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The Unprovability of Small Inconsistency

A study of local and global interpretability
Albert Visser

ABSTRACT: We show that a consistent, finitely axiomatized, sequential theory cannot prove its own
inconsistency on every definable cut. A corollary is that there are at least three degrees of global interpretability
of theories equivalent modulo local interpretability to a consistent, finitely axiomatized, sequential theory U.

1 Introduction

Ever since Godel, we know that a consistent theory may well prove its own inconsistency.
When, however, a theory is so audacious as to actually offer a numeral as code of its own
inconsistency proof, then, surely, the theory is inconsistent. In terms of non-standard models it
is clear that an object coded by a numeral is extremely small. Thus we could summarize our
contrast by saying that a theory may very well consistently prove its own inconsistency but
cannot consistently prove its extremely small inconsistency.

In this paper we study a situation which is, in a sense, intermediate between the two extremes.
In many arithmetical theories we can obtain definable cuts. Such cuts can play the role of sets
of small numbers. For example in theories in which exponentiation is not provably total, there
is a cut of numbers x so small that we can prove that 2* does exist. Another example: in GB we
can define a cut such that we can prove in GB that no element of this cut is an inconsistency
proof of ZF. Can we use cuts to provide a notion of smallness such that theories cannot
consistently prove their own small inconsistency? At first sight the answer is no. Pavel Pudldk
shows that for any consistent arithmetical théory U and for any cut I definable in U, U does not
prove its own consistency relativized to U (see Pudldk[85]). Hence U plus the statement that
there is an inconsistency proof of U in I is consistent. So numbers on a fixed cut are in the
same boat w.r.t. the Godelian inconsistency phenomenon as just numbers. (This is not really
surprising, since numbers on a given cut can always be considered as the numbers of the
theory.) Yet we can get the desired effect by quantifying over all definable cuts. Let's say that
U proves its own small inconsistency if for every definable cut U proves that it contains an
inconsistency proof of U. Can a consistent theory prove its own small inconsistency? For
some theories like Peano Arithmetic the answer is obviously yes. We show that for a wide
class of theories including Robinsons's Arithmetic, GB and ACA,, the answer is no.

The results of our paper throw some light on the contrast between local and global
interpretability. Consider the degrees of global interpretability of theories V equivalent modulo
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local interpretability to a given theory U ordered by global interpretability. We call the degree of
V: lIViigiop and we call our structure degrees LOCg)p(U). Pavel Pudlék shows that if, for
example, U=GB then there is d#/lUllgqp, in LOCyj0p(U) (see Pudldk[85]). We will see that
Pudlék's example (for the appropriate class of theories) is the maximum of LOCgjop(U). An
immediate corollary of our result is the modest fact that if (e.g.) U=GB, then LOCyjqp(U) has
at least three elements.

1.1 Contents: Section 2 contains the necessary preliminaries, especially on sequentiality,
restricted provability, interpretability and cuts. Section 3 contains various characterizations of
local interpretability. Moreover we exhibit two theories that are elements of the maximum of
LOCgjob(U). In section 4 we sharpen our knives: we provide a sharpening of Lob's Theorem
which will be used in section 5. An immediate corollary of the results of section 4 is Pudldk's
theorem that if U is sequential and finitely axiomatized, then the maximum of LOCgjqh(U) is
unequal to lIUllgjop. In section 5 we prove the Tunneling Theorem, our main technical result.
The unprovability of small inconsistency is an immediate consequence of the Tunneling
Theorem. Section 6 gives the promised result on local and global interpretability: if f U is
sequential and finitely axiomatized, then LOCgon(U) has at least three elements.

1.2 Prerequisites: The reader should know ((Paris & Wilkie[87]) or Buss[85]) and
(Pudldk[85] or Visser[90]).

1.3 Acknowledgement: The results of this paper are the products of my attempts to
understand better what was going on in Pudldk[85] and Krajicek[87]. Jan Krajicek proves in
his paper a.o. the unprovability of small inconsistency for IA,. The main difference between
Krajicek's approach and ours is the fact that instead of using a powerful result due to Wilkie
we use the Tunneling Theorem.

2 Preliminaries

2.1 Theories and Provability: Our basic theory in this paper is IA;+Q,; (see Paris
&Wilkie[87]). It is (modulo some translation work) the same as Buss's theory S, (see
Buss[85]). The language of I1A;+£2; has constant 0 and function symbols S,+,x . Mostly we
will call IAy+€2; simply . We will also be looking at IA(+EXP and IAy+SUPEXP, which
we will call -if no confusion is possible- simply EXP, respectively SUPEXP.

We will assume that the axiom-set of a theory T is given by a A,b-predicate (see Buss[1985]).
We take this predicate to be part of the identity conditions of the theory. Proof is the A,P

proof predicate based on the predicate defining T's axiom set.

We write par abus de langage 'Proofr(u, A(x;,....x,) )' for: Proofr(u, A(Xy,....X)"), here:
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i) all free variables of ¢ are among those shown.

i)  "A(Xy,...X,) is the "Godelterm" for A(X,,...,x,) as defined in Smorynski[85], p43.
Here we use instead of the usual numerals the efficient numerals of Paris & Wilkie[87],
so that: IAg+Q;+Vxp,....x, Iy A(X},... %) =y.

OTA(Xy,...,X,) Will stand for: ProvT(rA(Xl,...,Xn)1 ).

Occurrences of terms inside Ot should be treated with some care. Is Op(A[t/x]) intended ¢
(OTA(X))[V/x]? We will always use the first, i.e. the small scope reading. In cases where: U
proves that t is total and Urt=x—0Oyt=x, the scope distinction may be ignored within U w.r.t.
Dy. We have: U (OyA(x))[t/x] & Oy(A[t/x]).

Some alternative notions of provability will be used in this paper. For these we will make use
of the same conventions as for ordinary provability.

2.2 The Q-hierarchy: We briefly repeat some facts about the Q-hierarchy and prove
some refinements of well known theorems. Since the detailed material of this section is only
relevant to theorems 3.2.4 and 3.2.5 which are concerned specifically with the Q-hierarchy the
reader may very well skip this section.

A slight difference with other treatements is that we do not base our choice of concepts on the
binary number system but at the ordering of strings:
O (the empty string), a, b, aa, ab, ba, bb, aaa, aab, ...
This ordering is often called the lexicographic ordering, but since the designation
'lexicographic ordering' is also used for a different ordering (e.g. in Ferrante & Rackoff[79]),
I prefer to call it the Verschuyl Ordering (after a famous Dutch author of dictionaries for
crossword puzzlists). We assign Godelnumbers to strings by counting them along the
Verschuyl ordering, counting the empty string as 0.

Define:
exp(x):=2X,
Ixl:=py<x(x<(exp(y+1)-1)) (Ix! is the length of the x-th string in the Verschuyl
Ordering),
A(x):=exp(Ixl)-1 (A(x) is the number corresponding to the string of a's

of length Ixl; 2.A(x) corresponds to the string of b's
of length Ixl),
x#_ y:=x+y, x#,y:=exp(Ixl#,_ly)-1,
O, (X):=x#X.
The graphs of each of these functions can be represented in IAj by a Ayp-fomula and 1A proves
(under the assumption of existence) the recursion equations. We will use later that the same
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holds for #(x,y,z):=x#,y.

2.2.1 Facts: lexp(x)-1l=x, IA(x)I=12.A(x)I=Ix], A(x)<x<2.A(x), AMA(X))=A(2.A(X))=A(X),
x#oy=A(x).A(y)+A(X)+A(y), for n20: x# y=A(X)#,y=x#A(y)=A(x)#,A(Y),
the #, are commutative.

Proof: Left to the industrious reader. 0O

2.2.2 Facts

i) The #, are associative.
ii) X#ny < Wpy X#n4Y-
ii) 1#h1y < l#gy#py.

Proof: All proofs are by induction on n starting at -1:
1) The case that n=-1 is trivial,
(x#py)nz = exp(lexp(Ixl#,_;lyl)-1K_41zl)-1
= exp((IxWy_lyD#,_41z1)-1
= exp(Ixl#,_(Iyl#,_;zl))-1
= exp(xi#,_jlexp(lyl#,_,1z)-11)-1
= x#,(y#,2).
ii) 1#px#oy = exp(1+IxI+lyl)-1 = 2.AX)AYHAX)+A(Y)+] 2 2.A(x)+2.A(y) 2 x+Y,
1#x#,y = exp(1#,_|xI#,_1lyD)-1 2 exp(Ixl# ,lyl)-1 = IxI#,_;lyl.
ii) 1#gy = 2A(y)+1 < 2.y+1,
1#,y = exp(1#,.1lyD-1 < exp(1#,olyl#nolyD)-1 = 1# Iy, lyl. O

The various facts of 2.2.1 and 2.2.2 are (in appropriate formulations) verifiable in IA,. Let's
say that a set of numbers X is n-closed if: 1€ X, X is closed under #, and X is downwards
closed under <. If a theory U can verify that the set given by formula I is 1-closed, we say that
Iisa U-cut.

2.2.3 Lemma: In IA; (extended with a unary predicate symbol X added) we can verify:
i) If X is n-closed, then X is k-closed for all k<n.
ii) If X n-closed (n20), then {xlexp(x)e X} is (n-1)-closed.

Proof: (i) Immediate by 2.2.2(ii). (ii) is left is to the reader. O
2.2.4 Construction: We construct in IA; (by a method due to Solovay) provably n-closed

sets I, such that I, <X, supposing that X is (-1)-closed. Suppose X is (-1)-closed. Let I ;:=X.
I p={xe I IVye I, x#,,,ye I,}. Suppose I, is n-closed. Consider u,ve I, and ye I, then:

(u#n VY = uftn (VL Y).
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Clearly (v#,,,y)€ I, and hence u#,,(v#,,,y)€I;. So we may conclude that u#,,,ve I ;. It
is easily seen that downwards closure under < is preserved. Finally since 1#,y < 1#,y#,y
and for any ye I;;: 1#,y#,ye I, we find that 1e I,. O

2.2.5 Estimate: For later use we estimate the number of symbols in the definition of I, in
case the definitions are written down as economically as possible. Par abus de langage we
write |Al for the number of symbols in expression A. Using the fact that a uniform definition of
the #, can be given we see that the definition of I, ; can be brought in the form ®(n,I,), where
&(v,Y) is a fixed formula in the language of arithmetic extended with unary predicate symbol
Y. As is well known we can use a trick of Ferrante & Rackoff (see Ferrante & Rackoff[79]) to
rewrite @ in such a way that Y occurs only once. Let's assume that @ is written in this
economical form. It follows that I®(n,I,)I=II l+k.Inl+p for certain k and p, so II;| can be
estimated by m.n2+s for certain m,s. (The trick by Ferrante & Rackoff as it stands works only
if & is present in the language. However Solovay discovered a further trick to overcome this
restriction. Solovay has shown how his method works to me in correspondence. Solovay's
discovery is mentioned by Ferrante & Rackoff in their book. Recently Pudldk independently
discovered a method to eliminate the use of &.)

Using our estimate for the II,)l, we can estimate lp,|, where p, is the (code of the) proof that I,
is closed under #, by m'.n3+s'. This estimate is entirely routine. (Note that we need an
estimate of e.g. the proof that #, is associative.)

2.3 Sequential Theories: We briefly repeat some essential facts about sequential
theories. A sequential theory can express and prove (possibly in a relational language) the
following facts about sequences:

a) <>, the empty sequence, exists, and Lth(<>)=0

b) Voe Seq Jie N (Lth(o)=i A Vj<idx Gj=x)

c) Voe SeqVx J1e Seq (Lth(t)=Lth(c)+1 A Vj<Lth(c) T=0j A TLth(0)=X)

Here N is a set of 'numbers' available in the theory which satisfy Q (i.e. Robinson's
Arithmetic). We write 6**x for the 1 guaranteed in (c).

It is easily seen that 6Et :& Lth(o)=Lth(t) A Vi<Lth(0) 6;=T;, is an equivalence relation on
sequences. By dividing in out precisely when we treat objects as sequences we see that we may
assume that two sequences ©,T are equal iff Et. Thus we may always add:

d) Vo,t€ Seq (0=1 & OET)

We show that we may assume that our sequences are closed under restriction and

concatenation. Define: Res(0,i,1) ;<> Lth(t)=Min(Lth(c),i) A Vj<Lth(t) O;=T;. It is easy to see
that Res defines a (partial) function, so we may write oli=t for Res(0,1,1).
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Let X:=(ie NIVoe Seq 31e Seq ofi=t}. Clearly Oe X. Suppose olil. If i<Lth(c) we have:
oli+1=oli**o;. Otherwise oli=c. Ergo X contains 0 and is closed under successor. Let N be
a shortening of X that is closed under +. Seqy:={0e€ SeqlLth(c)e N}. Clearly N and Seq
satisfy (a),(b),(c),(d). Moreover [ is total on Seq, and N,

Define:
Conc(o,p,T) :¢> Lth(t)=Lth(0c)+Lth(p) A
Vi<Lth(o) Gi=T; A V_](Lth(p) pj=tLth(0')+j‘

Since Conc is evidently a partial function we write 6*p=t.
Suppose G*p=t. As is easily seen: o*(p**x)=t**x.
Let Y:={xe NylVpe Seqq Lth(p)=x — Voe Seqydte Seq, o*p=t}.

As is easily seen Oe Y. Suppose xe Y. We show that x+1e Y. Consider pe Seq, with
Lth(p)=x+1. Clearly Lth(plx)=x and p=plx**p,. Consider any o©e Seq,. Let c*plx=v.
Then o*p=0*(px**p,)=v¥*p,.

Let N; be some shortening of Y such that N, satisfies €2 and let Seq;:= {oe SeqlLth(c)e N, }.

We see that we may add to our list:

e) VieNVoe Seq 3te Seq ofi=t
f) Vo,te Seq 3pe Seq o*1=p

g QN

Standing assumption: We will only consider sequential theories with numbers satisfying

(@)-(2).

2.4 Restricted Provability: In this section we treat our notion of restricted provability.
Many of the details on our measure of complexity p and the satisfaction predicates Sat;, are not
essential for understanding the rest of the paper and could be skipped. What counts is that the
details can be filled in in some way. The main things for the reader to understand are these: p is
depth of quantifier changes; Sat, is a satisfaction relation for A with p(A)<n; Proofy; ; is a
proof-relation for proofs where one considers only axioms<n and where in the proof only
formulas A with p(A)<Inl occur. The reader should at least appreciate the content of 2.4.2-
2.4.8.
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Let U be a sequential theory in a language L with finitely many constant symbols, finitely many
relation symbols and finitely many function symbols.

Most of our notations for syntactical operations are self evident. Var(u) is the u-the variable.
We assume that the variables are coded with their indices in binary such that we have
IVar(u)l<m.lul+k for standard m,k. Exqu(u,v) is the code of the result adding existential
quantification with the u-th variable to the formula coded by v. More formally: Exqu(u,v) :=
J*Var(u)*v (here we use * for the arithmetization of concatenation of strings). We code total
functions with range almost everywhere 0 in some suitable way. To express that x codes a
function in this sense we write: Func(x). [x]Ju means the result of application of the function
coded by x to u. x[u:z] means: the code of the function that gives the same values as the
function coded by x except on u where it gives z. We can arrange it so that [x]u and x[u:z]
represent provably total functions. (We cannot use sequences to code our functions (in the
naive way) precisely because this would make x[u:z] grow to fast, since we would have to "fill
in" explicitely all the values below u. E.g. < >[u:1] would be <0,0,...0,1> a sequence of
length u+1, so < >[u:1] would be exponential in u.)

We define p on {0,1}2xFORM. p counts the "depth of quantifierchanges". The first
component is 0 when the formula under consideration is stipulated to be on a positive place, 1
when the place is considered negative. The second component is 0 when we are in the
existential mode, i.e. the last quantifier counted is supposed to be existential, and thus when
the next quantifier we meet is again existential it need not be counted. Similarly when the
second component is 1, we are in the universal mode.

p(i,j,x)=0 if x is an atom,

p(i.j,Conj(x,y))=p(i,j,Disj(x,y))=Max{p(i,j,x),p(1i,j,y) },

p(,j.Neg(x))=p(1-i,1-j,x)

p(0.j.Impl(x,y))=Max{p(1,1-j,x),p(0,j,y)}, p(1,j,Impl(x,y))=Max{p(1,j.x),p(0.,1-j,y)},
p(i.j.Eq(x,y))=Max{p(1-1,1-j,x),p(i,j,x),p(1-1,1-3,y),p (i,j;y) },

p(1,0.Exqu(x,y))=p(i,0,y), p(i,1,Exqu(x,y))=p(i,0,y)+1,

p(,0,Unqu(x,y))=p(i,1,y)+1, p(i,1.Exqu(x,y))=p(i,1,y).

p(x):=p(0,0,x),

xe E :& (FOR(x)Ap(x)<n). xe U, :¢> (FOR(x)Ap(0,1,x)<n).

Proofy; p(p.x) :> Proofyy(p,x) A Vi<Lth(p) ((p)i€ Epa((p)i€ ay—(p)i<n).

Note that in restricted provability we ask p((p);)<Inl, this is because in Q for any existing
formula A: p(A)e SN:={xI2X exists}. The present formulation will simplify the statement of
several theorems.

2.4.1 Examples
p(0,0,Neg(Exqu(x,Neg(y)))) = p(1,1,Exqu(x,Neg(y))) =
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P(1,0.Neg(y))+1 = p(0,1,y)+1 = p(0,0,Unqu(x,y)),

p(0,0,Conj(Impl(x,y),Impl(y,x))) =
Max{p(0,0,Impl(x,y)),p(0,0,Impl(y,x))} =
Max{Max{p(1,1,x),p(0,0,y) },Max{p(0,0,x),p(1,1,y)}} =
Max{p(1,1,x),p(0,0,y),p(0,0,x),p(1,1,y)} = p(0,0,Eq(x,y))

In our definition of Sat we will assume (for the sake of readability) that the language has only
one binary relation symbol R, one unary function symbol F, one binary functionsymbol G and
one constant c. Of course the general case is completely analogous. The definition of Saty,;
will call on Sat,, as soon as we swich from the existential mode to the universal mode. The first
component of the elements of our witnessing sequences will be the first component u of the
p(u,v,x) under consideration. If we evaluate a term we make the first component 2.

Saty(r,x) :¢> Func(r) Axe E; A
dw (Seq(w)/\(w)lm(w)_1=<O,r,x>AVi<Lth(w) 3s,y<w
((w);=<0,8,y> A Ju,v<y (
(At(y)Ay=Comp(R,u,v)A 3j.k<i Ip,q<w
((w)j=<2,s,u,p>/\(w)k=<2,s,v,q>AR(p,q)) v
(y=Conj(u,v) A 3j.k<i (W);j=<0,5,u>A(W)=<0,s,v>)) v
(y=Disj(u,v) A Jj<i ((w)j=<0,s,u>v(w)j=<0,s,v>)) v
(y=Impl(u,v) A Jj<i ((w)j=<1,s,u>v(w)j=<0,s,v>)) v
(y=Neg(u) A Jj<i ((w)j=<1,s,u>) v
(y=Exqu(u,v) A 3z3j<i (w)j=<0,s[u:z],v> v
(y=Unqu(u,v) A =Sat,_;(s,Neg(y))) ) v
((w);=<1,8,y> A Ju,v<y (
(At(y)Ay=App(R,u,v)A 3j.k<i 3p,q<w
((w)jf-=<2,s,u,p>/\(w)k=<2,s,v,q>AﬂR(p,q)) v
(y=Conj(u,v) A Jj<i ((w)j=<1,s,u>v(w)j=<1,s,v>)) v
(y=Disj(u,v) A 3j,k<i ((w)j=<1,s,u>/\(w)k=<l,s,v>)) v
(y=Impl(u,v) A 3j,k<i ((w)j=<0,s,u>/\(w)k=<1,s,v>)) v
(y=Neg(u) A Jj<i ((w)j=<0,s,u>) v
(y=Exqu(u,v) A =Sat,_;(s,y)) v
(y=Unqu(u,v) A 3z3j<i (w)j=<l,s[u:z],v>))) v Jp<w
((wW);=<2,s,y,p> A Ju,v<y (
(y=Var(u)A[s]u=p) v
(y=c Ap=C) v
(y=App(Eu) A Jj<i 3g<w ((W);=<2,5,u,9>Ap=F(q))) v
(y=App(G,u,v) A Jj.k<i 3q,r<w
((w)j=<2,s,u,q>A(w)k=<2,s,v,r>Ap=G(q,r))) )
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Val(r,x)=z :< Func(r) A TER(X) A

dw (ch(w)/\(w)]m(w),1=<2,r,x,z>AVi<1th(w)

Jy<w dp<w ((W);=<2,1,y,p> A Ju,v<y (
(y=Var(u)A[rJu=p) v
(y=c Ap=€) v
(y=App(E.u) A Jj<i 3g<w ((W);=<2,r,u,g>Ap=F(q))) v
(y=App(G,u,v) A Jj.k<i Iq,t<w

(W)=<2,1,u,g>A(W)=<2,1,v,t>Ap=G(q,1))) ),

Sat*(r,x) :¢> —Sat,(r,Neg(x)).

We use the trick of Ferrante & Rackoff (see 2.2.5) to rewrite the definition of Sat,,; in such a
way that Sat, occurs only once. It follows that I'S_aﬂ(g,v)1l=k.n+m for certain standard k and
m, SO r§it_n(u,v)'l is of order p.2k-n for standard p.k.

2.4.2 Fact

ia)  Ur Vre FuncVx,ye FOR ( Sat,(r,Conj(x,y)) € (Sat,(r,x)ASat,(r,y)) ),

ib) Uk VreFuncVx,ye FOR ( Sat*,(r,Conj(x,y)) <> (Sat*,(r,x)ASat*,(r,y)) ),

ila) Uk VreFuncVx,ye FOR ( Sat,(r,Impl(x,y)) <> (Sat*,(r,x)—>Sat,(r,y)) ),

iib) Ur Vre FuncVx,ye FOR ( Sat*(r,Impl(x,y)) «> (Sat,(r,x)—>Sat*(r,y)) ),

iiia) UF Vre FuncVxe VARVye FOR ( Sat,(r,.Exqu(x,y)) <> 3z Sat,(r[x:z]y) ),

iiib) Uk Vre FuncVxe VARVye FOR ( Sat*,(r,Exqu(x,y)) <> 3z Sat,_;(1[x:z]y) ),

iv)  UF Vre FuncVx,ye TER ( Sat,(r,App(R,x,y)) <>
(Val(r,x)dAaVal(r,y)}LAR(Val(r,x),Val(r,y))) )

V) U Vre FuncVx,ye TER ( Val(r,App(E.x))=y ) &> Iz (Val(r,x)=zAF(z)=y) )

etc.

Proof: The proofs are routine and boring. We treat four cases. Reason in U.

ia) Consider re Func and x,ye FOR. Suppose Sat,(r,Conj(x,y)). Let w be the witnessing se-
quence. Since (w)Lm(w)_l=<O,r,Conj(x,y)>, there are i,j<Lth(w)-1 with (w);=<0,r,x> and
(w)j=<0,r,y>. It is easily seen that wli+1 and wlj+1 are witnesses for respectively Sat,(r,x),
Sat,(r,y). Conversely assume w,, w; are witnessing sequences for respectively Sat,(r,x),
Sat,(r,y). As is easily seen wy*w;**<0,r,Conj(x,y)> is a witnessing sequence for

Sat,(r,Conj(x,y)).

iia) Consider re Func and x,ye FOR. Suppose Sat,(r,Impl(x,y)). Let w be the witnessing se-
quence. Since (w)Lm(w)_l=<O,r,Imp1(x,y)>, there is an i<Lth(w)-1 with (w);=<1,r,x> or
(w);=<0,r,y>. Suppose (w);=<l,r,x>. Since wl(i+1)**<0,r,Neg(x)> witnesses
Sat,(r,Neg(x)), we find —Sat,*(r,x). Suppose (w);=<0,r,y>. Clearly wl(i+1) witnesses
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Sat,(r,y). Conversely assume —Sat;*(r,x) or Sat,(r,y). In the first case we have
Sat,(r,Neg(x)). Let u be a witnessing sequence. Since (WL th(u)-1=<0,1,Neg(x)>, for some
i<Lth(u)-1 (u);=<1,r,x>. Clearly ur(i+1)**<0,r,Impl(x,y)> witnesses Sat,(r,Impl(x,y)). The
case of Sat,(r,y) is left to the reader.

iiia) Consider re Func, xe VAR, ye FOR and suppose Sat,(r,Exqu(x,y)). Let w be a witness
of Sat,(r,Exqu(x,y)). Then for some z and some i<lth(r)-1: (w);=<0,r[x:z],y>. It follows that
wl(i+1) witnesses Sat,(r[x:z],y). Conversely suppose Sat,(r[x:z],y). Let v be a witness. Then
v¥*<],r,Exqu(x,y)> witnesses Sat,(r,Exqu(x,y)).

iiib) Consider re Func, xe VAR, ye FOR. By (iiia) it is sufficient to show:

Sat*,(r,Exqu(x,y)) <> Sat,_,(r.Exqu(x,y)).
First suppose —Sat*(r,Exqu(x,y)), i.e. Sat,(r,Neg(Exqu(x,y))). For some i<Lth(r)-1 we
have: (r);=<1,r,Exqu(x,y)> and —Sat,_,(r,Exqu(x,y)).

Conversely suppose —Sat;,_;(r,Exqu(x,y)). Then <<1,r,Exqu(x,y)>,<0,r,Ncg(Exqu(x,y))>>
witnesses Sat;(r,Neg(Exqu(x,y))), hence Sat*,(r,.Exqu(x,y)). o

2.4.3 Fact
i) For some U-cut I: U-Vue TERNIVre FuncVy,z ( (Val(r,u)=yAVal(r,u)=z) - y=z )
ii) For some U-cut I: U~ Vue TERAI Vre Func Val(r,u)d

Proof: (i) Let X:={ue TER | Vre FuncVy,z ( (Val(r,u)=yAVal(r,u)=z) — y=z )}. Let X":=
{ue XIVv<u ve X} and suppose ue X'. Consider v:=u+1. Suppose ve TER, re Func,
c, the y=z=c. Suppose

v=App(G,s,t). Let w witness Val(r,u)=y, let w' witness Val(r,u)=z. For some i,j<Lth(w)-1
we have (w);=<2,1,5,p>, (w)j=<2,r,t,q>, y=G(p,q). For some 1i',j'<Lth(w')-1 we have

Val(r,v)=y and Val(r,v)=z. If v=Var(x), then y=z=[r]x. If v=¢

(W");=<2,1,5,p'>, (w)jv=<2,r,t,q'>, z=G(p',q"). Clearly r and t are in X'. Moreover wl(i+1)
witnesses Val(r,s)=p, wl(j+1) witnesses Val(r,s)=q, w'l(i'+1) witnesses Val(r,s)=p’,
w'l(j'+1) witnesses Val(r,s)=q'. ergo p=p’, q=q' and thus y=z. We conclude that X' is closed
under successor. We find I by shortening X'. |

(i) The proof is similar to that of (i). O
Let SN:={xlexp(x) exists}. Let for r in Func A[r] stand for the result of substituting the

numeral of [r]i for Var(i) in A for all i such that Var(i) occurs in A.

2.4.4 Fact
1) QF Vxe SN "the formula Sat, exists",
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ii) QF Vxe SNV Ae E,O;Vre Func(A[r]<>Sat,(r,A)).

Proof: (i) By the trick of Ferrante & Rackoff. (ii) By carefully formalizing the proof of
Tarski's Theorem using 2.4.3. An estimate on the proofs is used to justify the induction. One
readily finds that the number of symbols of the proofs can be estimated by P(x) for some
standard polynomial P. (Here it is most convenient to assume that > is a defined symbol of
the language. If © is primitive the naive way of proceeding makes the number of symbols of
the proofs exponential in x. However by a trick one can circumvent the problem.) 0O

2.4.5 Fact
i) EXP+ Vx3le U-cuts OyV Ae FORNI (Ol ;A—Vre Func Saty(r,A)),
ii) EXP+ Vx3le U-cuts V Ae FOR Oyy(0Oly xyA—Vre Func Al1]).

Proof: (ii) follows from (i) by 2.4.4(ii). We sketch the proof of (i). Reason in EXP. Let o be

the axiom set of U. a[x]:={A<x|Ae a}. Note that: A<x — p(A)<IAI<Ix|. We first show: for all
x: OV Ae a[x]Vre Func Saty(r,A). By a well known argument: DUVySXW {y=zlzx} (¥*).

Note that in the statement of (¥) y is 'internal' to Oy; and x and the z are 'external’ or 'relatively
standard'. (The code of the disjunction involved in the statement of (*) has size exponential in
x. The proof of (*) is by induction on x using an exponential bound of the form exp(P(x)) for a
suitable standard polynomial P for the U-proof of Vy<xW {y=zlz<x}.) From (*) it is
immediate that it is sufficient to show: VA<xOyj(Ae a[x]—Vre Func Saty(r,A)). Since a is
ADb, this is equivalent to: VA€ a[x]OyVre Func Saty(r,A), which is immediate from 2.4.4

(ii).

For the main argument fix x. Let:

X:={pl p is an U,x-proof such that Vre Func Sat,(r,Concl(p))}.
Let X":={pe XIVg<p qe X}. Using the above insight about the axioms of U it is easy to verify
that X' is closed under successor. (The argument will, of course, vary with the system
adopted. If we work in natural deduction the statement of the theorem should be made slightly
general to handle proofs from assumptions.) Finally we shorten X'to a cut1. O

Note that 2.4.5 could be improved by just demanding that the number of steps of p is in 1
instead of p itself.

2.4.6 Fact: Suppose that U is finitely axiomatized then:
i) Q+ Vx3le U-cuts OV Ae FORNI (Ol ;A— Vre Func Saty(1,A)),
ii) Q+ Vx3le U-cuts VAe FOR Oy(0L; ;A— Vre Func A[r]).

Proof: Apply the forgetful functor to the proof of 2.4.6 and note that the remaining proof does
not use EXP. a
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2.4.7 Remark: The improvement of 2.4.6 over 2.4.5 works in several other cases, where
the theory in question is infinitely axiomatized, but where the set of axioms is very neat.
Examples are PA and Q. We will not prove this fact here. For the case of Q one uses the
techniques of Verbrugge[89].

Define: exp(x):=2%, itexp(x,0):=x, itexp(x,y+1);=exp(itexp(x,y)). Let Tproof stand for:
Tableaux-proof (in the sense of Paris & Wilkie[87]) or for some other suitable notion of
cutfree-proof. Let for a proof p: p(p):=max{p((p)y)li<Lth(p)}.

2.4.8 Remark: We would like to apply the cut-elimination theorem in the following form: for
some standard k.k":
QF Vp,A,y ((Proofy(p,A)Aitexp(p,k.p(p)+k')=y) — 3q<y Tproofy(p,A) ) (*)

Since however the usual estimate uses as measure depth of logical connectives (say: V) rather
than our depth of quantifierchanges (p) we cannot apply that estimate. I am convinced that (*)
must be true, but I did not verify this in detail. There is however a quick trick to prove the
special case where U is sequential and finitely axiomatized and where A is standard. Suppose
U is sequential and finitely axiomatized and let A be given.

Reason in Q. Consider p with Proofy;(p,A). Let u:=p(p). Note that v(Sat,(r,x))=m.u+n for
certain standard m and n. We transform p to q by replacing B occurring in p by
B*:=Satu(r,r§1), where r is the function assigning x; to i for variables x; occurring in B. We
add some extra steps using the equivalences of 2.4.2 to make the steps of q valid. Now q is not
yet a U-proof since it starts from translations C* of U-axioms C. We repair this by adding to q
the (standard) U-proofs of C* guaranteed by 2.4.4. Similarly we add after the conclusion A*
of q a standard proof of A from A* again as guaranteed by 2.4.4. In this way way obtain a
new U-proof of A, say s. Now v(s)=m'.u+n', where m',n' are standard and depend only on
U and A. Moreover IsI<P(Ipl), where P is a suitable standard polynomial only depending on U
and A. Now we apply the usual cutelimination theorem to s.

Thus we get: for any A there are standard k.k' such that:
QF Vp,y ( (Proofy(p,A)Aitexp(p.k.p(p)+k')=y) — 3q<y Tproofy(p,A) ).

2.5 Interpretability: For the moment we consider two languages Ly; and Ly, that are
relational, i.e. Ly; and Ly contain no function-symbols or constants.

Interpretations are in this paper: one dimensional, global, relative interpretations without
parameters (for a discussion see Pudlak[83] or Visser[90]). An interpretation M of Ly, in Ly;
is given by (i) a function F from the relation symbols of Ly to formulas of the language of L,
and (ii) a formula &(a) of Ly; having just a free. The image of a relation symbol has precisely
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a;,...,ap free, where n is the arity of the relation symbol. The image of = need not be a;=a,.
The function F is canonically extended in the following way: (R(b,...,b,))M:=A(b;,...,by),
where A=F(R). (To make substitution of the b's possible we rename bound variables in A if
necessary. In fact it would be neater to set apart bound variables for the F(R) and for 8 that do
not occur in the original Ly.) ()M commutes with the propositional connectives. (VbB)M:=
Vb(8(b)—BM). Similarly for 3.

We can easily extend (.)M again to map proofs 7 (from assumptions) in Ly to proofs ™ from
the translated assumptions in Ly in the obvious way. As is easily seen for a given interpretation
M the lengths of the translated objects are given by a fixed polynomial in the lengths of the
originals. The graphs of BM (considered as a function in B and M) and of tM (considered as a
function in ® and M) can be arithmetized by A,b-formulas in such a way that the recursive
clauses are verifiable in IA;+£2;. Using the polynomial bound on the lengths of the values it is
easy to verify that IA;+$; proves that these functions are total. (This is verified in detail in
Kalsbeek[89].)

Of course, the restriction to relational languages is unnecessary. To extend the notion of
interpretation we employ certain standard translations from the language with function symbols
to an associated relational language and back. The main problem is to see, whether the obvious
properties of these translations can be verified in IA(+€;.

Consider theories U (with language L)) and V (with language Ly, ). What does it mean to say
that V is globally interpretable in U via M? I think the obvious definition is this: for every
Be oy there is a proof in U of BM. (I assume in this discussion that we are dealing with
sentences, in the case of formulas one should consider: (§[B]— BM), where §[B] is the
conjunction of 8(b)'s, for all free variables b of B.) Given this definition the next step is to
show: if V is interpretable in U via M and if V proves C, say by =, then there is a proof n* in
U of CM. Roughly nt* is ©™ with proofs of the translated T'-axioms plugged in at the relevant
places. Now here is a problem: in a theory like IA;+£2; we cannot exclude that the proofs of
the translated V-axioms are cofinal in the natural numbers. In other words we cannot prove that
there is a bound for these proofs. The axiom that would provide such bounds is 2;- collection.
(So we would get this basic property in B+, where BX;:=IAq+2.;- collection.)

We evade the problem by making a definitional move. We change the definition of
interpretability in such a way that the basic properties we want are guaranteed even in IAp+Q;,
but also in such a way that our definition and the usual one collapse in the presence of
BY,+Q;.

Define (Vx3y)*A(x,y) by: VudvVx<u3dy<vA(x,y). Similarly for more variables. We also
write: (Vxe adye B)*A(x,y) for: VudvVx<u(xe a—3y<v(ye BAA(x,Y))).
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IT*,:={(Vx3y)*Al Ae Ap}.
Note that if (Vx3y)*A(x,y) and (Vy3z)*B(y,z), then: (Vx3y,z)*(A(x,y)AB(y,2)).

Define:
KU,V & Vxe ayProvy(xK).
K:UPV & (Vxe ay3p)*Proofy(p,xK).

Our first notion is axioms interpretability; our second notion is smooth interpretability. Our
definitional move is to use smooth interpretability instead of axioms interpretability. In BY.,; the
two notions collapse.

Let U[z] be the theory axiomatized by a(y)Ay<z.

Note that (in IA§+£2;):
K:UP>V[z] < yVxe oy, 3p<yProofy(p,xK), and hence:
K:UPV & VzK:UB>V[z]. Also:
K:UPV[z] < JyduVxe av[z]3p<uProofU[y](p,xK), and thus:
KUBV o Vza3y K:U[y]™> V(2.

We can arrange it so that K occurs in the arithmetization as a number, so it is possible to
quantify over K in the theory. Define:

K:U=sVM :© K:UBV AM:VBU

UDglobV = JKK: UV

UV & VxIKK: UPV[x]

UEglObV = U[>globv A VDgIObU

Us .V o UPR VAVELU

”U”glob = {Vl UEglobV}

“V”globs ”U”glob =1 Ul>g10bV

LOCglob(U) = <{IIVIIg10b U=z, V}s>
Note (in IA§+Q,): if w<x and K: UP> V[x], then K: U> V[w]. So:

U oV © (Vx3K)* K: UP V[x].

Similarly: UP .V & (Vx3K,y)*Vue ay[3p<yProofy(p,uk). Thus UP .V is modulo
provable equivalence in [T*,. Finally clearly: QF U 15,V — UP V.
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2.5.1 Pudlik's theorem on cuts: Let U be any sequential theory and let K be an
interpretation of a theory V extending Q in U. Then there is a U-cut I and a definable
isomorphism F between I and an 'external cut' of the K-numbers. To spell this out let's call the
numbers of the interpretation NK, the K-successor relation SuccK, K-addition PlusK, etc. The
claim is that there is a formula F(x,y) in the language of U (where IIl and IF| are polynomial in
IKI) such that:

i) U+ VxeIdye NK F(x,y).

ii) Uk VxeIVy,z ( (F(x,y) = (F(x,z) & y=Kz).

iii) Uk VxelVu,v ( (F(x,u)AF(Sx,v)) = SuccK(u,v)).

iv) Uk Vx,yelIVu,v,w ( (F(x,u)AF(y,v)AF(x+y,w)) — PlusK(u,v,w)).

v) Uk Vx,ye IVu,v,w ( (F(x,u)AF(y,v)AF(xxy,w)) = TimesK(u,v,w)).

vi) Uk VxeIVu,v ( (F(x,u)aAF(w,(x),v)) = Omega,K(u,v)).

vii) Uk Vx,ye NK( (x<Kya3ze 1 F(z,y)) = 3we I F(w,x)).

Pudlék's Theorem is verifiable in Q.
Proof: See Pudldk[85] or Visser[90]. O
3 General Facts concerning Local & Global Interpretability

3.1 Characterizations of Local Interpretability: We open this section by giving two
characterizations of local interpretability. The first is a generalization of the usual Orey-Hdjek
characterization of global intepretability for essentially reflexive theories, the second one
generalizes the 'identification' of global intepretability for essentially reflexive theories with
IT,-conservativity. No characterizations of comparable generality are known for global
interpretability: curiously we only have characterizations of global interpretability for classes of
theories (viz. essential reflexive and finitely axiomatized) where local and global interpretability
coincide!

3.1.1 Definition: OyfA : Jle U-cuts OylA.

3.1.2 Theorem: let U and V be sequential theories, then:
i) EXPH UP> .V & VxOycCony (V).
ii) If V is finitely axiomatized, then:

QF UP 155V € VxO©Cony (V).

Proof: (i) Reason in EXP. "—" By 2.4.6: VxOy,°Con, (V). The desired result is immediate

by combining this with Pudldk's theorem on cuts 2.5.1. "«" For every x use Oy;¢Con,(V) to
construct a Henkin-interpretation of V[x] (see Visser[90] for details). The proof of (ii) is
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similar. o

3.1.3 Theorem: let U and V be sequential theories, then:
i) EXP+ UB .V & VPe[],;(OP—-0OCP).
ii) If V is finitely axiomatized, then: .

Q+ U[>globv & VYPe HI(DVCP—)DUCP).

Proof: (i) Reason in EXP. "—" Immediate by Pudldk's Theorem on Cuts. "«" This is a
direct consequence of 3.1.2. The proof of (ii) is similar. u]

3.2 LOCgp(U) has a maximum

3.2.1 Lemma: Let U and V be sequential theories and let I be an U-cut. Then there is an M
such that: Q + Vx OyOly,, T - M:UBV.

Proof: This is a variant of Feferman's argument. Reason in Q: suppose: Vx Oy<Oly (T, Let
O*yA & Ixe (Ol (L AAOLy , T). We have: OyO*y T. We can find using the Henkincon-
struction an interpretation M based on O*y, such that for all A Oy(O*yA—M(A)) and
Dy(M(A)—AM) (see e.g. Visser[90]). Suppose OyA, then for some x Oy(Oy xyAAOy T,
hence OyO*yA. We may conclude OjAM. m]

Define for sequential U RCon(U):={ Oy, Tine o).

3.2.2 Claim: Let sequential theories U and V be given. We have:
EXPH UB 1, V & (Q+RCon(U))> yopV
Clearly this tells us (in EXP) that IQ+RCon(U)llgq, is the maximum of LOCg o (U).

Proof: Reason in EXP. Let W:= Q+RCon(U).
"—" Suppose UP> V. By 3.2.1 it is sufficient to show that: VxOw<Oy 4 T. As is easily seen
this follows in its turn from: VxJyOgq(OyxT2Oy xT).

Consider x. Suppose K:UP> V[x] and find v such that VAe av[x]HpSvProofU(p,AK). Clearly
(by EXP): OqgVAe ay[x3p<vProofy(p,AK). Let u be such that for any C p(CK)=p(C)+u.
Take y:=max(exp(Ix/+u),v),. Reason in Og: Let q be an V,x-proof of L. It is easy to see that
using K g can be transformed into an U,y-proof of L. End of reasoning in Og,.

"«" It is sufficient to show U .. (Q+RCon(U)), which is immediate from 2.4.5. O

Note that it is immediate from 3.2.2 and 2.5.1 that V is in the maximum among the degrees of
global interpretability iff for some V-cut I V proves RCon(U)L
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3.2 is somewhat unsatisfactory because of its dependence on EXP. So it is of some interest to
see in how far this defect can be repaired. The next theorem is only a first step in this direction.

3.2.3 Claim: Let sequential theories U and V be given.
i) QF UP .V = there is an M Q+ M:(Q+RCon(U))>V
ii) Suppose U is finitely axiomatized (or £2 or PA) then: QF UB . (Q+RCon(U))
1ii) Suppose U is finitely axiomatized (or 2 or PA) then:
QF U 5.V & QF (Q+RCon(U))> g1,V

Proof: Let W:= Q+RCon(U).
i) Suppose QF UP .V, then by Parikh's Theorem there are n and k and there is a A;(®,)-
definable function F such that:

QF VxIK<o,"(x+k)V A€ oy (53 p<o,"(x+k)Proofy(p,AK).  (*)

Reason in Q. By 3.2.1 it is sufficient to show that: VxOw Oy 4 T. As is easily seen this
follows in its turn from: Vx3yOg(OyyT—oOy ,T).

Consider x and take y:=x.l®;"(x+k)l. (*) gives:

OoIK<;Y(x+k)V A€ oy 53 p<w; "(x+k) Proofyy(p,AK).
Reason in Og: consider a K as promised. Evidently p(CK)<p(C)+lw,"(x+k)|. Let q be an
V,x-proof of L. It is easy to see that using K q can be transformed into an U,y-proof of L.
End of reasoning in Og,.

Note that we couldn't have chosen K first and then have moved into Og, since we have
-lacking full Y-completeness- no guaruantee that the desired property of K is preserved going
into Og!

(i1) is immediate from 2.4.6 and 2.4.7. (iii) is immediate from (i) and (ii). O

We exhibit a different theory in the maximum of LOCglob(U ) for finitely axiomatized U (or for
U=Q).

Define: Q.:=Q+{Q,;Ine SN}. Tcon will mean: Tableaux-consistency. Remember that
exp(x)=2%, SN={xlexp(x) exists} and itexp(x,0)=x, itexp(x,y+1)=exp(itexp(x,y)).

3.2.4 Claim: Let U be sequential and finitely axiomatized, we have:
Q- (Q..+Tcon(U))=giop(U+RCon(U))

Proof: "<1" By 3.2.3 it is sufficient to show Q+UP ;. .(Q.+Tcon(U)). Reason in . Since
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U is finitely axiomatized we can find a standard U cut I, such that U proves Tcon(U) on I, (see
e.g. Visser[90]). We construct for ye SN the cuts I, of 2.2 starting from I, such that U proves
closure of I under wy. Use the estimates sketched in 2.2.5 to verify that the construction is
possible in Q. Clearly the I, interpret IAg+Tcon(U)+Q;+...+€2,.

""" Reason in €. Let Xy:={ulitexp(u,y) exists}. Note that Xy=. Define:

S:=N{X,lye SN and X, is a cut}.
It is easy to see that 3 is a (Q..+Tcon(U))-cut. Let V:=Q_+Tcon(U). We claim that for any
we SN: Oy(Vxe 3 itexp(x,w) exists). Fix we SN. Clearly it is sufficient to show that X, is a
V-cut (and hence Oy(3 <X,,)) and that Oy(Vxe X,, itexp(x,w) exists). We prove both claims
simultaneously using 2.2.3. Remember that Z is z-closed if Z is closed under is #, (or
equivalently: Z is closed under w,), 1€ Z and Z is downwards closed under <. Let's say:

Z is w,y-strong if y<w, Z is (w-y)-closed and Vxe Z itexp(x,y) exists
So we want to prove that X, is w+1,w-strong. From 2.2.3 we see how to construct a proof of
"Xy41 1s wtl,y+1-strong” from "X, is w+1,y-strong". For any w trivially V proves: X is
w+1,0-strong. The V-proof, say 1, we want looks roughly as follows:

Xp is w+1,0-strong, hence

X, is w+1,1-strong, hence

Xy, is w+1,w-strong.
How many symbols does 7 contain? The number of symbols in each of the steps can be
estimated by m.lwl+n for standard m and n. So the number of symbols in ©t will be smaller
than m'.Iwl.w+n'. Since we SN & will exist in . We prove the existence of by induction on
y<w, showing that there is a proof m, of "Xy is w+1,y-strong" with Imyl<m".lwl.y+n".

We verify that 3:VE (Q+RCon(U)). Consider any z. Note that for standard k.,k'
(k.lzl+k")e SN. Reason in Oy: suppose for some y in 3: Proofyy ,(y,1 ). Then there is an
x<itexp(y,k.lzl+k") (for some standard k and k') such that Tproofy;(x,1) (see 2.4.8). Quod
non. Ergo: OU,WST. It is easy to find suitable bounds on the V-proofs of OU’WJ T,s0 we are
done. o

3.2.5 Theorem: EXP+ Qmsglob(Q+RCon(Q)).

Proof: For some (standard) m: OqVx ((itexp(x,m) exists) = —~Tproofn(x,L1)). Clearly X
Q. > (Q.+Tcon(QQ)) and hence Q.=(Q..+Tcon(€2)). It is not difficult to see that 3.2.4 also
works for Q instead of a finitely axiomatized, sequential U. O

3.2.6 Open problem: is it possible that for some A (Q+A)=g),p(Q+RCon(L2)).

Note: if Q is finitely axiomatizable, i.e if for some finitely axiomatized U ID:Q=U:ID, then the
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answer is: no. So the only reasonable hope is to find the answer yes.
4 Lob's Theorem
All the reasoning of this section can be executed in Q.

4.1 Lemma: Suppose U is finitely axiomatized and k is large compared to the ranks of the
axioms of U and to the rank of A, then: OyA — OOy A.

Proof: Suppose Oy;A. We construct an interpretation M with M:(Q+O j—A)> (U+=A). It
follows that: M:(Q2+Cy x—A)®> L, hence Og0Oy KA. O

4.2 A generalization of Lob's Theorem: Let U be finitely axiomatized. Let N:U>V
and M:VE>W, K=MoN. Let k be large compared to the degrees of K, A and the axioms of U.
Suppose Oy(OM;, AN A). Then OyA.

Proof: By the Godel Fixed Point Theorem there is an m and a B such that
O m(Be(O MU,kBN-—>A)). Note that m depends only on p(A), p(M) and on the p of the
arithmetization of the graph of the Ax.xN. Moreover note that these p's do not depend on k
even if B does depend on k. Let p be the U-proof of QK. Pick k large compared to p(p), m,
p(K) and the ranks of the axioms of U.

Clearly Ow (O BN-0Oy ( (OMy BN AN), ie. Ow(Dy  BN-DOy  (OKy (BNoAN)),
Also: Dy/(Oy xBN—Oq 0y xBN). Moreover: OyOy;, QK. We find:

Ow(Oy xBN—=Oy (O xBNK).
Hence: Oyw(Oy xBN—O(; 3 AN) and thus O(0M; ,BN—»OM;; AN). From our assumption
we get: Oy(OMy; ,BN—A). We may conclude OyB. Hence OyBN and thus OyOM; BN and
so OyA. ]

4.3 Definition: A theory U is nearly finite if (i) there is a finitely axiomatized X and there
is an X-cut I such that ID:U=X:1. (ii) (i) is verifiable in Q. Note that €2 is nearly finite.

4.4 Corollary: Let U be nearly finite. Say X is our finitely axiomatized theory and

ID:U=X:I*. Suppose I is a U-cut and I:UB V. Let J be a V-cut and let S be a 3;-formula. We

can find k (large compared to the ranks of I,J,I*,S and the axioms of X), such that:
Oy(DIyxS—8) — OyS.

Proof: Let J*:=I*ol. Note that J*:XB>V, J:VB> Q. Let K:=JoJ*. Choose k large compared to
the degrees of complexity of S, the axioms of X and K. Suppose DV(DJU,kS—>S). Reason in
V:
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Suppose OJx , S7*. Since J* is a cut, we have: DJx ,S. Hence OJy; ;S and so S.
So outside of V, we find: Oy(07x  S7*—S). Apply42t0getOyS. O

4.5 Corollary: Let U be consistent, sequential and nearly finite, then
i) Q+RCon(U) is not globally interpretable in U,

i)  Q.+Tabcon(U) is not globally interpretable in U.

Moreover:

i) €. is not globally interpretable in 2.

Proof: i) Suppose U is nearly finite and Q+RCon(U) is globally interpretable in U. Then by
Pudl4k's theorem on cuts 2.5.1 and the downwards persistence of IT;-sentences: Q+RCon(U)
is interpretable in U on a cut. But then 4.4 implies that U is inconsistent. (ii) follows from (i)
by 3.4.2. (iii) follows by 3.2.5. O

4.5(i) is due to Pudldk using essentially the same methods. (iii) is due to Paris & Wilkie by a
quite different argument. Note that 4.5 tells us that for nearly finite U LOCgjop(U) has at least
two elements.

4.6 Discussion: Note that by minimal modifications of the proof of 4.2 we get:
4.6.1 Fact: Let N:UP>V and M:VB>W, K=MoN. Suppose EIV(DMUAN-—%A). Then OyA.

The easiness of the adaptation of the usual proof of Lob's Theorem may well give the
impression that any generalization along these lines will work. However this is not so. Note
that 4.2 and 4.6.1 satisfy a kind of dimension analysis: even if the languages of the theories
considered differ the sentence A is always considered in the right language. 4.4 violates the
dimension analysis, but this is explained by the fact that only sentences of a special class are
considered and the fact that a very specific property of these sentences is used.

We give two 'anti-Lob' (or: 'fake reflection’) examples. First the reader may amuse him/herself
by proving the following: '
there is a GB-cut I such that: GB+ (Ogg—SUPEXP — —~SUPEXP)!
The results of the next section imply:
there is a GB-cut I such that: GB+ OggOgg!L — Ogg-L.
Note that both our examples violate 'dimension analysis'.

5 Tunneling Y-formulas through

5.1 Tunneling Theorem: Let U be finitely axiomatized. Suppose for some U-cut I
[;UB V. Let K:VEU and let S be any X-formula. Then there is a U-cut J (without further
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parameters) such that: Q+— K:VE&(U+SJ) - OyS.

Proof: Let I be a V-cut isomorphic with an initial segment of the K-numbers. Say the K-image
of I is I*. Choose k large compared to the ranks of I and S; choose J such that we have
reflection in U for OJy  for formulas of sufficiently large rank. Let R be such that:

QF R & S<OyR.

Reason in Q: suppose K: VB> (U+S7). Reason inside Oy: in K we have SJ. Thus: Oy kR<S or
S<Oy xR. In the first case we find OJ(;yR (because SJ) and hence R. But this contradicts
Oy xR<S. So we find S<Oy 4R, i.e. R. Go outside of K.

Suppose Olyy 4 R. Then in K: O*(;4R and thus RI*. RI*. Hence outside K we have: R1. Leave
the Dv.

Ergo Oy(Ol, xR—R) and hence because k is large compared to I and S: OyR, so OyS. O
5.2 Corollary: 5.1 also holds for U nearly finite.

Proof: Trivial. o

We write A for tableaux-provability.

5.3 Corollary: Let U be finitely axiomatized. Let S be X;. Then there is a U-cut J such
that:

i) Q- OyST e Og,reanqyS-

i)  EXPr OyS! & Apxp(Tcon(U)—S).

iii) SUPEXPF OySI & (Con(U)-S).

Proof: (i) First note that Q+Tcon(U) is interpretable in U via a cut. Let K:(Q+Tcon(U))>U.
Pick J such that:

QF K:(Q+Tcon(U))P> (U+S7) = Og,Teon(U)S-
Then clearly: Q+ OyS! - O04Tcon(u)S- Evidently we may choose J so small that Q-
J:UD (Q+Tcon(U)), hence: QF OyS! & O, 1eonw)S-

(i1) and (iii) are immediate from (i) using the results of Visser[90] and the fact that Tcon(U)—S
is in 21. (]

5.4 Corollary: Let U be nearly finite. Then there is a U-cut J such that:

i) QF OyOy'A & OgOyA.
iiy SUPEXP+ OyO’A < OpA.
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Proof: (i) Let X witness the nearly finiteness of U. Inspecting the proof of 5.3 we find for
any X,-sentence a U-cut J such that Q+ OyS? & O, 1eon(x)S- Taking S:=0OA and noting
that Q-D0q , Tinconcx)PUA We get the desired result. (ii) is immediate from (i). O

Note that if U extends SUPEXP, we find (taking A:=1): U+ OyO{/ L < OyLl. Remember
that also: U Oy—0OJ L & OyL. So Oy L has the Rosser Property.

5.5 Corollary: Let U be nearly finite. Let I be a U-cut. Then there is a U-cut J such that:
QF Oy(OylLl-0y1) & 0gOyL.

Proof: Reason in Q. Let X witness the nearly finiteness of U. Let M:U> (U+0Oy!L) and

P:Q+Tcon(X)> U. Take K:=PoM. Let J be given by 5.1 with Q+Tcon(X) in the role of U

and Oq L in the role of S. Suppose Oq(OQlL—0gT1). We have:
K:(Q+Tcon(X))> (U+O 1)

and hence O, TeoncxyDy-L- By the usual reasoning: O, 1eoncx)Bu-t- O

5.6 Corollary: Let J be an Q-cut such that Q+Vxe J 2%} Then:
Q- UQ(DQJ.—)DQJ_L) s DQDQJ—.

Proof: 5.5 guarantees us an Q-cut J* with Q+ Oq(0q 1 —»0gl* 1) & OgO( L. Inspection
of the proof shows that any J* such that for some sufficiently large k Q+ Vxe J* itexp(x,k){,
will do. (This uses the fact that for any m there is a k such that:

QF Vx(itexp(x,k)l—)—.l’roofg,m(x,-L).)
Let J be an Q-cut such that Q+Vxe J 2x{. Define J[0]:=ID, J[n+1]:=J[n]oJ. Clearly Q+
Vxe J[k] itexp(x,k){. Also:

Q+ 0g(DJ0]G 1L 50011y —» Dg@Ilg L »0oJ2]1)

— Og(032lh1 -50gIB1L)

-5 Og(@k-115 L 0K L)
Hence Q- Oq(0ql—0gl1l) —» Og(0gl—D0glklL), so by our earlier remarks the
desired result follows. O

In our previous theorems the cut chosen was always dependent on U and on S. As a last point
we show that the dependence on S can be eliminated.

5.7 Uniform Tunneling Theorem: Let U be finitely axiomatized. Suppose for some

U-cut I I;UB V. Let K:VEU. Then there is a U-cut J (without further parameters) such that
Q+ VSe ¥, K:VE (U+S)) — OyS.
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Proof: Reason in Q. Let True be the usual ¥, truth-predicate for X,-sentences. We have for
any X,-formula S (applying the conventions for formulas inside the O also to True):
Oqo(True(S)-S),
for a fixed standard cut I*: Dq(ST*—>True(S)).
Let J* be the cut provided by the Tunneling Theorem for the formula True(x). Take J:=I*oJ*.

Consider any S in Y,. Suppose K:VB (U+SJ). Then K:VE> (U+(S1*)J*). Ergo
K:VE> (U+True(S)’*). Hence by the Tunneling Theorem Oy True(S), so OyS. O

6 Intermediate Degree

We show that if U is consistent, sequential and finitely axiomatized, then LOCgp(U) has at
least three elements. All results in this section are in Q. O:=0yj, etc.

Suppose U is finitely axiomatized. Ujp.:=U+{Cut(A)—0O ALIAeFOR|, FV(A)={x}} is
locally interpretable in U. If Q&0O.L, then Uy, is not globally interpretable in U. Moreover if
U is consistent, W:= U+RCon(U) is not globally interpretable in Uy

Proof: Let Ct(A):={xICut(A)—A(x)}. Note Ur-Cut(A)—Ct(A)=A, U-Cut(Ct(A)) and
U+OL+ (Cut(A)—»D0AL) & OCKA) L,

To show that Uy is locally interpretable, consider A,,...,Ap, in FORy, with FV(Ap={x}. Let
J:=N{Ct(A;)I1<i<m}. We have UP> (U+D0J 1) and hence UB> (U+{Cut(A;)—>DAj LI1<i<m}).

Suppose Uj, is globally interpretable in U, say by K;. Let M:(Q+Tcon(U))> U and
K:=MoK,,. Let J be the cut of our theorem. Clearly: Q+Tcon(U)+(Cut(J K and Q+Tcon(U)+
(Cut(J)—0IL)K, ergo Q+Tcon(U)-DJoK L, The theorem gives: Q+Tcon(U)-DO.L and hence
Q-OL,

Suppose W is globally interpretable in Uy, then there is a fixed Ujpc-cut I such that for all n:
Ui, Conl, (U). Let m be large compared to I. We have for some cut J: U+0J L +Conl,(U).
Hence U+ 0J0J 1 —»0JConl,(U), and so: Ur 0I0J L —0JL. By Lb's Principle: U-0J.L.
We may conclude U+Conl,(U). Hence U is inconsistent. O

It is easily seen that our result also works for nearly finite theories (like €2). I end with the
obvious conjecture:

6.1 Conjecture: Suppose U is sequential and nearly finite. Then there are infinitely many
incomparable elements in LOCg55(U).
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