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Lyapunov functions play a key role in the stability analysis of complex systems. In this paper, we study the existence of a class of
common weak linear copositive Lyapunov functions (CWCLFs) for positive switched linear systems (PSLSs) which generalize the
conventional common linear copositive Lyapunov functions (CLCLFs) and can be used as handy tool to deal with the stability of
PSLSs not covered by CLCLFs. We not only establish necessary and sufficient conditions for the existence of CWCLFs but also
clearly describe the algebraic structure of all CWCLFs. Numerical examples are also given to demonstrate the effectiveness of the

obtained results.

1. Introduction

Positive dynamical system is one for which nonnegative
initial conditions give rise to nonnegative trajectories [1-3].
In recent years, stability issue for PSLS has been addressed
for both practical applications in cooperative control of mul-
tiagent systems [4-8] and for theoretical reasons in [9-17] to
name a few. For PSLSs, linear copositive Lyapunov functions
play an important role in the stability analysis. It is well known
that the existence of CLCLFs implies asymptotic stability of
PSLSs under arbitrary switching. Moreover, necessary and
sufficient conditions for the existence of CLCLFs have been
extensively investigated in [18-22].

Since the existence of CLCLFs is only a sufficient condi-
tion for asymptotic stability of PSLSs under arbitrary switch-
ing [18], it is necessary and significant to study asymptotic
stability of the PSLS when it does not have a CLCLE. Moti-
vated by the idea in [23, 24], where common joint quadratic
Lyapunov functions were introduced for the first time, a
class of common joint linear copositive Lyapunov functions
(CJCLFs) were proposed to design time-dependent switching
signals under which the PSLS is asymptotically stable [25,
26]. Moreover, such a method in [26] has been successfully
applied to consensus of multiagent systems.

Notice that CJCLFs play an important role in the stability
analysis of the PSLS. It is necessary to make it clear whether
the PSLS has a CJCLF. So far, the existence of CJCLFs is still
untouched except for the simpler cases n = 2 andn = 3
in [27]. Unlike CLCLFs, CJCLFs are determined by a series
of nonstrict inequalities on each individual system combined
with a strict inequality satisfied jointly, which leads to some
difficulty in the analysis of the existence of CJCLFs.

In order to better solve the existence of CJCLFs, we will
first introduce a class of common weak linear copositive
Lyapunov functions (CWCLFs) determined only by a series
of nonstrict inequalities on each individual system. By using
matrix theory, necessary and sufficient conditions for the
existence of CWCLFs have been established. What is more,
the algebraic structure of all CWCLFs for PSLSs has been
portrayed clearly. Consequently, the existence of CJCLFs
becomes easily verifiable based on the algebraic structure of
CWCLFs.

The paper is organized as follows. In Section 2, we will
present the notations used throughout this paper as well
as some preliminary results that are used later. Section 3
then focuses on deriving necessary and sufficient conditions
for the existence of CWCLFs for PSLSs. In Section 4, we
give two examples to demonstrate the effectiveness of the
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obtained theoretical results. Finally, conclusions are drawn in
Section 5.

2. Problem Statement and Preliminaries

Throughout this paper, (m) is the set of integers {1,2, ..., m}
for any positive integer m. If all entries of vector x are positive
(nonpositive, negative), we denote x > 0 (x 0,< 0). For
a matrix A, denote A < 0 if all its entries are nonpositive.
Denote the j-th column and the (7, j)-th component of matrix
Ay by col;(Ay) and ai(]k), respectively. I, is an n-dimensional
identity matrix. A Metzler matrix is a real square matrix,
whose oft-diagonal entries are nonnegative. A square matrix
is Hurwitz if the real part of each of its eigenvalues is negative.

Consider the following continuous-time switched linear
system:

x(t)=A,px(t), t=0, 1
where x is the n-dimensional state vector, the piecewise
continuous function o : [0,+00) — (m) is the switching
signal, and A} is an n X n-matrix for each k € (m).

As usual, system (1) is said to be positive, if x(t) > 0 for
any t > 0, any x(0) > 0, and arbitrary switching [12]. We
know that system (1) is positive if and only if A} is a Metzler
matrix for each k € (m). A CLCLF method is usually used
for asymptotic stability of PSLS (1) under arbitrary switching.
Given an n-dimensional vector v > 0, V(x) = v! x (or briefly
v) is said to be a CLCLF of PSLS (1) (or the family of Metzler
matrices &/ = {A}, A,,..., A} if

vIAL <0, ke (m). ()

Note that (2) is only a sufficient condition for asymptotic
stability of PSLS (1) under arbitrary switching. There are
obviously many examples where such a sufficient condition
does not hold even if PSLS (1) is asymptotically stable under
arbitrary switching. Therefore, we consider the following
weaker condition:

VTAk <0, ke (m). (3)

In order to guarantee asymptotic stability of PSLS (1)
under appropriately chosen switching signals, CJCLFs were
proposed in [27]. Given an n-dimensional vector v > 0,
V(x) = v x is said to be a CJCLF of PSLS (1) if (3) holds and

vy Ay <0, (4)
k=1

For the case m = 2, it was shown in [25] that PSLS (1)
is asymptotically stable under arbitrary switching if it has
a CJCLE. Therefore, CJCLFs play an important role in the
analysis for asymptotic stability of PSLS (1).

For particular cases n = 2 and n = 3, the existence of
CJCLFs of PSLS (1) has been studied in [27]. For the general
case, it remains unexplored so far. In this paper, we will
introduce the definition of CWCLFs. Given an n-dimensional
vector v > 0, V(x) = v x (or briefly v) is said to be a CWCLF
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of PSLS (1) (or &) if (3) holds. If the algebraic structure of
all CWCLFs can be clearly described, condition (4) becomes
easily verifiable, and hence the existence of CJCLFs can be
solved accordingly.

Under the assumption that there exists a CWCLF of </,

we have (Hl): azf) < Oforany j € (n) and k € (m); ai(;‘) =0

foralli € (n) ifaj(.?) = 0 for some j € (n) and k € (m). In the
following, it is always assumed that (H1) holds. Otherwise, o/
does not have a CWCLE

Note that &/ has a CWCLF if and only if the family of
Metzler matrices {A kD,;1 : k € (m)} has a CWCLE where
Dy, = diag{d®,d,....

(k)
4= ]
1)

For the sake of convenience, assume throughout this paper
that al = ~1(0) for i € (n) and k € (m).

In the sequel, we define a sequence of positive integers
(SPD) {ji1> jo»---» jp} for p € (n) such that 1 < j; < j, <--- <
Jjp < n. Denote the n X p-matrix:

, d;k)} is a diagonal matrix with

e (k)
if a;” <0,

if ai(ik) =0.

(5)

A
kjkjy ks,

= [COljl (Akj1 ) N COlj2 (Aka) seses Coljp (Akjp )] N
wherek; € A; fori € (p) and the nonempty index set A; =
{k € (m) :a <0} fori e (n). Let

J1

(6)

gjljz"‘]‘p = {Akjlkamkjp : k]z € Aji’ i€ <p>} 5 (7)

where A isa p X p-matrix obtained from A
kl'l kfz "'kjp pxp kil k}'z mkjp

by deleting all its rows except those labelled by j; fs - .. jip-

Remark 1. Tt follows from assumption (H1) that &/ has a
CWCLFif and only if #,..,, hasa CWCLE Moreover, for any
SPI{ji> jp>---> jp} and any p € (n), gjljz---jp has a CWCLF if
Z15.., hasa CWCLE

Forp ¢ n-1)(n >

k. asfollows:
120 Tp+l

Y B Akflkiz“'kjp Ekjpﬂ (8)
Kivkjywkipey — WZ 1)

where & and 7, are the corresponding p-dimensional
Ip+1 Ip+1

2), decompose the matrix

Akk

1

column vectors; k i

Ay Kiyki, is invertible, the equation

€ Aj fori € (p+1). If the matrix

"t
T T
A =
y kj kj, '"k/'p nkfp+l (9)
has a unique solution, where y is a p-dimensional column

vector. We denote the solution of (9) by ij K,k when it
1772 Nipe1

has a unique solution. Let

T {ekhka'"kipu ik, €A ie(p+ 1)}. (10)
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We now introduce several lemmas required in the proof
of the main results. Since new notations are introduced in
this paper, the following lemmas in Wu and Sun (2013) are
rewritten appropriately.

Lemma 2 (see [22]). Given an SPI {j, j,; ...
n-1) (n > 2), zfi”” i

p+1-tuple (kjl’ PR Jk

> jp+1} and P €
has a CLCLE, then there exists a

), ki €A, i€ (p+1), such that

jp+1
f - _ & <"
ki Ky, ok, kiyks, ks, ’7ij+1 11)
ekj.lka...kjp+1 < GEJ'IEJ'Z"'EJPH’ (12)
where kj,- €N ic (p+1).
For p =1, notlngthatAk = -lfork; € A;, %, =

{—1} for any j, € (n);itis obvious that Z; has a CLCLF By
Lemma 2, let
ejljz - GEJ&EJ‘Z’
) (13)
Ay, =max{0l & ik e},

Thatis,0; ; and A ; are always well defined.

Generally speaking, given an SP1{jy, j,, ..., j,, }and p €

(n-1),it &£, s p has a CLCLEF, by Lemma 2, we can define
ej‘jzmjpﬂ 6@1%12 EJP-H ’ (14)

_ T .
/\]-1]-2,,,J-P+1 = max {ejljZ"'ijEkij : kjp+1 € Ajpﬂ}. (15)

Lemma 3 (see [22]). Given an SPI{j,; jo,..., jpui} and p €
n-1)(n=2),%2;,;. o _has a CLCLF if and only if A ; ; <

L A]1]2]3 "’/\11]2 “Jpr1 <L

Lemma 4 (see [28]). For an n x n-Metzler matrix A, if A is
Hurwitz, then A™' < 0.

3. Main Results

We first present the following lemma which plays a key role
in the proof of the main results.

Lemma 5. Given p € (n—1) (n > 2), assume that 3” -y

has a CLCLF for any SPI {j,, j,,..., j,}. Suppose also that
Zj jr i has a CWCLF for some SPI {jy, jp»-..» jpu1}; then
< 1, and all CWCLFs of & ; have the form

]1]2 Jpr T
14( iy don 1) when A ;

Juj2ipe
irinipn = L where p > 0is a constant.

Proof. Since & ; has a CLCLE by using Lemma 2, we see

Jijajp
that 6]1]2 N and )\M <jy ATE well defined by (14) and (15)
for the glven SPI {]1,]2,...,jp+1}. Suppose that v > 0 is a
CWCLF of i, o .Setv = ;,t(uT, )T, where u > Oisa

p-dimensional column vector and ¢ > 0 is an appropriate

constant. It is obvious that (u”,1)T is also a CWCLF of

Ly Jper” Consequently, we get from (8) that
T T .
u Akjlka'"kjp S Vk; €A, ie({p+1), (16)
u Ekjpﬂ <1, Vk];m € Ajpﬂ. (17)
On the other hand, by the definition of 6; ; ..; ,we have that
127" Jp+1
H A S
6J'1]2 Jpr1 k k'z"'EjP - ﬂkjpﬂ > (18)

where kj €A;,ic€ (p + 1), are defined as in Lemma 2. This

together with (16) yields that

[u-0, f 5 20 (19)

T
]1]2 ]p+1] AEJ'l fzmkl'p

Noting that A7

%" Jp

it follows from Lemma 4 and (19) that
uz ejljz'"jpﬂ. (20)
Substituting (20) into (17) gives

.. isHurwitzsince & fy hasa CLCLE,
j 12" Ip

T
jljz'"jpﬂgkjpﬂ u Ekjp+] S 1’ ijpﬂ € Ajp+1' (21)
It implies that A; ; . o S L .
Next, we show that u = ejljz---jpﬂ if /\jljz_-“jpﬂ = 1. By the
definition of A ii ,there existsanindexk: € A, such
12 Jp+1 Jp+1 Jp+1
that
T - _
jljz"'jpﬂ kjpﬂ =1L (22)
From (21) and (22), we have
T
[u 6]1]2 Jp+1] EEjp+l =0 (23)
If Ek) s 0, we can directly conclude thatu = 0, ; .. ot from

(20) and (23). Otherwise, &

Ip+1
the sake of convenience, assume that the last component of
& iszero, and all the others are positive. That is,

&% = @T

Jp+1 Ip+1

has at least one zero entry. For

,o)T, (24)

where %_ > 0isa (p— 1)-dimensional column vector. Set
Tp+1

~r T
u=\u ,u] 5
. (25)
g.. . =167 6. . .
Jhzedper T | T hedpn? D dpn |

where % and 0, are the corresponding (p - 1)-

Juj2Jpn
dimensional column vectors; i and 011 j,-j,,, are appropriate
constants. From (22)-(25), we obtain
’7‘ —_—
jljz"'jp+l k]-PH - 1, (26)

[@-0;,.; ]T} = 0. (27)

JiJ2 Jpe1 Jp+1
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Since fk > 0, we can get from (20) and (27) that
Tp+1
u= 6j1j2"'jp+1' (28)
Now, it is sufficient to show thatzi = 0. R Otherwise, i1 >
91-112 e from (20). We now decompose the (p+ 1) x (p+1)-
matrix A; ¢ into the following form:
" Jp+1
i - - E
kjkjy ki, Ekfp Ekjp+1
T
T, -1 0 ) (29)
P
~T ~
i -1
nk]’pﬂ r’EjPH

From (19), (25), and (28), we have

(-0, | =0 (30)

Ip

Since u > 6]1] e

is a zero vector. Based on (9) and (25), a straightforward
computation yields that

, the above inequality implies that #;
ip

AT e ~T
jljz.“jp‘*lAkjlka"‘ij71 - ’/,Ejp+1' (31)

It implies that 9] jyeiy €O . From (12), (14), (15),

and (26), we get

jljz'"jp—lij

~r ~

iiizipaipn 2 Oy, = 1 (32)

which is a contradiction with the fact that & ; . Fpetipen has a
CLCLE Consequently,u = 0, ; . st when A; ; . g = B that
T

is, all CWCLFs of SZJ Jordpen have the form ;4(6]1]2 e 1)
This completes the proof of Lemma 5. O

Remark 6. Assume that the family of Metzler matrices o/ has
a CWCLE Noting that there is always a CLCLF of Z; for
any j; € (n), we get from Lemma 5 that A; ; <1 for any SPI
{]1,]2} IfA;; < 1forany SPI{j, j,}, Based on Lemma 3,

, has a CLCLF for any SPI {jy, j,}. By using Lemma 5
agam, we further get A; ;< 1 for any SPI {j;, j,, j3}.
Therefore, the existence of CWCLFs of &/ implies that there
is at least one p € {2,3,...,n} (n > 2) suchthat/\]] gy < 1
for any SPI{j, ji,..., j,} and any q € (p — 1). For the trivial
case g = 1, we denote A; =

We first establish a result for the case when p = n
in Remark 6. That means (H2) /\]1]2 < 1 for any SPI

{]1,]2,...,]q} andanyq € (n—-1) (n>2)

Theorem 7. Assume that (H2) holds. There exists a CWCLF
of o ifand only if A5, < 1 and 0., > 0 when A,..,, = 1.
Moreover, all CWCLFs of of are the same as CLCLFs if A,,...,, <
1, and all CWCLFs of o have the form u(0%, )" if A1y, =
1, where y > 0 is a constant.
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Proof.

Necessity. We first get from (H2) and Lemma 3 that &£ ; ..
has a CLCLF for any SPI {j;, j,,..., j,} and any q € (n — 1)
By using Lemma 5, we have that A,,.,, < 1. If Ay, < 1,
we conclude from Lemma 3 that o/ has a CLCLE Therefore,
all CWCLFs of & are the same as CLCLFs. If A,.,, = 1,
from Lemma 5, we see that all CWCLFs of & have the form
G 1)", and hence 6,,..,, > 0.

Sufficiency. If A,..,, < 1, we get from (H2) and Lemma 3 that
there isa CLCLF of o/, which isalsoa CWCLFof /. If A ,..,, =
1, we get from (11), (14), and (15) that (87, ,, 1)" isa CWCLE
of &/ since 0,,..,, > 0. This completes the proof of Theorem 7.

O

For the particular case when a ) > 0forie (n—1) and
k € (m), if there is a CWCLF of QI then there is a CLCLF
of £1p.po1>and hence A, < 1, A5 < 1,005 A, <1
by Lemma 3. Suppose also that a(k) > 0fori € (n—-1)
and k € (m). Following the proof of Lemma 5, we see that
Lemma 5 holds true under the assumption that &,,..,,_; has
a CLCLE Similar to the proof of Theorem 7, we have the
following corollary.

Corollary 8. Assume that a,(j;) > 0and ai(r’f) >0 forie (n—-1)
and k € (m). There existsa CWCLF of o ifand only if A, < 1,
Aoz < Loou Ay < L Ap, < 1, and 04,..,, > 0 when
Aty = 1. Moreover, all CWCLFs of o/ are the same as CLCLFS
if M1y < 1, and all CWCLFs of of have the form u(01, _,, 1’
if Mgy = 1, where p > 0 is a constant.

Next, we consider the case when the assumption in
Theorem 7 does not hold. By Remark 6, we have that (H3)
there exists an integer p € (n — 2) with n > 3 such that

’\jljz-"jq < 1 for any SPI {j}, j,,..., j,} and any g € (p).

In addition, there exists an SPI {jl,jz,...,jp 41} such that

JJ2 Tpa

Foﬁ the sake of convenience, we assume in the sequel
that j, = ifori € (p + 1). Otherwise, we can adjust the
corresponding columns and rows of all matrices in & by
permutation matrices such that the above assumption holds.
It is not difficult to see that such a transformation does not
change the existence of CWCLFs of ¢f.

If assumption (H3) holds, by using Lemmas 2 and 3, we
know that the p-dimensional vector 0,,... ., is well defined by
(14). Construct the (n — p) x n-matrix otP he form

Bk - dlag{(elz p+1° 1) n-p— 1} Ak (33)
Let
My ={By -k e (m}, (34)

where g € (p + 1) and the (n — p) x (n — p)-matrix Bk has
the form

By = [colq (Bi)»col,y, (Bi),colyys (By)s -

col,, (Bk)] .

(35)
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Theorem 9. Assume that (H3) holds. There exists a CWCLF
of & if and only if 0,,..,,; > 0, and there exists a CWCLF
of Uge(ps1y M 4 In addition, all CWCLFs of o have the form

y(GszmpH, 1,¢T)T, where u > 0 is a constant, ¢ > 0 is a

(n — p — 1)-dimensional vector, and (1,¢")" is a CWCLF of
qu(pﬂ) ‘%q'

Proof.

Necessity. We first get from (H3) and Lemma 3 that & iy
has a CLCLF for any SPI {ji, j,,..., j;} and any g € (p).
By using (H3) and Lemma 5, all CWCLFs of &Z,..,,,; have

the form H(01Tz..‘p+1’ )" with & > 0, and hence O1pi1 >
0. Assume that v is a CWCLF of &. Then, there exists
appropriate g > 0 such that v = u(67, . prio b ¢")", where ¢ is
the corresponding (n — p — 1)-dimensional vector. Based on
a straightforward computation, it is not difficult to conclude
T\T :
from (33) and (35) that (1,¢" )" is a CWCLF of qu(p+1> My
Sufficiency. Since 0,,...,,; > 0, we first have that (6’{2‘-1&1’ 1’
is a CWCLF of Z,,..,,, from (11), (14), and (15). If (1,¢")"

is a CWCLF of UqG(PH) /lq, we can get from (33) and (35)

that (GITZ,“P o b ¢T)T is a CWCLF of & according to a direct
computation. This completes the proof of Theorem 9. O

Remark 10. By virtue of Theorem 9, the existence of CWCLFs
of of reduces to the existence of CWCLFs of lower dimen-
sional Metzler matrices.

4. Numerical Examples

In this section, we present two examples to illustrate the main
results.

Example 1. Consider the family of 3 x 3 Metzler matrices & =
{A,, A,} with

1 4
-1 = =
3 5
A= -1 S
5
0 0 -1
(36)
-1 1 0
1 | 1
A, = ? 5
- 0 -1
2
Since the combination matrix
-1 1 0
_ 1
A= 1 -1 = (37)
2
0 0 -1

has a zero eigenvalue, there is not any CLCLF of &/. We now
verify whether &/ has CWCLE

Step 1. For the SPI{1,2}, we have that 0, = land A, = 1.

Step 2. From (33) and (35), a straightforward computation
yields that

4 1
8 _- -
0 -
ﬂl = 5 > 15 2 >
0 -1 - -1
2 (38)
2 8 1
.z Z 0o =
ﬂz = 3 5 > 2 .
0 -1 0 -1

Step 3. It is not difficult to see that all CWCLFs of #, U ./,
have the form pu(1, 8/5) for y > 0.

Therefore, we get from Theorem 9 that all CWCLFs of &/
have the form u(1, 1, 8/5) for ¢ > 0. Moreover, it is easy to see
that there is not a CJCLF of /.

Example 2. Consider the family of 4 x4 Metzler matrices &/ =
{A, A,} with

1
-1 0 - 0
i
0o -1 = 0
A= 3
1
o 0 -1 -
4
1 1 0 -1
1 1 (39)
1 0 - =
? 3
0 -1 - -
A, = 3 2
0 0 -1 0
1 1
- 20 -1
3 3
Since the combination matrix
1 1
-1 0 = =
: 3
Annp = 0 -1 3 2 (40)
0 0 -1 0
1 1 0 -1

has a zero eigenvalue, there is not any CLCLF of &/. We now
verify whether &/ has CWCLE

Step 1. Notethat A, = A3 =4, =45, =0and A, = Ay, =

1/2.Thatis, A; ; < 1 forany SPI{j, j,}.

Step 2. For an SPI {1,2,4}, a straightforward computation

yields that 6,,, = (1,1)" and 1,5, = 1. We now adjust
the corresponding columns and rows of all matrices in &



by permutation matrices such that they take the following
form:

10 0 L

3

1

0 -1 0 =

A, = 3

1 1 -1 0

1

0 0 ;-1

(41)

_1011

2 3

o 4 L1

A, = 2 3
11

- 2 10
33

0 0 0 -1

Step 3. According to a direct computation, we get from (33)
and (35) that

0 2 2 2
ﬂl = ﬂz = 3 > 3 3 >
0 -1 0 -1
o ) (42)
— — 0 =
ﬂ?, = 1 3 > 3
- -1 0 -1

Step 4. It can be seen that all CWCLFs of 4, U .4, U 4 have
the form a(1,b)T fora > 0and 2/3 < b < 4.

Therefore, we get from Theorem 9 that all CWCLFs of &/
have the form a(1,1,b,1)" witha > 0 and 2/3 < b < 4. In
addition, it is easy to verify that (1,1, 1, l)T isa CJCLF of .

5. Conclusion

The existence of a class of CWCLFs has been investigated
in this paper, which generalize the usual CLCLFs and can
be applied to stability analysis of positive switched linear
systems. By using matrix theory, necessary and sufficient con-
ditions for the existence of CWCLFs have been established.
Moreover, the algebraic structure of all CWCLFs is described
clearly. Two numerical examples are also given to illustrate
the effectiveness of the obtained results.
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