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ABSTRACT. Objectsof consideration are variousnon-classicalconnectives“hidden” in theclas-
sical logic in theformof

��� �
with
�

—a classicalconnective, and
�

—a propositionalvariable.
Oneof themis negation,which is definedas

�����
; anotheris necessity, which is definedas���	�

. Thenew operationsare axiomatizedand it is shownthat they belongto the 4–valued
logic of Łukasiewicz.A2–pointKripkesemanticsis built leadingdirectlyto the4-valuedlogical
tables.
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Dedication

In theissueof thisJournal,which wasdedicatedto thememoryof GeorgeGargov,
JohanvanBenthemmentionedwhathecalled“Sofia school of modallogic”. Indeed,
manyBulgarian logicianshavebeensuccessfullyworking in the field of modaland
non-classicallogicsfor 40 years until now. Prof. Dimiter Vakarelov is at thefounda-
tions of this school. He taughtand tutoreddozensof Masters andPh.D. studentsof
mathematicallogic. Someof hiscolleagues—as,for instance, thelateGeorgeGargov
andmyself, workedor haveworkedin closecollaborationwith him. Prof. Vakarelov
is still generating logical ideasandis pleasedto watch theseideasbeingrealizedby
hisdisciples.At thesametime, I wouldliketo notehiscapabilityto makemathematics
of everything, be it philosophicalideasor puzzles.During themostdogmaticperiod
of Bulgaria, he publisheda logical theoryof dogma. Oneof his bookswasdevoted
to the large varietyof permutationtoyslike Rubik’s cube;and thecompletesolution
gaverise to new theoremsof the theoryof groups. Anotheraspectof his work that
hasalwaysimpressedmeis theclarity andsurprisingnaturalnessof his ideas,even
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whenemerging from themostsophisticateddemonstrations. Leavingasidethe tech-
nicalitiesof theproofs,everylogical inventionof Prof. Vakarelov couldbeexplained
to the non-specialist.A popular presentationof his achievementsin logic, algebra,
topology, geometry, andphilosophy, wouldbeinterestingandfascinatingreading.

Longlife to you,Mitko, andto your logical school!

1. Preliminary and Historical Notes

“Hidden” are logical operations,which do not occurexplicitly in a certainlog-
ical systembut can be definedwithin it. For example,the disjunctionis “hidden”
in the pure implicational calculusbecauseit can be expressedin it by 
������ 
�������� . We will denotethe basicsystemsby listing the main elements
of their signature.So � ��� is thesystemof theclassicalimplication, � ��� ��� is thatof
implicationplusconjunction,etc.

MaybeCh. Peircein the1880-swasthefirst to observe that implication involves
many propertiesof negation if any subformulaof the form ����� , where � is a
distinguishedpropositionalletter, is interpretedas  !� . Let usdenotethe negation
soobtainedby  � �"� � � (read“negationproducedby implicationandapropositional
variable� ”). Whenit is clearfrom thecontext, only thesign  will beused.A few ex-
amples:oneof thetransitivity laws

� 
#����$� � � %��&��$� � 
#��&�� � produces
oneof thelawsof contraposition

� 
'�(��)� �  '#�" �
�� afterreplacing& with � .
In thesamemanner, thelaw of commutativity of theantecedents

� 
'� � ��(&�� ���� *� � 
!��&+� � givesanotherlaw of contraposition
� 
!�" !���� � *�" %
�� .

Frege’s law of self-distrubutivity
� � 
,� � *�-&+� �+� � � 
,�.+�+� � 
,�.&�� �

gives a form of reductio ad absurdum:
� 
-�� .+�"� � � 
-�/+�"�" �
�� .

Modusponenspresentedby the formula 
(� � � 
(��&�����&+� gives the weak
law of doublenegation 
0�" � *
 . The law of reduction

� � 
�� � 
0��&+� �	�� 
0�.&+� givesa variantof the Clavius law,
� 
*�" ,
��	�� *
 . Furtheron, the

Peircelaw
� � 
(��&+����
��1��
 gives the other Clavius law, or consequentia

mirabilis
�  (
(��
��1��
 . Sometimesdifferent laws can be derived: the tau-

tology
� � 
���&��2����2� � � 
�����2���� givesboth the law of alternative�  �
'�(+��� � � 
'�(��)�(�� andthelaw  � 
'�(&+���� + "
 .

It is reasonableto ask:whicharetheaxiomsof  � ��� � � ? In otherwords,whatis
thevolumeof thenegation“hidden” within theclassicalimplication?It includesapart
of theintuitionisticnegation,but notall becauseit doesnotsatisfy  �
'� � 
��(�� .
On the other hand, the new negation is not part of intuitionistic negation because�  !
!�3
��+�3
 is not an intuitionistic law. If disjunctionwerepresent,even the
law of excludedmiddle 
��# !
 would be on the list. Whereis the exact placeof
 � ��� � � on thescaleof known negations?

Of course,we have to definepreciselythepossibleoccurrencesof theletter � in a
tautology. Obviouslyweshallnot interpret�4�(� as  '� . Perhapsit wouldbebestnot
to touchsuchsubformulasat all. But, what to do with the tautology ��� � 
%�3� � ?
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Oneway is to restrict the considerationto formulasnot containingthe letter 5 asan
antecedent(exceptthe caseof 5�6-5 ). A secondway is to “incorporate” 526 into
the paradigmof 6�5 . This meansto reduceany expressionof the first kind to an
expressionof thesecondkind. Bothvariantswill beregarded.

Let usshortlyretracethehistoryof the“hidden” negationandthemainrelatedre-
sults.Accordingto [Prior 62] (Part1,Ch. 3,§1),theideato use“maximuminference”
and“minimum somethingelse”for building up thewholepropositionalcalculuswas
promotedby Peircein 1885and implementedby M. Wajsberg in 1937. The latter
introducedtheconstant7 (“f alsehood”),defined8�9 by 906(7 , addedanew axiom
7�6�: to theaxiomsof implication,andobtainedthefull classicalpropositionalcal-
culusin theform ; 6"< 716(:�= . Thealternativeway for introducingnegationwasthe
axiomaticone. Thenthe full classicalpropositionalcalculuswasobtainedagainbut
in theform ; 6�< 8+= . Thetwo systemsarenot equivalentbecausethe languageof the
first oneis richer: it containsaconstantwhile thesecondlanguagecontainsvariables
only.

Neverthelessthey areequipollent. A. Churchdevotedto this questionthreepages
of his eminentbook[Church56] (§23). That is why we will not discussthis topic in
detail. Givena formula > of ; 6�< 8+= , after replacingall its subformulasof the kind
8*? with ?*6.7 , its representative >+@ in ; 6�< 7�6�:�= will be obtained.Thenit
canbeprovedthat > is a theoremof ; 6"< 8�= if f >�@ is a theoremof ; 6"< 716�:�= . In
this sensewe maysaythat thenegation 8,A 6"< 7CB is axiomatizableby theaxiomsof
; 6�< 8+= .

Earlieron,A. Kolmogorov [Kolmogorov 25] andI. Johansson[Johansson37] de-
fined “minimal” negationin two ways. The first onewasby addinga propositional
constant7 to the syntaxof the positive implication 6�D without specialaxiomsfor
it. Thenegation 8#9 wasanabbreviation of 9(6"D�7 . We will denotethis form of
negationby 80A 6�D$< 7CB . The secondway wasaxiomaticandusedthe singleaxiom
:4E : A :'6"8#>+B$63A >%6�8':�B . Denotethis form of negationby 8�A 6"D$< :4ECB . The
two systemsareequipollentagain.

H. Curry [Curry 63] (Ch. 6, Sec. C, §6) noticedthat Johanssonhadintroduced
alsoasystemdenotedby F1G whichwasanextensionof ; 6�D$< :4EC= by theadditional
axiom A 8,:*6-:�B�6-: . Curry judgedthat “no applicationsareknown for F1G ,
and the systemhasbeenlittle studied. Johansson[. . . ] suggestedthat it formed a
naturalsystemof strict implication, but this hasnot beenworked out”. Adding the
Peircelaw to F1G , Johanssonobtainedthe system F1H andproved that the axiom
A 8':'6(:�B$6(: is superfluousin it. As we see,F1H�I%; 6"< :4EJ= andis equipollent
with ; 6�< 7C= .

S.Kangerin [Kanger55] alsoconsideredthesystem; 6"< :4EJ= andnotedthatit was
“a weakenedclassicalcalculusin thesamesenseastheminimal calculusis a weak-
enedintuitionistic calculus”.He obviouslyhadin mind theaxiom 8':#63A :#6�>+B
which, whenaddedto ; 6�< :4EC= , producestheclassicalcalculus,and,whenaddedto
theminimalcalculus,producestheintuitionisticone.Kangerprovedthateachformula
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of K L"M N4OJP hasa representative N�Q in K L"P obtainedby replacingall subformulasof
theform R'S with S#L(T ( T is avariableoccurringneitherin S nor in theaxiomsof
K L�M N4OCP U . Then, N is a theoremof K L"M N4OJPWV X Y Z []\ K L�^$M _$`JP U if f N�Q is a theoremof
theclassical(intuitionistic) implicationalcalculus K L"P�V X Y Z []\ K L"^)P U .

It will be shown below that the answerof our questionabout RaV L"M T U is: its
adequateaxiom is N4O . This meansthat the two systems, K L"M N4OJP and K L�P , are
equipollent.However, this factcannotbeimmediatelyderivedfrom theequipollency
of K L�M N4OCP and K L"M bCP . It is not correctto transferthe operationswith a constant
to operationswith a variable, evenwith an “arbitrary but fixed” one. The syntaxof
K L"P is weaker thanthe syntaxof K L�M bCP becausethe constantb is not definablein
K L"P . Furthermore,thesystemK L�M bCP containstheoremssuchas bcL�R#N , which is
obtainedfrom S�LaV N'L�S+U but hasno analoguein K L�P . Thereforea specialproof
for R,V L"M T U is neededandit cannotbe theproof of Kanger. He interpretsK L�M N4OCP
into K L"P but we needaninterpretationin theoppositedirection.

A shortexpositionof someresultsconcerning“hidden” negationwerepresented
in [Sotirov 01].

2. The “hidden” negation

In a two-partpaperpublishedin 1967–1968[Vakarelov 65], [Vakarelov 66], D.
Vakarelov investigatedvariousaspectsof somekinds of modalitiesand negations
addedto the classicalpropositionallogic, someof them“hidden” accordingto our
terminology. Heaxiomaticallyintroducedtwo unaryoperators:d (“doubtful”) and e
(“verisimilar”). The axiom schemes(besidethoseof the classicalimplication)were
thefollowing five:

e�V e�N'L�N�U ;
V N'L(S�U)LaV e$N�L(e$S�U ;
V N'L(S�U)LaV d�S#L�d2N�U ;
V e$N�L(S�U�L�d	d�S ;

d2N�L3V N�LaV eWS#L(S+U U .
Let usdenotethis systemby K L"M eWM d2P . AfterwardsVakarelov built a translationf)g of formulasof K L�M e4M d�P into formulasof K L"P usingapropositionalletter T , which

doesnot occurin thegivenformulas,by inductionon theconstructionof formulas:
f)g V hcU�i"h when h is a propositionalletter;
f)g V e$hcU)i'T4L f)g V hcU and f)g V d2hcU)i f)g V hcU)L(T ;
f)g V h0L�j�U�i f)g V hcU�L f)g V j�U .
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A lemmafollows: if k is a theoremof l m�n o4n p�q then r)s t k�u is a theoremof
l m"q . For theconversepropositionVakarelov defineda translationv�s from l m�q into
l m�n o4n p�q by inductionon theconstructionof formulas:

v�s t wcu�x"w for w — apropositionalvariableor theformula y4m(y ;
v�s t y4m�wcu�x"o$v�s t wcu and v�s t w*m(y u)x�p2v�s t wcu for w�zx'y ;
v�s t w*m�{	u)x�v�s t wcu�m�v�s t {	u for w1n {*zx'y .
A next lemmafollows: if k is a theoremof l m�q then v�s t k�u is a theoremof

l m�n o4n p�q . Combiningboth lemmasandusing v�s t r)s t k�u u2x*k , a theoremis ob-
tained: a formula k is provablein l m�n o4n p�q if f r)s t k�u is provablein l m�q . (This
theoremprovidesthe decidabilityof l m�n o4n p�q .) Therefore l m�n o4n p�q and l m"q are
equipollent.

Onecancountthe resultof Vakarelov ascloseto the answerof our questionbe-
causehis p is our |,t m�n y u . Two peculiaritiesof his expositionhowever prevented
thedirectanswer. Thefirst oneis the “direction” of theview: Vakarelov transforms
thetheoremsof l m"n oWn p2q into l m"q while wewantto transformthetheoremsof l m�q
into.. .And hereis thesecondpeculiarity:thesystemof Vakarelov includeso besides
p0xc| . Thetwo operationsinteractin axiomsandit is impossibleto separatethem.
To reversethe directionof the view an inverseequalityis needed:r)s t v�s t k�u u�x%k .
Thenthe definitionof r)s mustbe modifiedwith thepermissionfor y to occurin k .
Thedemonstrationis almostthesame.As aresult,thefollowing theoremis obtained:

THEOREM 1. — Aformula k isa theoremof l m�q iff v�s t k�u isa theoremof l m�n o4n p�q .

Roughlyspeaking,thesystemof o and p axiomatizesy�m and m�y . However,
the inconveniencewith the appearanceof o remains.Indeed,we couldbenefitfrom
this inconveniencebecauseit givesan answerto the question:what arethe axioms
characterizingthetwo operationsgeneratedby thetwo positionsof theletter y in the
implication? Theaxiomsarethoseof o and p . However, if we insiston theunique
operationgeneratedby m(y , thesecondpartof Vakarelov’spaperprovidesasolution.
Following the spirit of the paper, we shall changesomedenotationsandshortenthe
proof.

o$w can be representedas p	}(m�w with } — a fixed theorem. This is the
mentionedabove incorporatingof the expressiony	m into anexpressioncontaining
only may . In addition,replacep with | . Denotethis transformationby ~ . It is easy
to show thattheaxiomsof l m"n oWn p2q sotransformedcanbededucedfrom k4� . Onthe
otherhand,commute| to p in l m"n k4�Jq . Then k4� sotransformedcanbededucedin
l m�n o4n p�q (actuallyVakarelov workedwith theequivalentpairof axiomsfor negation
t k#m��+u$m3t |#��m�|'k�u and k#m�|+|�k which arecloserto his axiomsof o and
p ). Hence

THEOREM 2. — A formula k is a theoremof l m�n o4n p�q iff ~]t k�u is a theoremof
l m�n k4�Cq .
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Combiningthetwo theoremsgivesriseto thefollowing

COROLLARY 3. — A formula � is a theoremof � �"� iff �]� ��� � ��� � is a theoremof
� ��� �4�C� .

The corollary is an expressionof the fact that although � ��� and � ��� �4�C� pos-
sessdifferentsyntacticcapacity, they haveequalsemanticcapacityhaving isomorphic
setsof theorems.This is the precisesensein which we saythat �4� axiomatizesthe
negation ��� �"� � � “hidden” in � ��� .

The translation� ��� transformsa formula containingboth �c� and ��� into a
formulacontaining� . As we mentioned,theclassof transformedformulasmight be
restrictedto formulaswithout “left � ”, i. e.,without subformulasof theform �����
(except �	�-� ). The corollary andthe axiom of �*� ��� � � would thenbe the same.
However theproofsbecomemuchsimpler.

LEMMA 4. — If � is a theoremof � ��� not containingleft � , there existsa proof of
� not containingleft � .
PROOF. — If �+� � � � � � �4�"�*� is the proof of � , replaceeachleft � in the infer-
encewith �*��� ( � is a fixed theorem). ���� � � � � � ���� �*��� is obtained. To be it
an inferenceof ��� , it hasto be filled out by the proofsof � , � �*��� �2��� , and
����� �!�.� � togetherwith the membersproviding the substitutivity of equivalent
formulas. In resultan inferenceof ��� will be obtainednot containingleft � . But it
will beaninferenceof � aswell because���4��� . ■

We shallmodify thetransformation�)� of � ��� �4�C� into � ��� :
�)� � �c���"� when � is a propositionalletter;

�)� � ���c�)�'�)� � �c���(� ;
�)� � �0���������)� � �c���(�)� � ��� .
To prove that �)� � ��� is a theoremof � �"� whenA is a theoremof � ��� �4�C� it is

enoughto prove �)� � �4�C����� ���a� ���(� � ���a� �#�a� �'�(� � � but it is obvious.

Modify alsotheconversetransformationfor formulasnotcontainingleft � (except
�4�(� ):
��� � �c���"� for � — apropositionalvariableor theformula �4�(� ;
��� � �*�(� ��������� � �c� for ����'� ;
��� � �*���	�)����� � �c������� � �	� for �1� �*��'� .
To prove that ��� � ��� is a theoremof � �"� �4�J� when � is a theoremof � ��� , it is

enoughto prove all “ � -readings”of the implicative axioms. We can choosethem
to be, say, ����� �.����� , � �-��������� � �.�����"�/� �-����� � , and
� � �����+�2�����2��� . Only the last two axiomshave suchreadingsand these
readingsareunique: � �'���+���a� �'��������� and � ���'��������� . It is not dif-
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ficult to deducethemfrom �4� . Again  )¡ ¢ £�¡ ¢ ��¤ ¤W¥'� . In sucha way thefollowing
theoremis obtained:

THEOREM 5. — A formula � containingright ¦ only is a theoremof § ¨�© iff £�¡ ¢ ��¤
is a theoremof § ¨"ª �4�J© .

Summarizingtheresults,we seethattheweaklaw of contrapositioncharacterizes
axiomaticallythefull varietyof negations“hidden” insidetheimplication,boththein-
tuitionistic andtheclassicalone.Rearrangingthematterandchangingtheemphases,
we find theseresultsin the paperof Vakarelov. Onecanconcludethat they arenot
surprisingtaking into accountthe constructionsby Peirce,Johansson–Kolmogorov,
Wajsberg, andKanger. However, thenext resultof Vakarelov wasreally surprising.

3. 4-valuedsemanticsof the “hidden” negation

Vakarelov found that the logic of the “hidden” negation coincidedwith the 4-
valuedmodal logic of J. Łukasiewicz [Łukasiewicz 53] andthereforeit possesseda
truth-tablesemantics.But a new peculiarityappearedin the proof: it usedthe pres-
enceof theclassicalnegation.To carryout theproofstrictly in thesystemof theplain
implication,themultiplicationof truth-tableswill beapplied.

I do not know who inventedthis method.Łukasiewicz usedit in his main paper
of 1953 without references.We meet it in an earlier paperof 1950 by J. Kalicki
[Kalicki 50]. H. Rasiowain 1955appliedthesamemethodwith areferenceto Kalicki
and to a paperof 1936by S. Jáskowski aswell. Kalicki himself called the matrix
multiplication “well-known” andreferredto a paperof 1935by Wajsberg. And so
on.. .Obviously it was folklore of the Polish logicians. Anyway, the multiplication
of two tablessuccessfullyworksin a casewhena new propositionaloperationhasto
combinethepropertiesof two givenoperations.I shallexplore it to build a 4-valued
table for “hidden” negation. Suppose«�¬ and «® are the matricesof two binary
operations,¯ ¬ and ¯  arethematricesof two unaryoperations,and1 is thedesignated
truth-value. Denoteby °)¬ and °] thesetsof tautologiesproducedby the operations
with matrices«"¬ , ¯ ¬ , and «� , ¯  respectively.

LEMMA 6 (KALICKI–ŁUKASIEWICZ). — TheCartesianproducts «"¬�±�«® and
¯ ¬�±c¯  defineoperationswhosesetof tautologiesis the intersectionof °)¬ and °] ,
(1,1)beingthedesignatedtruth-value“true”.

In the systemof ² , its origin (the string ¨�¦ ) suggeststhat the tautologies
of § ¨�ª ²+© coincidewith thoseformulas which are tautologieswhen ² is treated
both as a (classical)negation ³ (in the case ¦®¥�´ ) and the constant“truth” µ (in
the case ¦"¥�¶ ). The samecan be observed in the fact that the axiom of ² re-
mains true when ² is replacedboth with ³ and µ . It will be convenient for the
further to denoteby ·4¢ ��¤1¥3¢ ¸ ¢ ��¤ ª ¹ ¢ ��¤ ¤ the value of � in the set of pairs of 0
and 1. Denotealso by º and & the non-formal implication and conjunctionex-
pressedeitherby wordsor by numbers.Multiplying thecorresponding2-valuedma-
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trices of implication (obtainingthe Cartesiansquare)as well as the matricesof »
and ¼ , the 4-valuedoperations½ and ¾ aredefinedby ¿�À Á,½�Â+Ã�Ä*À Å À Á,Æ�Â+Ã ,Ç À Á!ÆaÂ+Ã ÃWÄ!À Å À Á+ÃWÆaÅ À Â�Ã È Ç À Á�Ã4Æ Ç À Â�Ã Ã4Ä!À É�Ê�Å ËcÌ"Å Ë�Å Í�È É�Ê Ç ËcÌ Ç Ë Ç Í�Ã ,
wherefor short Å À Á+Ã�Ä!Å Ë , etc. ¿4À ¾!Á+Ã�Ä*À É�Ê"Å Ë , 1). Numberingthepairsfrom
(1,1) to (0, 0) with thefiguresfrom 1 to 4, theoperationsshapeinto Table1:

½ 1 2 3 4 ¾ Î »
1 1 2 3 4 3 2 4
2 1 1 3 3 3 1 3
3 1 2 1 2 1 2 2
4 1 1 1 1 1 1 1

Ï
1 2 3 4 Ð Ñ

1 1 2 3 4 2 3
2 2 2 4 4 2 4
3 3 4 3 4 4 3
4 4 4 4 4 4 4

Table1 Table2

REMARK . — » is theclassicalnegationintroducedwith ¿�À »)Á�Ã�Ä#À É$Ê�Å ËWÈ É$Ê Ç Ë$Ã ;
Î is comingto beconsidered.

THEOREM 7. — A formula Ò containingright Ó only is a theoremof Ô ½�Õ iff Ö�× À Ò�Ã
is a theoremof Ô ½"È Ò4ØJÕ .
THEOREM 8. — ThesystemÔ ½"È Ò4ØJÕ is characterizedby the4-valuedmatrix.

Theproof is givenby Lemma6 andtheconstructionof thematricesfor ½ and ¾ .

We cannoticeafter Łukasiewicz that the orderof the coordinatesof À É�Ê�Å Ë$È É Ã
wasof no importanceandcouldbe reversed.In thatcasea new operationwould be
obtainedwith thesamegroundsto becalled“negation”as ¾ . Wedenoteit by Î andits
valuesareshown in thetable.Łukasiewicz observeda curiousfact: thereare“twins”
in his logic — operations,which have thesamepropertieswhenregardedseparately,
but different when they appeartogether. In our setting ¾ and Î are “twins”. The
symmetrybetweenthemcanbe derivedalsofrom the fact that both of themsatisfy
theaxiomof thenegation.As a resultthey takepartin thesametautologies.However
they arenotequivalent.

The“twins” helpusconstructanew intuitivesemantics,otherthanthatof Łukasie-
wicz. Supposethe world is divided in two partsaccordingto somecriterion. To
give somenames,let us call them“here” and“there”. Our sentencesaboutthe two
“worlds” areclassical,i. e., they aretrue or falsebut with an indicationwhere they
aretrueor false— “here”, or “there”. If, for example,it rainshere,but not there,the
situationis determinedby the couple(1, 0), shortlydenotedby 2. If it is cold there
but not here,the situationis À Ù È É Ã+Ä*Ú . In sucha case,is the sentence“If it rains,
it’s cold” true? It depends:the implication is falseherebut not there. Thereforeits
truth-valueis À Ù È É Ã�Ä,Ú . In sucha way the whole matrix of the implication canbe
filled up. It is naturalto introducea “global” negation » inverting the truth-values
by coordinates:the negationof “It rainsherebut not there” (1, 0) will be “On the
contrary, it doesn’t rain herebut there”(0, 1). Imaginefurther that in thetwo halves
of theworld aretwo extremelydogmaticsectseachof themdenying every statement
about“that” world but confirmingasa truth everythingconcerningtheir own world.
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So two “local” negationsareobtained,Û and Ü . As we see,the 4-valuedlogic can
serve in this mannerthe“bi-polar” thinking.

4. The “hidden” necessity

Now weturnto thesystemÝ Þ"ß à)á , axiomatizedasusual.Thistimetheoccurrence
of a propositionalletter â insidea conjunctionwill bereadasa necessityã . For ex-
ample, ä å1à+æ+ç$Þ�å gives ã4å'Þ�å afterreplacingæ with â . It is notdifficult to re-
alizethatwell-known tautologiesproducesomeof themostpopularlawsof necessity,
e.g., ã�å�à1ã�è�Þ�ã�ä å"à�è�ç togetherwith theconverseimplication, ã4å#Þ(ã+ã4å ,
ã	ä å�Þ3è+ç4Þ-ä ã4å�Þ3ã+è+ç andthestrongerlaw ä å%Þ3è+ç4Þ�ä ã�å�Þ3ã+è+ç , and
soon. Especiallythestandardrepresentationof ã�å as åcà�ã�é ( é is afixedtheorem)
will beused.Themostimportantlaw missingin our list is ã�é with é — a theorem.
Respectively, therule of necessitationinferring ã�å from å is unsound,too. Because
theconjunctionis symmetric,we have only onepossibility to definethenecessityby
â . At the sametime we have to take careof somebadinstanceslike â1Þ�ä â4à®â ç ,
ä å"à�â ç�Þ(â or even å�àcä â$à�â ç�Þ�å�à�â .

It will be shown that the axiomsof the “hidden” necessityare ä åaÞêè�çcÞ
ä ã�å�Þ�ã+è+ç and ã4å�Þ�å . Denotethis systemby Ý Þ�ß à$ß ã+á . It is known as
the Ł-modal logic of Łukasiewicz althoughhis original axiom includesa variable
functor ë andthereforehaswider expressive capability. Łukasiewicz refersto anun-
publishedpaperby Wajsberg aboutthe completenesstheoremwith regardto the 4-
valuedtruth tables.Howeverthefirst publishedproof is thatof T. Smiley [Smiley 61].
The adequacy of the 4-valuedmatricesfor the plain ã -axiomstogetherwith the â -
interpretationof ã canbeextractedfrom thesecondpaperby Vakarelov becausehisì

and í areinter-definablewith ã (using î ). His proofsarepurely syntactic. Ten
yearslater the paper[Porte79] by J. Porteappeared.It containedthe adequacy of
the â -interpretationfor the 4-valuedmatrices(in fact Porteuseda constantinstead
of the variable â ). His proof appliedmultiplication of matricesandobviously was
independentof Vakarelov’spapers.

The proceduresof the previous sectionswill not be given in detail but only the
mainpointswill bemarked.Of course,it wouldbeelementaryto reducethemodality
to the “hidden” negationusingthe classicalnegation,but we prefernot to introduce
additionaloperations.

Definea translationï)ð of a formulaof Ý Þ�ß ã+á into Ý Þ"ß à)á usinga propositional
letter â , accordingto theconstructionof theformulas:

ï)ð ä ñcç�ò"ñ when ñ is a propositionalletter;

ï)ð ä ã�ñcç)ò'ï)ð ä ñcçCà�â for ñaóò"é ( é is afixedtheorem);

ï)ð ä ã�é4ç)ò'â for é — thefixedtheorem;

ï)ð ä ñ!à2ô�ç�ò'ï)ð ä ñcçCà�ï)ð ä ô�ç ;
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õ)ö ÷ ø0ù�ú�û�ü�õ)ö ÷ øcû�ù(õ)ö ÷ ú�û .
In sucha way any theoremof ý ù"þ ÿ�� is translatedinto a theoremof ý ù"þ ��� be-

causethis is true for the axiomsof ý ù�þ ÿ�� , as we saw in our examples. For the
conversetranslation� ö we have two possibilities.If � occurssomewherein � out of
conjunctionsor in � � � , then � ö ÷ � û couldbe � ÷ � � ÿ�	4û , 	 — a fixedtheorem.It is
thesimplestway but thentheoremslike ÷ � ùa÷ � � � û û�ù3÷ ÷ � � � û�ù � û would lose
their moreinformative imageof the form 
 ù�÷ ÿ � ù � û with an appropriate
 .
That is why we preferto obtaina ÿ -imagewhich is maximallycloseto theoriginal.
Thedefinitionof � ö follows(themanipulationover 	 is not speciallydescribed):

� ö ÷ øcû�ü"ø for ø — apropositionalvariableor � ù � ;
� ö ÷ � �2øcû)ü � ö ÷ ø�� � û�ü'ÿ � ö ÷ øcû for ø�ü � ;
� ö ÷ � � � û�ü'ÿ�	 ;

� ö ÷ ø��2ú�û�ü � ö ÷ øcû�� � ö ÷ ú	û for ø1þ ú��ü � ;
� ö ÷ � ù�ú	û)ü'ÿ�	"ù � ö ÷ ú�û for ú��ü � ;
� ö ÷ ø*ù � û�ü � ö ÷ øcû�ù(ÿ�	 for ø�ü � ;
� ö ÷ ø*ù�ú	û)ü � ö ÷ øcû�ù � ö ÷ ú	û for ø1þ ú��ü � .
It hasto be proven that if � is a theoremof ý ù"þ ��� , then � ö ÷ � û is a theorem

of ý ù�þ �$þ ÿ�� . Considerfirstly the axioms. The axiomsof implication do not con-
tain � and come under the last caseof the definition. The result is obvious. If
the axiom is ÷ � ����û�ù � , the possibletranslationsare ÷ ÿ�	��"ÿ�	4û�ù�ÿ�	 ,÷ ÿ�	�� � ö ÷ ��û ûcù ÿ�	Wþ ÿ � ö ÷ � ûcù ÿ�	 , and ÷ ÿ � ö ÷ � û���ÿ � ö ÷ ��û ûcù ÿ � ö ÷ � û
for � þ ���ü � (for the third formula usethe standardrepresentation).All threefor-
mulasaretheoremsof ý ù"þ ÿ�� . The caseof ÷ � ���+û+ù�� is thesame.Theaxiom
� ù-÷ �!ù�÷ � ���+û producesÿ�	#ù-÷ ÿ�	#ù3ÿ�	�û , ÿ�	#ù-÷ � ö ÷ �+û4ùaÿ � ö ÷ ��û û ,
� ö ÷ � û2ù�÷ ÿ�	*ù�ÿ � ö ÷ � û û , and � ö ÷ � û2ù�÷ � ö ÷ �+û2ù�÷ � ö ÷ � û�� � ö ÷ �+û û where
� þ ���ü � ; the standardrepresentationis neededagain. To checkthat moduspo-
nenspreservesdeducibility is not difficult because� and � in � ù�� cannotbe
� . Thereforea theorem� ö ÷ �+û is obtainedfrom � ö ÷ � û�ù � ö ÷ ��û and � ö ÷ � û which
are theoremsby assumption.This time õ)ö ÷ � ö ÷ � û û is equivalentto � becausethe
strict coincidenceof both formulaswould requiretoo complicatedrules for õ)ö and
� ö . Thereforethe system ý ù"þ ��þ ÿ�� may be consideredasan axiomatizationof the
necessity“hidden” in thesystemý ù"þ ��� :
THEOREM 9. — A formula � is a theorem of ý ù�þ ��� iff � ö ÷ � û is a theorem of
ý ù�þ �$þ ÿ�� .

5. 4-valuedsemanticsof the “hidden” necessity

To obtaina 4-valuedmatrix adequatefor thenecessity, almostthesameobserva-
tion canbe madeas in the caseof negation. Following Łukasiewicz, note that the
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axiomsof � remaintruewhen � is replacedwith boththeconstant“f alsehood”and
the operatorof identity. The sameconclusioncomesfrom the natureof � : because
�� is generatedfrom  �!�" , �� �#�$ is obtainedin thecaseof "�%�$ , and �� �#� 
in thecaseof "�%�& .

We find a third reasonfor sucha treatmentin thefundamentalpaperby S.Kripke
[Kripke65]. He deduces'��� �(�) *,+-��*/. asa theorem(in the systemwith ' )
where and * maybeassumednot to havevariablesin common.Thenthetheorems
of 0 +�1 !�1 ��2 areexactly thoseformulas,which are theoremssimultaneouslyof the
two systemsobtainedby addingrespectively '��� and *,+���* asa new axiom.
Thefirst additionalaxiomreduces� to theoperator“f alsehood”andthesecondone
reduces�� to  . In other words, the system 0 +�1 !�1 ��2 is the intersectionof the
FalsumandtheTrivial systems.Thelast factwasfirst noticedby A. Prior [Prior 57]
(Ch. 1). He appreciatedit asanadditionalmotivationfor thetwo-componentneces-
sity. “Necessarily3 , Prior proclaims,on no accountassertslessthanthat 3 is actually
true,andneverassertsmore thanthat 3 is at oncetrueandfalse(for this last is a kind
of upperlimit to all assertions— if you’d believe thatyou’d believe anything)”. His
conclusionis thatŁukasiewicz’slogic is thelogic of modalitieseachof themcovering
themaximalpartof thenaturalspectrumof truthfulness.

Anyway the multiplication of the two 46574 matricesfor ! gives 8�) *9!;:�.<%
) = >�?/= @�1 A >�?�A @�.7%�) = >�= @�1 A >�A @�. . The matrix for � is obtainedby 8�) ��*�.7%
) = >�1 $ . . The inversedisposition ) $ 1 A >�. gives B , the “twin” of � . The resultsof
renamingthepairsof 0 and1 arepresentedin Table2.

THEOREM 10. — Thesystem0 +�1 !�1 ��2 is characterizedby the4-valuedmatrix.

Theproof follows from Lemma6 andtheconstructionof the matricesfor +�1 ! ,
and � .

6. Kripk esemanticsof the “hidden” operations

What is theKripke semanticsfor 0 +C1 !�1 ��2 ? Doesany readyto useresultexist?
Since �<)  �!�*�.�#�) �� �!���*/. is a theoremand ��D is not, theappropriateKripke
semanticsshouldbe searchedamongthoseoneswhich Kripke called“non-normal”
[Kripke65]. They includeframesof the kind 0 E�1 FG1 H�2 where EJI%�K is thesetof
“possibleworlds”, FL9E is thesetof “normal” worlds,and H is an“accessibility
relation” in E . A valuation M is a function from worldsandpropositionallettersto
truth-values0 and1. M<) 3�. is thewhole“map of truthfulness”of 3 in theUniverseof
possibleworlds: M6) 3�.�%�) N�) O�P 1 3�. 1 NQ) O�R 1 3�. 1 S S S . where NQ) OQT 1 3�. is thetruth-valueof
3 in O T . When N�) O T 1 3�.�%�& we write O T�U�3 ; otherwisewe write OQTWV�3 , omitting
the letter N . The valuationis extendedto arbitrary formulasby induction on their
construction:O�U9)  X+�*/. if f O�UC implies O�U�* ; O�U9)  C!�*�. if f O�U� and
O�U9* ; O7UX�� if f both O�Y�F and Z�U9 for all Z suchthat OQH�Z . Adding new
axiomsof � , correspondingadditionalconditionson H and F arise.Sothefirst axiom
of necessity, �� C+[ hasasacorrespondingconditionthereflexivity of H inside F .
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Thesecondaxiom, \ ]�^`_/a�^b\ c�]�^`c�_�a hasa correspondingcondition: d is a
subrelationof identity, i. e., if e�d�f then e�g9f . Thecompletenesstheoremholds: a
formula h is a theoremof i ^�j k�j c�l if f h is valid in every world andany valuation.
Theadequacy of this semanticsis describedby J.Font andP. Hájek[Font,Hájek02]
with a referenceto E. Lemmon[Lemmon66].

The “hidden” negationwasdefinedon the basisof the classicalimplication and
it would be naturalto look for semanticsof the classicallogic extendedby an addi-
tional operationfulfilling ]�e . A big quantityof negationswith differentbasiclogics
werestudiedin the Ph. D. dissertationof Vakarelov [Vakarelov 77]. Unfortunately
it is difficult of access.K. Segerberg [Segerberg 68] built Kripke semanticsfor many
extensionsof theminimalcalculusof Kolmogorov–Johansson.To serveour logic, the
minimalcalculushasto berestrictedto implication(withoutconjunction,etc.)but ex-
tendedwith theconstantm . TheKripkeframesfor positiveimplicationareof theform
i n�j oGj d�l where d is a reflexive andtransitive relationand o is downward-closed:
if e�d�f and f�p�o then e�p7o . Valuationis closedunder d : for any propositional
variable,if e�qCr and e�d�f then f;q�r . For the constantm we have eGs`m for all
e . The valuationis extendedto arbitrary formulasby induction on their construc-
tion: eXq`\ ]^t_/a if f for all f , e�d�f and f�q�] imply f�q,_ ; e9q�u`] if f
eGq�\ ]�^m�a if f for all f , fGp�o and e�d�f imply f�s9] . In sucha way, anadequate
Kripke semanticsof i ^7v�j m�l is obtained.To obtain i ^�j m�l from i ^�v�j m�l , positive
implicationhasto beexpandedto classicalimplicationby adding,e.g., thePeircelaw
\ \ ]X^b_/a�^�]�a�^b] . Thenthecorrespondingconditionfor d is: d is a subrela-
tion of identity. This is thesystemthatSegerberg denotedby w�h . Thecompleteness
theoremfor i ^Cj m�l holdswith respectto suchstructures.

Two notesare to be madehere. The first oneconcernsi ^Cj m�l . This systemis
not i ^�j ]�eQl althoughit is equipollentto it, as we saw. That is why the proof of
adequacy of thesamesemanticsrequiressomeadditionalconsiderations.We will not
adducethem. The secondnoteis that in our casethe basiclogic is implicative and
nopropertyof disjunctionor negationcanbeusedin thedemonstrations.Thatis why
themachineryof themaximalimplicativefiltersin implicativealgebrasis appropriate.
Thetheoremsneededcanbetakenfrom themonographof H. Rasiowa 14.

Wepreferto giveadirectconstructionof anew Kripkesemantics,avoidingin such
a way the involvementof the relationR. Thestandardproceduresincluding “satura-
tion” of filters will beomitted.Theframesareof theform i n�j o�l where n-xg�y and
obz�n . e7q9c�] if f e�p�o and e7q�] . It is elementaryto checkthe validity of
thetwo axioms.Henceany theoremof i ^�j k�j c�l is valid. In theoppositedirection,
it hasto be proved that if ] is not a theorem,it is refutedin an appropriatemodel.
As usual,this modelwill be the canonicalone. n consistsof all maximalfilters of
formulas,o[g9{ e7| c�}�p�e�~ . For a propositionalvariabler , definee�q�r if f r�p�e
andextendthecanonicalvaluationby inductionto arbitraryformula. Then eGq�_ if f
_Xp�e for any formula _ . Theproof for _9g��9^`� is routine.Theonly new case
is _,g�c�� . Let c��,pCe . Using the standardrepresentation,c�� is equivalentto
��k�c�} . Therefore\ ��k�c�}�a�p�e , whence��p�e and c�}�p7e , andthen,by the
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inductionstep, ����� and ���;� . In theoppositedirection: let ����� and ���;� ,
i. e., ���9�;� . Then � �C���������;� , that is �����;� . Finally, if � is not a theorem,
thereis a maximalfilter � � suchthat �[��7�Q� , therefore� ����� . In sucha way we
provedthemaintheoremof adequacy of Kripkesemantics:

THEOREM 11. — Kripke semanticswith frames � ��� ��� such that ������ and
�[��� , andvaluation �6����� iff �G�G� and �6�7� , is adequatefor � �C� ��� ��� .

Thecorrespondingtheoremaboutnegationis

THEOREM 12. — Kripke semanticswith frames � ��� ��� such that ������ and
�[��� , andvaluation �6���C� iff �G�G� implies ���9� , is adequatefor � ��� ��� .
PROOF. — Define � ��� �7���t� �X����7�W� . Thecrucialmomentis to prove the
standardrepresentation:������� if f � �����������G� . If �����G� , take �9�G� . From
thetheorem���9�b� �9�7����� , ������� follows. Thenfrom ���C��� ��������� ,
������� is obtained.Conversely, if �������� , thenthetheorem� ���������������
gives �`��� (it is the implicative analogueof the law of excludedmiddle usedin
Booleanfilters). Furtheron, �[��� gives �������,� . But �,�b���� , whence
�C�X���� and � �����C�������� . ■

Along with its simplicity, this form of Kripke semanticshasan importantadvan-
tage:it leadsdirectly to the4-valuedsemantics.

THEOREM 13. — TheKripke frame � � ��� � �Q� � � � �W� � � (with �W�7�� ��� ) determines
� �C� ����� � �C� ��� ��� � .
PROOF 14. — Of course,each2-point Kripke model is a Kripke model. We shall
prove thatan arbitrarymodelmentionedin Theorem11 canbe reducedto a 2-point
one. Let usconsidera formula � , which is not a theoremandthereforeis refutable
at a point �Q� of a model � ��� � �/� � by a valuationof the variables� � . Replaceeach
subformulaof the form ��� with ������� ( � is a theorem;in somecases�������
will appear);denotetheresultby ��  . ��  is equivalentto � . In thissemanticsneither
implication,norconjunction,nornecessityintroduceanew variablewhentheir truth-
valueis beingcalculated.Thatis why � � is theonly letteroccurringin � � . Therefore
everywhereinside ��  we havethefollowing two possibilities:either ��� is trueat �Q�
andthen �Q�6�;�/� , or ��� is falseat �Q� andthen � ����7�/� . In thefirst casewe can
rename�Q� to �W� andthe secondpoint in ��� to �Q� . In the secondcasewe rename
�Q� to ��� andthe secondpoint in ��� to ��� . As we see,now ��  will be refutedin a
Kripkemodel � � ��� � �Q� � � � �W� � � containingnomorethen2 points.Thesamereasoning
is applicableto � ��� ��� . ■

REMARK . — �C� and ��� arenot interrelatedbecauseof thelackof classicalnega-
tion. Thatis why � cannotbecommonbothfor � ��� ��� and � �C� ��� ��� (in thegeneral
case).In otherwords,thetheoremcannotbeformulatedfor � ��� ��� ��� ��� .

Any valuationof a formula � in the 2-point Kripke semanticscanbe presented
as a valuation ¡ in the 4-valuedlogic in sucha mannerthat ¢<� ��� � ¡�� ��� . To
prove this recall the notationsintroducedfor 4-valuationsanduseinductionon the



14 Journalof AppliedNon-ClassicalLogics— Specialissue...,th submission.

constructionof £ . For a propositionalvariable ¤ define ¥ ¦ ¤�§ and ¨ ¦ ¤�§ : ©6¦ ¤�§;ª
¦ «�¦ ¬� ® ¤�§ ® «�¦ ¬Q¯ ® ¤�§ §�ª�¦ ¥ ¦ ¤�§ ® ¨ ¦ ¤�§ §�ªC°�¦ ¤�§ . Suppose©6¦ ±�§�ª9¦ «�¦ ¬� ® ±�§ ® «Q¦ ¬�¯ ® ±�§ §�ª
¦ ¥ ¦ ±�§ ® ¨ ¦ ±/§ §�ªC°�¦ ±�§ andanalogouslyfor ² . Thenwe obtainfor ³ :

©6¦ ±�³`²�§�ª9¦ «�¦ ¬� ® ±�³`²�§ ® «Q¦ ¬�¯ ® ±�³`²�§ §�ª
¦ «�¦ ¬� ® ±�§�´[«�¦ ¬� ® ²�§ ® «Q¦ ¬�¯ ® ±�§�´[«Q¦ ¬�¯ ® ²�§ §�ª9¦ ¥ ¦ ±/§�´`¥ ¦ ²�§ ® ¨ ¦ ±/§�´[¨ ¦ ²�§ §�ª
¦ ¥ ¦ ±�³`²�§ ® ¨ ¦ ±9³`²�§ §�ªC°�¦ ±�³`²�§ .

Thechainof equalitiesfor µ is analogous.For ¶ :

©6¦ ¶�±�§�ª�©<¦ ±�³�¶C·�§�ª�©6¦ ±�§�´`©6¦ ¶�·�§�ª
¦ «�¦ ¬� ® ±�§ ® «Q¦ ¬�¯ ® ±�§ §�´�¦ «�¦ ¬� ® ¶C·�§ ® «Q¦ ¬�¯ ® ¶C·�§ §�ª
¦ «�¦ ¬� ® ±�§ ® «Q¦ ¬�¯ ® ±�§ §�´�¦ ¸ ® ¹ §�ª9¦ ¹�º�«�¦ ¬� ® ±�§ ® ¹ §�ª9¦ ¹�º;¥ ¦ ±/§ ® ¹ §�ªC°�¦ ¶�±�§ .

Finally, for » :

©6¦ »�±/§�ª�©6¦ ±Cµ6»�·�§�ª�©6¦ ±�§ ¼/©<¦ »�·�§�ª
¦ «�¦ ¬� ® ±�§ ® «Q¦ ¬�¯ ® ±�§ § ¼6¦ «Q¦ ¬W ® »�·�§ ® «�¦ ¬Q¯ ® »�·�§ §�ª
¦ «�¦ ¬� ® ±�§ ® «Q¦ ¬�¯ ® ±�§ § ¼6¦ ¹ ® ¸ §�ª�¦ «�¦ ¬� ® ±/§ ® ¸ §�ª�¦ ¥ ¦ ±�§ ® ¸ §�ª�°�¦ ±�§ .
In suchaway weprovedthefollowing

THEOREM 15. — Any2-pointKripke modelgeneratesthe4-valuedtablesof Łuka-
siewicz.

COROLLARY 16. — A formula £ is a theoremof ½ ³C® ¶�¾�¦ ½ ³�® µ�® »�¾ § iff it is a 4-
valuedtautology.

This is a new proof of the completenesstheoremof the 4-valuedlogic avoiding
thepresenceof classicalnegation. It alsoexpressestheconnectionbetweenthefour
truth-valuesof Łukasiewicz’s logic and the distribution of the truthfulnessbetween
two possiblepartsof the humanknowledge: oneof themrecognizingall that is ac-
tually happeningasnecessary, theothercompletelyindeterministicanddenying any
necessity.

7. Concluding remarks

From the point of view of Kripke semantics— a point naturally unknown to
Łukasiewicz, theoperation¿�³ (Vakarelov’s ° ) is a bettercandidatefor “necessity”
fulfilling thebasicaxiomsfor the“normal” Kripkesemantics:»/¦ £�³`±�§�³�¦ »�£�³
»�±�§ togetherwith »�· for · — a theorem.However thenecessitysoobtainedpos-
sessestheimplausibleproperty£�³`»�£ which is typical for the“possibility”.

I will neithercriticizenorjustify Łukasiewicz’s4-valuedlogic. Mostprosandcons
aresummarizedin therecentlypublishedpaperby Font andHájek [Font,Hájek02].
The main contribution in my paper, if any, is hiddenin its title: this logic lives in
classicallogic per se. Whetherwe like it or not,whetherwe appreciateits modalities
or not, it existshiddenin classicallogic.
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