Solving an I nfinite Decision Problem
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ABSTRACT: Barrett and Artzenius posed a problem concerning infinite sequences of decisions. It
appeared that the strategy of making the rational choice at each stage of the game was, in some
circumstances, guaranteed to lead to lower returns than the strategy of making the irrational choice at
each stage. This paper shows that there is only the appearance of paradox. The choices that Barrett and
Artzenius were calling ‘rational’ cannot be economically justified, and so it is not surprising that someone
who makes them ends up with sub-optimal returns. A solution to the more general problem they poseis

al'so advanced.
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Barrett and Artzenius (1999) pose the following problem:

“One has an infinite stack of dollar bills with consecutive serial numbers: 1, 2, 3 etc. An agent, who starts

with no money, is then offered the following choice, where nis equal to the total number of times that the

choice has been offered so far:

1 Get one dollar bill off the top of the stack.



2. Get 2n+1 dollar bills off the top of the stack, but you must then return the bill with the smallest

serial number that you currently have. The returned bill isimmediately destroyed.

Suppose that the agent does not know how many times he will be offered this choice.” (101)

Several puzzles arise. One puzzleis that option 2 seems to give the agent more money than option 1 at
every stage, but if there are countably many stages then choosing option 1 every time leaves the agent
with al the bills, and choosing option 2 every time leaves her with nothing. That isn’t the puzzle with
which Barrett and Artzenius are primarily concerned. Rather, they ponder why it isthat option 2 could be

therational choice at every stage, yet a policy of choosing option 2 at every stage yields lower returns

than a policy of choosing option 1. “One might worry that irrationality pays so well.” ' (102) Given all
this, they ask “Not knowing ahead of time what choices ... will be offered, what strategy should the

agent follow at each step”? (102).

First Response: It pays to be far-sighted.
Let’'s assume, for asimplification, that the agent knows the choices will be offered infinitely often. Then
it seems, paradoxically, that his best strategy over all choicesisto aways choose option 1 (that gets all

the cash), but his best choice on each individual occasion isto choose option 2 (that gets more cash on

' Of course irrationality can always pay well, if theirrational agent islucky. It isn’'t a paradox that minimising

expected returns can sometimes end up maximising actual returns.



each occasion). Again the individual and the collective are at odds. However, there is a simple argument
that in these circumstancesiit is not best to choose option 2 on each occasion.

Betty would like to own the new Smashing Pumpkins CD; in fact, she would happily pay $15 for
it were this the only way to obtain it. She is walking down a street in here town where there are two
strange music shops. At the first shop she will come to she can buy the Smashing Pumpkins CD for $5.
At the second shop she can get a copy of the CD for free, provided she has not already bought a copy.
(The second store has ways of knowing who buys which CDs.) Betty knows this before she starts down
the street.

It would, | takeiit, beirrational for Betty to buy the CD for $5 at the first store, even though that
trade in isolation makes her better off. She would, ceteris paribus, prefer having the CD to having $5. But
here other things aren’t equal. Making that trade would prevent her from making an even better trade just
down theroad. AsKeynes said, “It is not sensible to pay 25 for an investment of which you believe the
prospective yield to justify avalue of 30 if you also believe that the market will valueit at 20 three
months hence.” (1936: 155) And it certainly isn't rational to pay $5 for an investment of which you
believe the prospective yield to justify avalue of $15 if you also believe that the market will valueit at O
three doors hence.

Thiskind of irrationaity is displayed by the person who chooses option 2 at every stage knowing
that the game will go on forever. Consider this redescription of the first choice sheis offered: “Y ou will
be given the bill numbered 1, and you can either keep it, or exchange it for the bills numbered 2, 3 and 4.”
Option 1 is equivalent to keeping the bill, option 2 to making the exchange. The person who makes the
exchangeis buying the bills numbered 2, 3 and 4 at a considerable discount: 67% off the cover price. But

she does this knowing full well that (a) in a short amount of time she could get a further discount and (b)
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that further offer isonly valid if she refuses the trade now. Aswe saw in Betty’ s case, thisisan irrational
action.

Note that we don't need to appeal directly to the infinite sequence of choices to show that the
choiceisirrational. We do appeal to it indirectly. If the gameisn’'t dated to continue indefinitely, then the
agent does not know that she will receive the higher numbered bills further down the track. Note also that
this argument doesn't rely on the agent planning to take option 1 at the later stages. Whether she plans to
take option 1 or option 2, sheis certain to receive those very bills while either (a) giving up nothing if she
chooses option 1 or (b) receiving even more in exchange if she chooses option 2. So, whatever she plans
to do in the future, there is a cheaper way to buy bills numbered 2, 3 and 4 than choosing option 2, and
that way is foreclosed if she chooses option 2 now. So that option isirrationa at the first stage. Because
the game is slated to continue indefinitely, this reasoning is perfectly general, and hence showsthat it is
irrational to choose option 2 at each stage.

If it is not rational to choose option 2 at every stage in this game, it is certainly not rational to pay
$1 for the privilege of being allowed to choose it. So the Dutch Book argument which Barrett and
Artzenius propose against the agent who always chooses option 1 (p. 103) will fail when it is certain the

game goes on forever.

Second Response: Choosing the highest limit
Assume, with some loss of generality, that the agent is given in advance the probability that the game will
be stopped after each step. Say r;is the probability that the game will be continue after the i’ th round,

given that it has made it that far. (So the probability of the getting to the fourth round isrir,rs.) The



argument of the previous section showed that when r, isone for al n, theright choiceis option 1. We
now suggest agenera procedure for choosing a strategy given <ry, ro, ...>.

Let n be aninteger, and T astrategy for choosing option 1 or option 2 a each stage. Define S(n, 1)
to be the probability of ending up with the dollar bill with serial number n by following strategy 1. So if T
isa, the strategy of always choosing option 1, then S(n+1, 1) isrir,...rp, or the probability that the game
will get past the n’th round. Define T(n, T) asthe sum from 1 to n of (i, 1). That is, T(n, T) givesthe
expectation of the number of bills with serial numbersless than or equal to n with which an agent
following strategy t will end up with. The following proposa seems quite plausible: Strategy X is better
than strategy o iff thereis someinteger k such that for al j > k, T(x, j) > T(J, j).

Before defending this proposd, it is worthwhile to say a few words about the strategy, call it 3, of
always choosing option 2. To determine S(n, 3) we must make two calculations. First, we must work out
the probability of bill n getting into the agent’s collection in the first place. Second, we must work out the
probability of that bill being subsequently destroyed. Thefirst calculation is already done, it is S(n, a).
The second calculation is a bit harder. Define a new function f from natural numbers to natural numbers.
Intuitively, f measures how long it will take for you to receive bill number n following strategy . So
f(73) = 7 means that an agent following strategy 3 will receive the bill numbered 73 in the seventh round
of the game, if it getsthat far. In the scenario Barrett and Artzenius describe, we can formalise f as

2
follows :

? I have left some scope for generality here, because the precise number of dollars an agent receives under option 2
seems irrelevant to the puzzle. If we replaced ‘2™ in their puzzle with, say, ‘3, there would still be the oddity that

choosing the larger sum of money every time leads to an inferior result.



f(n) = Int(Logx(n + 3.5)) - 1

The ‘3.5 here could be replaced by any value in (3, 4) without affecting the formula. (‘Int’ hereisa

function which takes realsto the largest integer less than or equal to that red; intuitively it deletes

everything after the decimal point.) Given f, we can write the formulafor S(n, 3).

S(n, B) = S(f(n), a) - S(n, a)

The first term gives the probability the agent will receive bill n, the second term the probability that it will

be destroyed. Note that if r; equals 1 for al i, then S(n, 3) equals zero for all n, and hence T(n, ) equals

zero for al n. Thisaccords with our earlier conclusion that o is a better strategy in this situation. If

choosing strategy o has a finite expected return, that returnisthe limit as n tends to infinity of T(n, a).

(Lemma One in the Appendix provesthat for any strategy x with afinite expected return, that returnisthe

limit as ntends to infinity of T(n, X).) In such a caseit will always be better to choose (3 rather than a.

Indeed, in any such case the best strategy of all will be 3. Thisis proven as Lemma Two in the Appendix.

On the other hand, if the probability that the game will have no end is positive, then a is a better strategy

than 3, asis shownin Lemma Three. (This of courseis not to suggest that a is the best strategy of all in

such asituation.) So it seems the proposal gives the right answers in the cases on which we have firm
opinions, and gives us a reasonable way of working out the cases on which we have no firm opinions.
At this stage it might seem thereis little which is paradoxical. We have a plausible mathematical
model which recommends choosing option one in the case where the game will go on forever, and we
have two arguments derived from considering finite cases for the legitimacy of this choice. Thereis,
however, some paradox lurking in the background. To see this, consider how the game goesif ther; are

such that the following holds for al j:



L1 1

[Ji=3%2

So the probability of the game having no end is %%, and the probability of the game lasting at least j rounds
approaches that limit rather quickly asj rises. | leave as an exercise for the interested reader the following
theorem. Let x be any strategy other than 3, and let o be the strategy generated by replacing the first
choice of option 1 in x with achoice of option 2. In this game, d is a better strategy than x. The paradox is
that a is better than 3. So we have, loosely speaking, akind of infinite intransitivity. Let’ stry to berid of
some of the looseness.

Let g be any function, partial or complete, from strategies to strategies. As usual, let g°(x) bex,

k+1

when it is defined, and g“*(x) be g(g(x)) for al non-negative integers k. Say yisthe limit as k tends to
infinity of g*(x) iff for al j there exists ak such that for all i = k, g'(x) agrees with y on the first j moves. In
the circumstances, this seems a natural enough definition of alimit. The following might look like a
plausible transitivity principle: If for al positive k, g(x) is better than g *(x), and y isthe limit as k tends
toinfinity of g(x), then yis better than x.

If we accept my proposal about judging strategies, it turns out this transitivity principleisfalse.
Let g be the function of replacing the first choice of option one with achoice of option two, and let x be
a, the strategy of always choosing option one. Given our definition of ther;, all the conditions on the
transitivity principle are met, but o is better than the limit ask tends to infinity of g*(a). That is, o is
better than 3. So perhaps there is something paradoxical about infinite decision puzzles after all.

It might be thought that it is my proposal, not the puzzle case, which is problematic. After dl, it

might be thought that endorsing this principle of infinite transitivity is a requirement on any rule for



evaluating strategies. We can show that thought is mistaken by looking at some much simpler cases.

Consider this game, called the pool games.

We have a bank, a pool, and an agent. The bank starts with an infinite supply of dollar bills, and
the pool starts empty. At each round, the agent has two options. If she chooses option one, one dollar gets
added to the pool, she gets everything in the pool, and the game ends. If she chooses option two, one
dollar gets added to the pool, and the game goes on. The first round takes ¥ of a minute, the second round
Y, of aminute, the third round 1/8 of a minute, and so on, with the game ending after one minute. If the
game ends without the agent taking what isin the pool, the pool returns to the bank. Say C, isthe strategy
of aways taking option 2, and C, is the strategy of taking option 1 for the first (and last) time on the n’'th
round. Let g be the function which takes C, to C., for al n. It is clear that for al positive k, g(C,) is
better than g“™(C,), and C, is the limit ask tends to infinity of g(C,). And it is clear that C,, which
returns $1, is a better strategy than C,. So the problem is with the infinite transitivity principle, not with

my proposal for evaluating strategies.

Third Response: Don’'t Always Expect an Answer

As noted earlier, thereisaloss of generality in assuming the agent knows the probability that the game
will stop after each round. In the problem Barrett and Artzenius describe, the agent simply does not know
how likely it is that the game will end at each stage. What should she do? There are two substantive
problems to be addressed here before we can help the troubled agent. First, we must provide atheory of

how uncertainty is to be represented in such cases. Secondly, we must provide a decision theory based on

: Thisgameis avariant on the paradox of Hell discussed in Artzenius and McCarthy (1997).



these representations. Since each of these questions is a matter of some controversy, | will just state the
positions which | take to be winning the war.

In the previous section we assumed that the agent’ s epistemic state could be properly represented
by a single probability function. When the agent is not so certain about the conditions under which the
gameis played, the appropriate move is to represent her epistemic state by a set of probability functions,
called her ‘representor’. As above, we will equate these functions with sequences<r, r», ..., fp, ...>, with
O<r;<1foradli, with each r; representing the conditional probability that the game would continue after
thei’th round. If the agent was completely uncertain about the game conditions, her representor would
consist of every possible sequence.

In fact no rational agent is completely thisignorant. Once the choice has been offered the first,
say, 100 times, the agent should start to suspect that the game will be long-lasting. So it seemsirrational
to have any sequence in the representor in which ryy is very low. Even within these constraints, however,
arepresentor could contain a wide range of sequences.

Thisway of representing uncertainty has become quite popular in recent years. (See, for afair
sample, Williams 1976, Levi 1980, Jeffrey 1983, Seidenfeld 1984, van Fraassen 1990 and Walley 1991.)
There is considerably less consensus on how we should incorporate these representors into our decision
theory. Note that since the el ements of representors are probability functions, we still can talk about the
expected utility of any choice (or in this case strategy) according to elements of the representor. Most

theorists agree that when X has a higher expected return than & according to each element of the

representor, X should be chosen over 8. The problem iswhat to do when this is not the case, when x does

better than & according to some elements and & does better than x according to others.



There are two broad classes of strategy for dealing with this problem. We can either try and write

tie-breaker principles to decide whether x or & should be chosen, or we can say that in such cases neither

option should be preferred to the other. Levi, Williams and Seidenfeld favour the first option; I'm inclined

to favour the second. If we take the first option, then what to do will depend on which tie-breaker rule we

establish. If we take the second, it will generaly turn out that there is no fact of the matter as to which

should be chosen. More precisely, choosing either x or & will be permissible, and neither choiceis

obligatory. It is not uncommon for decision theories to make these kinds of recommendations; orthodox

expected utility theory says the same thing when the expected return of each choice isidentical.

Given how indefinite the probabilities seem to be here, and given this rule for decision making

with indefinite probabilities, we will end up not providing a definite answer as to which strategy a player

should follow. Some options are ruled out; given what was said above about how we should think the

game will keep on going after it has gone on for awhile, B is probably not aviable strategy. And unless

the player is quite confident the game will have no end, a also seems like a poor strategy. However any

strategy which displays a heavy bias towards taking option 2 in the early rounds, but which guarantees

that you will only choose it finitely often no matter what happens in the game, seems acceptable. Without

any further specification of the problem, it is unwise to expect any more specificity in the answer.
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Appendix

—

lim
Lemma One: Whenever there is afinite expected return from following strategy x, it is T(n,X).
n 00

Definep(i) asrar,...ri.1, and &(i) as either 1, if thei’th choicein X isoption 1, or 2*%-1 if thei’th choicein
X isoption 2. That is, (i) is the net number of dollarsthe agent collects at stagei following strategy X if
the game gets that far, and p(i) is the probability of the game getting that far. For convenience, let g(i) be
the gross number of dollars the agent gets at that stage before any dollars destroyed, that is, either 1 or 2'**

depending on whether the choiceis option 1 or option 2.

The assumption that X has afinite expected return isjust the assumption that:
lim o
O (Z e(i)p(i)) =1
n - oo &

lim
To prove: T(n,x) =1
n 00

Note first that if X has an expected return, then so must a. So the following is true:

lim o =
Ea-nﬁoo(;p(l))—a

By the definition of alimit for any € > 0 there is some k such that the following inequalities hold:
k k
Ze(i) p@i)>1-¢ andZ p(i)>a-¢

We now construct an msuch that T(m, X) > | - 2¢. Define two functions b(n) and c(n) asfollows: b(n) is
the round at which the agent following strategy X receives the bill numbered n, if the game gets that far,

and c(n) isthe round, if any, at which the bill numbered n is destroyed, if the game gets that far. (For

1



convenience, and because it will be only used as alimit, we can say c(n) isinfiniteif there are fewer than
n choices of option 2inX.) For any X, b(n) < 2™%-4, with equality if ¥ isthe strategy of taking option 2 at
thefirst n stages, and c(n) < n, with equality in the same circumstances. Using b, ¢ and p we can give a

neat formulafor S

S(n, x) = p(b(n)) - p(c(n)

So we have the following equation:

(X =3 pb() - Y Pe()

Let m be the largest value such that b(m) = k, and apply the above equation to T(m, X). Note that the
number of values of n such that b(n) =i equals the number of dollar billsthe agent is given at thei’th
stagein strategy X. That is, there are 2"** values of n such that b(n) =i if thei’th movein X is option 2, and

just one such valueif thei’th move is option 1. Hence we have:
m - k - -
S p(b(i) =3 (i) p(i)
1=1 1=1

If thei’th movein strategy X isoption 2, then there exists a unique n such that ¢(n) = i. Otherwise, there is

no such n. Note that g(i) - (i) equals 1 if thei’th choiceis option 2, and O if it isoption 1, so these two go

well together. In general, we have the following:
n . C(n) . - .
Z p(c(i)) = Z(g(l)—e(l)) p(i)
Putting the pieces together:

m m k c(n)
> p(b(1)) - z p(c(i)) = Z 9()p(i) - Z(g(i) —e(i)) p(i)
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c(m)

:iwmmazwm—w»M)

To finish this part of the proof, we need only show that the final term here is no greater than €, which can

be seen to be true as follows;

c(m) c(m) 0

(9()) —e)p(i) Z p(i) < Z p(i) <e

i= =k+1
So we have proven that for any arbitrarily small € thereisanm, T(n, X) is greater than | - 2¢ for all n>m.
To complete the proof we need to show that T(n, x) <| for al n. Since T(n, X) is monotonic non-
decreasing in n, if we can show thisfor every nthereisan m> n such that T(m, x) <1, thiswill be

sufficient. Let m be the largest integer such that b(m) = b(n). We call thisvalue, i.e. b(m), k. Aswas

shown above, we have the following equation:
k c(m)
T(mx) = Ze(i) p(i) -}_Z(g(i) — (i) p(i)

Since the left-hand termislessthan |, and the right-hand term is non-negative, this shows T(m, ) <1, as

required.

Lemma Two: Whenever the expected return from a isfinite, 3 beats a.

Using the terminology of the previous proof, the assumption is that:
[im o
0 (Z p() =1
n- o &

From Lemma One, it follows that:

”mooT(n,a)zl

—
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Let k be some value such that T(k, a) > I/2. We aim to show that T(4k, B) > |, and hence that 3 isa better

strategy than a.

Since S(n, a) is monotonic non-increasing in n, and f(4n-j) < nfor j O {0, 1, 2, 3}, the following

inferenceis sound, for j 0 {0, 1, 2, 3) and any n.

S(4n-j, B) = S(f(4n - j), a) - S(4n - j, a)

>9(n,a)-S(4n-j, a)

Applying this result, we get the following:

S(L,B) +S(2,B) + S(3, B) + (4, B) 2 45(1, a) - X1, &) + S(2, ) + S(3, a) + K4, a)

S(5,B) + (6, B) + S(7, B) + (8, B) 2 45(2, 0) - S(5, a) + §(6, a) + K7, a) + (8, a)

S(4k-3,8) + S(4k-2,B) + S(4k-1,B) + S(4k,B) = 49(k,a) - S(4k-3,0) + S(4k-2,a) + S(4k-1,a) + S(4k,a)

Summing the left and right-hand sides we get:

T(4k, B) = 4T(k, a) - T(4k, a)

By hypothesis, T(k, a) >1/2 and T(4k, a) <1, since S is monotonic non-decreasing, and it approaches | as

alimit. Hence we get:

T(4k, B) >

So i, i = 4k, we have

TG, B)>T(3, a)

So 3 is a better strategy than a.
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Lemma Three: Whenever the probability that the game will not end in finitely many stepsis positive, a
beats 3.

) lim
Define R as I_ll I, . The hypothesisisthat [1: R; =1 . Choose some k such that R, < 31 / 2. Using

i= ) -

the function b asin the previous proof, let m be any value such that b(m) = k. Aswas shown above,

Sm, B) = Sk, a) - Sm, a). Since §j, a) = R, we have §m, B) = R(- Ry, and since Ry < 3l / 2,and Ry, > |,
thisimplies Sm, B) <1/ 2. AsR isnon-increasing, and b is non-decreasing, this also shows that for all

n=m, S, B) <|/2 Letobeany integer such that o >mand o> m+ (T(m, B) - T(m, a)) / 2I. It can be

easily shown that T(o, o) > T(m, a) + (o - m)I, and that T(o, B) < T(m, B) + (0 - m)l / 2 < T(o, a), which

. 4
provesthat a isabetter strategy than 3.
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