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We present a mathematical model applying the general
Pocklington equation to arbitrary shaped thin wire antennas. In
order to simplify the antenna analysis this approach uses the
point matching technique and a simplified kernel form. By
means of thistechniqueit is possible to increase the Method of
Moments solution convergence and reduce computational time
and effort. To exemplity this the procedure is applied to the
well-known circular loop antenna. The obtained results are
compared with those of Champagne method, which uses
guadratic segments, in order to get anumerical solution for the
Electric Field Integral Equation.
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Introduction

Numerical analysis is a very common subject in many engineering
disciplines, especially in antenna analysis and design which has
developed widely thanks to computer technology. Many numerical
codes, such as NEC, provide useful tools for antenna engineers.
However, there is always the need to look into new techniques that
bring forth the most convenient solution for a specific problem. Here
we present a technique using Pocklington equation for arbitrary
geometry thin wires [1] and including the simplification of the
integral kernel. In order to get computational solution, once the
integral equation has been established, the methodology requires to
gpecify the antenna geometry by establishing vectorial equations for
the wire axis and the equivalent current filament. Finally, general
Pocklington equation is solved via Method of Moments (MM). Asan
example of this we present the solution for the current distribution of
a circular loop antenna. The results are then compared with those
obtained by Champagne et a [2], who apply Mei’s procedure [3] of
mixed potential integral equation and use at least three points to
define a quadratic segment. Considering that Champagne’'s method
uses 8 quadratic segments, each one of three points, we get atotal of
17 points. We use the same number of points to get same results but
now with the very simple technique of point matching and even with
the smpler Simpson’ srule for integration.

General Pocklington equation formulation

As it is known, Pocklington eguation sets a relation between the
current digtribution in a straight wire and the impressed electric field
on its surface. It is a classical model that considers an antenna made
of a perfect conductor, of a small radius compared to the wave-length
of the electromagnetic field. Pocklington approach assumes that the
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current density in the surface conductor can be simulated by a current

filament parallel to the antenna axis, leaving the rest of the conductor
as part of the free space as figure 1 shows.

Figure 1. Geometry for the straight wire.

As shown in figure 2, general geometries require a model
encompassing the bent characteristics. This model is given by the
genera Pocklington equation [1, 4], formally obtained from Maxwell
equations, magnetic and electric potentials and Lorenz’ s gauge [5]:
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Figure 2. Arbitrary bent wire and relations between its vectors and its geometry.
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According to figure 2, a small wire's segment defines a local co-
ordinate system, rotated around the reference co-ordinate system.
Such rotation is represented by ses', and the antenna geometry is
defined by s(s), r(s), s'(s") and r'(s’).

The general Pocklington equation can be simplified, in order to
obtain a more efficient solution, by expanding the integral kernel
using the vectorial equation that represents the wire's axis, and the
equivalent current filament equation, related to co-ordinate system,
expressed as.

r(s)=x(s)i+y(s)j+z(s)k, r'(s)=r(s')+an(s'), (2
where n('s) isthe unit normal vector for the wire’s axis. As seen, the

curve representing the current filament is a parallel curve to the one
representing the wire's axis. For any particular antennageometry, it is
possible to define the tangential unit vectors to obtain the dot product
ses' defined by:
dx(s), dy(s dz(s
s(s)= X( )i+ J )j+ al )k,
ds ds ds
dx'(s"). dy'(s' dz'(s'
s'(s)= X(S)i+ y(S)j+ Z(S)k.
ds' ds' ds'
Once the vectoria relationship has been found, it is possible to
smplify the kernel of (1) expanding the operator 82/8585' over the
Green's functions, as it is shown in the following:

3
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where R is the distance between the observation and source points.
Since the pardlel curve is a a digance from the axis curve, the
analysis points never coincide. Thus, there are no singularities. After
applying (4), equation (1) istransformed into a pure integral equation:

| j
Etan =

weE

kR

jl (S[R(KR? —1- jkRb o3+ 3jkR-K°R? (R o s\ R o5)] S . as.
In the case of a straight antenna, as in figure 1, equation (5) is

transformed into the well- known integral relation found in the

applied literature [6]:

eR

jl [1+JkR (2R?-3a%) + kZaZRZ] =G

4

We solve equation (5) with the MM that applies the point-
matching technique [7], using pulse functions as basis functions

i, (s') and Dirac’s delta functions as weight functions w, (s).

()= 1 if (n-1As'<s<nAs
"7 10 elsewhere

w, =d(s-s,), mn=212---,N @
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The general MM for the antenna matrix equation is given by:

[Zmn](ln):(vm)’ (8)
where [Z,., ] isknown as the impedance matrix, given by:
zZ =

mn

: s’ eij
- [ [RK*R® -1~ jkRses+{3+3jKR-K*R [Res|Res)|~——d
ATE 3 R
= (9)
while (V,,) matrix, known as voltage matrix, is determined by:
V,, = [w,E.ds, (10)
and (1) matrix, known as current metrix, is
(1) =[Zm] " (V). (12)

Champagne et al formulation

Champagne's approach expresses the electric field in terms of the
magnetic vector potential A (r) and electric scalar potential @ (r):

-E,, (r)=—[ja)A(r)+V(D(r)lan , r on S, (12

where Ei, is the tangential impressed electric field on the wire's
surface represented by S, and:
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R is the distance between the source and observation points. When
applying MM, the total current I(r) is approximated by a series of

das',
(13)

independent piecewise linear expansion functions A (r) such:

~ i 1A, (r), (14)

The 1,'s are unknown current coefficients andN is the total

number of unknowns. In this way, the potentials are expressed by
expansion series as follows:

DIMMCREICES AENC RS

Using (14) and (15) in (13) potentials are defined as:

eij
A, rry j dp'do

e jkR (16)

D, (r)=- .[27[ Vige A, (r) deo'do’.

j47za)5 o
Potential equations perform mtegrations along the arc length o
and around the perimeter ¢ . Notice that these integrals consider any
wire's radius, then the kernel functions are singular when the
observation point coincides with the source one. Champagne avoids
the problem in solving singularities apart by approximation and
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adding the non- singular solution. In spite of its generdity, this
procedure complicates more the solution. The basis and weight
function chosen by Champagne et al is given by:

AL(r)=& (&), rin S
A, (r)=1A,(r)=(1-&) (&), r in S (17)
0, otherwise
where £ isanormalized variable which performs the transformation

oelo,..0,]>&[01]. The plus and minus signs, identify the
positive or negative slope of the segment.

The circular loop antenna for the Pocklington
general equation.

The circular loop antenna of figure 3 is characterized by the following
equations.

r(s)= Acos(%jHAsen(%jj . s(9) =—sin[%}i+cos[§jj ,
r'(s)=r(s')+ak, s'(s =—sin(%)i+cos(%)j ,

where A isthe antennd sradiusand a isthewire sradius.

(18)

© 2006 C. Roy Keys Inc. — http://redshift.vif.com



Apeiron, Vol. 13, No. 2, April 2006 268

7is')
o
A
|: R ‘-\r

T 4
Y

Vo Fis)

X

Figure 3. Circular loop antenna and its associated vectors.
The loop is fed by a unit delta gap source located a ¢ = 0° and
hasthe following parameters.
f =3GHz, N=17segments, A=0.06371, a=0.00271.

Figure 4 shows the real and imaginary parts of the current
digtribution, from which we can make comparisons to the Champagne
technique [2]. The results we have chosen to compare are those of the
eight quadratic segments with a four-point Gaussian quadrature
numerical scheme (4-pt GQ). Thisisremarkable if we consider to use
a numerical integral scheme based on the Simpson rule. As we can
see, there is an uniform error of 5% in the whole current distribution;
for practical uses, it will be neglected.
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Figure 4a. Real component current distribution
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Figure 4b Imaginary component current distribution
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Computational comparison

Champagne et a. and Pocklington methods were programmed by
usng a Visua C++ 6.0 compiler. This alows to create 32 bits
applications for shell environments and for GUI environments as
well. Both methods were developed as shell applications and the
current distribution results were plotted in another graphical program.

Both programs use libraries for handling complex numbers,
matrices and vectors. In Visua C++ 6.0, each matrix element consists
of a 16 bytes regiger. This is due to the fact that each complex
number is performed by two real numbers with double data type. In
this compiler version, 8 bytes are necessary for storage each of double
regiger. In thisway for both methods, the amount of memory for the
meatricesis

Memory for [Z,, ] =16N? Bytes
Memory for [V, ] =16N Bytes ¢ Totalmemory = 16(2N + NZ)

Memory for [I,,]=16N Bytes

In the Champagne method, which uses 8 segments the amount of
used memory is:

Total memory = 16(2>< 8+82) =16(16+64) = 1280 Bytes = 1.25 MBytes

where as in the Pocklington method, which uses 17 segments, the
total amount of used memory is.

Totalmemory = 16(2><17+172) =16(34+ 289) = 5168 Bytes =5.04 MBytes

It is clear that in the Champagne method the amount of used
memory is less than in the Pocklington method. This is because
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Champagne uses fewer segments than Pocklington does. However if
both use the same number of segments, the amount of used memory
isthe samein each case.

Due to its generdlity, the Champagne method evauates severa
integrals numerically. Thisis seen in the fact that it takes into account
any wire' s radius and the use of Galerkin technique. Thus number of
performed integrations is:

Number of integrations in [Z,m] =Number of integrations in [Znﬁn} +Nur

=6N?+4N? =10N?

Number of integrations in [V, ] = 2N
Total of integrations = 2N +10N? = 2x 7 +10x 49 = 504
In Pocklington method, the number of performed integrationsis:
Number of integrationsin[Z,,]= N?
Number of integrationsin [V, |= N
Total of integrations = N + N* =17+17% = 306

Therefore, since Pocklington method performs fewer integrations,
it is more rapid than Champagne's one. Differences would be more
pronunced if Champagne would have used the same number of
segments than Pocklington did. In that case, the results are the
following:

Total of integrations = 2N +10N? = 2x17 +10x 289 = 2924
Total memory =16(2N + N?) =16(34+ 289) = 5168 Bytes = 5.04 MByte
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Conclusion

This paper tries to apply the Pocklington equation results to the
circular loop antenna. If, for practical uses, an eror of 5 % is
neglected, Pocklington results are similar to those of Champagne's
formulation. The difference between both procedures is that we use
the very simple point-matching technique and the Simpson’s rule for
integration, where as Champagne uses the Galerkin method and the
Gaussian quadrature technique for integration.

Although Champagne et al consider any thickness for the wire's
antenna, in practice, most of the antennas are thin in comparison to
the wave-length of the electromagnetic field. Thus, an appropriate
model for such antennas would be the general Pocklington equation.
By emphatizing the vectorial representation for modeling the wire, we
got a formulation which can be used for linear or curved antennas.
We conclude then that the proposed model represents correctly the
electromagnetic antenna’s behavior for an arbitrary geometry [1, 4,
6].
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