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One-to-One

Reversible computation is a great metaphor for the foundations of physics
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INTRODUCTION

A  reversible computation is a computation that can be
reversed completely. That is, after insertion of an arbitr-
ary  input into a reversible computer, the reversible com-

puter generates some output (if ever). In such a case, one may
run the entire computation backward by inserting the output
as new input into a reverse computation, and thereby obtain-
ing the input one started with. The computation can flow back
and forth an arbitrary number of times. The implicit time sym-
metry spoils the very notion of “result” since what is a valu-
able output is determined purely by the subjective meaning
the observer associates with it and is devoid of any syntactic
relevance.

In more formal terms, reversible computation can be char-
acterized by one to-one operations, by a reversible, bijective
evolution of the computer states onto themselves [1–6]. If only
a finite number of such states are involved, this amounts to
their permutation.

In such a scheme, not a single bit gets lost, and any piece
of information (including the overhead) remains in the com-
puter forever. That may be good news for the case of decay
and loss of information, but it is bad news with respect to waste
management. There is no way of trashing garbage bits other
than cleverly compressing them and piling them “high and
deep.” Stated differently, in this restricted regime, many-to-
one operations, such as deletion of bits, are not allowed.

In the strict sense of reversibility discussed here, one-to-

many operations, such as copying, are forbidden as well. Any
computation can be embedded into a reversible one. The trick
is to provide markers in order to make backtracking possible,
which amounts to memorizing the past states of the system.
If no copying is allowed, this may amount to large space
overheads as compared to irreversible computations.

FIGURE 1

In this flow diagram [5], the lowest “root” represents the initial state of the
computer. Forward computation represents upward motion through a se-
quence of states represented by open circles. Different symbols pi corre-
spond to different computer states: (1) one-to-one computation; (2) many-
to-one junction, which is information discarding—several computational
paths, moving upward, merge into one; (3) one-to-many computation is
allowed only if no information is created and discarded, for example, in
copy-type operations on blank memory.
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The flow diagram depicted in Figure 1 was introduced by
Landauer [5]. It illustrates differences between one-to-one,
many-to-one, and one-to-many information flows.

Classical continuum mechanics and electrodynamics are
reversible “at heart.” That means that all equations of motion
are invariant with respect to reversing the arrow of time. Also,
quantum theory postulates a unitary evolution of the state
between (irreversible) measurements, which by definition is
reversible. The no-copy feature of reversible computation is,
for instance, reflected by the no-cloning theorem of quantum
theory. Therefore, in quantum computations it is not possible
to copy arbitrary quantum bits.

There is an undeniable potential technological advantage
of reversible computers over irreversible ones. It lies in the
fact that reversible computation is not necessarily associated
with energy consumption and heat dissipation while the lat-
ter one is [6]. And since heat dissipation per computation step
can be kept at arbitrary low levels, when “scaled up to very
large sizes,” reversible computation outperforms irreversible
computation in that regime [7]. Moreover, after all, physics at
very small scales is reversible. At this year’s UMC 98 confer-
ence in Auckland, New Zealand, an MIT group headed by Tho-
mas Knight presented silicon prototypes of reversible com-
puters [8–10].

REVERSIBLE FINITE AUTOMATA

W e shall concentrate on a particular class of reversible
finite automata that were first discussed in the UMC
98 workshop [11]. Just as irreversible Mealy automata

[12–13], reversible ones will be characterized by the following
properties:

• A finite set S of states,
• A finite input alphabet I,
• A finite output alphabet O,
• Temporal evolution function δ: S 3 I ➝ S,
• Output function λ: S 3 I ➝ O.

We additionally require one-to-one reversibility, which we
interpret in this context as follows. Assume that the set of in-
put and output symbols is identical, i.e.,

I = O.

Assume further that a reasonable formalization of reversibility
is that the combined (state and output) temporal evolution is
associated with a one-to-one (bijective) map

    
U s i s i s i: , , , , ,( ) → ( ) ( )( )δ λ

with s ∈ S and i ∈ I. As will be discussed below, neither δ nor λ
needs to be a bijection.

The elements of the Cartesian product S 3 I can be ar-

ranged as a linear list of length n, just like a vector. In this sense,
U corresponds to an n 3 n matrix. In some analogy to quan-
tum theory, we shall call this matrix U transition matrix. Let
ψ

i
 be the ith element in the vectorial representation of some

(s, i), and let U
ij
 be the element of U in the ith row and the jth

column. Equation (1) can in be rewritten as

    
Ψ Ψ Ψ Ψi ij jt U t t U t    or just    ( ).+( ) = +( ) =1 1( ),

t is a discrete time parameter. Thus in general, the discrete
temporal evolution (1) can, in matrix notation, be represented
by

    
Ψ Ψ Ψ   ( )=   0t U t U N+( ) = ( )+1 1 ,

where again t = 0,1, 2, 3, . . . is a discrete time parameter.
Now we shall specify the form of the transition matrix U.

Due to determinism, uniqueness, and invertibility, we require

• U
ij
 ∈ {0,1},

• Orthogonality: U-l = Ut (superscript t means transposition)
and (U-l)

i
 = U

ji

• Double stochasticity: The sum of each row and column is
one. That is,

    
  U Uiji

n
ijj

n

= =∑ ∑= =
1 1

1

Since U is a square matrix whose elements are either one or
zero and which has exactly one nonzero entry in each row and
exactly one in each column, it is a permutation matrix.

Let P
n
 denote the set of all n 3 n  permutation matrices. P

n

forms the permutation group (sometimes referred to as the
symmetric group) of degree n [17]. (The product of two per-
mutation matrices is a permutation matrix, the inverse is the
transpose, and the identity 1 belongs to P

n
) P

n
 has n! elements.

The simplest case is n = 1. It is just the identity P
1
 = {1}.

The first nontrivial case is n = 2. The permutation matrices
of
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correspond to the identity and the not-gate.
Before we consider more examples, let us mention that the

correspondence between permutation matrices and revers-
ible automata is straightforward. (Indeed, by taking the pairs
(s,i) ∈ S × I as states of a new finite automaton (with empty
output), the permutation matrix is just the adjacency matrix
of the transition diagram of this automaton [18–20].) Per defi-
nition [cf. equation (1)], every reversible automaton is repre-
sentable by some permutation matrix. That every n 3 n per-
mutation matrix corresponds to an automaton can be

(1)

(2)

(3)
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demonstrated by considering the simplest case of a one-state
automaton with n input/output symbols. In this particular but
rather trivial case, the transition function is many-to-one (in
fact, n-to-one), but the output function is one-to-one (in fact,
n-to-n).

There exist less trivial identifications. For example, let

      

U U

U U U U
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The transition and output functions of the four corre-
sponding reversible automa are listed in Table 1. The associ-
ated flow diagrams are drawn in Figure 2.

Note that, for wxample, M
4
 is a serial composition of M

2
 amd

M
3
. The final example is based on the permutation matrix
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It can be realized by a reversible automaton, which is repre-
sented in Table 2. Neither its evolution function nor its
transition function is one-to-one since, for example,

    
δ δ λ λs s s s s1 2 2 1 13 1 2 3 2, , , , , .   and   ( ) = ( ) = ( ) = ( ) =  Its flow dia-
gram throughout five evolution steps is depicted in Figure 3.

MEASUREMENTS
Let us now attempt to model the measurement process within
a system whose states evolve according to a one-to-one evo-

TABLE 1

Transition and output table of four reversible automata M1, M2, M3 and M4

with two states S = {S1, S2} and two input/output symbols I = {1,2}. For M1,
the transition as well as the output function is one-to-one. For M2, the tran-
sition function is many-to-one, but the output function is one-to-one. For
M3, the transition function is one-to-one but the output function is many-to
one. M4 is a concatenation of M3 and M2. Both its transition function as well
as its output function are many-to-one.

FIGURE 2

Flow diagram of one evolution cycle of the reversible automata listed in
Table 1.
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lution. This is distinct from the orthodox quantum mechani-
cal conception of an irreversible measurement associated with
the reduction of the state vector or with the notorious “wave
function collapse.”

In what follows we shall artificially divide a reversible sys-
tem into an “inside” and an “outside” region [21–29]. This can
be suitably represented by introducing a black box that con-
tains the “inside” region—the subsystem to be measured—
whereas the remaining “outside” region is interpreted as the
measurement apparatus. An input and an output interface
mediate all interactions of the “inside” with the “outside,” of
the “observed” and the “observer” by symbolic exchange. Let
us assume that, despite such symbolic exchanges via the in-
terfaces (for all practical purposes), to an outside observer
what happens inside the black box is a hidden, inaccessible
arena. This establishes a (arguably artificial) cut between the
observer and the observed.

Throughout temporal evolution, not only is information
transformed one to-one (bijectively, isomorphically) inside the
black box, but this information is handled one-to-one after it
appeared on the black box interfaces. It might seem evident
at first glance that the symbols appearing on the interfaces
should be treated as classical information. That is, they could
in principle be copied. The possibility to copy the experiment
(input and output) enables the application of Bennett’s strat-
egy [27]: In such a case, one keeps the experimental finding
by copying it, reverts the system evolution, and starts with a
“fresh” black box system in its original initial state. The result
is a classical Boolean calculus with no computational
complementarity [30].

The scenario is drastically changed, however, if we assume
a one-to-one evolution also for the environment at and out-
side the black box. That is, one deals with a homogeneous and
uniform one-to-one evolution “inside” and “out side” the black
box, thereby assuming that the experimenter also evolves one-
to-one and not classically. In our toy automaton model, this
could, for instance, be realized by some automaton corre-
sponding to a permutation operator U inside the black box,
and another reversible automaton corresponding to another
U′ outside of it. Conventionally, U and U′ correspond to the
measured system and the measurement device, respectively.

In such a case, as there is no copying due to one-to-one
evolution, in order to set back the system to its original initial
state, the experimenter would have to invest all knowledge
bits of information acquired so far. The experiment would
have to evolve back to the initial state of the measurement
device and the measured system prior to the measurement.
This is similar to the opening, closing, and reopening of
Schrödinger’s catalog of expectation values [31–33].

   As a result, the representation of measurement results in
one-to-one reversible systems may cause a sort of com-
plementarity due to the impossibility of measuring all vari-
ants of the representation at once.

AFTERTHOUGHTS

One algorithmic aspect of reversibility seems disturbing.
If reversible computation is just a rephrasing, a permu-
tation of the input, then what use is it anyway? The “gar-

bage in/garbage out” metaphor is particularly pressing here.
This issue seems to be somewhat related to an old ques-

tion in proof theory, in which sense a proof of a statement is
“better” than the mere knowledge that this statement is true.
It may be that the term “informative” can only be given a sub-
jective, idealistic meaning devoid of any formal rigor.

FIGURE 3

Flow diagram of five evolution cycles of the reversible automaton listed in
Table 2.

TABLE 2

Transition and output table of a reversible automaton with two states S =
{s1, s2} and three input/output symbols I = {1, 2, 3}. Neither its transition nor
its output function is one-to-one.
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