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1 Introduction

In this paper we investigate the properties and the expressive power of struc-
tures we call “extended nonmonotonic rule systems”. These structures gen-
eralize in a natural fashion nonmonotonic rule systems that we have studied
extensively in the series of papers [MNR90, MNR92a, MNR94a, MNR94b,
MNR94c].

Nonmonotonic rule systems arose as a simple algebraic structure captur-
ing the essential features of what have been called “nonmonotonic logics”.
These logics arose in attempts to formalize several forms of commonsense
reasoning. These systems include: the default logic of Reiter [Rei80], the
autoepistemic logic of Moore [Moo85], the nonmonotonic modal logics of
McDermott and Doyle [MD80, McD82], the truth maintenance systems of
Doyle [Doy79], the stable semantics of general logic programs [GL8S8], the
answer sets semantics for logic programs with classical negation [GL90], and
the answer set semantics for clausal logic programs [YBB92].

Nonmonotonic rule systems capture in an abstract fashion all the common
features of the above mentioned reasoning systems. Here is the definition. A
nonmonotonic rule system is a pair (U, N), where U is any set and N is a
collection of rules of the form

A1y ...y Oy by, ..., by
r= 1
) (1)
where aq,...,amy,b1,...,b,,c € U. The elements aq,...,a,, are called the
premises of r, the elements by, . .., b, are called the restraints of r, the element

c is called the conclusion of r. Each of the numbers m,n can be 0. If n =0,
then we call the rule » monotonic. If m = n = 0, then we call » an aziom.

Systems (U, N), where all the rules in N are monotonic, are well-known
and well-understood. The associated notion of derivation in such systems was
characterized by Tarski [Tar56], see also Birkhoff [Bir35] and Schmidt [Sch52].
In the case of nonmonotonic rule systems, there also is a corresponding notion
of derivation. This notion of derivation is defined so as to encompass all the
nonmonotonic reasoning modes discussed above. This is the notion of a S-
proof where S C U. The set S is intended to control the applicability of
the rules. That is, in order to apply a rule we must be able to derive all



its premises (i.e. ai,...,a,,) as in the case of monotonic rule systems, but
in addition the rule r can only be applied if none of the restraints by, ..., b,
belong to S. This notion of provability can easily be transformed into a formal
inductive definition of an S-derivation. (A similar construction for extended
nonmonotonic rule systems will be introduced below.) In this fashion we
can define the set Cs(I) of all elements of U which are S-provable from I.
We then call S an extension of [ in (U, N) if S = Cg(I). Similarly, S
is called an extension of (U, N) if S is an extension of () in (U, N). It is
easy to see that this concept generalizes the “bottom-up” representation (i.e.
via derivable formulas) of the notion of consequence, but not the “top-down”
definition of the notion of consequence as the least set closed under rules. For
more on this point, see [MT93]. Moreover, unlike the situation for monotonic
rule systems, there is no guarantee that a given nonmonotonic rule system
(U, N) will have even one extension. It is also possible for (U, N) to have
many extensions. We shall be interested in studying the family £((U, N)) of
all extensions of (U, N).

If (U,N) is a nonmonotonic rule system, where U is a subset of the
natural numbers w, then one can use standard codes for finite subsets of
natural numbers plus recursive pairing functions to code each rule r of the
form (1) as a natural number. Then we can can identify N with a subset
of w. We then say that (U, N) is a recursive nonmonotonic rule system if
both U and N are recursive. In general, when U C w, the family £((U, N))
of all extensions of (U, N) is a subset of the power set of w, P(w). When
U C w, Ferry [Fer93] was able to give a topological characterization of the
sets of the form £((U, N)). A characterization of the expressive power of
recursive nonmonotonic rule systems was given in [MNR92al. It turns out
that for every recursive nonmonotonic rule system (U, N), there exists a
recursive tree T° C w<“ such that there is a one-to-one effective, degree-
preserving correspondence between E((U, N)) and [T, the set of all infinite
paths through T'. Vice versa, for every recursive tree T C w<¥, there is a
recursive nonmonotonic rule system (U, N) such that there is a one-to-one
effective, degree-preserving correspondence between [T'] and £((U, N)). Since
the degrees of the elements in [T for recursive trees T C w<“ have been
extensively studied, our results allowed us to derive various results about
the possible set of Turing degrees of extensions of recursive nonmonotonic
rule systems and on the complexity of various decision problems associated



with nonmonotonic reasoning systems mentioned above. Moreover, this says
that the quotients of effective closed (I17) subsets of Cantor space by =r are
identical to quotients of sets of extensions of recursive nonmonotonic rule
systems by the same equivalence relation.

It turns out that one can get a finer measure of the complexity on the
set of extensions of a nonmonotonic rule system (U, N) by classifying non-
monotonic rule systems according to the number of so-called minimal proof
schemes which are possessed by the elements of U. Briefly, a proof scheme p
for an element x € U is a formal derivation of z using the rules N which si-
multaneously keeps track of the restraints of the rules used in the derivation.
The collection of all restraints used in such a proof scheme p is called the
support of the proof scheme and is denoted by supp(p). Then for any S such
that S N supp(p) = 0, x € Cs(). The formal definition of proof scheme was
first given in [MNR92a] and will be repeated below. There is a natural well
founded preordering of the set of proof schemes of x obtained by declaring
that a proof scheme p is less than a proof scheme p’ if every rule which oc-
curs in p’ also occurs in p. There are two natural restrictions we can put on
nonmonotonic rule systems. First, one can require that every element x € U
possesses only a finite number of minimal proof schemes. Such nonmonotonic
rule systems are called locally finite. A second, more restrictive, condition on
a recursive nonmonotonic rule system is that the system be locally finite and
that in addition there exists a recursive function assigning to each element
x € U, the explicit index of the finite set of all minimal proof schemes of z.
Such recursive nonmonotonic rule systems are called highly recursive. 1t is
proved in [MNR92a], that for every locally finite recursive nonmonotonic rule
system (U, N), there exists a finitely branching recursive tree ' C w<“ such
that there is a one-to-one effective, degree-preserving correspondence between
E((U,N)) and [T] and, vice versa, for every finitely branching recursive tree
T C w=¥, there is a locally finite recursive nonmonotonic rule system (U, N)
such that there is a one-to-one effective, degree-preserving correspondence
between [T'] and E((U, N)). Similarly, for every highly recursive nonmono-
tonic rule system (U, N), there exists a highly recursive tree ' C w<“ such
that there is a one-to-one effective, degree-preserving correspondence between
E((U,N)) and [T] and, vice versa, for every highly recursive tree ' C w<¥,
there is a highly recursive nonmonotonic rule system (U, N') such that there
is a one-to-one effective, degree-preserving correspondence between [7] and



E((U,N)). Once again, since the degrees of the elements in [17] for locally
finite and highly recursive trees T' C w<“ have been extensively studied, our
results allowed us to derive various results about the set of Turing degrees of
extensions of locally finite and highly recursive nonmonotonic rule systems
and, consequently, on the complexity of various decision problems associated
with nonmonotonic reasoning systems mentioned above. Moreover, this says
that quotients of bounded 19 subsets of Cantor space by =¢ are identical
to quotients of sets of extensions of locally finite recursive nonmonotonic
rule systems by the same equivalence relation and that quotients of recur-
sively bounded TI{ subsets of Cantor space by = are identical to quotients
of sets of extensions of highly recursive nonmonotonic rule systems by the
same equivalence relation. See section 8 for more precise statements of these
results.

Ferry [Fer91] noticed that the process of finite derivability remains the
same if we permit rules similar to (1), but allowing infinitely many restraints
as well as finitely many. Specifically, she considered rules of the form

A1y vy Qo t Z
r=——"— 2
: ©)
where ay,...,a,, € U, Z C U, ¢c € U. The elements ay,...,a,, are called
the premises of r, the elements of Z are called the restraints of r, and the
element c is called the conclusion of r.

Nonmonotonic rule systems under prior definitions correspond to the case
when Z is finite for all rules in N. Ferry proved that many properties of
nonmonotonic rule systems generalize to such extended nonmonotonic rule
systems. There are, however, important differences. First, when U C w,
the rules with infinite Z cannot generally be coded by natural numbers.
Second, it turns out that the topological characterization of the sets of the
form E((U, N)) are best expressed in terms of the Ellentuck topology [Ell74]
rather than the Cantor topology in P(w) or its close relative, the dual Scott
topology [Fer92, Bat89].

The principal purpose of this paper is to study the expressive power of
extended nonmonotonic rule systems (U, N). First we show that when U is a
recursive subset of w and each rule r of N, as described in (2), has the prop-
erty that the set of restraints Z of r is a recursive set, then one can define



natural analogues of recursive, locally finite, and highly recursive nonmono-
tonic rules systems for extended nonmonotonic rule systems. In contrast
with nonmonotonic rule systems, we shall show that the set of extensions of
a highly recursive extended nonmonotonic rule system can represent an arbi-
trary 10 class up to Turing equivalence. That is, we shall show that for any
recursive tree T° C w<¥, there is a highly recursive extended nonmonotonic
rule system (U, N) such that there is a one-to-one effective, degree-preserving
correspondence between [T] and E((U, N)). We only have a weaker version
of the converse result. That is, for any recursive extended nonmonotonic
rule system S, we construct a recursive tree 1" and a one-to-one correspon-
dence between the extensions of S and the branches through 7. Although
the extension is uniformly recursive in the corresponding branch, the branch
is only recursive in the Turing jump of the extension. This result still allows
us to get some natural results on the degrees of extensions of extended non-
monotonic rule systems. For instance, it follows that if an extended recursive
nonmonotonic rule system possesses a unique extension, then this extension
is hyperarithmetic. At the end of Section 9 we show that a stronger version
of the correspondence result is false. Specifically, using a wait-and-see tech-
nique we construct an example of an extended nonmonotonic rule system
for which there is no recursive specification of the one-to-one correspondence
described above. The example (although not the argument) was suggested
by the anonymous referee of the arlier version of this paper.

This paper continues our program of demonstrating a close connection
between the nonmonotonic reasoning systems introduced by research workers
in Artificial Intelligence and Classical Recursion Theory. The ubiquitous
relationship between Logic and Recursion Theory persists in this context.
The new modes of nonmonotonic reasoning currently considered in Artificial
Intelligence can be fruitfully analyzed by recursion-theoretic methods.

Finally, we express our gratitude to the referee of the earlier version of
this paper for both corrections to version s/he read as well as the suggestion
for the counterexample to the strengthening of Theorem 9.9.



2 Examples of Nonmonotonic logical systems

We will introduce briefly some of the nonmonotonic logical systems men-
tioned in the introduction. We introduce three such systems: the default logic
of Reiter [Rei80], the nonmonotonic modal logics of McDermott [McD82], and
general logic programming [Apt90]. It will be shown later that each of these
example can be coded into nonmonotonic rule systems. Moreover, because
the coding of such systems into nonmonotonic rules systems is so direct, it
will be clear that there are natural ”extended” analogues of such systems
and that all the results on extended nonmonotonic rule systems proved in
this paper immediately apply to such extended systems.

2.1 Default Logic

Default Logic is a system based on the language of propositional logic and is
able to handle those rules which, informally, have the format: “normally, if
« is proven, then derive 4”. Here the word “normally” is interpreted as the
“lack of any indication of abnormality”. To make this more precise, default
logic handles default rules, which are entities in the following format:

a:MpBy,..., MG
Y
where «, (1, ..., B,y are formulas of the underlying propositional language
L. Thus, in this case, normality is interpreted as the fact that there is “no
information that =3, ,..., =f holds”. Following Reiter [Rei80], a default

theory is defined as a pair (D, W) where D is a set of default rules and W is
a set of formulas of L.

r =

We define an operator I' mapping P(L), the set of all subsets of the well
formed formulas of £, into itself as follows: I'(S) is the least set U satisfying
the following three properties:

1. WcCU
2. Cn(U)=U
3. Forallrulesr € D, if a € U and =31 ¢ S..., 20k ¢ S then v € U.
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Here Cn(U) denotes the set of all logical consequences of U. It is easy to
see that the operator I' is well-defined. We then call a set of formulas S an
extension of (D, W) if S =T'(S5).

Default logic and the extensions of default theories have been studied
extensively in the Artificial Intelligence community for the past decade. It
has been argued that default rules provide a mechanism to formalize many
important aspects of common-sense reasoning where one naturally makes
conclusions which are based not only the presence of information but also on
the current absence of other information.

2.2 Nonmonotonic modal logics

McDermott [McD82] introduced a technique which allows one to create non-
monotonic counterparts of various modal logics.

We shall use the modal language £; with one modal operator L, inter-
preted as necessitation, knowledge, or belief. Given a modal logic S, we
consider the consequence operator Cngs. This consequence operator is differ-
ent from one used in most work on modal logic (see Chellas [Che80]) in that
it allows for application of necessitation to all previously proven formulas,
not only to the the axioms of §. McDermott studied the proper form of
Kripke semantics for such notion of provability.

Now, given a set of formulas 7' C £ and another set of formulas I, inter-
preted to be the initial assumptions of the reasoning agent, we consider the
set of formulas

Cns(1U{~Ly: v ¢ T})
A theory T is then called an S-expansion of [ if

T =Cns(IU{~Ly: ¢ ¢ T

The set of formulas {—L : ¢ ¢ T’} represents the so-called “negative intro-
spection with respect to T”. Informally, this set consists of those formulas
expressing the statements: “i is not believed”, for all ¢ that are not in the
belief set of the reasoning agent.



Again, McDermott [McD82] argued that expansions can formalize essen-
tial aspects of common-sense reasoning. We shall see below that nonmono-
tonic rule systems faithfully represent McDermott expansions.

2.3 General Logic Programming

General logic programs extend the usual syntax of (Horn) logic programs by
admitting negated atoms in the body of clauses. Specifically, a general clause
is an expression of the form:

P—q,---5qm, T1,...,Tn

Here we only assume that m > 0 and n > 0 so that the usual logic program-
ming clauses are special cases of general clauses. General clauses possess the
logical interpretation:

G N NG NN AT, D P

As long as we are interested in Herbrand models of general programs, we can
consider the propositional theory ground(P) consisting of all ground substi-
tutions of clauses of P. While P is usually finite, ground(P) may be infinite if
P contains function symbols. There is of course a one-to-one correspondence
between Herbrand models of P and propositional models of ground(P).

As is the case for (Horn) logic programming, not every model of the pro-
gram has a clear computational meaning. Some models of a general program
provide a computationally sound meaning to negation. Three of the most
widely used used semantics are the supported models of Clark [Cla78] (see
also Apt and van Emden, [AvES2]), the stable models of Gelfond and Lif-
schitz [GL88], and the well-founded model of Van Gelder, Ross and Schlipf
[VGRS91]. We shall discuss here only the stable models of Gelfond and
Lifschitz since stable models are most naturally modeled by extensions of
nonmonotonic rule systems.

Since we are interested in Herbrand models, we consider the propositional
program ground(P). Given a subset of Herbrand universe, M, and a clause

C:p<_QI7---7Qm7_'T17---7_'Tn

9



in ground(P), we define C™ as nil if r; € M for some 1 < j < n. Otherwise
CM =p«—q,...,qn Then we put

PM ={CM . C € ground(P)}

Since P™ is a Horn program, it possesses a least Herbrand model, Nj;.
Then we call M a stable model of P if M = Ny;. It is easy to see that a
stable model of P is a model of P. We shall see that nonmonotonic rule
systems allow for faithful representation of stable models of general logic
programs. Consequently the results about extensions of nonmonotonic rule
systems immediately imply corresponding results about stable models of logic
programs.

3 Monotonic formal systems

Tarski [Tar56] characterized monotonic formal systems by means of mono-
tonic rules of inference. Such systems include classical propositional and first
order logics, intuitionistic logic, modal logics, and many others. Suppose that
a nonempty set U is given. In a particular application U may be the collec-
tion of all statements or formulas, all legal strings of a formal system, or of
all atomic statements as in logic programming.

Definition 3.1 1. A monotonic rule of inference over U is a tuple r =
(P,c), where P = (ay,...,a,) is a finite list of objects from U and c is
an element of U. Such a rule r is usually written in the more suggestive
form

r=—-" (3)
We call a4, ...,a, the premises of r and ¢ the conclusion of r.

2. A monotonic rule system is a pair (U, M), where U is a nonempty set
and M is a collection of monotonic rules.

3. A subset S C U is called deductively closed over (U, M) if for all rules
r€ M asin (3), ai,...,a, € S implies ¢ € S.

10



The collection D = D(U, M) of deductively closed sets has the following
properties:

1. UeD.

2. D is closed under arbitrary intersections. (Consequently, for every
I C U there is the least set T'(I) such that I C T'(I) and T'(I) is
deductively closed. The operator T'(= Ty ) is monotone, that is, if
I C Jthen T'(I) CT(J)). Moreover,

3. T(I) = U{T(J): J C I &|J| < w}.

Property (3) reflects the finitary nature of deductive closure and is closely
associated with the definition of a deduction.

An aziom is a rule without premises, that is, with the list P empty.

A deduction of an object ¢ € U from I C U is a finite sequence (c1, ..., Cy)
such that ¢,, = ¢, and for all i < m, ¢; € I, or ¢; is an axiom, or ¢; is the con-
clusion of a rule » € M such that premises of r are included in {cy,...,¢;—1}.

Then T'(I) consists of all elements of U that possess a deduction from I.

Tarski noticed that if a collection D of subsets of U possesses properties
(1), (2) and (3) above, then there is a collection of monotone rules M such
that D is the set of all deductively closed sets in (U, M).

An abstract treatment of monotonic logic programming schemes and gen-
eral methods of processing queries is given in [BBS89).

4 Nonmonotonic formal systems

Inspired by Reiter [Rei80], and Apt [Apt90], we introduced in [MNR9O] the
notion of a nonmonotonic formal system (U, N).

Definition 4.1 1. A nonmonotonic rule of inference is a triple (P, G, ¢},
where P = {ay,...,a,}, G = {by,...,b,} are finite lists of objects
from U and ¢ € U. Each such rule is written in form

A1y, 0p:b1, ... by,

r= (4)

C

11



Here aq,...,a, are called the premises of rule r, by, ..., b,, are called
the restraints of rule r. Either P, or GG, or both may be empty. If
P = G = ), then the rule r is called an axiom. The set {ai,...,a,}
is denoted by p(r), the set {b1,...,b,} is denoted by R(r), and c is
denoted by ¢(r).

2. A nonmonotonic rule system is a pair (U, N) where U is a non-empty
set and N is a set of nonmonotonic rules.

Each monotonic rule system can be identified with the nonmonotonic rule
system in which every monotonic rule is given an empty set of restraints.

A subset S C U is called deductively closed if for every rule r of N,
whenever all premises aq, ..., a, are in S and all restraints by, ..., b,, are not
in S, then the conclusion ¢ belongs to S.

In nonmonotonic systems, deductively closed sets are not generally closed
under arbitrary intersections as in the monotone case. Tarski’s axioms do
not generally hold. But deductively closed sets are closed under intersections
of descending chains. Since U is deductively closed, by the Kuratowski-Zorn
Lemma, any I C U is contained in at least one minimal deductively closed
set.

Example 4.1 Let U = {a,b,~}.

(a) Consider U with Ny = {-=-, %2} There is only one minimal deductively
closed set S ={a,b}.

(b) Consider U with Ny = { -, %b, =1},

then there are two minimal deductively closed sets, Sy = {a, b}, So = {a,~}.

Definition 4.2 1. Given a set S and an I C U, an S-deduction of ¢ from

I'in (U, N) is a finite sequence < ¢, ..., ¢ > such that ¢, = ¢ and, for
all © < k, each ¢; is in I, or is an axiom, or is the conclusion of a rule
r € N such that all the premises of r are included in {cy,...,¢;—1} and

all restraints of  are in U \ S (see [MT89a, also [RDB89)).

2. An S-consequence of [ is an element of U occurring in some S-deduction
from 1.

12



3. Cs(I) is the set of all S-consequences of I in (U, N).

Note that [ is a subset of Cs(I) and that S enters solely as a restraint on
the use of the rules imposed by the restraints in the rules. A single restraint
in a rule in N may be in S and therefore prevent the rule from ever being
applied in an S-deduction from I, even though all the premises of that rule
occur earlier in the deduction. Thus S contributes no members directly
to Cs(I), although members of S may turn up in Cg(I) by an application
of a rule which happens to have its conclusion in S. For a fixed S, the
operator Cg(-) is monotonic. That is, if I C J, then Cs(I) C Cg(J). Also,
Cs(Cs(I)) = Cs(I). However, Cg(-) is antimonotonic in S, that is for fixed
I, 5" C S implies that Cs(I) C Cs/(I).

Generally, Cs(I) is not deductively closed in (U, N). It is perfectly pos-
sible to have all the premises of a rule be in Cg([), all the restraints of that
rule be outside Cg([), but a restraint of that rule be in S, preventing the
conclusion from being put into Cs(7).

Example 4.2 U = {a,b,7},N = {-+, %b}, S = {b}. Then Cs(0) = {a} is
not deductively closed.

We list below some basic properties of extensions (recall that an extension is
a solution to the equation Cg()) = S).

Proposition 4.3 1. If S is an extension of I, then:

(a) S is a minimal deductively closed superset of I.
(b) For every I' such that I CI' C S, Cs(I') = S.

2. The set of extensions of I forms an antichain. That is, if Si,Se are
extensions of I and S; C Sy, then S; = S5.

Given S C U, a rule r is called S-applicable if all the restraints of r are
outside S and all the premises of r are in S. We define N(S) to be the
collection of all S-applicable rules.

13



With each rule r of form (4), we associate a monotonic rule of form (3)

;_Q1,---,0p

=" (5)

obtained from r by dropping all the restraints. The rule r’ is called the
projection of rule r. We write M (S) for the collection of all projections of
all rules from N(S). The projection (U, N) |s is the monotonic rule system
(U,M(S)). Thus (U, N) |g is obtained as follows: First, non-S-applicable
rules are eliminated. Then, the restraints are dropped altogether. We have
the following characterization theorem.

Theorem 4.4 A subset S C U is an extension of I in (U, N) if and only if
S is the deductive closure of I in (U, N) |g.

Theorem 4.4 tells us how to test if a collection S C U is an extension
of I'in (U, N). In case U and N are finite, this leads to an implementable
algorithm.

(1) Compute N(S).

(2) Project N(S) by dropping restraints to get M (S).

(3) Compute the deductive closure of I in (U, M(S)), call this T
(4) Test whether T' = S.

Note that if U is finite, then it is easy to see that one can test whether S is
an extension in linear time over the input (U, N). Finding all the extensions of
a given [ is a more complex problem. A brute force algorithm is to generate
all subsets of U, and test each of them for being an extension using the
procedure above. A useful fact for improving this algorithm is the following.

Proposition 4.5 If S is a extension of I, then S consists entirely of ele-
ments of I and conclusions of certain rules in N.

Proposition 4.5 allows us to possibly cut down on the number of subsets
that we have to check to find all extension. Nevertheless, we are still left
with an exponential time algorithm to find all the extensions of (U, N). It
is unlikely this can be improved in general. For example, it is known that
the problem of determining whether a given nonmonotonic rule system has
an extension is NP complete, the problem of determining whether a given

14



x € U is in some extension of (U, N) is NP complete, and the problem
of determining whether a given x € U is all extensions is co-N P complete
IMT91, BFI1].

A simple construction allows us to consider only extensions of the empty
set. In fact, if S is a nonmonotonic rule system, and I C U, then the system
S(I) arises from S and I by adding to NV all the rules of the form —— for all
t € 1. We then have:

Proposition 4.6 T is an extension of I in S if and only if T is an extension

of 0 in S(I).

Most systems of logic can be represented as a monotonic rule system. In
[IMNR90] we provided the details of the representation of such formalisms
as rule systems. It is rather straightforward that the following systems can
be represented a monotonic rule systems: classical propositional logic, in-
tuitionistic propositional logic, classical modal systems. The fragment of
propositional logic, Horn logic, which forms a logical basis for logic program-
ming also admits such representation.

As pointed our in the introduction, the formalism of nonmonotonic rule
systems also provides a uniform description of several systems currently con-
sidered in the literature of artificial intelligence. These include: default logic
of Reiter [Rei80], general logic programming (i.e. propositional logic pro-
gramming with negation as failure and stable semantics, [GL88]), logic pro-
gramming with classical negation, [GL90], logic programming with clauses
[YBB92], nonmonotonic modal logics of McDermott [MD80, McD82], au-
toepistemic logic of Moore [Moo85] and truth maintenance system of Doyle
[Doy79]. In the next section, we will briefly describe how the systems de-
scribed in section 2 correspond to nonmonotonic rule systems.

In short, the results on nonmonotonic rule systems carry over to all these
domains. This implies that the nonmonotonic rule systems provide a uniform
method of getting results in all the application areas mentioned above.

15



5 Encoding various nonmonotonic logics by
means of rule systems

In this section, we show how to encode the three nonmonotonic logics dis-
cussed in Section 2 as nonmonotonic rule systems.

5.1 Encoding default logic

Let £ be the propositional language underlying the given default logic. With
L fixed, all our nonmonotonic rule systems will have the same universe,
namely the set of all well-formed formulas of £. We now show how to inter-
pret a given default theory as a nonmonotonic rule system.

Let (D, W) be a default theory. For every default rule r,

O{IMﬁl,...,Mﬁk
gl

T =

construct the following nonmonotonic rule d,

dT:Oé:_'ﬁl7"'7_'ﬁk
Y

Next, for every formula ¢ € L, define the rule

and for all pairs of formulas x1, 2 define
X1, X1 2 X2 :
MPyi,xe =
X2

Now define the set of rules Np - as follows:
Npw ={d, : 7 € D}YU{dy : ¢ € W or ¢ is a tautology }U{mp,, v, : X1, X2 € L}

We have the following result [MNR90]
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Theorem 5.1 Let (D, W) be a default theory. Then a set of formulas S is a
default extension of (D, W) if and only if S is an extension of nonmonotonic
rule system (U, Npw).

Theorem 5.1 says that at a cost of a simple syntactic transformation and
additional encoding of logic as (monotonic) rules, we can faithfully represent
default logics by means of nonmonotonic rule systems.

5.2 Encoding modal nonmonotonic logics

Let L7 be a fixed language of propositional logic with an additional modal
operator L. Our universe U will be as before the set of all well formed
formulas of the language L£y. In our coding, we will employ a technique
similar to one used in the case of default logic.

Now, for every formula i) € £, we consider a rule

_ Y
611,—@

Next we encode the necessitation rules of L. For every formula ¢ we have
the rule
(R

TL¢ = m
Finally, like in 5.1, dy, = ?
Now, given a theory I (the set of initial assumptions) in a modal logic S,
consider the following set of rules Ny s

N]’g = {d¢I¢ES}U{6¢21/)€£L}U
{mpyixe X1, X2 € Ly U{ny 1Y € L1}
{dy ¢ € I} U{dy : ¢ is a tautology of L}

We then have the following result.

Theorem 5.2 Let I,T C L;. Let S be a modal logic. Then T is an S-
expansion of I if and only if T is an extension of the nonmonotonic rule
system (U, N1.s).
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Theorem 5.2 tells us that the nonmonotonic modal logic can be faithfully
simulated within the formalism of nonmonotonic rule systems.

5.3 Encoding stable semantics for general logic pro-
grams

We shall encode now the stable models of logic programs as extensions of
suitably chosen nonmonotonic rule systems. The universe of all our sys-
tems, U, will be the Herbrand base of the program. Next, to every general
propositional clause C|

C=p—aqi, - sqm, 15, Tn

assign the rule
qiy---5Qqm 715+, T

rc =

Now, given the program P, define
Np ={r¢ : C € ground(P)}

We then have the following result

Theorem 5.3 Let P be a general logic program. Let M be a subset of the
Herbrand base of P. Then M is a stable model of P is and only if M is an
extension of the nonmonotonic rule system (U, Np).

Theorem 5.3 allows us to obtain results concerning stable models of logic
programs from theorems about extensions of nonmonotonic rule systems.

These theorems and other similar results obtained in [MNR90, MNR92a]
indicate why nonmonotonic rule systems are useful in the investigations of
various nonmonotonic logical formalisms. The results, both positive and,
to some extent, negative, on nonmonotonic rule systems provide us with
corresponding results for all these formalisms.
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6 Proof schemes: proof theory for nonmono-
tonic rule systems

We define now the basic notion used to analyze the Turing complexity of
the set of extensions of nonmonotonic rule systems. This is the notion of
a proof scheme. Intuitively, a proof scheme is a derivation together with
two additional sets of items. First, the collection of rules used in derivation.
Second, the set of elements that needs to be disjoint from the set S in order
to make our derivation an S-derivation.

More formally, we have:

Definition 6.1 A proof scheme s is a finite sequence of triples

<<017T17 Zl>7 ceey <Cn,’f’n, Zn>>

where ¢1,...,¢c, €U, r1,...,7, € N, Zy,..., 7, are finite subsets of U such
that for all j, 1 <j<mn

1. ¢ =c(r1), Z1 = R(r1) and p(r1) =0

2. FOI'j > 1, p(’l“j> Q {C], c ,Cj_l}, C(’f’j) = Cy, and Zj = Zj—l U R(Tj).

3. ¢, is the conclusion of s and is denoted by cln(s). Z, is called the
support of s and is denoted by supp(s).

Clearly an initial segment of a proof scheme is also a proof scheme.

Notice that the support of a proof scheme s, Z,,, has the property that for
every set S such that SNZ, = (), the sequence (cy,. .., ¢,) is an S-derivation.
Conversely if (¢q,...,¢,) is an S-derivation, then there is a proof scheme

s={{c1,71, Z1), s {CnyTn, Zn))

such that Z, NS = 0.

There is a natural preordering on proof schemes. Namely, s; < s5 if and
only if every rule appearing in s; appears in s, as well. The relation < is not
a partial ordering but it is well-founded. We can thus talk about minimal
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proof schemes for a given element ¢ € U. Intuitively, a minimal proof scheme
carries the minimal information necessary to derive its conclusion. Since the
support of every proof scheme is finite, the negative information carried in
such a proof scheme is finite.

Proof schemes can be used to characterize extensions. We say that a set
S admits a proof scheme s if supp(s) NS = (). We then have the following
characterization of extensions.

Proposition 6.2 Let S = (U, N) be a nonmonotonic rule system. Let S C
U. Then S is an extension of S if and only if the following conditions are
met:

1. If s is a proof scheme and S admits s, then c(s) € S.

2. Whenever a € S then there exists a proof scheme s such that S admits
s.

It is easy to see that we can restrict to minimal proof schemes in Proposition
6.2.

7 Extended nonmonotonic rule systems

In this section, we shall formally define the notion of extended nonmonotonic
rule systems, i.e nonmonotonic rule systems with rules that have possibly
infinite sets of restraints, and investigate how much of the theory outlined
above can be lifted to the present case.

Definition 7.1 1. A extended nonmonotonic rule is a triple (P, Z, ¢) where
P is a finite subset of U, Z is a subset of U (it can be finite or infinite),
and ¢ € U. When P = {ay,...,ax}, Z = {by,...}, then such rule is

written as
al,...,ak:bl,...

C
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2. A extended nonmonotonic rule system (ENRS) is a pair (U, N) where
U is a set, and N consists of extended nonmonotonic rules.

Notice that this notion is a generalization of nonmonotonic rule system con-
sidered in previous sections. That is, we allow for rules having infinite sets
of restraints. Indeed, if the set of restraints for any rule of NV is finite, then
(U, N) is a nonmonotonic rule system.

Next, observe that the concept of an S-derivation can be generalized
without change to the present context. The S-derivations are finite sequence
of elements of U. With a small abuse of notation we again denote the set of
all elements with an S-derivation from I by Cs(I).

Definition 7.2 Let S = (U, N) be an extended nonmonotonic rule system.

1. A subset S C U is called an extension of I if S = Cg([).

2. £(8) is the set of all extensions of {) in S.

Basic properties of extensions, discussed in Section 4, lift to the present
context.

The notion of proof scheme also generalizes to the case of extended non-
monotonic rule systems. This includes the characterization theorem (Propo-
sition 6.2).

There is, however, an important difference. In the case of nonmonotonic
rule systems in which all the rules have finite restraints, every proof scheme
is a “finite object” over U. To make this remark more precise, treating
every element of U as an urelement we find that every proof scheme is a
hereditarily finite set over U. This is no longer the case when we allow
for infinite restraints. Now, in principle, the proof schemes are no longer
hereditarily finite over U. The reason is that the sets R(r;) do not need to
have “finite description”. In the next section we shall see that if for all rules
r € N have the property that the set of restraints of r, R(r), is a recursive
set, then we can introduce a surrogate of proof scheme as a finite object.
This will require a more sophisticated coding than is necessary in case of
(ordinary) nonmonotonic rule systems.
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8 Review of complexity results for extensions
of nonmonotonic rule systems

As stated in the introduction, the main goal of this paper is to study the
complexity of the family of extensions of extended nonmonotonic rule sys-
tems. However before we prove the main results of the paper, we shall briefly
review what is known about the complexity of the family of extensions for
nonmonotonic rule systems.

8.1 Preliminaries

Let w denote the set of natural numbers. Let [,]:w X w — w be a fixed one-
to-one and onto recursive pairing function such that the projection functions
m and my defined by m ([z, y]) = x and m([z, y]) = y are also recursive. The
canonical index, can(X), of the finite set X = {z; < ... < z,} C wis defined
as 291 + ...+ 2% and the canonical index of () is defined as 0. Let D;, be the
finite set whose canonical index is k, i.e., can(Dy) = k.

Let (U, N) be a nonmonotonic rule system where U C w. We shall identify
a rule r with the code of a triple [k, [, ] where Dy = p(r), and D, = R(r),
¢ = ¢(r). In this way we can think about N as a subset of w as well. This
given, we then say that a NRS & = (U, N) is recursive if U and N are
recursive subsets of w

Next we shall define various types of recursive trees and IT9 classes. We
extend our recursive pairing function to code n-tuples for n > 2 by the usual
inductive definition, that is, let [z1,...,z,] = [21, [T2, ..., z,]] for n > 3. Let
w<¥ be the set of all finite sequences from w and let 2<“ be the set of all
finite sequences of 0’s and 1’s. Given o = (v, ..., ) and 3= (B1,..., Gk)
in w<¥, write o C 3 if «v is initial segment of 3, i.e. , if n < k and a; = 3; for
i < n. In this paper, we identify each finite sequence o = (v, ..., a,,) with its
code c(a) = [n,[aq,...,a,]] in w. Let 0 be the code of the empty sequence
(). When we say that a set S C w=“ is recursive, recursively enumerable,
etc., what we mean is that the set {c(a):a € S} is recursive, recursively
enumerable, etc. Define a tree T' to be a nonempty subset of w<“ such that
T is closed under initial segments. A function f:w — w is an infinite path
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through 7" provided that for all n, (f(0),..., f(n)) € T. Let [T] be the set of
all infinite paths through T'. A set A of functions is a I1{-class if there exists a
recursive predicate R such that A = {f:w — w :Vn(R(n, [f(0),..., f(n)])}.
We say a II{-class A is recursively bounded if there exists a recursive
function ¢g: w — w such that Vf € AVn(f(n) < g(n)). It is not difficult to see
that if A is a T1%class, then A = [T for some recursive tree T' C w<¥. Say
that a tree T' C w<* is highly recursive if T is a recursive finitely branching
tree and also there is a recursive procedure which, applied to the code of a
a = {aq,...,a,) in T, produces a canonical index of the set of of codes of
the immediate successors of o in T. If A is a recursively bounded IT%-class,
it is easy to show that A = [T] for some highly recursive tree T' C w<¥, see
[JS72b]. For any set A C w, let A’ = {e:{e}”(e) is defined} be the jump
of A, let 0’ denote the jump of the empty set . We write A < B if A is
Turing reducible to B and A =y B if A <r B and B <7 A.

We say that there is an effective, one-to-one degree preserving correspon-
dence between the set of extensions £(S) of a recursive (extended) non-
monotonic rule system S = (U, N) and the set of infinite paths [T'] through a
recursive tree T' if there are indices e; and e; of oracle Turing machines such
that
() Vf € [T){e)}7) = By € £(S),

(ii) VE € E(S){ea}” = fr € [T], and

(iii) Vf € [TIVE € £(S)({e1}7"Y) = E if and only if {es}F = f).

where {e}? denotes the function computed by the e oracle machine with
oracle B. Also, write {e}? = A for a set A if {e}? is a characteristic function
of A. For any function f:w — w, gr(f) = {[z, f(x)]:x € w}. Condition (i)
says that the infinite paths of the tree T uniformly produce extensions via an
algorithm with index e;. Condition (ii) says that extensions of S uniformly
produce infinite paths through 7" via an algorithm with index e;. Condition
(i) asserts that if {e;}9"Y) = E}, then f is Turing equivalent to E;. In the
sequel we shall not explicitly construct the indices e; and ey, but it will be
clear that such indices can be constructed in each case.

There are two important subclasses of recursive NRS’s introduced in
[MNRO2b], namely locally finite and highly recursive nonmonotonic rules
systems. We say that the system (U, N) is locally finite if for each ¢ € U,
there are only finitely many <-minimal proof schemes with conclusion c.
Given a proof scheme for ¢, s = ((¢1,71,21),...,{Cn,Tn, Zn)), the code of s,
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c(s), is defined by

c(s) = [n,[lc1,71, Z1], - - -, [Cny Ty Zn]]]-

If (U, N) is a locally finite recursive nonmonotonic rule system and ¢ € U,
we let Dr. denote the set of codes of all <-minimal proof schemes for c. We
say that (U, N) is highly recursive if (U, N) is recursive, locally finite, and
the map ¢ — can(Dr.) is partial recursive. The latter means that there is an
effective procedure which, when applied to any ¢ € U, produces a canonical
index of the set of all codes of <-minimal proof schemes with conclusion c.

8.2 Complexity results for extensions of recursive non-
monotonic rule systems

We can now state some basic results from [MNR90, MNR92a, MNR92b,
MNR94b] on the complexity of extensions in recursive nonmonotonic rule
systems.

Theorem 8.1 For any highly recursive NRS system S = (U, N), there is a
highly recursive tree Ts such that there is an effective 1:1 degree preserving
correspondence between [Ts| and E(S). Vice versa, for any highly recursive
tree T', there is a highly recursive NRS system Sy = (U, N) such that there
is an effective 1:1 degree preserving correspondence between [T and E(Sr).

Theorem 8.2 For any locally finite recursive NRS system S = (U, N), there
1s a finitely branching recursive tree Ts such that there is an effective 1:1 de-
gree preserving correspondence between [Ts| and E(S). Vice versa, for any
highly recursive tree T in O', there is a locally finite recursive NRS system

Sr = (U, N) such that there is an effective 1:1 degree preserving correspon-
dence between [T] and E(Sr).

Theorem 8.3 For any recursive NRS system S = (U, N), there is a recur-
sive tree Ts such that there is an effective 1:1 degree preserving correspon-
dence between [Ts] and E(S). Vice versa, for any recursive tree T, there is a
recursive NRS system Sy = (U, N) such that there is an effective 1:1 degree
preserving correspondence between [T'] and E(Sr).
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Because the set of degrees of paths through recursive trees have been
extensively studied in the literature, we immediately can derive a number
of corollaries about the degrees of extensions in recursive NRS systems. We
shall give a few of these corollaries below.

For recursive nonmonotonic rule systems, we have the following results,

see [MNRO2b].

Corollary 8.4 1. Every recursive NRS system S = (U, N) which has an
extension has an extension E such that E <p B where B is a complete
I} -set.

2. If S = (U,N) is a recursive NRS system with a unique extension E,
then E is hyperarithmetic.

Corollary 8.5 1. There is a recursive NRS system S = (U, N) such that
S has an extension but S has no extension which is hyperarithmetic.

2. For each recursive ordinal o, there exists a recursive NRS system S =
(U, N) possessing a unique extension E such that E =r 0,

These two corollaries show that the extensions of a recursive nonmono-
tonic rule system may be very complex. There are natural conditions which
will guarantee that the set of extensions of a nonmonotonic rules system are
much better behaved. For example, if the nonmonotonic rule system is highly
recursive, then we have the following results, see [MNRI2b].

Call A low if A" =1 0'. The following corollary is an immediate conse-
quence of Theorem 8.1 and the work of Jockusch and Soare [JS72b].

Corollary 8.6 Let S = (U, N) be a highly recursive nonmonotonic rule sys-
tem such that £(S) # 0. Then

(i) There exists an extension E of S such that E is low.

(i1) If S has only finitely many extensions, then every extension E of S is
TECUTSIVE.

In the other directions, there are a number of corollaries of the Theorem
8.1 which allow us to show that there are highly recursive NRS systems & such

25



that the set of degrees realized by elements of £(S) are still quite complex.
Again all these corollaries follow by transferring results of Jockusch and Soare
[JS72b, JST2a].

Corollary 8.7 1. There is a highly recursive nonmonotonic rule system
(U, N) such that (U, N) has 2% extensions but no recursive extensions.

2. There is a highly recursive nonmonotonic rule system (U, N) such that
(U,N) has 280 extensions and any two extensions Ey # FEy of (U, N)
are Turing incomparable.

3. There is a highly recursive nonmonotonic rule system (U, N) such that
(U,N) has 2% extensions and if a is the degree of any extension E of
(U,N) and b is any recursively enumerable degree such that a <r b,
then b =7 0.

4. If a is any recursively enumerable Turing degree, then there is a highly
recursive nonmonotonic rule system (U, N) such that (U, N) has 20
extensions and the set of recursively enumerable degrees b which contain
an extension of (U, N) is precisely the set of all recursively enumerable
degrees b >7 a.

Finally, we note that there are analogues of Corollaries 8.6 and 8.7 which
hold for recursive locally finite nonmonotonic rule systems. That is, one can
replace highly recursive nonmonotonic rule systems by recursive locally finite
nonmonotonic rule systems if one replaces all the statements about degrees
of extensions by the corresponding statement relative to an 0" oracle. For
example, the analogue of part (1) of Corollary 8.6 is that every recursive lo-
cally finite nonmonotonic rule system S such that £(S) # () has an extension
E such that the jump of F is recursive in 0”, while the analogue of (1) of
Corollary 8.7 is that there exists a recursive locally finite nonmonotonic rule
system (U, N) which has 2% extensions but which has no extension which
is recursive in 0’. Moreover, we can weaken the hypothesis of locally finite
and highly recursive slightly and still derive the same theorems. That is, we
say that a recursive nonmonotonic rule system (U, N) has the finite support
property if for each ¢ € U, the set of supports of all <-minimal proofs schemes
of c is finite. It is possible for a ¢ € U to have infinitely many <-minimal
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proof schemes with the same support so that not every recursive nonmono-
tonic rule system with the finite support property is locally finite. Similarly,
we say that a recursive nonmonotonic rule system (U, N) which has the finite
support property has the recursive finite support property if there is an effec-
tive algorithm which given any ¢ € U, produces the canonical index of the
set of canonical indices of the supports of all the <-minimal proof schemes
of ¢. See [MNR94b]| for further details.

9 Extended recursive nonmonotonic rule sys-
tems and their recursion theory

In this section we investigate extended nonmonotonic rule systems (U, N)
such that U C w and each rule » € N has a recursive set of restraints.
Specifically, we shall assume that all rules » € N are of the form
Q1y...,0, : R

pe (6)
where R is a set which may be finite or infinite recursive. We do not exclude
the possibility that R is empty; in this case r is a monotonic rule. With these
assumptions, we can define natural analogues for extended nonmonotonic rule
systems of recursive, locally finite, and highly recursive nonmonotonic rule
systems. The key to our definitions is a careful definition of the code of a
rule and the code of a proof scheme.

Definition 9.1 Let S = (U, N) be an extended nonmonotonic rule system
such that U C w and N is a set of rules r of the form (6) where a4, ..., a,,c €
U and R is a recursive subset of U. A code ¢(r) for a rule of the form (6) is
the code of the quadruple ¢(r) = [k, e, h, ¢| such that:

(1) {ai,...,a,} = Dy,

(ii) p. = xr where @, is the e partial recursive function and yg is the
characteristic function of R,

(iii) A is a natural number satisfying the following conditions:
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1. If R is finite and nonempty, then h = 2 + max(R)
2. If R is infinite, then h =0
3. If R is empty, then h =1

(iv) c is the conclusion of the rule.

Of course each rule possesses infinitely many codes ¢(r) since there is infinitely
many indices e such that ¢, = xg. The code ¢(r) contains the information
whether the restraint set R is finite or infinite. Moreover if R is finite,
then from the code ¢(r) we can effectively compute a canonical index of R by
computing the sequence .(0),. .., p.(h—2). Thus in the case of rules r with
finite restraints, the codes carry all the information necessary to compute the
rule 7.

We shall now define the class of recursive extended nonmonotonic rule
systems.

Definition 9.2 Let S = (U, N) be an extended nonmonotonic rule system
such that U C w and N is a set of rules r of the form (6) where a4, ..., a,,c €
U and R is a recursive subset of U. We say that the pair (S,C(N)) is a
recursive extended nonmonotonic rule system if

1. U is a recursive subset of w
2. C(N) is a recursive set such that

(a) ¢ € C(N) implies that ¢ is a code of some rule in N

(b) r € N implies that there is precisely one ¢ € C(N) such that ¢ is
a code for r

Thus our definition of recursive extended nonmonotonic rule system implies
that there is a one-to-one correspondence between N and C(N). This corre-
spondence takes a rule to its unique code in C(N) and allows us to identify
the rule r as in (6) with its code ¢(r) in C(NV).

Recall that the definition of a proof scheme for an extended nonmonotonic
rule system is the same as the definition of a proof scheme for a nonmonotonic
rule system, see definition 6.1.
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Definition 9.3 Let (S,C(N)) be a recursive extended nonmonotonic rule
system where S = (U, N). Let

p = ({c0,70, Z0), - - - {Cm> Tims Zm))
be a proof scheme for ¢ = ¢, in S§. Then the code ¢(p) is equal to
[m7 [[007 C(TO)u €0, nO]? ey [Cm7 c(rm)7 €m, nm]“

where

1. if m = 0, then either

(a) ro = = is an axiom and c(rg) = [0, €9, n0,co] € C(N) so that
no =1 and @, = Xp = Xz,, OF

(b) 79 = ;—(’f where R is a nonempty recursive set and ¢(rg) = [0, e, ng, ¢o] €

C(N) so that ¢e, = xXr = Xz, and ng = 0 if R is infinite and
no = 2+ max(R) in R is finite,

2. if m > 0, then assume that
[m — 1, [[co, c(T0), €0, M0, - - - [Cm—1, ¢(Tm-1)s Em—1, Nm—1]]]
is the code of the proof scheme
p={{co,70,Z0)s -+ {Cm—1,Tm—1, Zm-1))

and
(;Oem,1 = Xmel

for the recursive set Z,,_; and

0 if Z,,_1 is infinite
N1 = < 1 if Z,,_1 is empty
2 + max(Z,,—1) otherwise
Then if
Cigs - -+ Ci, * o
T =
Cm
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where ig...,i < m and c(r) = [km, dm, o, 6] € C(N), then we let
em = f(em—1,dn) where f is a total recursive function such that for
all ki and Ko, @fk k) = S9(¢r + @ky)(x). Here we use Kleene’s sg
function which is defined by

1 ifz>1
0 otherwise.

sg(x) = {

Finally we let

0 if either n,,_; or nis 0
Ny =4 1 if both n,,_1 and n are equal to 1
max(nm,_1,n) otherwise.

Let us see what is the meaning of this definition. First notice the following
property of the function f:

v

1 if g, (z) | for i =1,2 and @i, () + ¢, ()
Ptk k) () =4 0 if ¢r,(x) | fori=1,2 and ¢y, (z) + @1, (7)
undefined ¢y, () T or @i, () T

1
0

This implies that
Sof(em—lydm) = szflt—JRm = XZTVL.
This, in turn, implies that the last index, e, is an index of the characteristic

function of the union of the restraints of all the rules applied in the proof
scheme under consideration. Moreover our definition of n,, implies that:

0 if Z,, = Z,,—1 UR,, is infinite
Ny = {1 if Z, = Z,,_1UR,, is empty
2 + max(Z,,) if both Z,,_1, R,, are finite

It is easy to check that we can effectively decide if p is an extended proof
scheme. That is, given a number z, we can decode from z numbers s and u
such that z = [s,u], then we can decode from u a sequence (of the length
s+ 1) of quadruples,

U = <<COa g, 607nO>7 ceey <CS7 g, es,n5>)
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and check if ¢; € U and a; € C(N) for all ¢ < s, and then compute to see
that ¢;, e;, and n; satisfy the required conditions.

Moreover, we can define a preorder < on proof schemes in extended non-
monotonic rule system just as we did in section 6. This, in turn, leads us to
the definition of locally finite and highly recursive extended nonmonotonic
systems.

Definition 9.4 Let (S,C(N)) be a recursive extended nonmonotonic rule
system where S = (U, N).

1. We say that (S,C(N)) is locally finite if for every a € U there are
finitely many <-minimal proof schemes in S with conclusion a. We let
Dr, denote the set of all codes of <-minimal proof schemes for a in §.

2. We say that (S,C(N)) is a highly recursive ENRS if (S,C(N)) is a

locally finite ENRS and the map a — can(Dr,) is partial recursive.

We are now in a position to prove the main results of our paper. Our first
result will show that the expressive power of highly recursive extended non-
monotonic rule systems is at least as great as that of recursive nonmonotonic
rule systems. This is in stark contrast with the results of section 6 where it
is shown that the expressive power of recursive nonmonotonic rule systems
is much greater than the expressive power of highly recursive nonmonotonic
rule systems.

Theorem 9.5 Let T be a recursive tree, T C w<“. Then there is a highly
recursive ENRS (S,C(N)) where S = (U, N) such that there exists an effec-

tive, one-to-one, degree-preserving correspondence between E(S) and the set

il

Proof: We shall assume that all trees T C w<“ contain the empty se-
quence, (). First we shall modify the tree T' as follows. Given any node
o = (00,...,08) # 0, we let shift(c) = (co+ 1,...,00 +1). We let T" =
{0} U {shift(c) : 0 € T\ {0}}. We observe that T" is a recursive tree if and
only if T is a recursive tree. Moreover, it is clear that there is a recursive,
one-to-one, degree preserving correspondence between [T and [17].
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Next, we define 7”7 = T" U {n~0 : n € T"} where for any node n € w=¥,
1" a denotes the result of concatenating a at the end of . Clearly T” is also
a recursive tree. Our construction ensures that all the coordinates of all the
sequences in T” are greater or equal to 1. In T”, every node o will have at
least one successor node, unless ¢ ends with 0 in which case ¢ is a terminal
node, i.e. ¢ has no successor. This implies that in 7" the set of nodes with
at least one successor is recursive. On the other hand it is easy to see that

[T'] = [T"], so that there is a one-to-one, degree-preserving correspondence
between [T'] and [T"].

We are ready to construct the desired extended nonmonotonic rule system
S. First, we define U. U” = {0y U{n:neT"\{0}}u{iq:neT"\{0}}.
Notice that for every sequence n € T” \ {0} we have in U” two different
objects: n itself, and 7. This “duplicate” 7 is used as an indicator that n
does not belong to the putative path (i.e. extension). Then U equals the set
of all codes ¢(0) of elements o € U” where

L c¢0)=0
2. if 0 = (0y,...,0%) then c¢(o) = [0, k, [00, . . ., 0%]]
3. if 0 = (00, ...,0k) then ¢(a) = [1,k, |00, ..., 0%]]-

It is easy to see that U is a recursive set since T” is a recursive tree. To
simplify notation, for the rest of this proof we shall implicitly identify U”
and U by identifying each element of U” with its code. Similarly, when we
talk of proof schemes, we will implicitly identify a proof scheme and its code.

Now we define N. N consists of the following 7 classes of rules

1. E

2. ?O for any n € T" such that n possesses at least one successor in 7"
n

n:{n"i:nieT" and i #j}

—~

3. for all n € T" and j € w such that n

has at least one successor in 7", n~j € T”, and j > 0.
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An"iinTieT”
4. 1 {n"i 170 €T’} for all n € T" such 7 has at least one successor in
" !
5.~ and —7 for all neT"\{0}.
n n

NNy

6. " for all n"i,n" 7 € T" with 1 < j.

nJ

7. 77? for all n,n~j € T” such that |n| > 1.
nJ

It is easy to see that since 7" is recursive tree and {c € T” : ¢ has
at least one successor in 7"} is also recursive (see our remarks on the set
of terminal nodes in T"), one can easily use any index of the characteristic
function of 7" to produce a recursive set of codes C(NN) which are in one to
one correspondence with the rules of N. Therefore (S,C(N)) is a recursive
extended nonmonotonic rule system.

Next we shall prove that (S,C(N)) is highly recursive. We must show
that each element of U is the conclusion of only finitely many minimal
proof schemes and the we can effectively compute that set of minimal proof
schemes. It should be clear that, as () is a conclusion of just one rule, Dry is
finite. In fact, it has exactly one element corresponding to the proof scheme
(0, 4, 0). Next we describe how to compute Dr, and Dr for all o € T"\ {0}

Fix n and assume that Dr,, is finite and that we have effectively computed
Can(Dr,) from n. Consider a successor node, n—j7 € T”. First consider the
case when j = 0. Note that 70 € T”. It should be clear that the nodes
of the form 770 can be derived only using the rules of the form (4) or (5).
Moreover the rules of the form (5) have no premises. This means that a
minimal proof scheme for n70 whose last rule is of the form (5) must be of
the form

. —~

(0. 5 GO

If the last rule in a minimal proof scheme of 70 is a rule of the form of
(4), then the proof scheme must be of the form

<<CL0, To, ZO>7 SR <am7 Tm, Zm>>
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where a,, =170 and r,, of type (4). But then

<<CLO, To, ZO>J ey <a/m1,7"m,1, Zm71>>

is a minimal proof scheme for 7. Since Dr,, is finite, this implies that Dr,~
is finite. Moreover, clearly we can effectively compute Dr,~o from Dr,,.

If j > 1 then we can derive n™j only using the rules of form (3) or (5).
If the last rule in minimal proof scheme of ™ j is a rule of the form of (5),
then we can argue exactly as above that the minimal proof scheme must be
of the form

A
nJ
So there is just one minimal proof scheme of ™7 whose last rule is of type
(5).

If the last rule in minimal proof scheme of ™ is a rule of the form of
(3), then the minimal proof scheme must be of the form

<<a07 To, ZO>7 R <am7 T'm, Zm>>

where a,, =n"j and r,, of type (3). But then

<<CLO, To, ZO>J DY <am1,rm,1, Zm71>>

must be a minimal proof scheme for . Thus the set of minimal proof schemes
that use the rule (3) is also finite and can be effectively computed once Dr,
is computed. Hence we can conclude that Dr,~; is finite and that we have
an effective method of computing Dr,~;.

Next, consider the elements of the form &. By construction, a« = n™7 for
some j. Notice that only rules of the form (2), (5), (6) and (7) can be used
to derive a.

We need to look at each of these cases.

First suppose the last rule used in a minimal proof scheme of @ is a rule
of the form (2). There is only one rule of the form (2) with the conclusion a.
Moreover since all rules in (2) have no premises, it follows that there is just
one minimal proof scheme with conclusion @ whose last rule is of type (2).
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If the last rule used in a minimal proof scheme of @ is a rule of the form
(5), then we can reason exactly as in the case when we used the rule (5) to
get a to conclude that there is only one such proof scheme.

Suppose the last rule used in a minimal proof scheme of @ is a rule of
the form (7), then it is easy to that the minimal proof scheme must consist
of a minimal proof scheme for 7 extended by a single triple of the form
< Q,Twm, Lm > Where r,, =

QI

Finally consider the case when the last rule of the proof scheme is a rule
of the form (6). Here we use the inductive assumption. There is only j + 1
sets Dry,~; with ¢ < j which are involved in the computation of of premises
of the rule of the form (6) with the conclusion @. Each of these sets is finite.
Every minimal proof scheme for =7 using the rule of the type (6) with i, j
arises from interveawing a minimal proof scheme for ™4 and a minimal proof
scheme for ™ j and putting a corresponding rule of the type (6) at the end
(and adjusting the bookkeeping). There may be, additionally, some pruning
necessary if the same rules were used in both proof schemes. Thus it is clear
that there are only finitely many minimal proof schemes for & in which the
last rule used of the form (6). Moreover, our analysis provides an effective
method of finding this set of minimal proof schemes from the set of minimal
proof schemes for n~i for i < j.

Putting together all these cases, it follows that the set Drg is finite and
that there is an effective method to compute it. Thus, we conclude that S is
a highly recursive, extended nonmonotonic rule system.

Next, we shall show that there exists an effective, one-to-one correspon-
dence between £((U, N)) and [T"]. In particular we will show that £((U, N)) =
() if and only if [T”] = 0. First, suppose that m = (mg, 71, ...) is an infinite
path through T”. Define n; = (7o, m1,...,m;). Then we claim that

Er={0u{n:icwiu{ng:neT"\{0}U{n icw})}

is an extension of (U, N). To see that all elements of £, have an E,-derivation
in (U, N), note that ) € Cg_(0) by rule (1). Next, it is easy to see by
induction that the rules of the form (3) allow us to prove that n; € Cg_(0)
for all i € w. Finally, the rules from the group (5) will allow us to prove that
n€Cg,(0) foralln e T\ ({0} U{n; :i € w}). Thus E, C Cg, ().
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To see that Cg, (0) C E,, we proceed by induction on the length of a
sequence. That is, assume by induction that

1. n € Cg_ (V) wheren € T" and |n| < k if and only if n € {0, 1o, ..., Mk_1}
and

2. 7 € Cg, (D) where n € T"\ {0} and |n| < k if and only if n € T"\
{@, Moy - - - ﬂ?k—l}-

Next observe that if || = k + 1, then the only rules which have « as the
conclusion are the rules of the form (3), (4), and (5). Since |a| = k+ 1, there
is # and j € w such that a = 7.

Let us look at the rules in question. These are:

(B Bi e T and i+ i
(a) B:{p7i:p 15. and i 7 j} from the group (3), if 5 has at least one

successor in 7" and j > 0.

B:A{Bi:pieT"}
50
in 7" and 7 =0
]
5 from the group (5).
Now, if 3 # nx_1 then the rules (a) and (b) can not be used to show 375 €
Cg, (0) since by assumption 5 ¢ Cg_ (). Also the rule (c) is blocked since
f~j € Er. Thus if 3 # ni_y then 375 ¢ Cp (D). If 3 = mi_y, but j # 7,
then the rules (a) and (b) are blocked by E, since ny = nx—1 7, € E;.
Similarly the rule (c) is blocked for j # m; because in this case 3~j € Ei.
This shows that 375 € Cg,(0) if and only if 575 = nx. Note that for all «
with |a| = £+ 1 and a # 7, we have that o ¢ E,. Using the rules of (5),
we can derive that @ € Cg,_ () for such a.

from the group (4), if § has at least one successor

(b)

(c)

Finally we must check that 7, ¢ Cg_(0)). But the only rules that have 7
as the conclusion are the rules form (5), (6), and (7), namely

:7% rom
(A) . (5),
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(B) nk’ﬂﬁk’lm " from (6), where i < 7 (recall that n, = n;~m), and
M—17Tk

(C) Tl fom the group (7).

(Note that the rule of the form (2) cannot be used because 7 > 0. This last
fact follows since 7, possesses a successor).

The rule (A) is blocked for E since n, € E,. Rule (B) cannot be used
because we have already shown n;" i ¢ Cg_(0) for every i # 7. Finally, rule
(C) cannot be used to show 77, € Cg, () because by our induction hypothesis,

M1 & Cg.(0).

Thus we have shown that for all « € T” such that |a| = k41, a € Cg_(0)
if and only if a = 1, and @ € Cg, () if and only if a # ng. Therefore, by
induction, Cg,_ () C E, and hence we can conclude that E, is an extension
of (U, N).

Next, suppose that E is an extension of (U, N). We claim that £ must
be of the form E, where 7 is some infinite path through 7"”. We shall prove
by induction on k that for each k there is a unique node ¢ of the length k
such that dx € E and that all these sequences §; are compatible. Moreover,
we shall show that if & > 0 and |3| = k, then 3 € E if and only if 8 # 6.
Note that @) is a unique node of the length 0 and ) € F by the rule (1).

So assume that there is exactly one node J, such that ¢ is of length k,
dr € E, and 0 has at least one successor and that 3| = k and 8 # ¢, implies
3 € E. Now suppose that |a| =k + 1 and a = 7.

First, suppose (3 # ;. Then, by our analysis, 3 € E and hence the rules
of the form (7) allow us to prove that for all j such that 5~j € T”, 3~j € E.
Now consider the rules (a), (b), (¢) with conclusion 57 j. Note that the rules
of the form (a), and (b) can not be used to put 57j into E = Cg()) since
B ¢ E = Cg(0) by our assumption. Now by rule (7), 3~j € E since 3 € E
and hence the rule (¢) is blocked for E. Thus 375 ¢ Cg(0) = E.

Next, assume 3 = 0. We claim that it cannot be the case that EN{d; " j :
07 € T"} = (. Indeed, otherwise by rule (4) for n = &, we must conclude
that 9,0 € Cg(0). But since 05 has at least one successor, 0;,°0 € T” and
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hence 8,70 € {6, 7 : & j € T"}. But then Cg(0) # F which would
contradict the fact that E is an extension. Next define F, = EN {6 j :
07 € T"}. We just proved that F), # (). Suppose that 6,7 %,0,"j € Fj,
where i < j. Then by rule (6), the fact that 6, i,0, j € E = Cg(() implies
that 0, j € Cp(0) = E. However if we consider the possible of the form (a),
(b), (¢) where 8 = &, which could have §; " j as a conclusion, we see that
they are all blocked by E. But then we would have to conclude 6, j ¢ Cr(0)
which again contradicts the fact that F is an extension of (U, N). Hence we
must conclude that there is a unique j such that 6,7 € E. Of course, we
can now use the rules of the form (5) to conclude that if i # j and 6, i € T”
then 6, i € Cg(P) = E. At this stage of our argument we have shown
that there is a unique node of the length k + 1, d;,"j such that 6, j € E.
Moreover, for all nodes « of the length k + 1 o # 6, 7 implies @ € E. Thus
to complete our induction step we need to prove two things. First, we must
show that j # 0 so that d;," 7 is guaranteed to have at least one successor.
Second, we must show that 6, j ¢ E. There are exactly two rules which
have ¢, 0 as a conclusion:

O : {(Skﬁl (0, 1 € T”} N
010

00

00

(I) nd

(IT)

But if we assume that j = 0 so that 60 € E then the rule (I) is blocked
for E. However since F is an extension, the rule (2) with = J; implies
0x 0 € E and hence the rule (II) is also blocked for E. But this means that
00 ¢ Cg(0) and hence Cg(0) # E. Thus 5 > 0.

Finally, to see that 0, 7 ¢ E, note that the only rules which have ;" j
as a conclusion are:

S0k g
(I11) b ,j form the group (5)
o J
5kﬁi,(5kﬁj : . . — 7
(IV) ———="— from the group (6) where i < j and §; i € T”, or

E ]
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EJ

(V) from the group (7)

But now we can argue exactly as we did for d; 7, that none of the rules
(I11), (IV), or (V) can apply to show 8 j € Cg(()) given our assumptions.
Hence 0, j ¢ Cg(0), as desired. This completes our induction and shows
that £ = EaA where A is an infinite path through T7” determined by the
sequence ) C 6 C 0, C .. ..

Thus we have established that the correspondence m +— FE is a one-to-
one correspondence between [T'] and E((U, N)). Clearly the correspondence
is effective and degree-preserving. a

Corollary 9.6 There is a highly recursive extended nonmonotonic rule sys-
tem ((U,N),C(N)) such that (U,N) has an extension but (U, N) has no

hyperarithmetic extension.

Proof: Kleene (see [Rog67], Corollary XLI(b)), showed that there is a re-
cursive tree T C w<* such that [T] # () but no path through T is hyper-
arithmetical. Let ((U, N),C(N)) be the extended nonmonotonic rule system
constructed for 7" in the proof of Theorem 9.5. Then if (U, N) possesses a
hyperarithmetic extension F, then there is an infinite path 7 through 7" such
that m =7 E. But the set of all hyperarithmetical subsets of w is closed under
Turing equivalence. Therefore 7 is itself hyperarithmetical, contradicting the
choice of T. Thus (U, N) has no hyperarithmetic extension. O

Corollary 9.7 For every recursive ordinal o there is a highly recursive ex-
tended nonmonotonic rule system ((Uy, No),C(Ny)) such that (U,, N,) has
a unique extension E, and E, =7 0 (where 0 is the o' jump of of the
recursive sets).

Proof: Clote [Clo85] showed that for every recursive ordinal «, there exists a
recursive tree T, such that T,, has exactly one infinite path 7, and 7, = 0.
The corollary follows by letting ((Ua, Na),C(N,)) be the highly recursive
extended nonmonotonic rule system constructed in the proof of Theorem 9.5
with T = T},. 0
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Corollary 9.8 The problem of deciding uniformly whether a highly recursive
extended nonmonotonic rule system has an extension is 3i-complete, i.e. the
set W of codes of highly recursive extended nonmonotonic rule systems which
possess an extension is a Xi-complete set. (Here a number x is a code for a
highly recursive system ((U, N),C(N)) if x =< u,n > where ¢, = xy and
Pn = XC(N))'

Proof: It is easy to see that W € X1, by simply writing a definition. Note
that our construction of Theorem 9.5 is uniform and hence there is a recursive
function g such that if ¢, is a characteristic function of an infinite tree T C
w<¥ then g(e) is a code for a highly recursive extended nonmonotonic rule
system constructed in the proof of Theorem 9.5.

Now [Rog67], Theorem XX, shows that £ = {e : ¢. is a characteristic
function of a recursive tree on w such that [T] = 0} is a complete II] set.
In fact, for each A € II} set Rogers constructs a recursive function h such
that ¢y is always a characteristic function of a recursive tree on w and
x € A< h(z) € E. But this means that « ¢ A < h(zx) € P = {x : ¢, is the
characteristic function of a recursive tree T' C w<* such that [T] # 0}. That
is P is a ¥}-complete set. By Theorem 9.5, z € P if and only if g(z) € W.
Thus W is 3{-complete. O

Now we present a weak converse to Theorem 9.5 for recursive extended
nonmonotonic rule systems.

Theorem 9.9 Let (S,C(N)) be a recursive extended nonmonotonic rule sys-
tem where S = (U, N). Then there is a recursive tree T C w<* and a pair of
indices e and f such that

1. foranym € [T], T = xg, (where E. is an extension of S and E, <r 7,
and

2. for any extension E of S, @?/ = Xn, where g € [T] and 7 <r E’
(where E' is the jump of E).

Moreover for all E € E(S), E., = E, and for all m € [T], 7, = 7.
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Before we provide the proof of this theorem, let us notice that all our theorem
says is that E — 7 is an effective, one-to-one correspondence between &(S)
and [T] but it only satisfies the inequality E <p mp <7 E’ rather than
g =7 FE as in the effective one-to-one degree preserving correspondence
constructed in Theorem 9.5)

Proof of Theorem 9.9. There is no loss of generality in assuming that
U = w. For if U # w, we simply consider the nonmonotonic rule system
(w, N). Note that if a € w\U, then a is not a premise, restraint or conclusion
of any rule in N. This implies that for every ¢ € U the set of minimal proof
schemes with conclusion ¢ with respect to (w, N) is identical with the set of
minimal proof schemes with conclusion ¢ with respect to (U, N). Moreover,
for a € w\ U, the set of minimal proof schemes with respect to (w, N) with
the conclusion a is empty. Hence it is easy to see that ((w, N),C(N)) is
(highly recursive) recursive extended nonmonotonic rule system if and only
if ((U, N),C(N)) is (highly recursive) recursive extended nonmonotonic rule
system. Moreover, it follows that E is an extension of (w, N) if and only if
E is an extension of (U, N). Thus we assume that U = w.

Notice that since ((U, N),C(N)) is a recursive extended nonmonotonic
rule system the set M P of codes all minimal proof schemes is a recursive set.
In fact, for each a € U, the set Dr, of all codes of all minimal proof schemes p
with cln(p) = a is a recursive set. Moreover, we can find a recursive index for
Dr, uniformly form a. That is, there exists a total recursive function g such
that ¢4, = Xpr, for a € U. Thus for any a € U and any code of a minimal
proof scheme p with cln(p) = a, we can compute @4)(0), ..., P4 (p) to
find k such that c(p) is the k' element of Dr, (ie. k = [{z < c(p) :
©g(a)(x) = 1}]), and produce minimal proof schemes p1, ps, . . ., pr—1 such that
c(p1) < e(p2) < ... < c(pr-1) < ¢(p) and c(p;) € Dr, fori =1,...,k — 1.
Now suppose that E is an extension of (U, N) and a € E. Then there is a
minimal proof scheme ¢ such that cln(q) = a and supp(¢) N E = (. Suppose
that the ¢ with the least code is p, the k' element of Dr, as described above.
Then for each ¢ < k — 1 it must be the case that supp(p;) N E # 0. Now
from c(p;), we can read off an index e; such that ¢e, = Xsupp(p:), and hence
we can effectively compute an index f; such that Wf = supp(p;) N E, for
any E. From the jump of E, E’, we can effectively decide if Wf # () and if
Wf # (), then we can use ¢, and E to find the least z € W]{f = supp(p;)NE.
To summarize, it follows that if E is an extension of a recursive extended
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nonmonotonic rule system ((U, N),C(N)) and a € E, then there is a uniform
effective procedure which, given an oracle for E’, will produce a pair < p,z >
such that

(i) p = px(x = c(q) € Dr, and supp(q) N E # () and

(ii) if p is the k" element of Dr, and c(p;) < ... < c(pr_1) < c(q) = p are
such that ¢(p;) € Dr, fori=1,... k— 1, then

(a) k=1 implies z =0, and
(b) k& > 1 implies z =< x1,...,x;_1 > where for each 1 <i < k — 1,
z; = py(y € supp(pi) N E).

Next, suppose that E is an extension of (U, N) and a ¢ E. Then for any
minimal proof scheme p such that c¢(p) € Dr,, it must be the case that
supp(p) N E # 0. Moreover, since from ¢(p) we can read off an index e such
that e = Xsupp(p), We can effectively find the least element of the intersection
supp(p) N E, given an oracle for E.

Our idea is to code an extension F by a path mg = (m, 7, ...) through
the complete w-branching tree T,, = w<* as follows. First of all my, = xg(a)
for all @ € w. Also, for all @ € w, o1 =< Uy, w, > where if a1 < ... < a,
are all elements of {1,...,a} \ E then:

(I) w, =< @1,...,2, > where for each i, z; =< by,,...,b,; > and for all
p<i,b,; =0if p ¢ Dr,, and b,; = 14+ min(supp(q) N E) if ¢ is a proof
scheme for a; such that p = ¢(q) € Dr,,,

(II) if mo, = 1 (so that a € F), then u, =< p, z > where < p, z > is the pair
pair found from E’ oracle for a as described above, and

(III) if 79, = 0 (so that a ¢ E), then u, = 0.

Clearly E <t mg, and by our remarks above, g <p E’. Thus the corre-
spondence F — 7 is a one-to-one correspondence which satisfies the require-
ments of the theorem. Hence to complete the proof of the theorem all we need
to do is to produce a recursive tree 7* such that [T*] = {rg : £ € E((U, N))}.

To define T*, first we ensure that (17*. Then we put n = (1o, ..., N) in
T™ if and only if n statisfies the following conditions:
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. For all i such that 2i < k, no; € {0,1}

. For all 2 such that 2i+1 < k, 13,41 =< w;, w; > whereif j; < ... < j,, is
a list of all elements j < ¢ such that ny; = 0, then w; =< x1,...,2,, >
where for s < n;, x5 =< by,,,...,b;;, > where b,; = 01if p ¢ Dr;,
and b, ;. — 1 € supp(q) if ¢ is a minimal proof scheme for j,; such that
p = ¢(q) € Drj,. Moreover for each t < i, if 1y =< w, wy > and
J1 < ... < jn, is a list of all elements j < ¢ such that ny; = 0, then
wy =< Yi,...,Yn, > where for each s < ny, ys =< boj,,..., b , >.
(This last requirement says that for a fixed jy such that n;, = 0, the
sequence associated to js, (b j,, b1, ..) is consistent).

. For all 7 such that 2i +1 < k, if o, = 0 and 79,11 =< u;, w; > as
described in (2), then u; =0

. For all 7 such that 20 + 1 < k., if ny; = 1 and 1911 =< uj, w, >
as described in (2), then u; =< p,z > where p = ¢(q) and ¢ is a
minimal proof scheme for i, z = 0 if p is the first element of Dr;, and
2 =< 21,...,2,_1 > if p is the k" element of Dr; for k > 1. Moreover,
if e(q1) < c(q2) < ... < c(qe—1) < ¢(q) = p are all the elements of Dr;
smaller or equal than p, then fori =1,... k —1, z; € supp(q;).

. Let B, = {i : 2i <k Ang = 1}. Then for all 7 such that 2i +1 < k,
it Moy =< u,w; >, w; =< T1,...,%, > and for s < n; ry =<
bo,j.,-- -, bij, > are as described in (2), then for all s < n; and p <
such that b, ;, > 0,

(a) p=c(q) for some minimal proof scheme of j; and
(b) by, — 1> %] and E, N supp(q) = 0 or

(c) bpj, —1 < %] and by, is the least element of E, N supp(q).

. For all 7 such that 2i+1 < k’, lf’f]gz =1, N1 =< U, Wi >, Uy =< P, 2 >,
q is the k'™ element of Dr; where k > 1, and ¢(q1) < ... < c(qx_1) < c(q)
and z =< z1,..., 2,1 > are described in (4), then for all t < k

(a) z > ng and E, N supp(q:) = 0, or

(b) 2z < [£] and z; is the least element of supp(g;) N E,.

Moreover it must be the case that E, N supp(q) = 0.
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It is routine to check that we can effectively decide if n € T* and that if
n € T* and ' C n, then ' € T*. Thus T™ is a recursive tree. Moreover, it is
easy to check that if E is an extension of (U, N) and 7 = (7o, 71, . ..), then
(7o, ..., m) € T for all n. Thus

{mE : E is an extension of (U, N)} C [T7]

Thus we only need to check that if 7 = (7, 71, .. .) is an infinite path through
T*, then m = g for some extension E of (U, N).

So fix m = (mg,m,...) and let B = {i : my; = 1}. Suppose that i ¢ E
so that my; = 0. Assume that Dr; = {py = c(q),p1 = ¢(q1),...} is the
listing of Dr; in the increasing order where ¢; is a minimal proof scheme for
i for all t. Then for any r consider o, 11 =< Uy, w, > where n > max(r,1).
Now if i is the s element of w\ E and |[{i : 2i < n A my; = 0}| = ¢, then
w, =< Ty,...,o; > where x5 =< bo;,...,b; > and b,; — 1 € supp(q,).
Moreover, if L%J > b,; —1, then our conditions ensure that b, ; —1 is the least
E N supp(q.). It follows that for each p = ¢(q) € Dr;, E N supp(q) # O and
hence i ¢ Cg(0). Thus we have shown that ¢ ¢ E implies that i ¢ Cg(0).
This means that Cg(0) C E.

Next, suppose that ¢+ € E. Then my; = 1 and m9;,1 =< u;, w; > where
u; =< p,z > and p = c¢(q) € Dr; for some minimal proof scheme of i.
Moreover, if p is the k' element of Dr;, then k = 1 implies that z = 0
and k > 1 implies that z =< 21,...,2,_1 > where Dr; = {c(q1) < ... <
c(qr-1) < c(q) < ...} and z € supp(q;), for i = 1,...,k — 1. The fact that
8, = (mo, ..., Tony1) € T* for all n > 4 implies that Ejs, Nsupp(q) = 0 for all n
by condition (6). Hence E N supp(q) = (), and ¢ shows that i € Cg (D). Thus
E C Cg(0) and so the equality F = C(() holds. Thus E is an extension of
(U, N). Moreover, if k > 1 and m = max{zy,..., 2,1}, then the fact that

Om = (o, ..., Tomy1) € T* for all m implies that for i < k, z; is the least
element of £ N supp(q;) by condition (6). It then easily follows that 7 = mg
as desired. O

Corollary 9.10 If ((U,N),C(N)) is a highly recursive extended nonmono-
tonic rule system such that E((U, N)) # (), then there is an extension E of
(U,N) and a set B € TI} such that E <r B.
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Proof: Kleene, see [Rog67], Theorem XLII(a), proved that for any nonempty
1Y class C, CN{A: 3pemi (A <7 B)} # 0. Our result then follows by letting
C = [T*] for T* corresponding to ((U, N),C(N)) as constructed in the proof
of Theorem 9.9. Thus there exists a path 7 € [T*] and a set B € IIj such
that 7 <p B. But then F, <r 7 <r B. O

Corollary 9.11 If ((U,N),C(N)) is an recursive extended nonmonotonic
rule system such that (U, N) has a unique extension E, then E is hyperarith-
metic.

Proof: Clearly, if a recursive tree T' has a unique path, then this path is
hyperarithmetic. Let T* be the recursive tree constructed for ((U, N),C(N))
in the proof of Theorem 9.9. Then T* has exactly one infinite path (which
is mp, where E is the unique extension of (U, N). But E < 7, and since
g is hyperarithmetic, so is F, as the set of all hyperarithmetic sets is closed
under Turing reducibility. a

Our next result will show that Theorem 9.9 cannot be strengthened to
ensure that for any recursive ENRS § = (U, N) there exists a recursive tree T’
such that there is an effective, one-to-one degree-preserving correspondence
between £(S) and [T (as is the case of Theorem 8.3 for nonmonotonic rule
systems). We are indebted to the referee of the earlier version of this paper
for suggesting the next theorem and for outlining an infinite injury priority
argument for its proof. We shall not present the referee’s proof but instead
present a much simpler “wait-and-see” argument for the same result.

Theorem 9.12 There exists a recursive extended nonmonotonic rule system
S = (U, N) such that there is no recursive tree T C w<* such that there is an
effective one-to-one degree-preserving correspondence between E(S) and [T1].

Proof: The universe of our extended nonmonotonic rule system will be the
set of natural numbers w = {0,1,2,...}. We will construct S so that S has
no recursive extensions. This will ensure that there can be no effective 1:1
degree preserving correspondence between £(S) and [T if T' has a recursive
path.
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It is well known that for every recursive tree T' there is a primitive re-
cursive tree 7" such that 7" and 7" have the same sets of infinite paths, i.e
[T] = [T"]. Thus it will be enough to show that there is no primitive recursive
tree T” such that there is an effective 1:1 degree preserving correspondence
between £(S) and [T"] for any primitive recursive tree T”.

Let Ty, T1, . . . be such effective list of all primitive recursive trees contained
in w<“. Then, in order to ensure that there is no effective one-to-one degree-
preserving correspondence between £(S) and [T] for any recursive tree T,
it is enough to meet the following set of requirements. (Here <, > denotes
some recursive bijection between w X w and w.)

R<e,n>

(i) [T5] has a recursive element, or
(ii) There is an extension E of S such that ¥ is not total, or

(iii) There is an extension E of S such that o ¢ [T;,].

Notice that since we construct S which has no recursive extensions, there
cannot be a one-to-one, degree-preserving correspondence between £(S) and
any [T satisfying (i).

In order to specify a recursive extended nonmonotonic rule system we
must formally introduce codes for all the rules in N. We shall not construct
the coding function explicitly. However, throughout the construction of S,
the rules of N will be constructed in such a way that it will be clear that
each rule of N will have a recursive set as its set of constraints. It will then
be obvious that an appropriate coding function can be constructed to show
that S is a recursive extended nonmonotonic rule system.

The set of rules of N will be constructed in stages. We shall start by
adding four classes of rules to N. The purpose of our first three classes of
rules is to ensure that each extension F of S has exactly one even number in
it. We shall ensure that no other rules of S has an even number either as a
premise or as a conclusion. Thus remaining rules of S can have no effect on
the membership of an even number in an extension. Let Fv = {0,2,4,...}
denote the set of even numbers.
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1. % for all n > 0.

n
2. M for all n > 0.
2n
2n,2m :
3. A for all m,n,p where m # n.

2p

Let us consider the effect of these three collections of rules on an extension
E of the §. The rules in (1) imply that if there is no even number in E, then
all even numbers are in clg(0)). Therefore every extension will have at least
one even member. Next, the rules in (3) imply that if E contains at least
two even numbers, then it contains all even numbers. However in that case
the rules in (1) and (2) are blocked for E so they cannot be used to generate
any even number into clg()). The rules in (3) cannot be used to generate
elements in clz () until at least two distinct even numbers have been derived
in clg((). Since the rules in (1), (2), and (3) are the only rules which have
even numbers as their conclusion, it would follow that there would be no
even numbers in clg(f)) which contradicts the fact that E is an extension.
Thus any extension must contain exactly one even number. Now if 2n is the
only even number in FE, then the rules of (2) show that 2n € clg(). Thus
the rules in (1), (2) and (3) plus the fact that no other rules in N will have
an even number as its conclusion imply that we will be able to decompose
the set of extensions £(S) into pairwise disjoint sets £y(S), £2(S), ... where
En(S)={E € &(S):2n e E}.

Our idea is to use the set of extensions Es«. 5~ (S) to help us meet require-
ment R, ,~. For each < e,n >, we shall construct a set of rules No. -~ all
of which have the set Ev\{2 < e,n >} contained in their constraint set. Note
that if k£ #< e,n >, then such rules will all be blocked for any E € £y (S) so
that the set of rules No.. ,~ will have no effect on the possible extensions in
& (S). Thus the rules of the type (1), (2) and (3) plus the form of the rules
in Nocens allow us to break up the problem of meeting the requirements
R~ into a set of requirements which have no interaction with each other.

We shall construct the rules Nac. ,~ in stages so that &<, (S) consists
of a single recursively enumerable, nonrecursive extension Es.. >~ such that
either
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B .
Dcepnst @e =" is not total, or

[yeons: @™ ¢ [T,,], or

I1l5cn~: [T,] contains a recursive element.

Let Odd denote the set of odd numbers and partition Odd into three
infinite recursive sets ), S, and Z. Let A be some recursively enumerable
nonrecursive, subset of w and let f be a recursive injection whose range is A.
Finally, let (g, : n € w), (s, : 1 € w) be increasing enumerations of ) and S.
The set Z will be further partitioned below.

Our fourth class of rules will be partitioned into infinitely many classes
{(4)2x } k>0 where for all e and n, (4)2<en> € Nocens-

(pers  ri<em> _ (Ev\{2<e,n>})U{so} U(S\ {s0,...,54s)})
e qf(s)

for s = 0,1,... where g(s) is some recursive function which ensures
that the codes c(r?<¢m>) satisfy

c(rg®™) < e(ry®™) < e(rs ™) < ...

Note that since there are infinitely many rules of the form:

(Bv\{2<en>}U{so} U(S\{so,...,S})
qf(s)

we can easily construct a recursive function g with the required properties
and hence ensure that that the set of rules in (4)s<. ,,~ Will be a recursive set
of rules.

The rules in the class (4)2<. > are designed to ensure that the extension
Escen> will be of the form

{2<en>}U{g:i€c AUK

where K is some recursive subset of Z if we fail to satisfy either of the
conditions locen> and Ilyc.,~. The exact role of this class of rules will
become clear after we describe our attempt to satisfy conditions Ir..,> and

I[2<e,n> .
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Our strategy for satisfying condition loce 5> Or o, > is as follows. First
we partition Z into infinitely many pairwise disjoint infinite recursive sets
Zy, Zy,. ... For each i, let Z; = {2y, : i <w} be an increasing enumeration
of Z;. If we are successful in satisfying condition Ii<.n> or Iloccps, then
Es<en> will be of the form {2 < e,n >, so} U P where P is some recursively
enumerable nonrecursive subset of Z.

Given a finite sequence o = (09,01, ...,0,) of zeros and ones, we shall
regard o as specifying a finite set B, = {i : i < p Ao; = 1}. We shall say
that such o is 2 < e, n >-compatible if

{2<e,n>5}CB, CZU{2<e,n >, s}

Thus if 0 is 2 < e,n >-compatible, then |o| > max(2 < e,n >,sy). Let
Mo, M1, - - - be an effective list of all 2 < e, n >-compatible sequences in which
every 2 < e,n >-compatible sequence occurs infinitely many times. Our idea
is to process each finite sequence in this list in the stages of our construction
of the set of rules Noce .

Stage 0 of the construction of No. .

Suppose that the sequence 79 is {(0g,...,0,). Let 7J,77,... be an effective
enumeration of all 2 < e, n >-compatible sequences of zeros and ones which
extend 7y. Then consider the following sets of rules:

(B 2 Z
(AO) rige,n> _ ( U\ { <en >}:L) U ( 0 \ {07 ;p})
for each ¢ such that 1 <14 < p such that o; = 1.
(BO) b2<e,n>_ (EU\{2<6,7L>})U(Z()\{0,,p})
0 = 5

(C) aif)e’m _ (Ev\{2<e,n>})U(Zo\ ({0,...,p} U{200,- - Zho(s)0}))

Zl4p+f(s)1
for each s > 0. Here hg is a recursive function that ensures that

c(agff:’m) < c(a%f)e’w) < c(a%fﬂm) < ...

so that the rules in (C°) form a recursive set of rules.
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Note that if No<.,,~ consisted only of the rules in (4)a.,~ plus (A°), (B°)
and (CY), then there would be a unique extension F in £y, (S), namely,

E = {2 <en >, S()} U Bﬂo U {Zl+p+i,1 11 € A}

That is, clearly, no element of Z;\ B, can be a member of an extension since
there would be no rule in Ny, ,,~ whose conclusion is in Zy \ B,,. Thus the
rules in (A%), (BY), and (C") would force B,y U {z11pyi1 : 1 € A} U{so} in
E. The presence of sy in E would ensure that none of the rules in (4)s<c >
are F-applicable so that

E={2<emn>s0}UBy U{zi4ppi1:i€ A}

is the only possible extension. It is then straightforward to check that £ =
clp(0) so that F is an extension in this case. Thus F is the unique extension in
Er<en>(S) in this case. Moreover, E is nonrecursive since A is a nonrecursive
recursively enumerable set.

Our strategy is to attempt to add the rules in (A°), (BY), and (C?) to
Nyens in substages. At the substage 0 of stage 0, we add the rules in (A°)
and ((B°) to Nocens. At substage s > 0 of stage 0, we add the rule a2={(~

B o
t0 Nacens only if there is no ¢ < s such that if we compute ¢, ,°(0),...,
B o B 0

@' (0) then for some j < ¢, goeﬁzj (0) converges and BV;) C{2<en >
, S0} U By U{214psfmy1 o 7 < t —1}. Here we say that ¢, (z) converges if
the e-th oracle machine with the input x and the oracle C' gives an output
in ¢t or fewer steps. We also define the use of a convergent computation
0% (), use(C,e,z), to be the maximum of {0} U {h : h is a query to the
oracle C' in the computation of ¢ (x)}. Clearly, if ¢¢(x) converges, then
use(C,e,x) < s.

If we are successful in adding agf%& to Nacen> at each substage s > 0

of stage 0, then we will have ensured that E as described above is the only
extension of Ey- ,,~(S) and that ¢F(0) is not defined. Thus we would satisfy
the requirement R, .

So suppose that s is the least substage of stage 0 at which we cannot add

2<en>
asfig to Nacepn>. Then we have two cases.
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Case 1. There is some %Q where j < s and
By C {2<e,n>,5}UDBy U{zi4ptsreya T < s}
By
where (pes’ (0)) ¢ T,. In this case we pick the least k € Z; such that
k > max(s, |7| + 2) and the rule

cEv\{2<en>}
k

has a code which is strictly larger than the code of any rule in (A°%), (B°), or
a;5“"” 1t < s} and k is in the constraint set of all the rules in (A°), (B°),

and {a;g™"” : ¢ < s}. If ky is the least such &k then we add

Ev\{2<en>}
ko

Po =

to Nocens. Note that the rule py ensures that ky € E for any extension £ of
Ercen>(S) and has the effect of killing all the rules we have added to Nace >
up to this point at the stage 0 in the sense that they will not be E-applicable
for any E € &y (S). We then add the following set of rules to Noce .

Let fyjo = (B0, .-, 0q)-
(AO,I) T2<e,n> _ : (E'U\ {2 <en >}) U (Z2 \ {07 s aQ})
,0,1 i
for each i such that 1 < i < ¢ such that §; = 1.

(Bv\{2<en>}U(Z2\{0,...,q}))

(B 5 =

(C%1) For each r > 0
pen> _ (BN{Z<en>hU (LN (D, ¢} Ulzg - 2 2})

r,0,1 -
Zk0+f(r)73
where hy is a recursive function which ensures that

c(agffl’w) < c(afffl’w) < c(aifﬁ">) < ...

so that the rules in (C%!) form a recursive set.

51



In this case we can argue almost exactly as we did above that there is a
unique extension in &, ,~(S), namely

Eocens>={2<e,n >, s0,ko} U{zporiz:i€ A} U B,y;).
Note that since ¢ < z; 3 and hence kg < 2,43 for all 7,

E2<e,n>ﬂ{07~-,k0—1}=ngﬂ{0,...,k0—1}.

B o
Since use(B.o, e,0) < ko, it follows that e (0) = pe*<“">(0). Thus we have
J
B o
ensured that since (pe K (0)) & T, either 906E2<6’"> is not total or gpeE2<e’”> ¢
1],

In the first two situations, i.e. where we are able to add aﬁfoe’” to Nocens

for each s > 0 or where we fail to do this and end up in case 1, we do not
add any more rules to Naoc.,>, and we do not go to the next stage. In both
these situations &, (S) will consist of a single, recursively enumerable
nonrecursive extension and one of the conditions Ir. ,,~ or Il ,,~ will hold.

Case 2. We assume that the assumptions of Case 1 do not hold.

B o

In this case, there is a %Q extending 1y such that ¢e ’(0) is defined and
B o

{¢e 7(0)) € T,,. Then we pick the least k € Z, such that k > max(s, [7}]+2)

and the rule
Ev\{2<e,n>}

k
has a code which is strictly larger than the code of any rule in (A°), (B?), or
{ai5“"” :t < s} and k belongs to the constraint set of all the rules in (A°),
(BY), and {aiée’w :t < s}. If kg is the least such k, then we add the rule

cEv\{2<en>}
Po =
ko

to Na<en> and go onto the Stage 1. As before the effect of adding of the rule
Po to Noce ,> is that it ensures that kg belongs to every extension of E;c¢ = (S)
and hence none of the rules added to Na<.,~ up to this point in stage 0 are E-
applicable for any E € &, ,~(S). Thus in Case 2, we essentially negate the
effect of all rules added to Noc. > at stage 0 except for py for any extension
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of Ercen>(S). The rule py forces ky to be in all extensions of Erc¢ n~(S). We
also know that there is at least one 2 < e, n >-compatible extension v of 1
such that ¢7(0) is defined, (©2(0)) € T,,, and use(B,,e,0) < k. Thus if
do is a sequence of length kg + 1 such that Bs, = {ko} U B,, then 90560 (0) is
defined, (goeB‘so(O)) € T,, 6 is 2 < e,n >-compatible sequence extending 7,
and use(Bs,, e,0) < |dg| so that goeB‘SO(O) = ¢Bn(0) for all  extending do.
The structure of stage s of our construction is essentially the same as

stage 0. That is, if we get to stage s, we assume that we defined integers
ko < ... < ks_1 where for each 7 < s, k; € Z;, and we have added rules

cEv\{2<en>}
ki

Di =

which have the effect of ensuring that any other rules added to Noce,~ at
stages 0,...,s—1 are not applicable for any E € . ,~(S). Since we added
only finitely many rules to Noc.,> at stages 0,...,s — 1, we can compute
the maximum of the codes of all the rules added at the stages 0,...,s — 1.
We denote this number by ms.

Stage s > 0 of the construction of Ny, .
Suppose 15 = (00, . .., 0p).

If there is a k; with ¢ < s such that k; +1 < |n,| and k; ¢ B,_, then let k
be the least k € Z, such that k > k,_; and the code of the rule

cEv\ {2 <e,n>}
k

Pr =

is strictly bigger than the code of any rule added to Na..,- at stages
0,...,5s — 1. In this case we add pj, to Noce,> and go directly to the stage
s+ 1. Otherwise, proceed as follows:

Let 73,77, ... will be an effective list of all 2 < e,n >-compatible se-
quences v such that the length of v is greater or equal than ks, 1 + 1, v
extends 7, and {ko, ..., ks_1} C B,.

Consider the following sets of rules:
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C(Bv\{2<en>})U(Zo\ ({0,....p} U{205, -, 2u5}))

(4 235 .
’ i
for each ¢ such that 1 <7 < p such that o; = 1. Here uy,...,u, are

2<e,n>)

chosen so that m, < ¢(r;

(o) e _ B2 <en =D UZN {0 phU L0 s 2})

where v is selected so that ¢(b2<%">) is larger than the code of any rule
in A°. Note A® is not empty since sy and 2 < e,n > are B,

(Cs) CL2<e7n> s (EU\ {2 <en >}) U (ZS \ ({07 o vp} U {ZO,Sv o ths(t),s})>
t,s -
Rl4ks 1+ f(t),s+1

for each ¢ > 0. Here hog is a recursive function that ensures that

c(b*<e") < c(a%fse’m) < c(a%ff’m) < c(agze’m) < ...

so that the rules in (C*) form a recursive set of rules.

We can then argue exactly like in stage 0 that if Ny, ,~ consisted of the
rules in (4)2< > plus the rules added at the stages 0, ..., s—1 plus the rules
in (A°), (B®), and (C*), then &, (S) consists of a unique extension E
where

E = {2 <en >, Sg,]{fo, RN ks—l} U Bﬂo U {21+ks,1+i,s+1 11 € A}

Once again we attempt to add the rules in (A%), (B*), and (C?) in substages.
At substage 0 of stage s, we add the rules (A°) and (B®) to Nocepns. At

substage t > 0 of stage s, we add a?ff’sw only if there is no j <t such that

Bys Bys Bys
if we compute ¢, ,’ (0),..., @, (s), then ¢.,’ (i) converges for i = 0,...,s,
B,: C {2<e,n>,50,ko, ... ks—1} UDB, U{zpg)s41:q <7 —1},

and k; € Byjs_ for [ < s.

If we are successful in adding a;<{” to Noce,~ at each substage t of

stage s, then we will have ensured that E as described above is the only
extension of &y, = (S). Moreover, we will have ensured that it is not the
case that (i) is defined for all i < s. Thus we would automatically satisfy
requirement R, .
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If we are not successful in adding in adding afjevw to Nocens for all
r > 0, let t be the least substage for which we cannot add afff’g> t0 Noce -
As before we have two cases.

B.s Bys

Case 1: There is a sequence ; which extends 7, such that j <, cpeyzj (0),...,¢c4 (5)
B.s B.s
are all defined, <g06’zj 0),... ,gpegj (s)) & T,,

By €{2<e,n > ko, ..., ks1} U By, U{zpeys i m <t —1},
and k; € B%s_ if 2+ < s. In this case we pick the least k € Z, such that the rule

cEv\{2<e,n >}
k

has a code which is strictly larger than the code of any rule added to Noce >
at stages 0,...,s up to this point, & > max(t, k,_1, [7;| + 2), and k is in the
constraint set of all rules in (A*), (B®), and {a;$*" : r < t}. If k, is the
least such k, then we add

cEv\ {2 <e,n>}
ks

Ds =

to Nacens. Note that the rule py ensures that ks € E for any extension in
Er<ens(S) and hence none of the rules we have added to Na<. > at the stage
s other than pg will be applicable for any E € .~ (S). We then add the
following set of rules to Nocepns. Let 75 = (B, ... Bq)-

(A1) p2<em> _ (Bv\{2 <e;n>H U (Zs2 \ ({0, -, g} U {20512, - - 5 Zug,s2}))
2,8,1 - .
” 1
for each i such that 1 < ¢ < ¢ such that §; = 1 where u; is chosen so
that c(ri ’;f’">) is larger than the code of any rule added to Noc, > at

stages 0,...,s up to this point.

(Bs,l) b2<e,n> R (EU\ {2 <éen >}) U (ZS+2 \ ({07 ce 7Q} U {ZO,erQa ce :Zv,s+2}))

s,1 -
k) SO
where v is chosen so that ¢(b21*"”) is larger than the code of any rule

in (A%!). Note A®! is not empty since sy and 2 < e,n > are in Bys.
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(C*') For each r > 0,

g2<en> _ (Bv\{2<e,n >} U (Zey2 \ ({0,. .., ¢} U{20542, - - - Zhowsr(r),s42}))

r,s,1
Rl4ks+f(r),s+3
where hos11 is a recursive function which ensures that

c(bije’”> < c(agzi’w) < c(a%fsi’w) < c(agfsf{m) < ...

so that the rules in (C*!) form a recursive set.

In this case we can argue as we did in stage 0 that there is a unique
extension in &y, = (S), namely

E2<e,n> = {2 <e,n >, S, kO? R ks} U {Z1+k5+i,s+3 RS A} U B’y;

Moreover since (gpfﬁ(O), . ,gpfﬁ(s» ¢ T,, then it will be the case that
cither p2*<“"> is not total or @F><*"> ¢ [T,].

Once again, if we are in the first two situations at stage s, i.e. where we

are able to add a?}je’m to Nacepns for each ¢ > 0 or where we fail to do this

and end up in case 1, we do not add any more rules to Nocc >, and we do
not go to the next stage. In both these situations, &<, (S) will consist
of a single recursively enumerable nonrecursive extension Fs.,> and either

9052“*” is not total or <p52<e’n> ¢ [T.].

Case 2: The assumptions of Case 1 do not hold.
In this case there must be a sequence ~; extending 7, such that

(l) h/;’ > ks—1 + 17

(11) {2 <en >7807k07 - -yksfl} - B'y;fv

B.s
(iii) gpezj (i) is defined for i = 0,...,s, and

. BW‘? ng
(lV) <(pe,t] (0)7 R gpe,tj (8)> S Tn .

Then we pick the least k € Z, such that k > max(t, ks_1, [7j] + 2), the rule

Ev\{2<en>}
k
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has a code which is strictly larger than the code of any rule that we have
added to Na<. > at stages 0,...,s up to this point. If k; is the least such &,
then we add
s Ev\{2<emn >}

ks
to the set Nic.,~ and go to stage s + 1. Note that in this case, if we
let d; be the string of length & such that Bs, = {ks} U By, then {2 <

Ps =

Bys
e,n >, 50, ko,...,ks} C Bs,, 0s extends 7, and cpf‘ss (1) = 9067] (7) fori <'s
since for each such 4, Bs;, and ij- agree up to use(BVJs_,e,i). Thus, since
|Bs.| — 1 > use(BW;, e,i) for all i < s, any sequence n which extends d, will

Bs
have pZ5(i) = e 7 (i) for all i < s.

e

Finally we consider the situation where we complete all the stages s > 0.
In this situation, it is easy to see that we add a finite number of rules to
Nocen> at each stage s and our construction ensures that the codes of all
the rules added to Nj<.,> at stage s 4 1 are larger than the codes of rules
added to N, at stage s. This fact ensures that Naoc.,> is a recursive set
of rules. The rules pg,p1, ... force that K = {ko,k;...} is a subset of any
extension F € &, (S) and no other rules added to Noc.,,~ during stages
0,1,... are E-applicable. The rules in (4)a<¢n>, then show that there is a
unique extension Fy.. s of Escepns(S) where

E2<e’n> :{2<6,n >}UKU{qu€A}

It is easy to see that our construction ensures that ky < k3 < ... is an
recursively enumerable increasing sequence so that K is a recursive set and
therefore Ey.. > is a recursively enumerable set nonrecursive set.

Moreover, in this case, we know that for any s and any 2 < e,n >-
compatible sequence (7;);e, such that k; € B, whenever k; +1 < [n;|, there
is a 2 < e, n >-compatible sequence v extending 7; such that

(a) ¢B(i) is defined for i = 0,...,s,

(b) (p7(0),-.., 07 (s)) € T,

(c) k; € B, whenever k; +1 < |v|, and
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(d) use(By,e,i) <|y|—1lfori=1,...,s.

This fact allows us to define an effective infinite sequence of strings of 0 and
1's, 70 E 71 £ ... as follows. Let v = (B, ... ,Bmax(5072<e7n>)) be a string of
0’s and 1’s such that §; = 1 iff i € {s0,2 < e,n >}. By our construction, we

can find a 2 < e,n >-compatible string 7; extending -y such that goeB“ (0)

is defined, (905“ (0)) € T,,, use(By, e0) < || —1, and k; € B, whenever
k; +1 < |7 |. Now assume that we have defined a sequence of 2 < e,n >-
compatible strings

such that for all j <'s,

(i) v; is 2 < e,n >-compatible,

(ii) k; € B,, whenever k; + 1 < |v],

(iii) gpfwj (i) is defined for i = 0,...,7 — 1,
(iv) (e (0),. .06 " (j — 1)) € Ty, and
(v) use(B

€ 1) < |yl —1foralld < j—1.

Then by our construction we can find a 2 < e,n >-compatible string 7,1
extending v, such that

(a) k; € B,,,, whenever k; +1 < |y,11],

+1
(b) 30575“ (i) is defined for i =0, ..., s,
(€) (e (0),.... 0" (5)) € Ty, and
(d) use(B

’Ys+1767i) < "‘)/5+1’ — 1 for all ¢ < s.

. B . . .
It then follows that if we define 3 = e ** (s), then (mg, 71, ...) is an infinite
recursive path through 7,, and hence [T},] has a recursive element.
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It is easy to see that {Nocens fenew 18 an effective sequence of recursive
sets and hence with an appropriate coding function ¢ one can easily show

that N = U, new No<ens is also recursive. Thus S = (w, N) is a recursive
ENRS for which there is no recursive tree 7' C w<% such that there is an
effective 1:1 correspondence between £(S) and [T7]. O

We note that the infinite injury priority argument suggested by a referee
constructs a recursive ENRS § satisfying Theorem 9.12 which has a unique
extension. However we shall not give that construction here. We do note
that the system S we constructed in Theorem 9.12 has the property that all
the extensions of & have the same Turing degree, namely the degree of A.

10 L, . characterization of extensions of ex-
tended nonmonotonic rule systems

In this section we will give a logical characterization of extensions for certain
extended nonmonotonic rule systems. This characterization uses the infini-
tary logic L, . The results we obtain here are similar to ones found in
[MNRO92a].

We will be interested in characterization of extensions of extended non-
monotonic rule systems (U, N) where both U and N are denumerable. Notice
that for (nonextended) nonmonotonic rule systems, N is denumerable if U
is denumerable. But now, for extended nonmonotonic rule systems, it is no
longer the case that U being denumerable forces N to be denumerable. In-
deed in such cases we can only conclude that |N| < 2IVl. We will consider
only the case when |[N| < w.

Our point of departure is the observation that although the restraints
of the rules are now possibly infinite, the S-proofs and proof schemes are
still finite. Moreover, the relationship < between proof schemes is still well-
founded. Thus there is a minimal proof scheme of x € U below each proof
scheme for x. However there is a subtle difference between the present sit-
uation, extended nonmonotonic rule systems, and the previous one for non-
monotonic rule systems with rules admitting only finite restraints. In this
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latter case, we not only could find a minimal proof scheme for each a € U
which is the conclusion of some minimal proof scheme (as is also the case in
the present situation) but in addition, given a support Z of a proof scheme
for a, we could find a minimal proof scheme p’ for a such that supp(p’) = 2’
where Z' C Z and Z’ is a minimal set with this property. This is no longer
the case for extended nonmonotonic rule systems.

Example 10.1 Let U = {bg,b1,..., } and define r; = bf where Z; =
{bis1,bir2, ... }. Then each ((by,ri, Z;)) is proof scheme for by. Each Z; is a
support for one such scheme, but there is no proof scheme with empty support

for by.

However, the fundamental result for proof schemes (Proposition 6.2) is
true, and we state a version of it suitable for our considerations.

Proposition 10.1 Let (U, N) be an extended nonmonotonic rule system,
and let a € U. Let M be an extension of (U, N).

1. Let s be a proof scheme for a and suppose supp(p) = S. Then if
SNM=0,a€ M.

2. Conversely, if a € M, then there exists a proof scheme s such that
supp(s) N M = 0.

Proof: Part 1 is proved by induction on the length of scheme s. Part 2 is
proved by induction on the length of M-proofs of elements of M. a

In the case we are considering in this section where we assume that both
U and N are denumerable, the set of all proof schemes for (U, N) is denumer-
able. Thus, for every a € U the set S, of all proof schemes with conclusion
a is denumerable. Consequently, the set Z, of supports of all proof schemes
in S, is denumerable.

Now for every u € U, let ¢, be a new constant. Let L., be the propo-
sitional language of Lw;,w generated by all constants ¢,. Thus L., is the
least language containing all constants ¢, and closed under negation and
denumerable disjunctions and denumerable conjunctions.
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We define the satisfaction relation = between subsets of U and formulas
of L as follows:

Definition 10.2 L. MEc ifueM
2. M E—if M Ey
3. M = Ay 0y if for all i € T M =
4. M = Ve ¥y if for some i € I M =

Given Z C U, define a formula outy as

A —cu

uez

Given a € U, let ¥, denote the formula

\/ outy.

VA

Since Z, is denumerable for every a € U, 9, is in L, for each a € U. Next
we let char, denote the formula

Cq & Uy

Finally, we let chary ny denote the formula

/\ char,.

aclU
We then have the following logical characterization of extensions of (U, N).
Theorem 10.3 Let (U, N) be an extended nonmonotonic rule system such
that both U and N are denumerable and let charyy be the sentence of Lo

defined above. Then M C U is an extension of (U, N) if and only if M =
chary n.

Proof: We use Propositions 6.2 and 10.1. First, suppose that M is an ex-
tension of (U, N). Then if a € M, there exists some proof scheme p with
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conclusion a which is admitted by M. Thus if Z = supp(p), then M NZ = ()
and hence M = outy. Therefore M |=V 4oz, outy. Moreover M |= ¢, (since
a € M). Therefore M = char,. Now if a ¢ M, then since M is an ex-
tension of (U, N'), M N supp(s) # () for every proof scheme s for a. Thus if
Z = supp(s) where s is a proof scheme for a, then M = —outz. It then fol-
lows that the formula V4 z, outz is false in M. But ¢, is also false in M and
hence M |= char,. Thus M = char, for all a € U and hence M = charyy.

Conversely, if M = chary n, then for all a € U, M = char,. By analyzing
the form of char,, it is easy to see that whenever a € M, there is some proof
scheme for a which is admitted by M, and when a ¢ M, then there is no
proof scheme for a which is admitted by M. Therefore M is an extension of
(U, N). O
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