
/I\
Not a logical truth. Countermodel:

Domain: {1,2,3,...} Referents:a:1 b:2 ¢:3
Extension of R : {(1,2),(2,3),(3,4),...}
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(vi) —VxVyVz((Rxy A Ryz) — Rxz) v
dx—-VyVz((Rxy A Ryz) — Rxz) v'a
—VyVz((Ray A Ryz) — Raz) v
Jy—Vz((Ray A Ryz) — Raz) v'b
—Vz((Rab A Rbz) — Raz) v
Jz—((Rab A Rbz) — Raz) V'c
—((Rab A Rbc) — Rac) v
Rab A Rbc v
—Rac
Rab
Rbc

T
Not a logical truth. Countermodel:
Domain: {1,2,3} Referents:a:1 b:2 ¢:3
Extension of R : {(1,2),(2,3)} [Q p.55]

(vii) —(IxVyRxy — VYxIyRxy) v
dxVyRxy v'a
—VxdyRxy v
dx—3dyRxy v'b
VyRay \ab
—3dyRby v
Vy—Rby \ab
Raa
Rab
—Rba
—Rbb

/[\

Not a logical truth. Countermodel:
Domain: {1,2} Referents:a:1 b:2
Extension of R : {(1,1),(1,2)} [Q p.55]
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(viii) —(JyVxRxy — Vx3IyRxy) v
JyVxRxy va
—VxdyRxy v
dx—3yRxy v'b
VxRxa \b
-3JyRby v
Vy—Rby \a
Rba
—Rba
X

Logical truth. [Q p.55]

(ix) —(IxVyRxy — IxTFyRxy) v
IxVyRxy v'a
—dxdyRxy v
Vx—3yRxy \a
VyRay \a
—3JyRay v
Vy—Ray \a
Raa
—Raa
X

Logical truth. [Q p.55]
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(x) —(VxVy3zRxyz V VxVyVz—Rxyz) v
—VxVy3zRxyz v
—~VxVyVz—Rxyz v
dx—=Vy3dzRxyz v'a
dx=VyVz—=Rxyz v'b
—Vy3zRayz v
Jy—3dzRayz vc
—VyVz-Rbyz v
Jy—-Vz—-Rbyz v'd
—3zRacz v
Vz—=Racz \abcde
—Vz-Rbdz v
Jz—=—=Rbdz Ve
——Rbde v
Rbde
—Raca
—Racb
—Racc
—Racd
—Race
T
Not a logical truth. Countermodel:
Domain: {1,2,3,4,5} Referents:a:1b:2 c:3d:4¢:5
Extension of R : {(2,4,5)} [Q p.55]

(i) VxVyVz((Rxy A Ryz) — Rxz) \a

Rab
Rba

—JxRxx v

Vx—Rxx \a

VyVz((Ray A Ryz) — Raz) \b
Vz((Rab A Rbz) — Raz) \a
(Rab A Rba) — Raa v

—(Rab A Rba) Raa

N —Raa
—Rab —Rba «
X X
Valid. [Q p.55]
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(ii) VxFxa — JxFax v
dxFxa v'b
—dxFax v
Vx—Fax \abc

-VxFxa v dxFax V'c
dx—Fxa v'c Fac
Fba —Fac
—Fca X
—Faa
—Fab
—Fac

/]\
Invalid. Countermodel:
Domain: {1,2,3} Referents:a:1 b:2 ¢:3
Extension of F : {(2,1)} [Q p.55]

(iii) dx3y3z(Rxy A Rzy) v'a
—JxRxx v
Vx—Rxx \abc
Jy3z(Ray A Rzy) v'b
3z(Rab A Rzb) v'c
Rab A Reb v
Rab
Reb
—Raa
—Rbb
—Rcc

T

Invalid. Countermodel:
Domain: {1,2,3} Referents:a:1 b:2 ¢:3
Extension of F : {(1,2),(3,2)} [Q p.55]

205



(iv) VaVy(Rxy — Ryx) \b
JxRxa v'b
—dxRax v
Vx—Rax \b
Rba
Vy(Rby — Ryb) \a
Rba — Rab v

N
—Rba Rab
X —Rab
X

Valid. [Q p.55]

(v) VxVy(—Rxy — Ryx) \a
—VxdyRyx v
dx—3yRyx va

—3JyRya v
Vy—Rya \a
—Raa
Vy(—Ray — Rya) \a
—Raa — Raa v

N

——=Raa Raa
X X

Valid. [Qp.55]

(vi) VaVy(Rxy — (Fx AGy)) \a
——3dxRxx v
dxRxx v'a
Raa
Vy(Ray — (FaAGy)) \a
Raa — (Fa A Ga) v

—Raa FaNGa v

Fa
Ga
T
Invalid. Countermodel:
Domain: {1} Referent: a:1
Extensions: F: {1} G:{1} R:{(1,1)} [Q p.55]

206



(vii) Vx(Fx — (VyRxy V ~3yRxy)) \a
Fa
—Rab
——Raa v
Raa
Fa — (YyRay V —3yRay) v

—Fa VyRayV —dyRay v
X
VyRay \b  —3yRay v
Rab Vy—Ray \a
X —Raa
X

Valid.

(viii) VaVy(3z(Rzx A Rzy) — Rxy) \b

VxRax \bc

—VxVyRxy v

dx=VyRxy v'b
-VyRby v
Jy—-Rby v'c

—Rbc
Vy(3z(Rzb A Rzy) — Rby) \c
3z(Rzb A Rzc) — Rbec v

—3z(Rzb A Rzc) v Rbc
Vz—(Rzb ARzc) \a X
—(Rab A Rac) v
Rab
Rac

/\
—Rab —Rac

X X
Valid.
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(ix) Vx3yRxy \bacde
—3JxRxb v
Vx—Rxb \b

—Rbb
JyRby v'a
Rba
JyRay v'c
Rac
JyRey v'd
Red
JdyRdy Ve
Rde
JyRey v f
Ref

/l\
Invalid. Countermodel:
Domain: {1,2,3,...} Referents:a:1 b:2 ¢:3 ...
Extension of R : {(2,1),(1,3), (3,4), (4,5),(5,6),...} [Qp.55]

(x) dxVy(Fy — Rxy) va

IxVy—=Ryx v'b

—dx—Fx v

Vx——Fx \b

Vy(Fy — Ray) \b
Vy—Ryb \a
—Rab
-—Fb v
Fb
Fb — Rab v

/\
—Fb Rab
X X

Valid. [Q p.56]
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3. () a Alice
b: Bill
c: Carol
Oxy: xisolder than y

Oab
Obc
.. Oac

Oab

Obc

—0ac

4
Invalid. Countermodel:
Domain: {1,2,3}
Referents:a:1 b:2 ¢:3
Extension of O : {(1,2),(2,3)} [Q p.56]
(ii) a: Alice

b: Bill
c: Carol
Oxy: «xisolder thany
Oab
Obc
VaVyVz((Oxy A Oyz) — Oxz))
.. Oac

Oab

Obc

VaVyVz((Oxy A Oyz) — Oxz)) \a
—0ac
VyVz((Oay A Oyz) — Oaz)) \b
Vz((Oab A Obz) — Oaz)) \c
((Oab A Obc) — Oac)) v
—(Oab N\ Obc) v Oac
TN X
—Oab —Obc
X X

Valid. [Q p.56]

209



(iii) a: me
b: you
d: Dave
Bx:  xisabanker
Txy: xtrustsy

Vx(Tbx — Tax)
Vx(Bx — Tbx)
Bd
*. Tad

Vx(Tbx — Tax) \d

Vx(Bx — Tbx) \d

Bd
—Tad
Bd — Tbd v

—Bd Tbd
x  Tbd — Tad v

/\
—Tbd Tad
X X

Valid. [Q p.56]
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(iv) Px: xisa person
Lxy: x loves y

Vx(Px — 3y(Py A Lxy))
. Vx(Px — Jy(Py A Lyx))

Vx(Px — Jy(Py A Lxy)) \ab
—Vx(Px — Jy(Py A Lyx)) v
Ix—(Px — Jy(Py A Lyx)) va
—(Pa — Jy(Py A Lya)) v
Pa
—3y(Py A Lya) v
Vy—(Py A Lya) \ab
—(Pa A Laa)

/\

—Laa
X Pa— 3y(Py A Lay) v

/\

—Pa  Jy(Py A Lay) v'b
X Pb A Lab v
Pb
Lab
—(Pb A Lba)

/\

—Lba
x  Pb— 3y(Py ALby) v

/\

-Pb 3Jy(Py A Lby) vc
X Pc A Lbc v
Pc
Lbc
)
Invalid. Countermodel:

Domain: {1,2,3...} Referents:a:1 b:2 c¢:3 ...
Extensions: L: {(1,2),(2,3),(3,4)...} P:{1,2,3,...}

[Q p.56]
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(v) n: Nancy
Rx:  xis arestaurateur
Axy: x can afford to feed y
Wx:  xis very wealthy

Rn
Vx(Rx — (Anx <> —Axx))
. Wn
Rn
Vx(Rx — (Anx +» —Axx)) \n
-Wn
Rn — (Ann < —Ann) v
-Rn Ann <+ —Ann v
« P\
Ann —Ann
—Ann ——Ann
X X
Valid. [Q p.56]
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(vi) e: the Eiffel tower
[: Lake Burley Griffin
Cx: «xisin Canberra
Px: xisin Paris
Bxy: x is more beautiful than y

VaVy((Px A Cy) — Bxy)
Pe A ClI
.. Bel

VaVy((Px A Cy) — Bxy) \e
PeNCl v
—Bel
Pe
Cl
Vy((Pe A Cy) — Bey) \I
((PeNCIl) — Bel) v

—(PeANCIl) v~ Bel

N X
—-Pe —ClI

X X
Valid.

213

[Q p.56]



(vii) Jx: xisajournalist
Px: xisa politician
Txy: x talkstoy

VaVy((Px A Txy) — Py)
—3x(Px A Jx)
. —3dx3Jy(Px A Jy A Txy)

VaVy((Px A Txy) — Py) \a
—3Jx(Px A Jx) v
—=3IxTy(Px A Jy ATxy) v
IxIy(Px A Jy A Txy) va
Jy(Pa N JyATay) v'b
PaN]JbANTab v

Pa
Jb
Tab
Vx—(Px A Jx) \ab
—(PaAJa) v
—Pa —Ja
X —\(Pb N ]b) v
—Pb =Jb

Vy((Pa A Tay) — Py) \b X
(Pa A Tab) — Pb v

—(PaATab) v~ Pb

N X
—Pa —Tab
X X
Valid. [Q p.56]
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(viii) Sxy: x is smaller than y

—3xVySxy

o 3dxVySyx
—~dxVySxy v
——=3IdxVySyx v
IxVySyx va

Vx—VySxy v abcd
VySya \abcd
Saa
—VySay v
Jy—Say v'b
—Sab
Sba
—VySby v
dy—-Sby v'c
—Sbc
Sca
—VyScy v
dy—Scy v'd
—Scd
Sda
-VySdy v
Jy—Sdy

T
Invalid. Countermodel:
Domain: {1,2,3...} Referents:a:1 b:2 c:3 ...
Extension of S : {(1,1),(2,1),(3,1),(4,1) ...} [Q p.56]
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(ix) d: David
m:  Margaret
Fx:  xis French
Mx: xisamovie
Sx:  xis commercially successful
Lxy: xlikesy

Vx(Mx — (—=Sx V (Lmx A Ldx)))
—3dx(Fx A Mx A Lmx A Ldx)
. —3dx(Fx A Mx A Sx)

Vx(Mx — (—=Sx V (Lmx A Ldx))) \a
—3x(Fx A Mx A Lmx A Ldx) v
—=3dx(Fx A Mx A Sx) v
Ix(Fx AN Mx A Sx) va
Vx—(Fx A Mx A Lmx A Ldx) \a
FanMaASa v

Ma — (=SaV (Lma A Lda)) v

—Ma —SaV (LmaA Lda) v

X
—Sa Lma A Lda v

X Lma
Lda

—(FaANMa A LmaA Lda) v

—Fa —-Ma —-Lma -—Lda

X X X X
Valid. [Q p.56]
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(x) Cxy: x causes y

JxVyCxy
. 23xVyCyx

IxVyCxy v'a
——=IdxVyCyx v
IxVyCyx v'b
VyCay \ab
VyCyb \ab
Caa
Cab
Cab
Cbb
/I\
Invalid. Countermodel:
Domain: {1,2} Referents:a:1 b:2
Extension of C : {(1,1),(1,2),(2,2)} [Q p.56]

[Contents]

Answers 12.4.1

The trees are not given in these answers.

1. Glossary:

e: that egg

r: Roger

Fx: xisafood
Exy: xwilleaty

Translation:

Vx(Fx — Erx)
.. Ere

Postulate:

Fe

[Q p.57]
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2. Glossary:

a. 180
b: 170
[: Bill
n: Ben

Gxy: «xis greater than y
Wxy: x weighs y pounds
Vxy: xisheavier than y

Translation:
Wila
Wnb
2. Vin
Postulates:
Gab
VaVyVzVw((Wxy A Wzw A Gyw) — Vxz)
[Qp.57]
3. Glossary:
a 5
b: 10
J: John
n: Nancy
Fxy: xran further thany
Gxy: xis greater than y
Rxy: xrany miles
Translation:
Rja
Rnb
. Fnj
Postulates:
Gba
VaVyVzVw((Rxy A Rzw A Gyw) — Fxz)
[Qp.57]
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4. Glossary:

b:

s:

t:
Nx:
Axy:
Exy:

Translation:

Buddenbrooks
Sophie

Thomas Mann

x is a novel

x is the author of y
X enjoys y

Vx((Nx A Atx) — Esx)

. Esb
Postulates:

Nb
Atb

5. Glossary:

b:

c:
Nx:
Axy:
Exy:

Translation:

Borges

Chris

x is a novel

x is the author of y
X enjoys y

Vx(Ecx <> Nx)
. —3x(Abx A Ecx)

Postulate:

—3x(Nx A Abx)
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Answers 12.5.4

Note that a formula may have more than one prenex equivalent (i.e. there
may be other correct answers).

1. VxVy(Px Vv Qy) [Qp.57]
2. IxFy(Px v Qy) [Qp.57]
3. IxVy(Px — Py) [Q p.57]
4. IxVy3IzVw((Pz — Pw) A (Px — Py)) [Qp.57]
5. Ix3JyVz—(Sx A (Ty — Uxz)) [Q p.57]

[Contents]
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Chapter 13

Identity

Answers 13.2.2

Glossary
a:  Adam Hx:
b:  Ben Mx:
c: Chris Ox:
d: Diane Px:
e: Edward Tx:
f+ Family Guy Wax:
g1 you Cxy:
h:  Sydney Kxy:
i Jindabyne Lxy:
j: Jonathon Oxy:
k:  Melbourne Sxy:
I: Canberra Txy:
m:  Mary Vxy:
n: I/me Wxy:
s: Seinfeld Bxyz:
Cx: xisachihuahua Pxyz:
Dx: xisadog

Translations:

1. Vx(x # ¢ — Lcx)

(
2. Vx((x # ¢ A Dx) — Bx) ACc
3. dx(Dx ASxbAx #c) — Hb

x is happy

X is a man

x is a town

X is a person

x is a television show
X is a woman

x is colder than y

x knows y

x is larger than y

X OWnNs y

x is by y’s side

x is taller than y

x watches y

X wants y

y is between x and z
x prefers y to z

or Vx((Dx A Sxb A x # ¢) — HD)
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10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.

v *® N & U

dx(Px A Scx Ax # j) — He
or Vx((Px A Scx A x # j) — Hc)

Vx(Dx — Ljx)

Vx(Wmx — Jy(Py Ay # m A Oyx))
dx3Jy(Px A x # m A Wxy A Omy)
dx(Omx A =Wmx)

dx(Bx A Omx) — YyVz((Py A Bz Ay # m) — =0yz)
VaVy((Px A x #m A Wmy) — —~Oxy)
Vx(Px — Pxsf)

Vx((Tx A x #s) — Pasx)

Vx((Tx Ax # f) — Paxf)

Vif A\Vx((Tx ANx # f) = = Vjx)

Vif AVx((Px Ax # j) = = Vxf)

Wd AVx((Wx A x #d) — Tdx)

Vx((Mx A Txd) <> x =e)

Ted A 3x(Wx A x # d A Tex)

—3x(Px A Tdx A Txe)

x(PxANx #eAx #4d)

Vx((Px AKxb) <+ x = g)

dx(Px ANKnx Ax #b)

Vx((Kbx N\Px ANx #cAx #n) — Hx)
Vx((Px AN Hx A Knx) <» x = D)

Pb AN Hb A Knb AVx((Px N Hx A Knx A x # b) — Thx)
Oi A Bhik AVx((Ox A Bhxk A x # i) — Cix)
dx(Ox A Bhxk A Cxl)
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28. Vx((Ox A x # i) — Jy(Oy A Cyx))
29. —3x(Ox A Bhxk A (Lxl Vv Cxi))
30. Oi A Bhik AVx((Ox A Bhxk A\ x # i) — Pnix)

Answers 13.3.1

1. (i) True
(ii) False
(iii)) True
(iv) True
(v) False

(vi) True

2. (i) False
(i) True
(iii) True
(iv) True
(v) True

(vi) False

3. (i) (a) Domain: {1,2,3}
Referentof a : 1
Extension of F : {1}

(b) Domain: {1,2,3}
Referent of a : 1
Extension of F : {1,2}

(ii) (a) Domain: {1,2}
Referents:a:1 b:1

(b) Domain: {1,2}

Referents:a:1 b:2
(iii) (a) Domain: {1,2,3}
Extension of R : {(1,2),(1,3)}

(b) Domain: {1,2,3}
Extension of R : {(1,2)}
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(iv) (a) Domain: {1,2,3}
Extension of R : {(1,1),(2,2)}
(b) Domain: {1,2,3}
Extension of R : {(1,1),(1,2)} [Qp.61]
(v) (a) Domain: {1,2,3}
Extensionof R : {(1,2,1),(1,3,1),(2,1,2),(2,3,2), (3,1,3), (3,2,3)}
(b) Domain: {1,2,3}
Extension of R : {(1,2,1),(1,3,1)} [Q p.61]
(vi) (a) No such model: symmetry of identity.
(b) Domain: {1,2,3}
Referentof a : 1 [Qp.61]
(vii) (a) Domain: {1,2,3}
Extension of F : {1}
(b) Domain: {1,2,3}
Extension of F : {1,2} [Qp.61]
(viii) (a) Domain: {1,2,3}
Extensions: F : {1,2} G: {1}
(b) Domain: {1,2,3}
Extensions: F: {1} G:{1,2} [Qp.61]
(ix) (a) Domain: {1,2,3}
Extensions: F: {1,2} R:{(1,2),(2,1)}
(b) Domain: {1,2,3}
Extensions: F : {1,2} R:{(1,2),(2,2)} [Qp.61]
(x) (a) Domain: {1,2,3}
Referents: a : 1
Extensions: F: {1} R:Q®
(b) Domain: {1,2,3}
Referents: a : 1
Extensions: F: {1} R:{(1,1)} [Qp.61]
(xi) (a) Domain: {1,2,3}
Extensions: R : {(1,2,3)}
(b) Domain: {1,2,3}
Extensions: R : {(1,2,1)} [Qp.61]
(xii) (a) Domain: {1,2,3}
Extensions: R : {(1,2,3)}
(b) Domain: {1,2,3}
Extensions: R : {(1,2,1)} [Qp.61]
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(xiii)

(xiv)

(xv)

(xvi)

(xvii)

(xviii)

(a) Domain: {1,2,3}

Extensions: F : {2,3}
(b) Domain: {1,2,3}

Extensions: F : {2} [Qp.61]
(a) Domain: {1,2,3}

Extensions: F: {1,2} R:{(1,2)}
(b) Domain: {1,2,3}

Extensions: F: {1,2} R:{(1,1)} [Q p.61]
(a) Domain: {1,2,3}

Extensions: R : {(1,2,3),(1,1,1),(2,2,2),(3,3,3) }
(b) Domain: {1,2,3}

Extensions: R : {(1,2,3),(1,1,1),(2,2,2)} [Q p.61]
(a) Domain: {1,2,3}

Extensions: R : {(1,1)}
(b) No such model: the only y identical to x is x itself. [Q p.61]
(a) Domain: {1,2,3}

Referents: a:1 b:1

Extensions: F : {1}
(b) Domain: {1,2,3}

Referents: a:1 b:2

Extensions: F : {1,2} [Q p.61]
(a) Domain: {1,2,3}

Extensions: F : {1,2}
(b) Domain: {1,2,3}

Extensions: F : {1,2,3} [Qp.61]

[Contents]
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Answers 13.4.3

1. () Rab — —Rba v
Rab
a=1"=

/\
—Rab —Rba
X Raa
Rba
X

Unsatisfiable. [Qp.61]

(ii) Rab
—Rbc
a =
Raa
Rba
Rbb
—Rac

Satisfiable.

Domain: {1,2}

Referents: a:1 b:1 c¢:2

Extension of R : {(1,1)} [Qp.61]
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(iii) Vx(Fx — x =a) \ab
Fa
a#b
Fao—wa=a v
—|Fa/\a=a
X Fb—b=a Vv

/\

-Fb b=a

T a#a
X

Satisfiable.

Domain: {1,2}
Referents:a:1 b:2
Extension of F : {1}

(iv) Vx(Fx — Gx) \abc
dxFx v'c
—Ga
a=>b
Fc
Fa — Ga v

—Fa Ga
-Fb X
Fb— Gb v

—Fb Gb
Fc— Gec v —Gb

N X
-Fc Gec

x  —Gb
T
Satisfiable.
Domain: {1,2}
Referents:a:1 b:1 c¢:2
Extensions: F: {2} G: {2}
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(v) Vx(x #a — Rax) \b
Vx—Rxb \ab
a#b
—Rab
—Rbb
b#a— Rab v

T
—(b#a) v Rab
b=a X
a#a
X
Unsatisfiable. [Qp.61]

(vi) IxVy(Fy - x=y) vc
Fa
Fb
Yy(Fy — ¢ =y) \abc
Fao—-c=a Vv
ﬂFa/\c:a
X Fb—=c=0bV

-Fb c=0>b
X Fc—c=c
N
—-Fc c=c
—Fa Fc
X a=
b=a
a=a
b=
a=c
b=c
T
Satisfiable.
Domain: {1}
Referents:a:1 b:1 c:1
Extensions: F : {1} [Q p.61]
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(vii) VaVy(Rxy — x =y) \a
Rab
a#b
Vy(Ray —a=y)\b
Rab—a=0b Vv

/\
—Rab a=0b>
X X
Unsatisfiable. [Qp.62]

(viii) Vx((Fx ARxa) — x # a) \b
Fb A Rba v
a=">
Fb
Rba
(FbARba) - b#a v

—~(FbARba) v b#a

P a#a
—-Fb —Rba %
X X
Unsatisfiable. [Qp.62]

229



(ix)

dxdy3dzRxyz v'b
Vx(x = x — x = a) \abcd
Jy3zRbyz v'c
JzRbez v'd
Rbed
a=a—a=a v

T

—a=a a=a
X b=b—b=a Vv
-b=1b b=a
X c=c—c=a v

X d=d—d=a v

TN

-d=d d=a

X (*)

T

(*) In order to saturate this path you would need to add every
possible wif of the form a = b where g and b are each replaced
(independently) by one of the names 4, b, c, d — except for a = a,
b =a,c = aand d = a which are already on the path — so that
is 16 —4 = 12 more wffs; and every possible wif of the form
Rabc where g, b and ¢ are each replaced (independently) by one
of the names a, b, c, d — except for Rbcd which is already on the
path — so that is 64 — 1 = 63 more wfifs; so in total 12 4- 63 =
75 more wffs! However if you think about it you can see that
after adding all these wffs, the path would remain open, and
the model you would read off this open saturated path would
be the one below. So:

Satisfiable.

Domain: {1}

Referents:a:1 b:1 c¢c:1 d:1

Extension: R : {(1,1,1)} [Qp.62]
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(x) Vx—Rxx \a
VxVyx =y \a
JxRax v'b
Rab
Vya =y \b
a=">b
Raa
—Raa
X

Unsatisfiable. [Qp.62]

(1) JxFx va
JyGy v'b
VaVyx =y \a
—3dx(Fx A Gx) v
Vx—(Fx A Gx) \a
Fa
Gb
Yya=y \b
a=>b
Ga
—(FaAGa) vV

/\
—Fa —Ga

X X
Valid. [Qp.62]
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(i)

IxJy(Fx NGy AVz(z=xVz=y)) va
—3Ix(Fx A Gx) v
Vx—(Fx A Gx) \ab

dy(FaANGyAVz(z=aVz=y)) Vb
FaANGbAVz(z=aVz=0b) vV

Fa
Gb
Vz(z=aVz=>0) \ab
—(FaNGa) v
—Fa —Ga
X —(FbAGb) v
-Fb -Gb

a=aVa=b Vv X

a=a a="»
b=avb=0b v —Fa
S X
b=a b=0>
—Fa T
X

Invalid. Countermodel:
Domain: {1,2}

Referents: a:1 b:2
Extensions: F : {1} G: {2}
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(iif) Rab
—VxVyVz(((Rxy ARyz) Ax =z) — Ryy) v
Ix—VyVz(((Rxy ARyz) Ax =z) — Ryy) v'c
=VyVz(((Rey ARyz) ANc =z) = Ryy) v
Jy—Vz(((Rey ARyz) Ac =z) — Ryy) v'd
—Vz(((Red ANRdz) Nc = z) — Rdd) v
Jz=(((Red ARdz) N¢c = z) — Rdd) Ve
—(((Red NRde) N\c =e) — Rdd) v
(Red NRde) Nc=¢e) v
—Rdd
Rcd N\ Rde v
c=e
Red
Rde
Red
Rdc

4
Invalid. Countermodel:

Domain: {1,2,3,4}

Referents: a:1 b:2 c¢:3 d:4 e:3
Extension of R : {(1,2),(3,4),(4,3)}

(iv) VaVy(Rxy — Ryx) \a
dx(Rax Ax #b) Vc
—Jx(RxaANx #b) vV
Vx—=(RxaANx #b) \c
RacNc#b v
Rac
c#b
Vy(Ray — Rya) \c
Rac — Rca v

T

—Rac Rca
X  —(RcaNc#Db) vV

—Rca —(c #b)

X X
Valid.
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(v) VaVyx =y \a
~VxVy(Rxy — Ryx) v
Ix—Vy(Rxy — Ryx) v'a

—Vy(Ray — Rya) v
Jy—(Ray — Rya) v'b
—(Rab — Rba) v
Rab
—Rba
Yya =y \b
a=b
Raa
Rba
X

Valid. [Q p.62]

(vi) VaVyVz((Rxy ARxz) — y =2z) \a
Rab A Red v
b#d
—a#c Vv
a=c
Rab
Red
VyVz((Ray A Raz) — y = z)
Vz((Rab A Raz) - b=1z)\
(RabARad) - b=d v

\b
d

—(RabARad) v b=d

P v
—Rab —Rad

X —-Rcd
X

Valid. [Q p.62]
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(vii)

(viii)

IxFy(Rxy ANx =y) va
——VxRxx v
VxRxx \ab
Jy(RayNa=y) Vb
RabNa=b v
Rab
a=1>b
Raa
Rbb
Rba

T

Invalid. Countermodel:
Domain: {1}

Referents: a:1 b:1
Extension of R : {(1,1)}

Vx(x =aVx=") \cab

—Vxx=a v
dx—x=a Vc
-c=a

c=aVec=b Vv

c=a c=1"b
X a=aVvVa=b Vv
/\
a=a a=~"=
b=aVvb=b v a=c
P e=c
b=a b=0» %

c=a —-b=a

b=c

c=¢c

/]\

Invalid. Countermodel:
Domain: {1,2}
Referents: a:1 b:2 c¢:2
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(ix) VxRax \abc
VaVyx =y v
—IxJyIz(Rxy ARxz ANy #z) v
Ix=Vyx =y Vb
-Vyb=y v
Jy-b=y vc
-b=c
Raa
Rab
Rac
Vx—3y3dz(Rxy ARxz ANy # z) \a
—3dy3Iz(Ray ARaz Ny # z) v
Vy—3z(Ray ARaz Ny # z) \b
—3z(RabARaz ANb #z) v
Vz=(Rab A Raz N'b # z) \c
—(RabARacANb #c) v

—Rab —Rac -b#c VvV
X X b=c
X
Valid. [Qp.62]

(x) Vxx =a \bc
-Vxx=b vV
dx—-x=b V¢
-c=Db
b=a
c=a
b=c
-b=">
X
Valid. [Q p.62]
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3.

(i) s:  Stan
Fx: xis a firefighter

(Fs A\Vx(Fx — x =s)) — —3dx(Fx Ax #s)

—((FsAVx(Fx - x=5s)) - —Jdx(Fx Ax #s))
Fs AVx(Fx - x=s) vV
——dx(FxAx #s) v
Ax(FxAx #s) va

Fs
Vx(Fs - x=3s) \a
Fana#s v
Fa
a#s
Fs—a=s Vv
N
—Fs a=s
X X
Logical truth.
(i) c¢:  Lewis Carroll
j: Julius Caesar

Lx: xisleft-handed
(LjA—Lc) = c #j

S((LiA-Le) = e £ ) v
LjA—=Lc v
AV
c=j
Lj
—Lc
—Lj
X
Logical truth.
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(iii) a: Apollo
S: the sun
Wxy: xis warming y

Vx(s # x <> Wsx) — Wsa
—(Vx(s # x <> Wsx) — Wsa)
Vx(s # x <> Wsx) \as

—Wsa
s#a<+> Wsa v

s#a “s#a v

Wsa —Wsa
X s=a
s#s < Wss v
TN
S#S —S#ES
Wss  —Wss
X s=s
—Was
—Waa
a=s
a=a
T
Not a logical truth. Countermodel:
Domain: {1}
Referents: a:1 s:1
Extension of W : @ [Q p.63]

(iv) k: Kevin Bacon
m: Michael J. Fox

k#k —k=m
(k#k—>k=m) v
k # k
k # m
X
Logical truth. (k # k is logically false; any conditional with a
logically false antecedent is logically true.) [Q p.63]
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(v) ¢ Clemens
t: Twain
Ax: xisan author
Wx: xis witty

(Vx((Ax A\Wx) — x =t) A Ac) — = Wc

—((Vx((Ax A\Wx) — x =) AN Ac) — —Wc) v
Vx((Ax A\Wx) - x=1t)ANAc v
- —We v
We
Vx((Ax AN\Wx) — x =t) \ct
Ac
(AcAWe) »c=t Vv

—(Ac AWc) v c=t
P (AtAWE) =t =t V
—Ac —We
O L(AEAWE) v b=t
TN Wt
—|At _'Wt At
—Ac —We 4 _ .
X X c=¢c
T
Not a logical truth. Countermodel:
Domain: {1}
Referents: c:1 t:1
Extensions: A : {1} W: {1} [Q p.63]
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(vi) Sx: «xisaspy
Txy: xtrustsy

VaVy((Sx ASy Ax #y) — = Txy)

=VaVy((Sx ASyAx #y) — —Txy) v
Ix=Vy((Sx NSy Ax #y) = —Txy) Va
-Vy((SaASyANa #y)— —-Tay) v
Jy—((SanSyANa #y) — —-Tay) Vb
=((SaNSbANa#b)— —Tab) v
SaANSbANa#b v
——Tab v
Tab
Sa
Sb
a#b
T
Not a logical truth. Countermodel:
Domain: {1,2}
Referents: a:1 b:2
Extensions: S:{1,2} T:{(1,2)}

(vii) a: this ant
Vxx =aV -dxx =a

“(Vxx =aV-dxx=a) v

-“Vxx=a v

——dxx=a vV

dxx=a vb

dx—-x=a Vc
b=a
-c=a
-c=1b

/I\

Not a logical truth. Countermodel:
Domain: {1,2}
Referents: a:1 b:1 c:2
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(viii) d: Doug
s: Santa Claus
Axy: xis afraid of y

Vx(x #s — Adx) — (AddVd =s)

—(Vx(x #s — Adx) — (AddVvd=s)) v
Vx(x #s — Adx) \d
—(Addvd=s) v
-Add
—-d=s
d#s— Add v

/\
—-d#s Add
X X

Logical truth.
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(ix) m: Mark
s: Samuel
Rxy: x respects y

(Rms AVx(Rmx — x =s)) — =Rmm

—((Rms AVx(Rmx — x =s)) — -Rmm) v

Rms ANVx(Rmx — x=s) v
——Rmm v
Rmm
Rms
Vx(Rmx — x =s) \ms
Rmm —-m=s v

N

—Rmm m=s
X Rms —-s=s v
—Rﬁs
X Rss
Rsm
s=m
m=m

4

Not a logical truth. Countermodel:
Domain: {1}

Referents: m:1 s:1

Extension: R : {(1,1)}

242

[Q p.63]



(x) m: I/me
Px: xisaphysical body

PmV 3x(x = m A —Px)

—(PmV Ix(x =mA—-Px)) v
—Pm

—dx(x =mA-Px) V

Vx—(x =m A —Px) \m

“(m=mA-Pm) v
/\

-m=m ——-Pm

X X

Logical truth. [Q p.63]
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Answers 13.5.1

1. (i) Gx: xisa gremlin
VavVyVz((Gx A\Gy A Gz) —» (x =yVx=zVy=2z))

VaVyVz((Gx AGyAGz) = (x =yVx=zVy=2z)) V
Ix-VyVz((Gx NGy AGz) » (x =yVx=zVy=2z)) va
—VyVz((GaAGyAGz) - (a=yVa=zVy=2z)) vV
Jy—-Vz((GaANGyANGz) > (a=yVa=zVy=z)) Vb
-Vz((GaANGbAGz) - (a=bVa=zVb=2z)) V
z-((GaANGbAGz) » (a=bVa=zVb=2z)) V¢
-((GaANGbANGc) - (a=bVa=cVb=c)) vV
GaNGbAGe v
“(a=bVa=cVb=c) v
Ga
Gb
Ge
—a=">
-1 =c
-b=c
T
Not a logical truth. Countermodel:
Domain: {1,2,3}
Referents: a:1 b:2 ¢:3
Extension of G : {1,2,3} [Q p.63]
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(i) Bx: x is a Beatle
IxTyIFz(BXx ANBYyABz A (x ZYyANx #z Ay #z))

—3x3yFz(Bx ABYyABzA (x #YyAx#zAy #z)) v
Vx—3yFz(Bx A\ByABz A (x #yAx #zAy #z)) \a
—3y3z(BaAByABzAN(a#yNa#zANy#z)) v
Vy—3z(BaAByABzA(a#yNa#zA Ny #z)) \a
—Jz(BaABaABzA(a#alNa#zNa#z)) v
Vz-(BaABaABzA(a#aNa#zNa#z)) \a

)

\
—(BaABaABaA(a#aNa#aNa#a)) vV

—Ba —Ba —~(ataNatala#a) v

—(a#a) v —(a#a) Vv —(a#a)V

a=a a=a a=a
T T T
Not a logical truth. Countermodel:
Domain: {1}
Referent of a : 1
Extension of B : @ [Q p.63]
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(iii) k: Kevin Bacon

Jxx =kAVXVy((x =kANy=k) > x=y)

—(Fxx =kAVXVY((x =kANy=k) > x=y)) v

—dxx =k v VaVy((x=kAy=k)—x=y) v
Vx-x =k \k Ix-Vy((x=kAy=k)—x=y) va
-k =k Vy((a=kANy=k) —wa=y) v
X Jy—~(a=kANy=k)—a=y) Vb
—“((a=kANb=k) »a=0b) vV
a=kANb=k v
—a="Db
a=k
b=k
—k=10
-k =k
X
Logical truth. (This may seem odd at first sight—but note what
it means: on every model of the fragment of GPLI used to state
the wif in question—the fragment which contains the name k—
the wif comes out true. Of course!—that’s not strange at all:
every such model assigns exactly one referent to k.)  [Q p.63]
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(iv) Ox: x is an ocean
Jx3y(Ox AOy A x # y) — IxOx

—(IxJy(Ox AOy A x # y) — JFxOx)
dxJy(Ox NOy Ax #y) Va
—-3xOx v
Vx—=Ox \a
Jy(OaNOyNa#y) Vb
OaNObANa#b v
Oa
Ob
a#b
—0a
X

Logical truth. [Qp.63]

(v) Dx:xisadog
Lxy: x is larger than y

VaVy((Dx A Dy A x # y A Lxy) — —Lyx)

=VxVy((Dx ADy Ax # y A Lxy) — —Lyx) v
Ix—Vy((Dx ADy Ax # y A Lxy) — Lyx) va
=Vy((DaADy Aa#yALay) — —Lya) v
Jy—~((DaADyAa#yALay) — —Lya) Vb
—~((DaNDbAa#bALab) — —Lba) v
DaANDbAa#bALab v
——Lba v
Lba
Da
Db
a#b
Lab

/I\
Not a logical truth. Countermodel:
Domain: {1,2}
Referents:a:1 b:2
Extensions: D : {1,2} L:{(1,2),(2,1)} [Q p.64]
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(vi) Ax: xisanapple
(IxAx ANVxVYy((Ax N Ay) — x =y)) — IxAx

—((FxAx AVaVy((Ax AN Ay) — x =y)) — JxAx) v
XAx AVXVY((AxNAy) - x=y) v
—JxAx v
Vx—Ax \a
dxAx va
VaVy((Ax AN Ay) — x =y)

Aa
—-Aa
X

Logical truth. [Q p.64]
(vii) Ax: x is an apple

—(IxFy(Ax N Ay A x # y) AVXVYy((Ax A Ay) — x =y))

== (IxJy(Ax N Ay Ax #y) AVaVy((Ax ANAy) = x=y)) v
AxFy(Ax AN Ay A x #y) AVxVy((Ax AN Ay) - x=y) v
IxJy(Ax NAyAx #y) Va
VaVy((Ax N Ay) - x=y) \a
Jy(AaNAyNa #y) Vb
AaNAbNa#b v
Aa
Ab
a#b
Vy((AaNAy) —a=y)\b
(AaNAb) »a=b v

—~(AaNAb) v a=b

/\ X
—-Aa —Ab
X X
Logical truth. [Q p.64]
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(viii) Sx: x is a snake

—3xSx V IxTy(Sx A Sy A x # y)

—(—3xSx vV IxIY(Sx ASyAx #£y)) v

——dxSx Vv
—IxJy(SxASyAx #£y) v
dxSx v
Sa
Vx—3y(Sx ASyAx #y) \a
-Jy(SaAnSyNa#y) v
Vy=(SaASyNa #y) \a
—(SanSanaF#a) v

e

—Sa -Sa —a#a Vv
X X a=a
T

Not a logical truth. Countermodel:
Domain: {1}

Referentof a : 1

Extension of S : {1}
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2. (i) Rx: xisin the room

IxFyFzZ(RX ARYARzZAX FYANXx #z Ny # z)
oo 3xJy(Rx ARy Ax #y)

IxFyFz(RXARYARzAXx ZFYyAx #zAy #2z) Va
-IxIYy(Rx ARy Ax #y) V
JyFz(RAaARyARzANa#yNa#zANy#z) Vb
JzZ(RaARbARzANa#bANa#zNb#z) Ve
RaNRbARcAha#bANa#cANb#c v
Ra
Rb
Re
a#b
a#c
b+#c
Vx—3y(Rx ARy Ax #y) \a
—~Jy(RaARyANa#y) v
Vy=(RaARyNa#y) \b
—~(RaARbANa#Db) v

—Ra —Rb —-a#b
X X X

Valid. [Q p.64]
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(i) ec: Canada
Bx: X is a bear
Nxy: xisiny

dx3y(Bx ABy A Nxc ANycAx #y)
o VaVyVz((Bx ABy ABz ANxc ANyc ANzc) » (x =yVx=zVy=z))

dx3y(Bx AByANxc ANycAx #y) va
—VxVyVz((Bx ABy ABz ANxc ANyc A Nzc) = (x=yVx=zVy=2z)) v
Jy(Ba ABy ANac ANNycANa #y) Vb
BaABb A NacANbcha#b v
Ba
Bb
Nac
Nbc
a#+b
Ix-VyVz((Bx ABy ABz ANxc ANyc ANzc) - (x =yVx=zVy=2z)
~VyVz((Bd ABy ABz ANdc ANNyc ANzc) - (d=yVd=zVy=z))
Jy—Vz((Bd ABy ABz ANdc ANycANzc) - (d=yVd=zVy=z)) Ve
—Vz((Bd A Be A Bz A Ndc AN Nec N Nzc) - (d=eVd=zVe=z)
Jz—((Bd ABe ABz A Ndc ANec ANzc) - (d=eVd=zVe=2z)) Vf
—((BAABe ABf ANdc ANec ANfc) - (d=eVd=fVe=Ff)) v
Bd ANBe NBf A Ndc A Nec AN Nfc
“(d=evd=fVe=f)
Bd
Be
Bf
Ndc
Nec
Nfc
-d=¢e
—|e:f
/]\

) vd
v

Invalid. Countermodel:

Domain: {1,2,3,4,5,6}

Referents: a:1 b:2 ¢:3 d:4 e:5 f:6

Extensions: B:{1,2,4,5,6}
N:{(1,3),(2,3),(4,3),(53),(6,3)} [Qp-64]
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(iii) Bx:  xis a barber
Hxy: x cuts y’s hair

VxVy((Bx ABy) = x =y)
. Vx(Bx — Hxx) V VxVy((Bx A By) — —~Hxy)

VaVy((Bx ABy) - x=y) \a
—(Vx(Bx — Hxx) VVxVy((Bx A By) — —Hxy)) v
—Vx(Bx — Hxx) v
—VxVy((Bx A By) — —Hxy) v
dx—(Bx — Hxx) va
dx—Vy((Bx A By) — —Hxy) v'b
—(Ba — Haa) v
Ba
—Haa
-Vy((Bb A By) — —Hby) v
Jy—((Bb A By) — —Hby) v'c
—((Bb A Bc) — —Hbc) v
BbABc v
——Hbc v
Bb
Be
Hbc
Vy((BaABy) —a=y) \bc
(BaABb) wa=b v

—(BaABb) v a=b
N Hac
—Ba —Bb (BaABc) »a=c vV
X X

—(BaABc) v a=c

N Haa
—-Ba —Bc %

X X
Valid. [Q p-64]
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(iv) Hxy: x is heavier than y

VaVyVz(x =yVx=zVy =2z)
VxVy(Hxy V Hyx)
S Vx(Vy(x #y — Hxy) VVy(x #y — Hyx))

VaVyVz(x =yVx=zVy=2z) \a
VxVy(Hxy V Hyx) \a
~Vx(Vy(x #y — Hxy) VVy(x #y — Hyx)) v
dx-(Vy(x #y — Hxy) VVy(x #y — Hyx)) va
~(Vy(a #y — Hay) vV Vy(a # y — Hya)) v
~Vy(a #y — Hay) v
~Vy(a #y — Hya) v
Jy—(a #y — Hay) v'b
—(a # b — Hab) v
a#b
—Hab
dy—(a #y — Hya) v'c
—(a #c— Hca) v
a#c
—Hca
VyVz(a=yVa=zVy=z) \b
Vza=bVa=zVb=2z) \c
a=bVa=cVb=c VvV

I

a="> a=c b=c
X X —Hac
Vy(Hay V Hya) \c
(HacV Hca) v

/\
Hac Hca

X X
Valid. [Q p.64]
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x is an athlete
Fx: xis a footballer
Gx: xisa golfer

dx(Fx A Ax)

Ix(Gx A Ax)

CoAx3y(Ax AN Ay A x # y)

Ix(Fx N Ax) va
Ix(Gx AN Ax) Vb
—IxFY(AxNAYyAx #y) v
Vx=3y(Ax A Ay A x # y) \ab
FaNAa v
Fa

(v) Ax:

—~Jy(AanAyNa#y) V
Vy—(Aa A Ay Aa # y) \ab
—(AaNAaNa#a) v

—-Aa

—“(AaNAbANa #D) vV

-Aa

—a#a v

a=a

-Ab

—Ab

—a#b v
a=b
—JYy(AbANAYANb #y) v
Vy—(Ab A Ay ANb # y) \ab
“(ADNAaAb #a) V

-Aa -b#a v
X b=a
“(AbANAbAD #£Db) v

~Ab —Ab —bEb v
X X b="b
Fb
Ga
1)
Invalid. Countermodel:
Domain: {1}
Referents: a:1 b:1
Extensions: F: {1} G:{1} A:{1} [Q p.64]
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(vi) Pxy: x is a part of y

VxPxx
o Vx3y3z(Pyx A Pzx ANy # z)

VxPxx \a

=Vx3JyIz(Pyx AN\Pzx Ny #z) v
dx—3yIz(Pyx N\Pzx Ny #z) Va

—JyIz(PyaANPzaNy #z) v
Vy—3z(Pya ANPza Ny # z) \a
—3z(Paa ANPzaNa #z) v
Vz=(Paa N PzaNa # z) \a
—(Paa NPaaNa #a) v

—Paa —Paa —-a#a v
Paa Paa a=a
X X Paa

T

Invalid. Countermodel:
Domain: {1}

Referent of a : 1
Extension of P : {(1,1)}
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(vii) e: the Eiffel tower

IxTFy(x =eANy=eAx #y)

Soodxx =e
IdxJy(x=eANy=eANx#y) va
——dxx =e
dJy(a=eANy=eNa#y) Vb
a=eANb=eNa#b Vv

a=e

b=e

a#b

a=1b

X

Valid. (The premise is logically false, hence any conclusion at
all follows logically from it.) [Q p.64]
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(viii) ¢ the Chief of Police
J: Jemima
m: I/me
Axy: xis afraid of y

Amj N\ Amc
Sj=cVIxIy(Amx N Amy A x # )

Amj A\ Amc v
—(j=cVIxIy(Amx N Amy Ax #vy)) v
Amj
Amc
j# ¢
—IxJy(Amx NAmy Ax #y) v
Vx—3y(Amx AN Amy A x #y) \j
~3y(Amj A Amy Nj #y)
Vy—(Amj A Amy N\j 7 y) \c
—(AmjNAmcNj#c) vV

_‘Am] _lAﬂ’ZC —|] # C
X X X
Valid. [Q p.64]

[Contents]
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Answers 13.6.1.1

a: Vance
c: Joseph Conrad
i The Inheritors
l: Lord Jim
s: The Shadow Line
Axy: x authored y
Fxy: xis father of y
Rxy: xreadsy
Txy: xis taller thany
1. Ix(Vy(Ays <>y =x) Ac = x) [Q p.65]
2. Ix(Vy(Ays <> y = x) A\ AxI) [Q p.65]
3. Ix(Vy(Ays <» y = x) ANz(Vy(Ayl <>y =z) Ax = z)) [Q p.65]
4. Ix(Vy(Ayl <> y = x) AVy(Axy — Ray)) [Q p.65]
5. Aci A =3x(Vy(Ayi <>y = x) Ac = x)
Another possible translation:
Aci N Ix(Vy(Ayi <>y = x) Ac # x)
The first translation is preferable if we assume that the person mak-
ing the claim being translated knows that The Inheritors was authored
by two persons, one of whom was Joseph Conrad. [Q p.65]
6. Ix(Vy(Ays <> y = x) AVy(Ayl — Txy)) [Q p.65]
7. Fx(Vy(Ays <> y = x) A JyTyx) [Q p.65]
8. Ix(Vy(Ays <» y = x) A Txc) A Ix(Vy(Ayl <> y = x) A Tex) [Q p.65]
9. Ix(Vy(Ays <» y = x) A Jz(Vy(Fyx <> y = z) A Tzc)) [Q p.65]
10. Ix(Vy(Ays <>y = x) A Iz(Vy(Fyx <> y = z) A Tzx)) [Q p.65]
[Contents]
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Answers 13.6.2.1

Glossary:
a: Vance
c: Joseph Conrad
i The Inheritors
[ Lord Jim

—_

10.

O k= DN

. *® N

s: The Shadow Line
Axy: x authored y
Fxy: xis father of y
Rxy: xreadsy

Txy: xis taller than y

c =1xAxs

ArxAxsl

1xAxs = 1xAxl
Vy(AixAxly — Ray))
Aci A ¢ # 1xAxi

[Qp.65]
[Q p.65]
[Q p.65]
[Qp.65]

Note that this corresponds to the second translation given in An-

swers 13.6.1.1 Question 5 (see p.258).
Vy(Ayl — TixAxsy)

JyTyixAxs

T1xAxsc A Terx Axl

TryFyixAxsc

TiyFyixAxsixAxs

259

[Q p.65]
[Qp.65]
[Q p.65]
[Q p.65]
[Qp.65

[Qp.65
[Contents]
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Answers 13.6.3.1

Glossary:
a: Vance
c: Joseph Conrad
i The Inheritors
[ Lord Jim
s: The Shadow Line
f: the father of the author of The Shadow Line
ip: the author of The Inheritors

[5: the author of Lord Jim

So: the author of The Shadow Line
Axy: x authored y

Fxy: xis father of y

Rxy: xreadsy

Txy: xis taller than y

1. translation: ¢ = sp

uniqueness postulate for s, (the author of The Shadow Line):

Vx(Axs <> x = s7) [Q p.66]
2. translation: Asyl

uniqueness postulate for sy: as above [Q p.66]

3. translation: s, = I»

uniqueness postulate for sy: as above

uniqueness postulate for I (the author of Lord Jim):

Vx(Axl < x =1p) [Q p.66]
4. translation: Vx(Alpx — Rax)

uniqueness postulate for I5: as above [Q p.66]

5. translation: Aci A ¢ # i

uniqueness postulate for iy (the author of The Inheritors):
Vx(Axi <> x = ip)

Note that this corresponds to the second translation given in An-
swers 13.6.1.1 Question 5 (see p.258). [Q p.66]
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6. translation: Vx(AxI — Tsyx)

uniqueness postulate for s,: as above [Q p.66]

7. translation: dxTxs,

uniqueness postulate for sy: as above [Q p.66]

8. translation: Tsyc A Tclp

uniqueness postulates for sy and I»: as above [Q p.66]

9. translation: Tfc

uniqueness postulate for f (the father of the author of The Shadow
Line): Vx(Fxsy <> x = f)

uniqueness postulate for s, (which features in the uniqueness postu-

late for f): as above [Q p.66]
10. translation: T fs;
uniqueness postulates for f and s;: as above [Q p.66]
[Contents]
Answers 13.7.4
1. Glossary:
Ay n
s(xv,y): x+y
plx,y): xxy
g(x): x squared
Ex: X is even
Ox: x is odd
Lxy: x <y

(i) s(az, a2) = [ ]
(ii) p(az, a2) = [ ]
(iii) s(ap,ap) = (az,az) [Q p.66]
(iv) q(a2) = p(az, a2) [ ]
(v) VaVyq(s(x,y)) = p(s(x,y),s(x,y)) [ ]

261



(vi) Vayq(s(x,y)) = s(s(q(x), plaz, p(x,))),9(y))
Note that we have represented 2xy using the two-place function
symbol p. This means that we have to representitas p(az, p(x,y))—
ie.2x (x xy)—oras p(p(az, x),y)—i.e. (2 X x) x y. Both choices
are equally good. Similar comments apply to representing x> +

2xy + y? using the two-place function symbol s. [Q p.66]

(vii) Vx((ExV Ox) — Ep(ap, x)) [Q p.66]
(viii) Vx((Ox — Op(as, x)) A (Ex — Ep(az, x))) [Q p.66]
(ix) VxLp(as, x)p(ag, x) [Q p.66]
(x) VaVy(Lxy — Lp(as, x)p(ag,y)) [Q p.66]
2. (i) True [Q p.67]
(ii) False [Q p.67]
(iii) True [Q p.67]
(iv) True [Q p.67]
(v) True [Q p.67]
(vi) True [Qp.67]
(vii) False [Qp.67]
(viii) True [Q p.68]
(ix) True [Q p.68]
(x) False [Q p.68]
3. (i) False [Q p.68]
(ii) False [Q p.68]
(iii) True [Q p.68]
(iv) False [Q p.68]
(v) True [Q p.68]
(vi) True [Q p.68]
(vii) True [Q p.68]
(viii) True [Q p.68]
(ix) False [Q p.68]
(x) False [Q p.68]
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(i)

(ii)

(iii)

(iv)

(v)

(vi)

(vii)

(a) Domain: {1,2}
Referents: a: 1 b: 2
Value of f: {(1,1),(2,1)}
(b) Domain: {1,2}
Referents: a: 1 b: 2
Value of f: {(1,1),(2,2)}
(a) Domain: {1,2}
Referents: a: 1 b: 2
Value of f: {(1,1),(2,2)}
(b) Domain: {1,2}
Referents: a: 1 b:2
Value of f: {(1,1),(2,1)}
(a) No model: reflexivity of identity.
(b) Domain: {1,2}
Referents: a: 1 b: 2
Value of f: {(1,1),(2,1)}
(a) Domain: {1,2}
Value of f: {(1,1),(2,1)}
(b) No model: functions are totally defined.
(a) Domain: {1}
Value of f: {(1,1)}
(b) Domain: {1,2}
Value of f: {(1,1),(2,1)}
(a) Domain: {1,2}
Value of s: {(1,1,1),(1,2,2),(2,1,2), (2,2,1)}
(b) Domain: {1,2}
Value of s: {(1,1,1),(1,2,1),(2,1,2), (2,2,1)}
(a) Domain: {1,2}
Values: f: {(1,1),(2,2)}
s:{(1,1,1),(1,2,2),(2,1,2),(2,2,1) }
(b) Domain: {1,2}
Values: f: {(1,2),(2,2)}
s:{(1,1,1),(1,2,2),(2,1,2),(2,2,1) }
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[Q p.69]

[Qp.69]
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(viii) (a) Domain: {1,2}
Values: f: {(1,2),(2,1)}
s:{(1,1,1),(1,2,2),(2,1,2),(2,2,1) }
(b) Domain: {1,2}
Values: f: {(1,2),(2,1)}
s:{(1,1,1),(1,2,2),(2,1,1),(2,2,2) } [Q p.69]
(ix) (a) Domain: {1,2}
Values: f: {(1,2),(2,1)}
st {(1,1,1),(1,2,1),(2,1,2),(2,2,2)}
(b) Domain: {1,2}
Values: f:{(1,2),(2,1)}
s:{(1,1,2),(1,2,2),(2,1,1),(2,2,1)} [Q p.69]
(x) (a) Domain: {1,2}
Value of s: {(1,1,1),(1,2,1),(2,1,2),(2,2,1)}
(b) No model: the proposition says that for every x and y in the
domain, there is exactly one object z in the domain such that
s(x,y) = z; it is built into the semantics of GPLIF that on
every model, s (a two-place function symbol) is assigned a
value of a sort that makes this true. [Q p.69]
[Contents]
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Chapter 14
Metatheory

Answers 14.1.1.1
1. 0 [Qp.70]
2.3 [Qp.70]
3.1 [Q p.70]
4.3 [Q p.70]
5.3 [Q p.70]
6. 3 [Q p.70]
7.5 [Q p.70]
8.5 [Q p.70]
9. 10 [Q p.70]
10. 15 [Q p.70]
[Contents]

Answers 14.1.2.1

1. Let p be a path featuring (« A B). Suppose there is a model 9t on
which every proposition on pis true. Let p’ be the path obtained from
p by adding « and B. By clause 3 of §9.4.2, we know that & must be
true on 9, since (a A B) is. By clause 3 of §9.4.2, we know that f must
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be true on M, since (a A B) is. Since w and B are the only propositions
that were added to p to get p’, we know that every proposition on p’
is true on M. So there is a model on which all propositions on p’ are
true. Therefore the tree rule for unnegated conjunction is truth-

preserving. [Qp.71]

. Let p be a path featuring —(« A B). Suppose there is a model 9t on
which every proposition on p is true. Let q be the path obtained from
p by adding —«, and let r be the path obtained from p by adding —p.
Since —(a A B) is true on 9, we know that (a A B) is false on 90, by
clause 2 of §9.4.2. Thus, either « is false on 91 or B is false on M, by
clause 3 of §9.4.2. Thus, either —« is true on 9t or —=f is true on M,
by clause 2 of §9.4.2. Thus, either all propositions on q are true on i,
or all propositions on r are true on 9. So either there is a model on
which every proposition on q is true, or there is a model on which
every proposition on r is true. Therefore the tree rule for negated
conjunction is truth-preserving. [Qp.71]

. Let p be a path featuring (¢« — p). Suppose there is a model 9t on
which every proposition on p is true. Let q be the path obtained from
p by adding —a, and let r be the path obtained from p by adding p.
Since (« — B) is true on M, we know that either « is false on 9 or
B is true on M, by clause 6 of §9.4.2. Thus, either -« is true on 9
or B is true on M, by clause 2 of §9.4.2. Thus, either all propositions
on q are true on 9, or all propositions on r are true on 9. So either
there is a model on which every proposition on q is true, or there is
a model on which every proposition on r is true. Therefore the tree
rule for negated conjunction is truth-preserving. [Qp.71]

. Let p be a path featuring —=(« — B). Suppose there is a model M
on which every proposition on p is true. Let p’ be the path obtained
from p by adding « and —p. Since =(a — B) is true on 9, we know
that « — B is false on 9, by clause 2 of §9.4.2. So « is true on M
and B is false on 91, by clause 6 of §9.4.2. So « is true on 9t and —p
is true on 9, by clause 2 of §9.4.2. So all propositions on p’ are true
on M. So there is a model on which all propositions on p’ are true.
Therefore the tree rule for negated conditional is truth-preserving.

[Qp.71]

. Let p be a path featuring (« <> B). Suppose there is a model 2 on
which every proposition on p is true. Let q be the path obtained from
p by adding « and B, and let r be the path obtained from p by adding
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—« and —p. Either « and B are both true on 91, or « and p are both
false on 9N, by clause 7 of §9.4.2. Thus either « and p are both true on
9N, or ~a and —p are both true on M, by clause 2 of §9.4.2. .So either
there is a model on which every proposition on q is true, or there is
a model on which every proposition on r is true. Therefore the tree
rule for unnegated biconditional is truth-preserving. [Qp.71]

6. Let p be a path featuring —(a« <> B). Suppose there is a model 9
on which every proposition on p is true. Let q be the path obtained
from p by adding « and —, and let r be the path obtained from p by
adding -« and B. We know that (« <> B) is false on 9, by clause 2
of §9.4.2. So either « is true on 91 and f is false on 9, or « is false on
2 and B is true on M, by clause 7 of §9.4.2. So either « and —p are
true on <M, or —a and B are true on M, by clause 2 of §9.4.2. So either
every proposition on q is true on 90, or every proposition on r is true
on M. So either there is a model on which every proposition on g
is true, or there is a model on which every proposition on r is true.
Therefore the tree rule for negated biconditional is truth-preserving.

[Qp.71]

7. Let p be a path featuring =—a. Suppose there is a model 9t on which
every proposition on p is true. Let p’ be the path obtained from p by
adding «. We know that —a is false on 9, by clause 2 of §9.4.2. And
so we know that & is true on 9, again by clause 2 of §9.4.2. So there
is a model on which all propositions on p’ are true. Therefore the tree
rule for negated conditional is truth-preserving. [Qp.71]

[Contents]

Answers 14.1.3.1

1. ais of the form (B A J); so the formula —a which we are considering
is of the form —(B A J). Then —p or =4 also occurs on p. The com-
plexities of these wffs are less than the complexity of =(f A J), so by
the induction hypothesis, whichever of them is on p is true on 9. So
—(B A 6) is also true on M. [Qp.71]

2. ais of the form (B — ¢); so the formula —a which we are considering
is of the form =(f — ). Then B and —J also occur on p. The com-
plexities of these wfifs are less than the complexity of =(f — §), so
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by the induction hypothesis, f and —J are true on 9. So —(B — J)
is also true on 9. [Qp.71]
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3. wa is of the form (B <> ¢); so the formula —a which we are consid-
ering is of the form —(p <> J). Then either  and =4, or = and J,
also occur on p. The complexities of all these wffs are less than the
complexity of =(B <+ J), so by the induction hypothesis, whichever
pair of them is on p, both formulas in the pair are true on 9. Either
way, =(B < ¢) is also true on 9. [Qp.71]

4. « is of the form Jxf; so the formula —a which we are considering is
of the form —3xp. Then Vx—p also occurs on p. By the clause earlier
in step (III) covering the case of wffs on p whose main operator is
the universal quantifier, Vx—f is true on 9. So by the reasoning in
§10.1.1 (which establishes that —~3xf and Vx—p are true and false in
exactly the same models), =3xf is also true on 1. [Qp.71]

5. 7 is of the form (« <+ B). Then p also contains either « and , or —«
and —p. We consider these possibilities in turn:

(i) p contains « and B. The complexities of x and p are less than the
complexity of (a <+ B), so by the induction hypothesis, « and
B are true on M. So by the rule governing the truth of bicondi-
tionals in models, (« <> B) is also true on .

(ii) p contains —a and —p. The complexities of —a and —f are not
necessarily less than the complexity of (a <> B): if B is an atomic
wif (i.e. it has complexity 0) then —a and (« <> ) have the same
complexity, and if « is an atomic wff then = and (« <+ ) have
the same complexity. So we consider four cases:

(a) Neither a nor B is atomic. In this case, the complexities of
—w and —p are less than the complexity of (« <> B), so by
the induction hypothesis, —a and —f are true on 9. So by
the rules governing the truth of negations and bicondition-
als in models, (a <+ B) is true on M.

(b) « and B are both atomic. The path is open, so it does not
contain « or B. So, by construction of M, we did not put
(n-tuples of) referents into extensions in such a way as to
make a or  true on M. Hence « and B are false on 9. So by
the rules governing the truth of biconditionals in models,
(« <> B) is true on M.

(c) Bisatomic and a is not atomic.
— First consider B. In this case (where B is atomic), by con-
struction of 91 (as in the preceding case), f is false on 9.
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— Now consider a. Our induction hypothesis is that all for-
mulas on p with complexity less than that of (« <+ ) are
true on M. Given that in this case (where f is atomic) the
complexity of =« is the same as the complexity of (« <+ B),
this is the same as saying that all formulas on p with com-
plexity less than that of —« are true on 9. But -« is on p
(as we are still within case 5ii). So by the reasoning in the
clauses(s) for negation above, it follows that -« is true on
9. Hence « is false on 9.

— We now have it that S is false on 9t and « is false on 9. So
by the rules governing the truth of biconditionals in models,
(a <> B) is true on M.

(d) ais atomic and B is not atomic. Just like the previous case,
but with « and B switched.

[Qp.71]

[Contents]
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Chapter 15

Other Methods of Proof
Answers 15.1.5
. ) . -P—>Q A
2. P A
3. Q 1,2 (MP)
() 1. P A
2. P—(-Q—P) (Al
3. -Q—P 1,2 (MP)
(i) 1. —Q A
2. -Q— (=P — —Q) (A1)
3. (=P —-Q)—=((-P—>Q)—P) (A3
4. (=P — -Q) 1,2 (MP)
5. («P—>Q)—P 3,4 (MP)
(iv) 1. P— (P—DP)
2. P> ((P—P)—P)
3. P—-(P—-P)—P)—(P—(P—>P)—(P—P)
4. (P—>(P—P))— (P—P)
5 P—P

271

[Qp.72]

[Qp.72]

[Qp.72]

(A1)
(A1)
(A2)
2,3 (MP)
1,4 (MP)

[Qp.72]



v) 1. =(P—-Q) A

2. (2Q—=~(P=>=Q) > ((-Q = (P—=-Q)) = Q) (A3)

3. 2(P= Q)= (-Q = ~(P = =Q)) (A1)

4. -Q — ~(P— —Q) 1,3 (MP)

5 (Q— (P—-Q)) —Q 2,4 (MP)

6. -Q— (P——-Q) (A1)

7. Q 5,6 (MP)
[Qp.72]

(vi) 1. P A

2. =P A

3. (Q—=~P)=((-Q—=P)—=Q) (A3

4. =P — (-Q — —P) (A1)

5. -Q — —P 2,4 (MP)

6. (Q—P)—=Q 3,5 (MP)

7. P—(-Q—P) (A1)

8. -Q—0P 1,7 (MP)

9. Q 6, 8 (MP)
[Qp.72]

(vii) PAQ := (P — =Q)

1. =(P— —-Q) A

2. ~(P—=-Q) = ((P==Q) = ~(P—-Q)) (Al)

3. (P—-Q)—~(P——-Q) 1,2 (MP)
[Qp.72]

2. 1) 1. ~(P—>-QFQ *
2. F=~(P—--Q)—Q 1,DT
* Lines 1-7 of proof in Answer 1v. [Qp.72]
(ii) (PVQ):= (=P —=Q)

1. P,-PFQ *

2. PH(-P—Q)  1,DT

3. FP—(-P—Q) 2,DT

* Lines 1-9 of proof in Answer 1vi. [Qp.72]
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(iii)

(iv)

(v)

1. (P—-Q)— (P—R)) A

2. P A

3. Q A

4 (Q—(P—=Q) (A1)

5. (P— Q) 3,4 (MP)

6. (P—R) 1,5 (MP)

7. R 2,6 (MP)

8. ((P—Q)— (P—R)),P,QFR 1-7

9. ((P—-Q) — (P—R)),PF(Q—R) 8, DT

10. (P—-Q)— (P—R))F(P— (Q—R)) 9,DT

1. ~(P—-Q)—(P—R)) = (P—(Q—R)) 10,DT
[Qp.72]

1. (P—Q) A

2. —-Q A

3. (#Q = (=P > —Q)) (A1)

4. ((-~P = Q) = (--P = Q) = —P)) (A3)

5. (==P — —Q) 2,3 (MP)

6. ((=—P— Q) — —P) 4,5 (MP)

7. (=P —=Q) *

8. P 6,7 (MP)

9. (P—Q),~QF P 1-8

10. (P — Q) F (-Q — —P) 9, DT

11. F(P—Q)— (-Q— —P) 10, DT

* 1, line 7 of proof in Fig. 15.8 (p.396). [Qp.72]

1. P—Q A

2. P—-Q A

3. (-=P—-Q)— ((——P—Q)— —P) (A3)

4. =-P = Q x

5. =P — =Q t

6. (——P—Q)— P 3,5 (MP)

7. =P 4,6 (MP)

* 1, line 7 of proof in Fig. 15.8 (p.396).

t 2, line 7 of a proof which is just like that in Fig. 15.8 (p.396)
except that it has —=Q in place of Q throughout.  [Q p.72]
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vi) 1. P—0Q A

2. -Q—>P A

3. (P—Q)— (—-Q— —P) *

4. -Q — P 1,3 (MP)

5. (-Q = =P) = ((-Q = P) = Q) (A3

6. (-Q—P)=Q 4,5 (MP)

7. Q 2,6 (MP)

* Line 11 of proof in Answer 2iv. [Qp.72]
(vii) 1. P— (Q —R) A

2. Q A

3. P A

4. Q—R 1,3 (MP)

5. R 2,4 (MP)

6. P—(Q—R),QPFR 1-5

7. P (Q—R),QF P—R 6, DT

8. P->(Q—R)F Q—(P—R) 7, DT

9. F(P-(Q—R) = (Q—(P—R)) 8DT

[Qp.72]
i) 1. P A

2. (=P—-7P)— ((nP— —P) — —=—P) (A9')

3. P—(=-P—P) (A1)

4, —P— P 1,3 (MP)

5. (=P — —P) = =P 2,4 (MP)

6. —P— (=P — —P) (A1)

7. (=P (=P = =P)) = (=P = ((=P = —P) — —P)) — (=P — -P)) (A2')

8. (—|P — ((—|P — —|P) — —|P)) — (—|P — —|P) 6,7(MP)

9. =P — ((=P — —P) — —P) (A1)

10. —P — —P 8,9 (MP)

11. ——P 5,10 (MP)

12. PFE =P 1-11

13. P — =P 12, DT

[Qp.72]

274



(i)

(iii)

(iv)

(v)

1. P— P A
2. (P—-P)— ((P— —-=P)——=P) (AY)
3. (P— ——P)— P 1,2 (MP)
4. P — —-—P *
5. —P 3,4 (MP)
* Line 13 of proof in Answer 3i [Qp.73]
1. P—=Q A
2. -Q A
3. (P—=Q)— ((P—-Q)—-P) (AY)
4. (P— -Q)— —P 1,3 (MP)
5. =Q — (P — —=Q) (A1)
6. P— —Q 2,5 (MP)
7. =P 4,6 (MP)
8. P—Q—-QF-P 1-7
9. P—»QF-Q— P 8, DT
[Qp.73]
1. -Q A
2. Q A
3. Q— (-P—Q) (A1)
4. -Q — (=P — —Q) (A1)
5. -P—Q 2,3 (MP)
6. —P— —Q 1,4 (MP)
7. (-P—=Q)—= ((-P — —-Q) — ——=P) (A9)
8 (=P ——-Q)— ——P 5,7 (MP)
9. P 6,8 (MP)
10. ——=P — P (A10')
11. P 9,10 (MP)
12. -Q,QF P 1-11
13. -QFQ—P 12, DT
14. F-Q—=(Q—1P) 13, DT
[Qp.73]
1. PAQ A
2. (PAQ)—Q (AY)
3. Q 1,2 (MP)
4. Q—(P—-Q) (A1)
5. P> Q 3,4 (MP)
[Qp.73]
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(vi) 1. —Q A
2. (P—-P)—=((Q—=P)—((PVQ)—P)) (A8)
3. P—P *
4. (Q—P)—((PvQ)—P) 2,3 (MP)
5. - Q—=(Q—P) t
6. QP 1,5 (MP)
7. (PVQ)—P 4,6 (MP)

* Mimic lines 6-10 of the proof in Answer 3i, with P in place
of =P throughout. Alternatively, line 3 of the following
proof:

1. P A
2. PHP 1 (i.e. 1-1)
3. WmP—P 2,DT

t line 14 of proof in Answer 3iv. [Qp.73]
(vii) 1. —=PA-Q A

2. (=P A —|Q) — =P (A4))

3. (=PA-Q)——-Q (A5)

4. P 1,2 (MP)

5. =Q 1,3 (MP)

6. —-P— ((PVQ)— —P) (A1)

7. (PvQ)——-P 4, 6 (MP)

8 (PvQ)—P *

9. ((PVQ)—=P)—= (((PVQ)—=—P) = =(PVQ)) (AY)

10. ((PvQ)— —-P)— —(PVQ) 8,9 (MP)

11. =(PVv Q) 7,10 (MP)

* 5, line 7 of proof in Answer 3vi. [Qp.73]
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(viii)

(ix)

AN b

=(PVQ)

P— (PVQ)

=(PVQ) = (P—=(PVQ))

P— —(PVQ)

(P—=(PVQ)) = ((P—=~(PVQ)) — —P)
(P——=(PVQ)) — P

—-P

Q— (PVQ)

=(PVQ) = (Q—~(PVQ))
Q—~(PVQ)

(Q—(PVQ)) = ((Q—~(PVQ))——Q)
(%—> =(PVQ)) ——Q

—P — (=Q = (=P A —Q))

—Q — (=PA-Q)

-PA—=Q

(PA-P)— P

(P A—=P) — =P

((PA=P) = P) — (((P A =P) — =P) — =(P A =P))
(PA=P) = =P) — =(PA—P)

—(P A =P)
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8,11 (MP)
10, 12 (MP)
(A3)

7,14 (MP)
13, 15 (MP)

[Qp.73]

(A4)
(A5)
(AY')
1,3 (MP)
2,4 (MP)

[Qp.73]



VRN BN

Ll

o1

6.
7.

PN =P A

(PAN=P)— P (A4")

(PA—=P) — =P (A5)

P 1, 2 (MP)

-P 1,3 (MP)

P— (-Q—P) (A1)

-P — (-Q — —P) (A1)

-Q — =P 5,7 (MP)

(=Q — P) = ((-Q — =P) = -—Q) (A9

(-Q — =P) —» -—Q 8,10 (MP)

--Q 9,11 (MP)

-—=Q —=Q (A10")

Q 12,13 (MP)

PA=-PFQ 1-14

F(PA=P)—Q 15, DT

[Qp.73]
(xi) P« P:=—=((P— P) — —~(P — P))

P—P *
(P—P)— (((P—P)——~(P—P)—(P—P)) (Al
(P—P)——~(P—P))— (P—P) 1,2 (MP)
((P—P)——~(P—P)—(P—=P)—
((((P = P) = =(P = P)) = =(P = P)) = =((P = P) = —~(P — P))) (A9)
(P = P) = =(P — P)) = ~(P = P)) = =((P = P) = =(P — P)) 3,4 (MP)
(P—P)——(P—P))— —~(P—P) t
—((P—P)— —(P—P)) 5,6 (MP)

*
+

See line 3 of the proof in Answer 3vi.

The proof in Answer 3ii plus DT gives - (P — —P) — —P.
Mimic this proof, with (P — P) in place of P throughout,
and the resulting proof plus DT gives:
F({(P—P)——~(P—P)) ——(P—P). [Qp.73]
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(xii)

(i)

(iii)

AN

AR il e

N =

P A

-P A
P (-Q — P) (A1)
QP 1,3 (MP)
(=Q = P) = ((~Q — ~P) = ~—Q) (A9)
(-Q = =P) —» ==Q 4,5 (MP)
-P — (-Q — —P) (A1)
—~Q — =P 2,7 (MP)
--Q 6,8 (MP)
~-Q = Q (A10')
Q 9,10 (MP)
P,-PFQ 1-11
PF-P—=Q 12, DT
P — (=P — Q) 13, DT
[Qp.73]
Vx(Fx — Gx) A
Fa A
Vx(Fx — Gx) — (Fa — Ga) (A4)
Fa — Ga 1,3 (MP)
Ga 2,4 (MP)
[Qp.73]
(i) Vx(Gx V Fx) := Vx(—~Gx — Fx)
VxFx A
VxFx — Fx (A4)
Fx 1,2 (MP)
Fx — (-Gx — Fx) (A1)
(-Gx — Fx) 3,4 (MP)
Vx(—Gx — Fx) 5 (Gen)
[Qp.73]
VxVy(Rxy — Ryx) A
Rab A
VxVy(Rxy — Ryx) — Vy(Ray — Rya) (A4)
Vy(Ray — Rya) 1,3 (MP)
Vy(Ray — Rya) — (Rab — Rba) (A4)
Rab — Rba 4,5 (MP)
Rba 2, 6 (MP)
[Qp.73]
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(iv) dxFx := —Vx—Fx

1. —=Vx—Fx = —Ga A

2. Ga A

3. Ga— (=Vx—Fx — Ga) (A1)

4. —Vx-Fx — Ga 2,3 (MP)

5. (=Vx—Fx — =Ga) — ((-Vx—Fx — Ga) — Vx—Fx) (A3)

6. (—Vx—Fx — Ga) — Vx—Fx 1,5 (MP)

7. Vx—Fx 4,6 (MP)

8. —-Vx—Fx — —-Ga,Gat Vx—Fx 1-7

9. —Vx—Fx —» -Gat Ga — Vx—Fx 8, DT
[Qp.73]
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(v) Auxiliary proof:

1.  —=Vx—-Fx A
2.  —=Vx—-Fx — (=Vx—Fx — —-—=Vx—Fx) (A1)
3.  (=Vx=Fx — —=Vx=Fx) — ((=Vx—Fx — —Vx—-Fx) — Vx—Fx) (A3)
4. —Vx—-Fx — —-—Vx—Fx 1,2 (MP)
5. (=Vx—Fx — =Vx—Fx) — Vx—Fx 4,3 (MP)
6. ~Vx—Fx — ~Vx—-Fx t
7. Vx—-Fx 5,6 (MP)
8. Vx—Fx — —Fa (A4)
9. —Fa 7,8 (MP)
10. ——Vx—-Fx Ik —Fa 1-9
11. F -—=Vx—Fx — —Fa 10, DT
t Look at the proof that -4, P — P in the commentary on line
3 of the proof in Answer 3vi (marked ). Mimic this proof,
with any wff « in place of P throughout, and the resulting
proof establishes - A= & A (Note that the proof does not
use (Gen), so the restriction on DT in AY: is automatically
satisfied.)
Main proof:
JdxFx = —~Vx—-Fx
1. Fa A
2. (——Vx—Fx — —Fa) —
((-—=Vx—Fx — Fa) — =Vx—Fx) (A3)
3. —=Vx—Fx — —Fa *
4. (=—Vx—Fx — Fa) — -Vx—Fx 2,3 (MP)
5. Fa — (——Vx—Fx — Fa) (A1)
6. ——Vx—Fx — Fa 1,5 (MP)
7. —Vx—-Fx 4,6 (MP)
8. Fal —Vx—Fx 1-7
9. F Fa— —Vx—Fx 8, DT
* Line 11 of Auxiliary (above). [Qp.73]
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(vi)

(vii)

(viii)

SN N

N

10.
11.

AR b

AN A

N

10.
11.

Fa A
a="> A
x =y — (Fx — Fy) (A7)
Vy(x =y — (Fx — Fy)) 3 (Gen)
VaVy(x =y — (Fx — Fy)) 4 (Gen)
VxVy(x =y — (Fx = Fy)) —
Vy(a =y — (Fa — Fy)) (A4)
Vy(a =y — (Fa — Fy)) 5,6 (MP)
Vy(a =y — (Fa — Fy)) —
(a =b — (Fa — FD)) (A4)
a="b— (Fa — Fb) 7,8 (MP)
Fa — Fb 2,9 (MP)
Fb 1,10 (MP)
[Qp.73]
VxVyx =y A
VxVyx =y = Vya =y (A4)
Vya =y 1,2 (MP)
Vya=y—a=b» (A4)
a="b 3,4 (MP)
[Qp.73]
a= A
a=c A
(x=y—(x=boy=b) (A7)
Vx(x=y— (x=b—>y="0)) 3 (Gen)
Vx(x=y— (x=b—y=0)) —
(a=y—>@=b—y=b)  (Ad
(a=y—(a=b—y=0)) 4,5 (MP)
Vya=y— (a=b—y=0»)) 6 (Gen)
Vya=y— (a=b—y=0>)) —
(a=c—=(a=b—c=Db)) (A4)
(a=c—(a=b—c=0D)) 7,8 (MP)
(a=b—c=Db) 2,9 (MP)
c=b 1,10 (MP)
[Qp.73]
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(ix) 1. a=b
2. (x=y—->(x=a—y=na))

3. Vx(x=y—(x=a—y=na))
4. Vyx(x=y— (x=a—y=a))—
(a=y—(a=a—y=a)

5. (a=y—(a=a—y=na))

6. Yya=y—(a=a—y=a))
7. VYya=y—-(a=a—y=a))—
(a=b—(a=a—b=na))

8. a=b—-(a=a—b=a)
9 a=a—b=a

10. Vxx =x

11. Vxx=x—>a=a

12. a=a

13. b=a

14. a=bFb=a

15. Fa=b—>b=a

(x) Auxiliary proof A:

—|—|a:b
——a=b— (-a=b— -—a=0>b)

—a=b—-—a=0b
(ra=b——-a=b)—>a=b
—a=b—-a=b

a=">b

——a=blFa=b
F-—a=b—a="b

RO A LN

A
(A7)
2 (Gen)

(Ad)
3,4 (MP)
5 (Gen)

(A4)

6,7 (MP)
1,8 (MP)
(A6)

(Ad)

10, 11 (MP)
9,12 (MP)
1-13

14, DT

(ra=b——-—a=b)— ((ra=b— -a=b) >a=D)

[Qp.73]

A

(A1)
(A3)

1,2 (MP)
4,3 (MP)
6,5 (MP)
1-7

8, DT

* See comment on line 6 of proof in Answer 4v (marked t).
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Auxiliary proof B:

1. =Fb A
2. ——a=1b A
3. ——a=b—a=0b *
4. a=0b 2,3 (MP)
5. a=b—>b=a t
6. b=ua 4,5 (MP)
7. b=a— (-Fb— —Fa) £
8. —Fb— —Fa 6,7 (MP)
9. —Fa 1, 8 (MP)

10. —Fb,—m—a=0bt —Fa 1-9

11. —FbkF —-—a=b— —Fa 10, DT
* Line 9 of Auxiliary proof A (above)
t Line 15 of proof in Answer 4ix.

1 To get this line, use the same strategy as in lines 3-9 of the
proof in Answer 4vi.

Main proof:
1. Fa A
2. —Fb A
3. (——a=0b— —Fa)—
((r—a=b— Fa) > -~a=0b) (A3)
4. —-—a=0b— —Fa *
5. (——a=b—Fa)——-a=b 3,4(MP)
6. Fa— (—m—a=0b— Fa) (A1)
7. m—ma=b— Fa 1,6 (MP)
8. —a=b 5,7 (MP)

* 2, line 11 of Auxiliary proof B (above).
[Qp.73]
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xi) 1. =b=a A
2. Vx(—=Fx - x=a) A
3. Vx(=Fx - x=a)— (-Fb— b=na) (A4)
4. —-Fb—b=a 2,3 (MP)
5. =b=a— (=Fb — —b=na) (A1)
6. -Fb— -b=a 1,5 (MP)
7. (#Fb— -b=a) — ((-Fb —b=a) — Fb) (A3)
8. (nFb—b=a)—Fb 6,7 (MP)
9. Fb 4,8 (MP)
[Qp.73]
(xii)) 1. VxFx A
2. VxFx — Fy (A4)
3. Fy 1,2 (MP)
4. VyFy 3 (Gen)
5. VxFxF VyFy 1-4
6. FVxFx — VyFy 5,DT

[Qp.73]

. Sketch of answer: Adding new axioms does not affect the proof of DT
in §15.1.1.1 (provided we retain (MP) and the existing axioms which
feature in the proof). Adding new rules does affect the proof: each
rule requires separate treatment in the induction step. For the rule
(MP), the treatment of it in the induction step employs axiom (A2)
(see pp.394-5). For the rule (Gen), the treatment of it in the induction
step must employ axiom (A5). But (A5) includes a restriction (i.e.
“n contains no free x”). This means that only uses of (Gen) with a
corresponding restriction (i.e. the rule is not applied “using a variable
which is free in ) can be handled. [Qp.73]

[Contents]
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Answers 15.2.3
1. ()

1 | -P>P
2 || =P
3 P 1,2 (= E)
4 P 2 (RI)
5 | p 24 (~E)
6 (-P—P)—P 15(—=1)
[Q p.74]
(ii)
1 (A—C)
2 || B=o0)
3 ||| (AVB)
4 A
5 - C 1,4 (— E)
6 B
7 - C 2,6 (— E)
8 C 3,4-5,6-7 (VE)
[Q p.74]
(ii)
1 | —=P
2 || =P
3 iy 2 (RI)
4 ——=P  1(R)
5 | P 2-4 (-E)
6 —-—P—P 1-5(—1I)
[Qp.74]
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(iv)

(v)

(vi)

O 0 NI O G &~ W N

—_
e}

N U1 &~ W N -

N U1 = W N -

-(AVB)

. AVB
-(AV B)
—-A

. AVB
-(AV B)

—B

—A A —B

287

2 (VI)
1 (RI)
24 (—I)

6 (VI)
1 (RI)
6-8 (—I)
5,9 (AI)
[Q p.74]

1 (RI)
2 (RI)
3-5 (~E)

[Qp.74]

1,3 (= E)
2,4(—E)
35 (= 1)
[Qp.74]



(vii)

(viii)

O 0 I & G &~ W N

—_ =
)

N O O &~ WO N -

—Q
-P
-Q — P

AV B
-A
AV B

-B

-A

UU‘U:J oS ]

288

1,3 (= E)
2 (RI)
3-5 (=)
2-6 (— I)
[Qp.74]

1 (RI)

4 (RI)
2 (RI)
5-7 (~E)

8 (RI)
3,4-8,9-10 (VE)
[Qp.74]



(ix)

O NN O U s W N

AN U1 = W N

P—R
7Q—>R
| PvO
P

R
@
R

R

289

1,4 (— E)

2,6 (— E)
3,4-5,6-7 (VE)
[Qp.74]

2 (AE)
1,3(— E)
2 (AE)
2-5 (1)
[Qp.74]



1 —(AV-A)

2 || A

3 || av-a 2 (VI)

4 (AV-A)A=(AV-4) 1,3 (AD)

5 | -A 2.4 (~I')

6 ~A

7 | | Av-a 6 (VI)

8 (AV-A)AN—(AV-A) 1,7 (ANI)

9 | —-A 6-8 (~I')
10 | A 9 (—=—E)
11 | AA-A 5,10 (AI)
12 ——(AV-A) 1-11 (~I')
13 AV-A 12 (=—E)

Fny, AV (A= 1)

1 | Av(A—1) (IND)

1 | A

2 | AV(A— 1) 1(VI)

3 A— L

4 | Av(A— 1) 3(vI)

5 AV(A— 1) 1-2, 3-4 (NCD)
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(i)

(iii)

1 (AV(A—= 1)) =1L
2 A— 1L
3 AV(A— 1) 2 (VI)
4 i 1,3 (— E)
5 A 2-4 (RAA)
6 | AV(A— 1) 5 (VI)
7 i 1,6 (= E)
8 AV(A—= 1) 1-7 (RAA)
[Q p.74]
(AN-A) N, B
1 (AN-A)
2 B 1 (—E")
A/\(A—) J_) |_N3/N4/N5 B
1 AN(A— 1)
2 | A 1 (AE)
3 | AL 1 (AE)
4 1 2,3 (— E)
5 B 4 (LE)
[Q p.74]

1 _|_|A
2 | A 1 (—~—E)

3 A=A 1-2(—1)



Fny (A= L) = 1) = A

1 (A—1)— 1

2 | AV(A— 1) (TND)

3 A

4 || A 3 (RI)

5 A— L

6 | | L 1,5 (= E)

7 A 6 (_LE)

8 | A 2,3-4,5-7 (VE)
9 (A—-L)—=1)—=A 1-8(=)

Fn, (A= 1) = 1) = A

1 (A—>1)— 1

2 || a

3 || A 2 (RI)

4 A— L

5 || L 1,4 (—E)

6 A 5(LE)

7 | A 2-3,4-6 (NCD)
8 (A—-L)—-1L)—=A 17(=1I

Fng (A= L) = 1) = A

1 (A— 1)— 1L

2 || (A= 1)

3 1 1,2(— E)
4 A 2-3 (RAA)
5 (A-1)—>1)—A 1-4(— 1)

[Qp.74]
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(iv)

(i)

(i)

Fn, 7(ANDA)

1 AN-A
2 AN-A

Fag/Ng/Ns (AN(A — L)) — L

0 NN O U s W N

= W N =

1 (RI)
3 —(AA-A)  1-2(=D)
ANA— 1)
A 1 (AE)
A— L 1 (AE)
1 2,3 (—E)
(ANA— L) —>L 141
[Q p.74]
Fa
ha 1 (RI)
Fa — Fa 12 (= 1)
Vx(Fx — Fx) 3 (VI)
[Qp.74]
dx(Fx A Gx)
| FaAGa
. Fa 2 (AE)
dxFx 3 (3I)
Ga 2 (AE)
IxGx 5 (3I)
dxFx AdxGx 4,6 (AI)
dxFx A 3xGx 1,2-7 (3E)
[Qp.74]
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(iii)

(iv)

—
S O 0o NN O Ul ke W N e

N O G x WON e

Vx(Fx — Gx)
447ﬂ3xGx
| JxFx
447Pa
Agia—%Ga

Ga

JxGx
JxGx
—3IxGx

—dxFx

294

1 (VE)
4,5 (— E)
6 (31)
3,4-7 (3E)
2 (RI)
3-9 (—I)
[Qp.74]

1 (VE)
2,3 (= E)

4,5 (= E)
2-6 (— 1)
[Q p.74]



(v)

(vi)

O 0 NI O G &~ W N =

—_
N = O

13

VxVyx =y
Raa
—Rbc

VxRxx

" Raa
JyRay
Vx3dyRxy

VxRxx — VxdyRxy

295

[Q p.74]

1 (VE)
2 (30)
3 (V1)
14 (=)
[Qp.74]



(vii)

(viii)

(ix)

0 NN O U ks W NN -

JxFx
447Fa
| Va—Fx
Fa
—Fa
—Vx—Fx
—Vx—Fx

dxFx — —=Vx—Fx

—dxFx
447Fa

JxFx

—dxFx
—Fa
Vx—Fx

AN U1 = W DN

o N e N I S O N
J
[
I
o
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2 (RI)
3 (VE)
3-5 (—I)
1,2-6 (3E)
1-7 (= 1)
[Qp.74]

2 (30
1 (RI)
2-4 (—I)
5 (VI)
[Qp.74]

1 (VE)
1 (VE)
2,3 (= E)
(=)
4,5(=E)
2-7 (~E)
[Q p.74]



1 Fa A —Fb

2 || a=b

3 | | Fan—Fa 1,2 (= E)
4 Fa 3 (A\E)

5 —Fa 3 (A\E)

6 | —a=0b 2-5 (—1I)
7  (FaA-Fb) — —a=b 1-6 (= I)
8 Vy((Fan-Fy) = —-a=y) 7 (VI)

9 VaVy((FxA—-Fy) - —x=y)  8(VI)

[Qp.74]
4. ()

e Rules of Nj reformulated in list style:

— introduction:

{m} m. « A

Au{m} n. B

A k. a—B mmn(—1I)
— elimination:

r m. «

A n. a—p

TUA k. B m,n (— E)
A introduction:

r m. «o

A n. pB

TUA k. anp m,n(A])

A elimination:
I' m. aNP

I' k. a (orB) m(AE)

= introduction:

{m} m. a« A
AorAU{m} n. B

ForTU{m} o —f

AUT k. —a m,n,o(—I)



— elimination:
{m} m. —a A

AorAU{m} n. B
ForTU{m} o —f
AUT k. « m,n,o0(—E)

V introduction:
' m «

I' k. aVp (orva) m(VI)

V elimination:

r m. «Vp

{n} n. w A

AU{n} o v

{r} p- B A

AU{pr g9 v

TUAUA kv m,n,0,p,q (VE)

e Answers to Question 1, reformulated in list style:

1.4) {1} 1. -P—P A
{2} 2. =P A
{1,2} 3. P 1,2 (= E)
{11 4 P 2,3 (—E)
@ 5. («\P—P)—P 1,4(—1)
[Qp.74]
1.G) {1} 1. AsC A
{2} 2. B»C A
{3} 3. AVB A
{4} 4. A A
{1,4} 5 C 1,4(— E)
{6} 6. B A
{2,681 7. C 2,6 (— E)
{1,2,3} 8. C 3,4,5,6,7 (VE)
[Q p.74]
1.Gii) {1} 1. —=P A
{2} 2. =P A
{1} 3. P 1,2 (—E)
©@ 4. -=-P—P 1,3(—1I)
[Qp.74]
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1.Gv) {1} 1. =(AVB) A

2} 2. A A

{2} 3. AVB 2 (VI)

{1} 4 -A 1,2,3 (—I)

{6} 5 B A

{6} 6. AVB 5 (VI)

{1y 7. -B 1,5,6 (—I)

{1} 8. —AA-B 4,7 (A])
1.(v)

{1y 1. A A

{2} 2. -A A

{3} 3. =B A

{1,2} 4. B 1,2,3(—E)
1.(vi) {1} 1. A=B A

{2} 2. B»C A

{3} 3. A A

{1,3y 4. B 1,3(—=E)

{1,2,3} 5. C 2,4 (— E)

{1,2}y 6. A—=C 3,5(—1I)
1(vii)

{1y 1. P—Q A

{2} 2. =Q A

{3 3. P A

{1,3} 4 Q 1,3(— E)

{1,2} 5. =P 2,3,4 (~1I

{1y 6. -Q— P 2,5(=1)
1.(viii)

{14 1. AVB A

2} 2. =A A

{3 3 A A

{4y 4 -B A

{2,3} 5. B 2,3,4 (—E)

{6} 6. B A

{1,2} 7. B 1,3,5,6 (VI)
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1.(ix)

)

Z
[T

\O

Ts

(%)
rZz
Sy O <f

< << <

~ R~

Q
T T3
AR QA A Qg

[Qp.74]

1.(x)

nw
o <
T < o
AR R QT T
N R R
~
(q\]
Yot et N et Ya
— AN AN — N
e e

[Qp.74]
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(i)
e Rules of Nj reformulated in stack style:

— introduction:

(]

B

x — B

(= D)y

— elimination:

x  a—p
p

A introduction:

g

x AP

(= E)

(AT)

A elimination:

a B
« (or p)

— introduction:

(AE)

[a]n

p
:7‘5 (_'I)n

— elimination:

[y

B

_\TIB (_‘E)n

V introduction:

=B forpvay (VD
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V elimination:

[a]n [Bln
B v g
% (VE)n
repetition (R):
# (R)

(This is the analogue of repetition inward (RI). We need this
rule to facilitate certain applications of (—I) and (—E); see
how it is used in the answers below. Not every stack-style
natural deduction system requires this rule. For example,
it is not used in the system in Dirk van Dalen, Logic and
Structure [Springer, Berlin, fourth edition, 2004], which is
a stack form of something similar to system N5 in the text
pp-412-3.)

e Answers to Question 1, reformulated in stack style:

1.4)
[-P =Pl  [-P]

(= E)
AR
VYRR
[Q p.74]
1.Gi)
A—C  [AL n B=C [B]1 £
AVB C _ (= E) C e, (= E)
[Qp.74]
1.(ii)
[ ]iﬁp[ I ®)
P (_'E)l
—p5p (7D
[Q p.74]
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1.(iv)

[Alx [Bl2
~(AVB) AVB (IZI) ~(AVB) AVB (1\{1)
(AV B) R) -(AVB) ®)
a1 (7 ——g5 (D2
~AA B (AD)
[Qp.74]
1.(v)
A [-B]y
ZE Y
—A
T(ﬁE)l
[Q p.74]
1.(vi)
A=B Al
— E
asc (7
[Q p.74]
1.(vii)
P—Q [Ph
e Y ok g
i( I
—-p !
_‘Q—>_‘P ( I)Z
[Q p.74]
1.(viii)
A - B
[Al2 A[ I1 ®
(R)
AVB % (=E) [B]
= 2 (VE),
[Q p.74]
1.(ix)
PR [P, . Q=R [Qh .
PVO R R (= E) R e, (= E)
[Q p.74]
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[P A=Ql1
A
5 ®)
-(PA-Q) E:gl
~(PA-Q) P
[Qp.74]
5. Introduction:
o
B
B
o
> a B
Elimination:
x> B
« (or B)
» B (ora,if B above)
[Qp.75]
[Contents]
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Answers 15.3.3

1. () (a) {a} = @ holds logically
(b) {a} = @ does not hold logically

(i) (a) {a, B} = @ does not hold logically
(b) {a} = {B} and {B} = {a} both hold logically

2. No answers supplied.
3. No answers supplied.

4.
{a, B} UT=A I'=AU{«a, B}
{a < BUT=A (

=)

{a}uT=AU{B} {BtuT=AU{a}
I'=AU{a < B}

(=)

305

[Qp.75
[Qp.75

[Qp.75
[Qp.75

[Qp.75
[Qp.75]

— e d d e

[Qp.75]

[Qp.75]
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Chapter 16

Set Theory

There are no exercises for chapter 16. [Contents]
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