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%DVHG� XSRQ� WKH� %UDGOH\� REVHUYDWLRQ� RI� WKH� DEHUUDWLRQ� RI� VWDUOLJKW�� DQ� DWWHPSW� LV
PDGH�WR�H[SODLQ�WKH�H[SHULPHQWDO�IDFWV�RI�LPSRUWDQFH�FRQFHUQLQJ�WKH�VSHFLDO�WKHRU\
RI�UHODWLYLW\��,W�LV�GHPRQVWUDWHG�WKDW�WKH�*DOLOHDQ�FRQFHSW�RI�WLPH��LQ�FRQWUDVW�WR�WKH
FXUUHQWO\�DFFHSWHG�YLHZ��LV�HYHQ�PRUH�QDWXUDO�IRU�GHVFULELQJ�WKH�SK\VLFV�RI�UHODWLYLV�
WLF�SKHQRPHQD�

���,QWURGXFWLRQ

7KH�VSHFLDO�WKHRU\�RI�UHODWLYLW\�LV�QRZ�EHOLHYHG�WR�DSSO\�WR�DOO�IRUPV�RI�LQWHUDFWLRQV�H[FHSW�ODUJH�
VFDOH�JUDYLWDWLRQDO�SKHQRPHQD��'DLO\�LW� LV�HPSOR\HG�E\�VFLHQWLVWV� LQ� WKHLU�FRQVLGHUDWLRQ�RI�SUHFLVH
DWRPLF�SKHQRPHQD��LQ�QXFOHDU�SK\VLFV��DQG�DERYH�DOO�LQ�KLJK�HQHUJ\�SK\VLFV��,W�VHUYHV�DV�D�WRXFK�
VWRQH�LQ�PRGHUQ�SK\VLFV�IRU�WKH�SRVVLEOH�IRUPV�RI�LQWHUDFWLRQ�EHWZHHQ�IXQGDPHQWDO�SDUWLFOHV��+RZ�
HYHU��LW�ZDV�UHVLVWHG�IRU�PDQ\�\HDUV�EHFDXVH�RI�WKH�VHFRQG�SRVWXODWH�RQ�ZKLFK�WKH�WKHRU\�LV�EDVHG�
7KH�VHFRQG�SRVWXODWH��ZKLFK�VWDWHV�WKDW�WKH�VSHHG�RI�OLJKW�LV�LQGHSHQGHQW�RI�WKH�PRWLRQ�RI�LWV�VRXUFH�
GHVWUR\V�WKH�FRQFHSW�RI�WLPH�DV�D�XQLYHUVDO�YDULDEOH�LQGHSHQGHQW�RI�WKH�VSDWLDO�FRRUGLQDWHV��%HFDXVH
WKLV�ZDV� D� UHYROXWLRQDU\� DQG� XQSDODWDEOH� LGHD��PDQ\� DWWHPSWV�ZHUH�PDGH� WR� LQYHQW� WKHRULHV� WKDW
ZRXOG�H[SODLQ�DOO�WKH�REVHUYHG�IDFWV�ZLWKRXW�WKLV�DVVXPSWLRQ�

7KLV�ZRUN�LV�DQRWKHU�VXFK�DWWHPSW��7KH�DUJXPHQW�EHJLQV�E\�SRLQWLQJ�RXW�WKDW�WKH�SK\VLFV�RI�UHOD�
WLYLVWLF�SKHQRPHQD�FDQ�EH�ORRNHG�XSRQ�DV�KDYLQJ�LWV�RULJLQV�LQ�WKH�DEHUUDWLRQ�RI�VWDUOLJKW��OHDGLQJ�WR
D�SKHQRPHQRORJLFDO�GHULYDWLRQ�RI�WKH�UHODWLYLVWLF�HTXDWLRQV�RI�PRWLRQ��7KH�LQWHUSUHWDWLRQ�SURSRVHG�LQ
WKLV�SDSHU�HOLPLQDWHV�WKH�VHFRQG�SRVWXODWH��WKXV�GHQ\LQJ�WKH�FXUUHQW�FRQFHSWV�RI�WLPH�DQG�WKH�VSHHG
RI�OLJKW�JHQHUDOO\�DFFHSWHG�LQ�PRGHUQ�SK\VLFV��,W�ZLOO�EH�GLVFXVVHG�WKDW�WKLV�DOWHUQDWLYH�SRLQW�RI�YLHZ
LV�HYHQ�PRUH�QDWXUDO�IRU�GHVFULELQJ�WKH�SK\VLFV�RI�UHODWLYLVWLF�SKHQRPHQD��,W�VKRXOG�EH�QRWHG�WKDW�WKH
SURSRVHG� LQWHUSUHWDWLRQ� LV�EDVHG�XSRQ� WKH�*DOLOHDQ�FRQFHSW�RI� WLPH� DQG� LV� FRQVLVWHQW�ZLWK� DOO� WKH
REVHUYHG�IDFWV�RI�LPSRUWDQFH�UHODWHG�WR�WKH�VSHFLDO�WKHRU\�RI�UHODWLYLW\��7KLV�SDSHU�ZLOO�VKRZ�KRZ�WKH
LQWHUSUHWDWLRQ�FDQ�EH�ILWWHG�LQWR�WKH�IUDPHZRUN�RI�PRGHUQ�SK\VLFV��+RZHYHU��LW�LV�QRW�LQWHQGHG�WR�EH�D
GLVFXVVLRQ�FRQFHUQLQJ�WKH�JHQHUDO�WKHRU\�RI�UHODWLYLW\�

���(WKHU�'ULIW

:H�FRQVLGHU�WKH�ZHOO�NQRZQ�H[SHULPHQWV�UHODWHG�WR�WKH�VSHHG�RI�SURSDJDWLRQ�RI�OLJKW�LQ�D�PRY�
LQJ� PHGLXP� >�@�� 7KH�0LFKHOVRQ�0RUOH\� H[SHULPHQW� ZDV� XQGHUWDNHQ� WR� LQYHVWLJDWH� WKH� SRVVLEOH
H[LVWHQFH�RI�WKH�HWKHU�GULIW��,Q�SULQFLSOH��LW�FRQVLVWHG�PHUHO\�RI�REVHUYLQJ�ZKHWKHU�WKHUH�ZDV�DQ\�VKLIW
RI�WKH�IULQJHV�LQ�WKH�0LFKHOVRQ�LQWHUIHURPHWHU�ZKHQ�WKH�LQVWUXPHQW�ZDV�WXUQHG�WKURXJK�DQ�DQJOH�RI
�����7KH�QHJDWLYH�UHVXOW�RI�WKH�0LFKHOVRQ�0RUOH\�H[SHULPHQW�VKRZV�WKDW�LW�LV�LPSRVVLEOH�WR�GHPRQ�
VWUDWH�WKH�H[LVWHQFH�RI�WKH�HWKHU�GULIW��7KLV�UHVXOW�ZDV�LQWHUSUHWHG�DV�GHPRQVWUDWLQJ�WKH�DEVHQFH�RI�WKH
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HWKHU�GULIW��+RZHYHU��LW�FRXOG�KDYH�EHHQ�GXH�WR�WKH�H[SHULPHQW�LWVHOI�EHLQJ�LQFDSDEOH�RI�GHPRQVWUDW�
LQJ�WKH�HWKHU�GULIW�

)L]HDX�SHUIRUPHG�DQ�LPSRUWDQW�H[SHULPHQW�WR�GHWHUPLQH�ZKHWKHU�WKH�VSHHG�RI�OLJKW�LQ�D�PDWHULDO
PHGLXP�LV�DIIHFWHG�E\�PRWLRQ�RI� WKH�PHGLXP�UHODWLYH� WR� WKH� VRXUFH�DQG� �REVHUYHU�� ,Q� WKH�)L]HDX
H[SHULPHQW��DQ�DOWHUDWLRQ�RI� WKH�VSHHG�RI� OLJKW�ZDV�REVHUYHG��ZKLFK�ZDV� LQ�UHDVRQDEOH�DJUHHPHQW
ZLWK�WKH�YDOXH�JLYHQ�E\�)UHVQHO¶V�GUDJJLQJ�IRUPXOD��)URP�D�FRPSDULVRQ�RI�WKH�)L]HDX�H[SHULPHQW
ZLWK�WKH�0LFKHOVRQ�0RUOH\�H[SHULPHQW��ZH�UHDOL]H�WKDW�WKH�DUUDQJHPHQW�RI�WKH�0LFKHOVRQ�0RUOH\
H[SHULPHQW�PDNHV�LW�LPSRVVLEOH�WR�GHWHFW�WKH�HWKHU�GULIW��,Q�WKH�0LFKHOVRQ�0RUOH\�H[SHULPHQW��ERWK
WKH�VRXUFH�DQG�WKH�REVHUYHU�DUH�DW�UHVW�ZKLOH�WKH�HWKHU�LV�LQ�XQLIRUP�PRWLRQ�WKURXJK�WKH�DUUDQJHPHQW�
$V�YLHZHG�IURP�WKH�)L]HDX�H[SHULPHQW��WKH�HWKHU�GULIW�FDQQRW�EH�GHILQHG�LQ�WKLV�DUUDQJHPHQW��7KH
FLUFXPVWDQFHV�DUH�WKH�VDPH�DV�IRU�WKH�(DUWK��ZKRVH�PRWLRQ�FDQQRW�EH�GHILQHG�ZLWKRXW�DQ�H[WUDWHUUHV�
WULDO�UHIHUHQFH��(YHQ�LI�WKH�0LFKHOVRQ�0RUOH\�H[SHULPHQW�LV�SHUIRUPHG��IRU�H[DPSOH��LQ�ZDWHU�IORZ�
LQJ�UDSLGO\�LQ�RQH�GLUHFWLRQ��WKH�QXOO�UHVXOW�LV�H[SHFWHG�VLQFH�WKH�YHORFLW\�RI�WKH�ZDWHU�IORZ�FDQQRW�EH
GHILQHG�LQ�WKLV�DUUDQJHPHQW��,Q�WKH�FDVH�RI�VRXQG�XQGHU�WKH�VDPH�FLUFXPVWDQFHV��LQGHHG��QR�FKDQJH
RI�SLWFK�ZDV�REVHUYHG��DV�LW�VKRXOG�EH�>�@�

:H�VKRXOG�PHQWLRQ�WKH�0LFKHOVRQ�0RUOH\�H[SHULPHQW�SHUIRUPHG�ZLWK�DQ�H[WUDWHUUHVWULDO� OLJKW
VRXUFH��$SSDUHQWO\��WKH�PRWLRQ�RI�WKH�OLJKW�VRXUFH�UHODWLYH�WR�WKH�KDOI�VLOYHUHG�PLUURU�LV�LQHIIHFWLYH�LQ
FKDQJLQJ�WKH�LQWHUIHUHQFH�SDWWHUQ��$V�VKRZQ�LQ�WKH�0LFKHOVRQ�LQWHUIHURPHWHU��RQO\�WKH�PRWLRQ�RI�WKH
KDOI�VLOYHUHG�PLUURU�UHODWLYH�WR�RQH�RI�WKH�RWKHU�WZR�PLUURUV�FDQ�JLYH�ULVH�WR�DQ�HIIHFW�RQ�WKH�LQWHUIHU�
HQFH�IULQJHV��,W�LV�FOHDU�WKDW�WKH�SRLQW�RI�VSOLWWLQJ�LQWR�WZR�EHDPV�SOD\V�WKH�UROH�RI�DQ�HIIHFWLYH�VRXUFH
LQ�WKDW�LQWHUIHURPHWHU��7KH�H[SHULPHQW�XVLQJ�VXQOLJKW�GLIIHUV�IURP�WKH�RULJLQDO��LI�DQ\��LQ�WKH�GRPDLQ
RI�WDVWH�UDWKHU�WKDQ�FRYHUDJH�

���7ZLQ�3DUDGR[

,Q�������(LQVWHLQ>�@�VKRZHG�WKDW�WKH�/RUHQW]�WUDQVIRUPDWLRQ�ZKLFK�SUHVHUYHV�WKH�VSHHG�RI�OLJKW
LQ�DOO�XQLIRUPO\�PRYLQJ�V\VWHPV�UHTXLUHV�UHYLVLRQ�RI�WKH�XVXDO�FRQFHSWV�RI�WLPH�DQG�VLPXOWDQHLW\��+H
ZDV�WKXV�OHG�WR�WKH�UHVXOW�WKDW�D�PRYLQJ�FORFN�UXQV�PRUH�VORZO\�WKDQ�D�VWDWLRQDU\�FORFN��+RZHYHU�
VXFK�D�FRQFHSW�RI�WLPH�JLYHV�ULVH�WR�WKH�WZLQ�SDUDGR[��,Q�PHFKDQLFV��LW�LV�LPSRVVLEOH�E\�PHDQV�RI�DQ\
SK\VLFDO�PHDVXUHPHQWV�WR�ODEHO�D�FRRUGLQDWH�V\VWHP�DV�LQWULQVLFDOO\�³VWDWLRQDU\´�RU�³XQLIRUPO\�PRY�
LQJ´��RQH�FDQ�RQO\�LQIHU�WKDW�WKH�WZR�V\VWHPV�DUH�PRYLQJ�UHODWLYH�WR�HDFK�RWKHU��$FFRUGLQJ�WR�WKLV
IXQGDPHQWDO�SRVWXODWH��OLNH�YHORFLW\�DQG�GLVWDQFH��WLPH�PXVW�DOVR�EH�V\PPHWULF�ZLWK�UHVSHFW�WR�WKH
WZR�V\VWHPV��7KLV�LV�ZKDW�WKH�WZLQ�SDUDGR[�SRLQWV�RXW�

:H�FRQVLGHU�WKH�H[SHULPHQWV�SHUIRUPHG�WR�YHULI\�WKH�SKHQRPHQRQ�RI�WLPH�GLODWLRQ��7KH�PHDQ
OLIHWLPH�RI�p�PHVRQV�ZDV�GHWHUPLQHG�XVLQJ�WKH�GHFD\�RI�p�PHVRQV�DW�UHVW�LQ�D�VFLQWLOODWRU�>�@��,Q�WKLV
PHWKRG�� WKH�PHDQ� OLIHWLPH�RI� WKH�p�PHVRQV�ZDV�GHWHUPLQHG�E\�D�GLUHFW�PHDVXUHPHQW�RI� WKH� WLPH
UHTXLUHG�WR�GHFD\��,Q�RUGHU�WR�LQYHVWLJDWH�WKH�SKHQRPHQRQ�RI�WLPH�GLODWLRQ��DQ�DWWHPSW�WR�PHDVXUH�WKH
PHDQ�OLIHWLPH�RI�D�UDSLGO\�PRYLQJ�p�PHVRQ�EHDP�ZDV�XQGHUWDNHQ�>�@��$Q�H[SHULPHQW�RI�WKLV�QDWXUH
ZDV� DUUDQJHG� WR�PHDVXUH� WKH� DWWHQXDWLRQ� LQ� IOLJKW� RI� D�p�PHVRQ�EHDP�RI� NQRZQ� OLIHWLPH� XVLQJ� D
VFLQWLOODWLRQ�FRXQWHU�WHOHVFRSH�RI�D�YDULDEOH�OHQJWK��7KH�PHDVXUHG�PHDQ�IUHH�SDWK�ZDV�GLYLGHG�E\�WKH
PHDQ�YHORFLW\� WR�JHW� WKH�PHDQ� OLIHWLPH��7KH�PHDQ� OLIHWLPH� WKXV�REWDLQHG��ZKHQ� WKH�/RUHQW]� WLPH
GLODWLRQ�ZDV�WDNHQ�LQWR�DFFRXQW��ZDV�LQ�IDLU�DJUHHPHQW�ZLWK�WKH�GDWD�PHDVXUHG�LQ�WKH�UHVW�V\VWHP�RI�p�
PHVRQV�� ,W� LV� JHQHUDOO\� UHFRJQL]HG� WKDW� WKHVH� H[SHULPHQWV� KDYH� YHULILHG� WKH� SKHQRPHQRQ� RI� WLPH
GLODWLRQ�
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+RZHYHU��WKH�ODWWHU�H[SHULPHQW�VHHPV�WR�KDYH�DQ�DPELJXRXV�EHDULQJ�RQ�WKH�SKHQRPHQRQ�RI�WLPH
GLODWLRQ��,Q�WKDW�H[SHULPHQW��WKH�UHODWLYLVWLF�FRUUHFWLRQ�ZDV�PDGH�GLUHFWO\�LQ�WKH�PHDQ�OLIHWLPH��NHHS�
LQJ�WKH�SDUWLFOH�YHORFLW\�LQWDFW��7KLV�LV�LQ�FRQWUDVW�ZLWK�KLJK�HQHUJ\�VFDWWHULQJ�WKHRU\��ZKHUH�WKH�UHOD�
WLYLVWLF�FRUUHFWLRQ�LV�PDGH�LQ�WKH�SDUWLFOH�YHORFLW\�

7KH�IRXU�YHORFLW\� LV�GHILQHG�DV� WKH�UDWH�RI�FKDQJH�RI� WKH�SDWK�RI�D�SDUWLFOH�ZLWK� UHVSHFW� WR� LWV
SURSHU�WLPH��%DVHG�XSRQ�WKLV�GHILQLWLRQ��RQH�FDQ�VD\�WKDW�WKH�IRXU�YHORFLW\�UHVXOWV�IURP�WKH�/RUHQW]
WLPH�GLODWLRQ��DQG�KHQFH�WKH\�DUH�FRPSDWLEOH��+RZHYHU��LW�LV�HYLGHQW�WKDW�WKH�FXUUHQW�GHILQLWLRQ�GLVUH�
JDUGLQJ� WKH� GLODWLRQ� RI� LWV� SURSHU� SDWK� LV� LQFRQVLVWHQW�ZLWK� H[SHULPHQWDO� IDFW��2EVHUYDWLRQ� RI� WKH
GLODWHG�PHDQ�IUHH�SDWK�RI�p�PHVRQ�EHDP�ZLWK�UHVSHFW�WR�LWV�SURSHU�OLIHWLPH�SRLQWV�RXW�WKDW�RQFH�WKH
/RUHQW]�WLPH�GLODWLRQ�LV�WDNHQ�LQWR�DFFRXQW��WKHUH�LV�QR�URRP�IRU�WKH�IRXU�YHORFLW\�IRUPXODWLRQ��(LWKHU
WKH�WLPH�GLODWLRQ�RU�WKH�IRXU�YHORFLW\��QRW�ERWK�RI�WKHP��FDQ�EH�FRQVLVWHQW�ZLWK�H[SHULPHQWDO�REVHUYD�
WLRQ��7KLV�PHDQV�WKDW�WKH�WLPH�GLODWLRQ�DQG�WKH�IRXU�YHORFLW\�DUH�DOWHUQDWLYHV��VR�WKDW�WKH�IRXU�YHORFLW\
FDQQRW�UHVXOW�IURP�WKH�/RUHQW]�WLPH�GLODWLRQ��,Q�WKLV�UHJDUG��WKH�TXHVWLRQ�DULVHV��,Q�WLPH�DQG�YHORFLW\�
ZKLFK�FRPSRQHQW�ZRXOG�DSSHDU�SKHQRPHQRORJLFDOO\�GLODWHG�WR�WKH�REVHUYHU"�7R�VHH�WKH�WUXWK��WKH
PHDQ�OLIHWLPH�RI�D�UDSLGO\�PRYLQJ�p�PHVRQ�EHDP�PXVW�EH�GHWHUPLQHG�E\�GLUHFW�PHDVXUHPHQW��7KH
PHDQ�OLIHWLPH�VR�REWDLQHG�ZLOO�EH�WKH�VDPH�DV�WKH�GDWD�PHDVXUHG�LQ�WKH�UHVW�V\VWHP�RI�p�PHVRQV�LI
ZKDW�WKH�WZLQ�SDUDGR[�SRLQWV�RXW�LV�FRUUHFW��$OWKRXJK�VXFK�DQ�H[SHULPHQW�LV�SUREDEO\�XQGHUWDNHQ�
WKHUH�GRHV�QRW�VHHP�WR�EH�D�SXEOLFDWLRQ�WKDW�GHVFULEHV�WKH�H[SHULPHQW�RI�WKLV�NLQG��,Q�VSLWH�RI�WKLV��ZH
FDQ�LQIHU�WKH�UHVXOW�IURP�D�FRPSDULVRQ�ZLWK�DVWURQRPLFDO�REVHUYDWLRQ�

,Q�������6KDSLUR�REVHUYHG�WKDW�WKH�FRPSRQHQWV�PDNLQJ�XS�WKH�QXFOHXV�RI�UDGLR�VRXUFH��&���
ZHUH�LQ�PRWLRQ��6XUSULVLQJO\��WKH�VSHHG�RI�WKH�FRPSRQHQWV�ZDV�HVWLPDWHG�WR�EH�DERXW�WHQ�WLPHV�WKH
VSHHG�RI�OLJKW�>�@��7KH�DFWLYLW\��ZKLFK�RFFXUV�RQ�D�VFDOH�RI�PLOOLVHFRQGV�RI�DUF��FRXOG�QRW�KDYH�EHHQ
GHWHFWHG�ZLWK� WKH� WHFKQLTXHV�DYDLODEOH�EHIRUH� WKH� HDUO\�����V��6SHFLDO� DWWHQWLRQ�ZDV� LPPHGLDWHO\
JLYHQ�WR�REVHUYDWLRQ�RI�WKH�P\VWHULRXV�SKHQRPHQRQ��IURP�ZKLFK�VRPH�RWKHU�TXDVDUV�VXFK�DV��&���
DOVR�WXUQHG�RXW�WR�EH�VXSHUOXPLQDO�VRXUFHV��)URP�GLUHFW�REVHUYDWLRQV�RI�WKH�GLVWDQFHV�WUDYHOHG�DQG
WKH� WLPHV� UHTXLUHG�� LW� LV� UHSRUWHG� WKDW� WKHLU� QXFOHL� FRQWDLQ� FRPSRQHQWV� DSSDUHQWO\� IO\LQJ� DSDUW� DW
VSHHGV�H[FHHGLQJ�WKH�VSHHG�RI�OLJKW��7KH�FRQFHSW�RI�WKH�VSHHG�RI�OLJKW�DV�D�OLPLWLQJ�VSHHG�RI�PDWHULDO
SDUWLFOHV��ZKLFK�KDV�EHHQ�FRQILUPHG�LQ�SK\VLFV��KDV�EHHQ�TXHVWLRQHG�LQ�DVWURSK\VLFV�

,W�VHHPV�WKDW�WKH�p�PHVRQ�H[SHULPHQW�DQG�WKH�REVHUYDWLRQ�RI�VXSHUOXPLQDO�PRWLRQ�DUH�SK\VLFDOO\
HTXLYDOHQW��7KH�RQO\�GLIIHUHQFH�ZRXOG�EH�WKHLU�VWDJHV�DQG�WKHLU�LQWHUSUHWDWLRQV�WKHUHLQ��2Q�WKH�FRP�
SDULVRQ�RI�WKH�H[SHULPHQW�ZLWK�WKH�REVHUYDWLRQ��ZH�FRPH�WR�VHH�WKDW��SKHQRPHQRORJLFDOO\��WKH�YHORF�
LW\�FRPSRQHQW�LWVHOI�ZRXOG�DSSHDU�GLODWHG�WR�WKH�REVHUYHU��NHHSLQJ�WKH�WLPH�LQWDFW��,W�LV�FHUWDLQ�WKHUH�
IRUH�ZLWKRXW�UHTXLULQJ�H[SOLFLW�H[SHULPHQW�WKDW�WKH�PHDQ�OLIHWLPH�RI�D�UDSLGO\�PRYLQJ�p�PHVRQ�EHDP
REWDLQHG�E\�GLUHFW�PHDVXUHPHQW�LV�HTXLYDOHQW�WR�WKH�PHDQ�OLIHWLPH�LQ�WKH�p�UHVW�V\VWHP��7KLV�FRQVWL�
WXWHV�D�YHULILFDWLRQ�RI�WKH�SUHGLFWLRQ�RI�HTXDO�DJHLQJ�RI�WKH�WZLQV�LQ�UHODWLYH�PRWLRQ�DQG�WKXV�UHVROYHV
WKH�WZLQ�SDUDGR[��,W�FRQILUPV�IXOO\�WKDW�WKH�SKHQRPHQRQ�RI�WLPH�GLODWLRQ�LV�QRWKLQJ�HOVH�EXW�LOOXVLRQ
H[LVWLQJ�RQO\�LQ�PDWKHPDWLFDO�IRUPDOLVP��)URP�D�ORJLFDO�SRLQW�RI�YLHZ��RQH�FDQQRW�DWWDFK�DQ\�DEVR�
OXWH�UHIHUHQFH�RI�WKH�SKHQRPHQRQ�WR�RQH�V\VWHP�LQ�SUHIHUHQFH�WR�WKH�RWKHU�V\VWHP�DV�ORQJ�DV�LW�GH�
SHQGV�RQO\�RQ�WKH�UHODWLYH�YHORFLW\�EHWZHHQ�WKHP��,URQLFDOO\��WKH�UHODWLYLVWLF�H[SODQDWLRQ�YLRODWHV�WKH
UHODWLYLW\� RI� XQLIRUPO\�PRYLQJ� V\VWHPV� DQG� DUWLILFLDOO\� REVFXUHV� WKH� SK\VLFV� RI� WKH� VLWXDWLRQ� WKH\
UHYHDO�
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���$EHUUDWLRQ�RI�6WDUOLJKW

7KH�%UDGOH\�REVHUYDWLRQ�RI�WKH�DEHUUDWLRQ�RI�VWDUOLJKW�VHHPV�WR�EH�HYHQ�PRUH�LPSRUWDQW�WR�PRG�
HUQ�SK\VLFV�WKDQ�SUHYLRXVO\�WKRXJKW��7KLV�LV�EHFDXVH�WKH�DEHUUDWLRQ�RI�VWDUOLJKW�FDQ�EH�LQWHUSUHWHG�DV
H[SUHVVLQJ�WKH�FRYDULDQW�HTXDWLRQV�RI�PRWLRQ�OHDGLQJ�WR�WKH�SK\VLFV�RI�VSHFLDO�UHODWLYLW\��7KH�SKH�
QRPHQRORJLFDO�SRLQW�RI�YLHZ�WKDW�WKH�RULJLQV�RI�UHODWLYLVWLF�SKHQRPHQD�OLH�LQ�WKH�SK\VLFV�RI�DEHUUD�
WLRQ�RI�VWDUOLJKW�LV�GLVFXVVHG�LQ�WKLV�VHFWLRQ�

,Q�������%UDGOH\�GLVFRYHUHG�DQ�DSSDUHQW�PRWLRQ�RI�WKH�VWDU�ZKLFK�KH�H[SODLQHG�DV�GXH� WR� WKH
PRWLRQ�RI� WKH�(DUWK� LQ� LWV�RUELW��7KLV�HIIHFW��NQRZQ�DV�DEHUUDWLRQ�� LV�TXLWH�GLVWLQFW� IURP� WKH�ZHOO�
NQRZQ�GLVSODFHPHQWV�RI�WKH�QHDUHU�VWDUV�NQRZQ�DV�SDUDOOD[��7KH�HIIHFW�RI�SDUDOOD[�LV�WR�FDXVH� WKH
VWDUV�ZKLFK�DUH�REVHUYHG�LQ�D�GLUHFWLRQ�SHUSHQGLFXODU�WR�WKH�SODQH�RI�WKH�(DUWK¶V�RUELW� WR�PRYH� LQ
VPDOO�FLUFOHV��DQG�IURP�WKHLU�DQJXODU�GLDPHWHUV�WKH�GLVWDQFHV�RI�WKH�VWDUV�DUH�FRPSXWHG��$EHUUDWLRQ�
ZKLFK�GHSHQGV�RQ�WKH�(DUWK¶V�YHORFLW\��DOVR�FDXVHV�WKH�VWDUV�REVHUYHG�LQ�WKLV�GLUHFWLRQ�WR�DSSHDU�WR
PRYH�LQ�FLUFOHV��+HUH��KRZHYHU��WKH�FLUFOHV�DUH�WKH�VDPH�IRU�DOO�VWDUV��ZKHWKHU�QHDU�RU�GLVWDQW��%UDG�
OH\¶V�H[SODQDWLRQ�RI�WKLV�HIIHFW�ZDV�WKDW�WKH�DSSDUHQW�GLUHFWLRQ�RI�WKH�OLJKW�UHDFKLQJ�WKH�(DUWK�IURP�D
VWDU�LV�DOWHUHG�E\�WKH�PRWLRQ�RI�WKH�(DUWK�LQ�LWV�RUELW��7KH�REVHUYHU�DQG�KLV�RU�KHU��WHOHVFRSH�DUH�EHLQJ
FDUULHG�DORQJ�ZLWK�WKH�(DUWK�DW�D�YHORFLW\�RI�DERXW������NP�V��DQG�LI�WKLV�PRWLRQ�LV�SHUSHQGLFXODU�WR
WKH�GLUHFWLRQ�RI�WKH�VWDU��WKH�WHOHVFRSH�PXVW�EH�WLOWHG�VOLJKWO\�WRZDUG�WKH�GLUHFWLRQ�RI�PRWLRQ�IURP�WKH
SRVLWLRQ�LW�ZRXOG�KDYH�LI�WKH�(DUWK�ZHUH�DW�UHVW��7KH�UHDVRQ�IRU�WKLV�LV�PXFK�WKH�VDPH�DV�WKDW�LQYROYHG
ZKHQ�D�OLWWOH�JLUO�ZDONLQJ�LQ�WKH�UDLQ�PXVW�WLOW�KHU�XPEUHOOD�IRUZDUG�WR�NHHS�WKH�UDLQ�RII�KHU�IHHW�

/HW�WKH�YHFWRU�Y�UHSUHVHQW�WKH�YHORFLW\�RI�WKH�(DUWK�UHODWLYH�WR�D�V\VWHP�RI�FRRUGLQDWHV�IL[HG�LQ�WKH
VRODU�V\VWHP��DQG�F�WKDW�RI�WKH�OLJKW�UHODWLYH�WR�WKH�VRODU�V\VWHP��7KHQ�WKH�YHORFLW\�RI�WKH�OLJKW�UHODWLYH
WR�WKH�(DUWK�KDV�WKH�GLUHFWLRQ�RI�F¶��ZKLFK�LV�WKH�YHFWRU�GLIIHUHQFH�EHWZHHQ�F�DQG�Y��7KLV�LV�WKH�GLUHF�
WLRQ�LQ�ZKLFK�WKH�WHOHVFRSH�PXVW�EH�SRLQWHG�WR�REVHUYH�WKH�VWDU�LPDJH�RQ�WKH�D[LV�RI�WKH�LQVWUXPHQW�
:KHQ� WKH�(DUWK¶V�PRWLRQ� LV�SHUSHQGLFXODU� WR� WKH�GLUHFWLRQ�RI� WKH� VWDU�� WKH� UHODWLRQ� � � �F Y F� �- =
IROORZV�IURP�WKH�YHORFLW\�GLIIHUHQFH��7KLV�VKRZV�KRZ�WKH�YHORFLW\�RI�REVHUYDWLRQ�LV�DOWHUHG�E\�WKH
PRWLRQ�RI�WKH�(DUWK��$VVXPLQJ� F Fg� = ��WKLV�PHDQV�WKDW�WKH�REVHUYDWLRQ�LV�SHUIRUPHG�DW�VSHHG� F�

JUHDWHU�WKDQ�ZKHQ�WKH�(DUWK�LV�DW�UHVW��.HHSLQJ�LQ�PLQG�WKDW�WKH�VSHHG�RI�OLJKW�FDQ�DOVR�EH�D�PHDVXUH
RI�VSHHG��WKH�DOWHUHG�PHDVXUHPHQW�VSHHG�LV�FRQMHFWXUHG�WR�JLYH�ULVH�WR�WKH�VDPH�HIIHFW�DV�ZRXOG�EH
WKH�FDVH�LI�WKH�YHORFLW\�VFDOH�ZHUH�FRUUHVSRQGLQJO\�DOWHUHG�DW�WKH�PRPHQW�RI�PHDVXUHPHQW��$FFRUG�
LQJO\��WKH�YHORFLW\�RI�WKH�(DUWK�LV�FRQVLGHUHG�WR�EH� Y Yg� = �LQ�UHODWLRQ�WR�WKH�REVHUYDWLRQ��7DNLQJ�WKLV

YHORFLW\�RI�WKH�(DUWK��WKH�%UDGOH\�UHODWLRQ�EHFRPHV� � � �F Y F� �- = ��IURP�ZKLFK�WKH�YHORFLW\�VFDOH�LV

JLYHQ�LQ�D�FORVHG�IRUP�E\� ( )
�
�� �� � Y Fg = - ��7KH�YHORFLW\�VFDOH�DSSHDUV�GXH�WR�WKH�REVHUYDWLRQ

YHORFLW\�EHLQJ�DIIHFWHG�E\� WKH�YHORFLW\�RI� WKH�(DUWK�GXULQJ�REVHUYDWLRQ��7KH�DSSHDUDQFH�RI� WKH� g�
IDFWRU�DV�WKH�YHORFLW\�VFDOH�KDV�QRWKLQJ�WR�GR�ZLWK�UHODWLYLW\�EXW�UDWKHU²DQG�WKLV�VHHPV�WR�EH�SDU�
WLFXODUO\�LPSRUWDQW²LV�RI�D�SXUHO\�REVHUYDWLRQDO�QDWXUH��$V�D�FRQVHTXHQFH�RI�WKLV�FRQVLGHUDWLRQ��WKH
UHODWLRQV�IRU�WKH�DQJOH�RI�DEHUUDWLRQ�a�FDQ�EH�ZULWWHQ�DV

� �� � � �� �VLQ � FRV �� � � WDQ ��� �a b a b a b b= = - = - ���

ZKHUH�b�=�Y�F�
$W�WKLV�SRLQW�LW�PD\�EH�RI�VRPH�LQWHUHVW�WR�FKHFN�WKH�GLIIHUHQFH�EHWZHHQ�WKH�SUHVHQW�LQWHUSUHWDWLRQ

DQG�WKH�UHODWLYLVWLF�H[SODQDWLRQ�RI�WKH�DEHUUDWLRQ�RI�VWDUOLJKW��,Q�WKH�SUHVHQW�LQWHUSUHWDWLRQ��WKH�YHORF�
LW\�RI�WKH�(DUWK�DQG�WKH�YHORFLW\�RI�OLJKW�UHODWLYH�WR�LW�DUH�UHVSHFWLYHO\�DVVXPHG�WR�EH�g�Y�DQG�g�F��ZKLOH
WKH�YHORFLW\�RI�OLJKW�UHODWLYH�WR�WKH�VRODU�V\VWHP�DW�UHVW�LV�F��,I�WKH�GLVWDQFH�IURP�WKH�VWDU�WR�WKH�VRODU
V\VWHP�LV�5��WKH�GLVWDQFH�WR�WKH�(DUWK�LV�JLYHQ�E\�5�FRV�a�=�g�5��ZKHUH�a�LV�WKH�DQJOH�RI�DEHUUDWLRQ�
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7KXV�WKH�WLPH�UHTXLUHG�WR�UHDFK�WKH�(DUWK�EHFRPHV�5�F��7KHVH�DVVXPSWLRQV�DUH�LQ�FRQWUDVW�ZLWK�WKRVH
LQ�WKH�UHODWLYLVWLF�H[SODQDWLRQ��,Q�WKH�UHODWLYLVWLF�H[SODQDWLRQ��WKH�YHORFLW\�RI�WKH�(DUWK�DQG�WKH�YHORF�
LW\�RI�OLJKW�UHODWLYH�WR�LW�DUH�UHVSHFWLYHO\�Y�DQG�F��ZKHUHDV�WKH�YHORFLW\�RI�OLJKW�UHODWLYH�WR�WKH�VRODU
V\VWHP�DW�UHVW�LV�DVVXPHG�WR�EH�F�g�LQ�WKH�(DUWK¶V�IUDPH�>�@��7KXV��LQ�WKLV�H[SODQDWLRQ��WKH�WLPH�UH�
TXLUHG�WR�UHDFK�WKH�(DUWK�LV�JLYHQ�E\�g�5�F��1RWH�WKDW�ERWK�WKH�%UDGOH\�REVHUYDWLRQ�RI�WKH�DEHUUDWLRQ
RI�VWDUOLJKW�DQG�WKH�SURSDJDWLRQ�SDWK�SHUSHQGLFXODU�WR�WKH�HWKHU�GULIW� LQ�WKH�0LFKHOVRQ�0RUOH\�H[�
SHULPHQW�FDQ�EH�UHSUHVHQWHG�E\�WKH�VDPH�JHRPHWULF�ILJXUH��$V�YLHZHG�IURP�WKH�SUHVHQW�LQWHUSUHWD�
WLRQ��WKH�UHVXOW�RI�WKH�0LFKHOVRQ�0RUOH\�H[SHULPHQW�GHSHQGV�VROHO\�RQ�ZKHWKHU�RU�QRW�WKH�VSHHG�RI
OLJKW�LV�DIIHFWHG�ZKLOH�WUDYHOLQJ�WKH�SDWK�SDUDOOHO�WR�WKH�HWKHU�GULIW��7KLV�LV�ZK\�ZH�KDYH�FRPSDUHG�WKH
0LFKHOVRQ�0RUOH\�H[SHULPHQW�ZLWK�WKH�)L]HDX�H[SHULPHQW�LQ�6HFWLRQ����1RWH�WKDW�LQ�VSLWH�RI�WKHLU
GLIIHUHQFH��ERWK�RI�WKRVH�LQWHUSUHWDWLRQV�JLYH�WKH�VDPH�UHODWLRQV�IRU�WKH�DQJOH�RI�DEHUUDWLRQ�

+DYLQJ�UHYHDOHG�WKH�KLGGHQ�QDWXUH�RI�WKH�%UDGOH\�REVHUYDWLRQ��ZH�FDQ�QRZ�SURFHHG�WR�WKH�VHF�
RQG�VWDJH�DQG�LQYHVWLJDWH�LWV�HIIHFW�RQ�WKH�HTXDWLRQ�RI�PRWLRQ��)URP�WKH�YHFWRU�GLIIHUHQFH�EHWZHHQ�F¶
DQG�Y¶� IRU� WKH�YHORFLW\�RI� OLJKW�� D�GHULYDWLYH�ZLWK� UHVSHFW� WR� WLPH�JLYHV� WKH� FRYDULDQW� HTXDWLRQ�RI
DFFHOHUDWLRQV
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7KH�VFDODU�SURGXFW�RI�WKH�DFFHOHUDWLRQV�LQ�WKLV�HTXDWLRQ�ZLWK�WKH�FRUUHVSRQGLQJ�YHORFLW\�YHFWRUV�LV
ZULWWHQ
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(TXDWLRQ�����FDQ�DOVR�EH�REWDLQHG�E\�GLIIHUHQWLDWLQJ�WKH�%UDGOH\�UHODWLRQ� � � �F Y F� �- = �ZLWK�UHVSHFW
WR�WLPH��7KH�NLQHWLF�HQHUJ\�7�LV�GHILQHG�LQ�JHQHUDO�WR�EH�VXFK�WKDW�WKH�VFDODU�SURGXFW�RI�WKH�IRUFH�DQG
WKH�YHORFLW\�LV�WKH�WLPH�UDWH�RI�FKDQJH�RI�7��,Q�FRPSDULQJ�(TXDWLRQ�����ZLWK�WKH�GHILQLWLRQ�RI�7��WKH

UHODWLYLVWLF�H[SUHVVLRQ�RI�NLQHWLF�HQHUJ\�DSSHDUV�DV ( )
�
�� ��7 PF b= - >�@�� ,Q� WKH�SUHVHQW� GLVFXV�

VLRQ��WKH�PDVV�KDV�EHHQ�WUHDWHG�DV�D�FRQVWDQW�>�@�7KH�%UDGOH\�UHODWLRQ� � � �F Y F� �- = �FDQ�WKHUHIRUH
EH�H[SUHVVHG�LQ�WHUPV�RI�WKH�NLQHWLF�HQHUJ\�DQG�PRPHQWXP��ZKLFK�LV�VHHQ�WR�EH�WKH�FRYDULDQW�HQ�
HUJ\�PRPHQWXP�HTXDWLRQ�ZLWK� � � � � �7 F S P F- = ��7KLV�VKRZV�KRZ�WKH�UHODWLYLVWLF�HTXDWLRQV�RI

PRWLRQ�FDQ�EH�GHULYHG�RQ�1HZWRQLDQ�PHFKDQLFDO�JURXQGV�
6LQFH�WKH�DEHUUDWLRQ�HIIHFW�LV�DWWULEXWHG�WR�WKH�ILQLWH�YHORFLW\�RI�REVHUYDWLRQ�ZKLFK�LV�DIIHFWHG�E\

PRWLRQ�RI�WKH�(DUWK��LW�LV�WKRXJKW�WKDW�UHODWLYLVWLF�SKHQRPHQD�ZRXOG�DSSHDU�GXH�WR�WKH�PHDVXUHPHQW
YHORFLW\�EHLQJ�DIIHFWHG�E\�YHORFLW\�RI�D�PRYLQJ�ERG\��OLNH�D�YHFWRU�GLIIHUHQFH�EHWZHHQ�YHORFLWLHV�
7KLV� H[SODLQV� ZK\� UHODWLYLVWLF� SKHQRPHQD� DSSHDU� PRUH� SURQRXQFHG� DV� WKH� YHORFLWLHV� RI� SDUWLFOH
DSSURDFK�WKH�YHORFLW\�RI�OLJKW�DQG�ZK\�WKH�YHORFLW\�RI�OLJKW�DSSHDUV�LQ�WKH�HTXDWLRQV�RI�PRWLRQ�RI
PDWHULDO�SDUWLFOHV��7KH�FRQMHFWXUH�QDWXUDOO\�DULVHV��,V�WKHQ�WKH�UHODWLYLW\�HIIHFW�MXVW�DQ�HIIHFW�GXH�WR�WKH
PHDVXUHPHQW�YHORFLW\�EHLQJ�DIIHFWHG�E\�YHORFLW\�RI�D�PRYLQJ�ERG\"�8QGHUVWRRG�DV�VXFK��UHODWLYLVWLF
SK\VLFV�LV�LGHQWLILHG�LWVHOI�DV�GHQRWLQJ�WKH�EUDQFK�RI�SK\VLFV�ZKLFK�WDNHV�LQWR�FRQVLGHUDWLRQ�HYHQ�WKH
PHDVXUHPHQW�YHORFLW\�UHODWLYH�WR�WKH�SDUWLFOH�YHORFLW\�IRU�D�PRYLQJ�SDUWLFOH�ZLWK�YHORFLW\�QRW�VPDOO
FRPSDUHG�ZLWK�WKH�YHORFLW\�RI�OLJKW��,Q�WKLV�UHJDUG��D�SDUWLFOH�VSHHG�DV� IDVW�DV�RU� IDVWHU� WKDQ� OLJKW�
DSDUW�IURP�WKH�SRVVLELOLW\�RI�H[LVWHQFH��LV�XQREVHUYDEOH�LQ�D�GLUHFW�ZD\�EHFDXVH�VXFK�D�SDUWLFOH�JRHV
EH\RQG�WKH�REVHUYDWLRQ�VSHHG�

,Q�RUGHU�WR�REWDLQ�WKH�FRYDULDQW�HTXDWLRQ�RI�FRRUGLQDWHV��ZH�VXSSRVH�WKDW�WKH�(DUWK�LV�XQLIRUPO\
PRYLQJ�ZLWK�YHORFLW\�Y�ZLWK�UHVSHFW�WR�WKH�VRODU�V\VWHP��)RU�VLPSOLFLW\��OHW�WKH�RULJLQV�RI�WKH�FRRUGL�
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QDWHV�RI�WKH�(DUWK�DQG�WKH�VRODU�V\VWHP�EH�FRLQFLGHQW�DW� WLPH�W�=����DW�ZKLFK�WLPH�WKH�VWDU�HPLWV�D
SXOVH�RI�OLJKW��,I�WKLV�SXOVH�RI�OLJKW�UHDFKHV�WKH�VRODU�V\VWHP�DW�D�WLPH�W��WKH�SURSDJDWLRQ�SDWKV�RI�WKH
OLJKW�WR�WKH�VRODU�V\VWHP�DQG�WKH�(DUWK�DUH�UHVSHFWLYHO\�JLYHQ�E\�5�=�FW�DQG�5¶�=�F¶W��/HW�[�DQG�[¶�EH
WKH�UHVSHFWLYH�SURMHFWLRQV�RI�5�DQG�5¶� DORQJ� WKH�GLUHFWLRQ�RI�Y��7KHQ� WKH�JHRPHWULF� ILJXUH�RI� WKH
DEHUUDWLRQ�RI�VWDUOLJKW�GUDZV

� � � � � �
 
 �F W [ F W [- = - ���
,W�LV�VWUDLJKWIRUZDUG�WR�JHQHUDOL]H�WKLV�GLVFXVVLRQ�WR�WKH�WZR�LQHUWLDO�UHIHUHQFH�IUDPHV�6�DQG�6¶�ZLWK�D
UHODWLYH�YHORFLW\�Y�EHWZHHQ�WKHP��LQVWHDG�RI�WKH�VRODU�V\VWHP�DQG�WKH�(DUWK��7KH�%UDGOH\�REVHUYDWLRQ
RI�WKH�DEHUUDWLRQ�RI�VWDUOLJKW�VXJJHVWV�WDNLQJ�F¶W�DV�D�IRXUWK�FRRUGLQDWH�LQ�SODFH�RI�FW¶�DV�XVHG�LQ�WKH
/RUHQW]�UHODWLRQ��7KH�IDFW�WKDW�WKH�JHRPHWULF�ILJXUH�RI�WKH�DEHUUDWLRQ�RI�VWDUOLJKW�GUDZV�WKH�FRYDULDQW
HTXDWLRQ�RI�FRRUGLQDWHV�VHHPV�WR�PH�WR�IRUP�WKH�SK\VLFDO�EDFNJURXQG�IRU�WKH�SRLQW�RI�YLHZ�WKDW�WKH
SK\VLFV�RI�VSHFLDO�UHODWLYLW\�KDV�LWV�RULJLQ�LQ�WKH�DEHUUDWLRQ�HIIHFW�

7KH�%UDGOH\�UHODWLRQ�LQ�HTXDWLRQ�����VWDQGV�LQ�FRQWUDVW�WR�WKH�/RUHQW]�UHODWLRQ�OHDGLQJ�WR�WKH�/RU�
HQW]�WUDQVIRUPDWLRQ�ZLWK�UHVSHFW�WR�WKH�FRQFHSWV�RI�WLPH�DQG�WKH�VSHHG�RI�OLJKW��,Q�WKHVH�UHODWLRQV�
ZKLFK�UHODWLRQ�LV�FRQVLVWHQW�ZLWK�WKH�H[SHULPHQWDO�IDFWV"�7KH�%UDGOH\�UHODWLRQ�GHVFULEHV�WKH�VLPXOWD�
QHRXV�DUULYDO�RI�OLJKW�VLJQDOV�VWDUWLQJ�IURP�WKH�VWDU�DW�WKH�WZR�SRLQWV�[�DQG�[¶�LQ�UHODWLYH�PRWLRQ��,Q
FRQWUDVW�� WKH�/RUHQW]�UHODWLRQ�ILQGV�D�FRPSOHWH� LQWHUSUHWDWLRQ� LQ�D�VSUHDGLQJ�VSKHULFDO�ZDYH�ZKLFK
VWDUWV�IURP�WKH�VWDU�DQG�UHDFKHV�WKH�SRLQW�[�DW�WLPH�W�DQG�WKH�SRLQW�[¶�DW�WLPH�W¶�VHTXHQWLDOO\��)LJXUH��
VKRZV�WKH�GLIIHUHQFH�EHWZHHQ�WKH�%UDGOH\�UHODWLRQ�DQG�WKH�/RUHQW]�UHODWLRQ��5HFDOOLQJ�WKH�'RSSOHU
HIIHFW��WKHUH�LV�QR�GRXEW�WKDW�WKH�YHORFLW\�RI�OLJKW�LV�QRW�LQGHSHQGHQW�RI�WKH�PRWLRQ�RI�LWV�VRXUFH��7KH
LQYDULDQFH�RI�WKH�YHORFLW\�RI�OLJKW�LQ�DOO�XQLIRUPO\�PRYLQJ�V\VWHPV��ZKLFK�SOD\V�VR�GHFLVLYH�D�UROH�LQ
WKH�/RUHQW]�WUDQVIRUPDWLRQ��KDV�DQ�DPELJXRXV�EHDULQJ�RQ�WKH�H[SHULPHQWDO�IDFWV��7R�EH�FRQVLVWHQW
ZLWK�REVHUYDWLRQ� IRU� WKH�DEHUUDWLRQ�RI� VWDUOLJKW�� WKH�'RSSOHU� VKLIW�� DQG� WKH�0LFKHOVRQ�0RUOH\� H[�
SHULPHQW��WKH�FXUUHQW�H[SODQDWLRQ�VKRXOG�EH�UHSODFHG�E\�WKH�UHVWULFWHG��EXW�PRUH�DFFXUDWH��H[SODQD�
WLRQ�WKDW�WKH�YHORFLW\�RI�OLJKW�LV�WKH�VDPH�LQ�DOO�XQLIRUPO\�PRYLQJ�V\VWHPV�LI�DQG�RQO\�LI�WKH�VRXUFH
DQG� WKH�REVHUYHU�DUH�ERWK� LQ� D� JLYHQ� V\VWHP�� ,W� LV� WKHQ� DSSDUHQW� WKDW� WKH�/RUHQW]� UHODWLRQ�KDV�QR
EHDULQJ�RQ�WKH�WZR�V\VWHPV�LQ�UHODWLYH�PRWLRQ��,Q�WKLV�UHJDUG��WKH�/RUHQW]�WUDQVIRUPDWLRQ�WXUQV�RXW�WR
EH�D�UHVXOW�RI�DQ�LOO�FRQFHLYHG�PDUULDJH�

6WDU�����������������������������������������������������6WDU

F W FW FW FW

[’ [ 2 [’ [ 2

)LJXUH����,OOXVWUDWLRQ�RI�WKH�%UDGOH\�UHODWLRQ�IURP�DEHUUDWLRQ�RI�VWDUOLJKW�DQG�WKH�/RUHQW]�UHODWLRQ
IURP�VSUHDGLQJ�VSKHULFDO�ZDYH�

7KH�IRXUWK�FRPSRQHQW�RI�WKH�/RUHQW]�WUDQVIRUPDWLRQ�LV�ZRUWK\�RI�PHQWLRQ��7KH�IRXU�FRRUGLQDWHV
LQ�WKH�(DUWK�FDQ�EH�UHODWHG�WR�WKRVH�LQ�WKH�VRODU�V\VWHP�E\�WKH�/RUHQW]�WUDQVIRUPDWLRQ�XVLQJ�HTXDWLRQ
����LQVWHDG�RI�WKH�/RUHQW]�UHODWLRQ��7KH�IRXUWK�FRPSRQHQW�RI�WKLV�WUDQVIRUPDWLRQ�EHFRPHV
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ZKHUH�Q�LV�D�XQLW�YHFWRU�LQ�WKH�GLUHFWLRQ�RI�5��6LQFH�WKH�UDWLR�EHWZHHQ�[�DQG�FW�LV�WKH�GLUHFWLRQ�FRVLQH
RI�WKH�SURSDJDWLRQ�SDWK�RI�WKH�OLJKW�ZLWK�UHVSHFW�WR�Y��LW�FDQ�EH�H[SUHVVHG�LQ�WKH�PRUH�IDPLOLDU�IRUP�RI
WKH�'RSSOHU�VKLIW�IRUPXOD��,W�LV�RI�SDUWLFXODU�LQWHUHVW�WR�QRWH�WKDW�WKH�IRXUWK�FRPSRQHQW�RI�WKLV�/RUHQW]
WUDQVIRUPDWLRQ�JLYHV�D�PRUH�JHQHUDO�GHULYDWLRQ�RI�WKH�UHODWLYLVWLF�IRUPXOD�IRU�WKH�'RSSOHU�VKLIW��7KLV
OHDGV�XV�WR�FRQVLGHU�WKH�WUDQVYHUVH�'RSSOHU�VKLIW�DV�GXH�WR�WKH�DEHUUDWLRQ�HIIHFW�DQG�DV�REVHUYHG�LQ
WKH�GLUHFWLRQ�LQFOLQHG�DW�DQ�DQJOH�RI�DEHUUDWLRQ�WRZDUG�WKH�GLUHFWLRQ�RI�PRWLRQ�RI�D�PRYLQJ�VRXUFH�

:H�FDQ�DOVR�JLYH�D�PRUH�JHQHUDO�GHULYDWLRQ�RI�WKH�H[SUHVVLRQ�IRU�WKH�DQJOH�RI�DEHUUDWLRQ��7KH�UD�
WLR�EHWZHHQ�WKH�[�FRPSRQHQW�DQG�WKH�IRXUWK�FRPSRQHQW�RI�WKLV�WUDQVIRUPDWLRQ�FDQ�EH�ZULWWHQ�XVLQJ
WKH�GLUHFWLRQ�FRVLQHV�VR�GHILQHG�DV
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ZKLFK�LV�WKH�VDPH�H[SUHVVLRQ�DV�REWDLQHG�LQ�LWV�PRVW�JHQHUDO�IRUP�E\�(LQVWHLQ��,W�KDV��EHHQ�VKRZQ
DOJHEUDLFDOO\� WKDW� WZR� VXFFHVVLYH� /RUHQW]� WUDQVIRUPDWLRQV� ZLWK� YHORFLW\� SDUDPHWHUV� �� DQG� �� DUH
HTXLYDOHQW�WR�D�VLQJOH�/RUHQW]�WUDQVIRUPDWLRQ�RI�SDUDPHWHU� � � � �� � ��� ��b b b b b= + + ��E\�PXOWLSO\LQJ

WKH�PDWULFHV�RI�WKH�WZR�VHSDUDWH�WUDQVIRUPDWLRQV��%XW�WKH�UDWLR�EHWZHHQ�WKH�FRPSRQHQWV�FDQ�DOVR�EH
XVHG�WR�REWDLQ�WKH�ODZ�IRU�DGGLWLRQ�RI�YHORFLWLHV��$V�LW�VWDQGV��WKH�VWUXFWXUH�RI�����PDNHV�LW�REYLRXV
WKDW�WKH�IRUPXOD�IRU�WKH�DGGLWLRQ�RI�YHORFLWLHV�LV�VWUDLJKWIRUZDUGO\�JLYHQ�E\�VLPSO\�UHZULWLQJ�UDWLRV�RI
FRRUGLQDWHV�WR�WLPH�LQ�XQLIRUP�YHORFLW\�WHUPV�

���$EHUUDWLRQ�RI�)LHOGV

:H�QRZ�WXUQ�RXU�DWWHQWLRQ�WR�WKH�JUDYLWDWLRQDO�ILHOG�RI�WKH�VWDU��:H�EHJLQ�E\�QRWLQJ�WKDW�WKHUH
ZRXOG�EH�DQ�DEHUUDWLRQ�RI� WKH�JUDYLWDWLRQDO� ILHOG�EHFDXVH�RI� LWV� ILQLWH� SURSDJDWLRQ�YHORFLW\�� ,I�ZH
DVVXPH�WKDW�WKH�JUDYLWDWLRQDO�ILHOG�SURSDJDWHV�ZLWK�WKH�YHORFLW\�RI�OLJKW��WKH�JUDYLWDWLRQDO�ILHOG�PXVW
VXIIHU�DEHUUDWLRQ��MXVW�DV�OLJKW�GRHV��,W�LV�WKHQ�IRXQG�WKDW�WKH�DEHUUDWLRQ�RI�WKH�VWDUOLJKW�H[SUHVVHV�WKH
DEHUUDWLRQ�RI�WKH�JUDYLWDWLRQDO�ILHOG�RI�WKH�VWDU�

/HW�5�EH�WKH�UDGLXV�YHFWRU�IURP�WKH�VWDU�WR�WKH�VRODU�V\VWHP��7KH�OHQJWK�RI�WKH�SDWK�DORQJ�ZKLFK
WKH�OLJKW�SURSDJDWHV�WR�WKH�(DUWK�LV�JLYHQ�E\�5�FRV�a�=�5����-�b�������ZKHUH�a�LV�WKH�DQJOH�RI�DEHUUD�
WLRQ��7KH�JUDYLWDWLRQDO�ILHOG�RI�WKH�VWDU�FDQ�WKHUHIRUH�EH�ZULWWHQ�LQ�WHUPV�RI�WKH�UHWDUGHG�DQG�SUHVHQW
SRVLWLRQV�RI�WKH�PRYLQJ�(DUWK�DV
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ZKHUH�*�LV�WKH�JUDYLWDWLRQDO�FRQVWDQW�DQG�0�WKH�PDVV�RI�WKH�VWDU��,Q�WKH�DERYH�HTXDWLRQ��WKH�VXEVFULSW
PHDQV�WKDW�WKH�TXDQWLW\�LQ�WKH�EUDFNHW�LV�WR�EH�HYDOXDWHG�DW�WKDW�WLPH��7KH�JUDYLWDWLRQDO�ILHOG�DW�WKH
SRLQW�RI�REVHUYDWLRQ�DW�WLPH�W�LV�GHWHUPLQHG�E\�WKH�VWDWH�RI�PRWLRQ�RI�WKH�(DUWK�DW�WKH�UHWDUGHG�WLPH
W�-�5�F��IRU�ZKLFK�WKH�WLPH�RI�SURSDJDWLRQ�RI�WKH�OLJKW�IURP�WKH�VWDU�WR�WKH�ILHOG�SRLQW�MXVW�FRLQFLGHV
ZLWK�5�F��(TXDWLRQ�����GHVFULEHV�WKH�DEHUUDWLRQ�RI�WKH�JUDYLWDWLRQDO�ILHOG�RFFXUULQJ�GXULQJ�WKH�SURSD�
JDWLRQ��7KH�DOWHUDWLRQV�LQ�WKH�GLUHFWLRQ�DQG�WKH�PDJQLWXGH�RI�WKH�JUDYLWDWLRQDO�ILHOG�DUH�DWWULEXWHG�WR
WKH�SURSDJDWLRQ�YHORFLW\�RI�WKH�ILHOG�DV�DIIHFWHG�E\�WKH�PRWLRQ�RI�WKH�(DUWK�GXULQJ�LWV�SURSDJDWLRQ�
:H�FDQ�H[WHQG�WKLV�WR�WKH�FDVH�ZKHUH�WKH�VWDU�LV�QRW�LQ�D�GLUHFWLRQ�SHUSHQGLFXODU�WR�WKH�PRWLRQ�RI�WKH
(DUWK��7KH�SURSDJDWLRQ�SDWK�RI� WKH� OLJKW� WR� WKH�(DUWK� LV� WKHQ�JLYHQ�E\�5¶�=�5���-�b¼Q�����-�b������
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ZKHUH�Q�LV�D�XQLW�YHFWRU�LQ�WKH�GLUHFWLRQ�RI�5��7KH�DEHUUDWLRQ�RI�WKH�JUDYLWDWLRQDO�ILHOG�FDQ�WKHUHIRUH
EH�H[SUHVVHG�LQ�WKH�JHQHUDO�IRUP
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,I�ZH�WDNH�WKH�SDWK�RI�LQWHJUDWLRQ�WR�EH�5¶��WKH�GLVWDQFH�IURP�WKH�VWDU�WR�WKH�ILHOG�SRLQW�DW�ZKLFK�ZH
GHWHUPLQH�WKH�SRWHQWLDO��ZH�REWDLQ�IRU�WKH�JUDYLWDWLRQDO�SRWHQWLDO�DW�WKH�SRLQW�RI�REVHUYDWLRQ
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6LQFH�WKH�DOWHUDWLRQ�RI�WKH�JUDYLWDWLRQDO�ILHOG�RI�WKH�VWDU�LV�DWWULEXWHG�WR�WKH�PRWLRQ�RI�WKH�(DUWK
GXULQJ�LWV�SURSDJDWLRQ��RQH�PD\�SLFWXUH�WKDW�WKH�JUDYLWDWLRQDO�ILHOG�DFWLQJ�RQ�WKH�(DUWK�GLIIHUV�IURP
WKDW�ZKHQ�WKH�(DUWK�LV�DW�UHVW�E\�WKH�DFFHOHUDWLRQ�ZKLFK�WKH�PRYLQJ�(DUWK�KDV�GXULQJ�WKH�SURSDJDWLRQ
RI�WKH�ILHOG��7KH�DEHUUDWLRQ�RI�WKH�JUDYLWDWLRQDO�ILHOG�WKHQ�GUDZV�WKH�FRYDULDQW�HTXDWLRQ�RI�ILHOGV
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7KH�H[SOLFLW�IRUP�RI�SRWHQWLDO�HQHUJ\�LQ�(T������LV�IXUQLVKHG�E\�WKH�VFDODU�SURGXFW�RI�WKH�JUDYLWD�
WLRQDO�ILHOGV�LQ�(T�������ZLWK�WKH�FRUUHVSRQGLQJ�UDGLXV�YHFWRUV��,W�VKRXOG�EH�QRWHG�WKDW�WKH�GHULYDWLRQ
RI�SRWHQWLDO�HQHUJ\�LV�SHUIRUPHG�LQ�H[DFWO\�WKH�VDPH�PDQQHU�DV�LQ�WKH�FRYDULDQW�HTXDWLRQ�RI�DFFHO�
HUDWLRQV�IRU�NLQHWLF�HQHUJ\��(TXDWLRQV�����DQG������FDQ�WKXV�EH�FRQVLGHUHG�DV�FRYDULDQW�IRUPXODWLRQV
RI�1HZWRQ¶V�HTXDWLRQV�RI�PRWLRQ�IRU�GHVFULELQJ�UHODWLYLVWLF�PHFKDQLFV�

)ROORZLQJ�WKH�VDPH�OLQH�RI�UHDVRQLQJ��WKH�DEHUUDWLRQ�RI�WKH�&RXORPE�ILHOG�SURGXFHG�E\�D�PRYLQJ
HOHFWURQ�FDQ�EH�H[SUHVVHG�LQ�WKH�IRUP�RI�(T������E\�UHSODFLQJ�WKH�JUDYLWDWLRQDO�FKDUJH�*0�E\�WKH
HOHFWURQLF�FKDUJH�H��7KH�HOHFWULF�ILHOG�WKXV�REWDLQHG�LV�VLPLODU�WR�WKH�&RXORPE�ILHOG�RI�DQ�HOHFWURQ�LQ
XQLIRUP�PRWLRQ�LQ�HOHFWURG\QDPLFV��:H�QRZ�FRPSDUH�WKH�/LHQDUG�:LHFKHUW�SRWHQWLDO�ZLWK�WKH�SR�
WHQWLDO�JLYHQ�LQ�WKLV�DSSURDFK�
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6LQFH� WKH� UHODWLRQ�RI� WKH� UHWDUGHG�SRVLWLRQ� WR� WKH�SUHVHQW� SRVLWLRQ�RI� D�PRYLQJ� HOHFWURQ� LV� QRW�� LQ
JHQHUDO��NQRZQ��WKH�/LHQDUG�:LHFKHUW�SRWHQWLDO�RUGLQDULO\�SHUPLWV�RQO\�WKH�HYDOXDWLRQ�RI�WKH�ILHOG�LQ
WHUPV�RI�WKH�UHWDUGHG�SRVLWLRQ�DQG�YHORFLW\�RI� WKH�HOHFWURQ�� ,Q� WKH�SUHVHQW�DSSURDFK�� WKH�XQNQRZQ
HIIHFW�RFFXUULQJ�GXULQJ�WKH�SURSDJDWLRQ�LV�DVVXPHG�WR�EH�WKH�DEHUUDWLRQ�RI�WKH�ILHOG�DWWULEXWHG�WR�LWV
ILQLWH�SURSDJDWLRQ�YHORFLW\��ZKLFK�LV�DIIHFWHG�E\�WKH�PRWLRQ�RI�WKH�HOHFWURQ��$V�DSSOLHG�WR�D�PRYLQJ
VRXUFH�RI�OLJKW��WKH�SURSDJDWLRQ�SDWK�RI�OLJKW�WR�WKH�REVHUYHU��ZKHQ�LW�LV�ZULWWHQ�LQ�WHUPV�RI�IUHTXHQF\�
\LHOGV�DQ�H[SUHVVLRQ�HTXDO�WR�WKH�UHODWLYLVWLF�IRUPXOD�IRU�WKH�'RSSOHU�VKLIW��7KLV�IDYRUV�WKH�DVVXPS�
WLRQ�WKDW�WKH�XQNQRZQ�HIIHFW�RFFXUULQJ�GXULQJ�WKH�SURSDJDWLRQ�LV�WKH�DEHUUDWLRQ�RI�WKH�&RXORPE�ILHOG
SURGXFHG�E\�D�PRYLQJ�HOHFWURQ�

,Q�HOHFWURG\QDPLFV��WKH�HOHFWULF�ILHOG�RI�D�PRYLQJ�HOHFWURQ�GLYLGHV�LWVHOI�LQWR�³D�YHORFLW\�ILHOG�´
ZKLFK� LV� LQGHSHQGHQW� RI� DFFHOHUDWLRQ�� DQG� ³DQ� DFFHOHUDWLRQ� ILHOG�´� ZKLFK� GHSHQGV� OLQHDUO\� XSRQ
DFFHOHUDWLRQ��7KH�YHORFLW\� ILHOG� LV� HVVHQWLDOO\� VWDWLF� ILHOG��ZKHUHDV� WKH� DFFHOHUDWLRQ� ILHOG� LV� W\SLFDO
UDGLDWLRQ�ILHOG��,Q�WKH�SUHVHQW�DSSURDFK��WKH�&RXORPE�SRWHQWLDO�DORQH�LQGXFHV�WKH�YHORFLW\�ILHOG��7KXV
WR�PDNH� WKLV� DSSURDFK� DJUHH�ZLWK� WKH� HOHFWULF� ILHOG�RI� D�PRYLQJ� HOHFWURQ� LQ� HOHFWURG\QDPLFV�� WKH
YHFWRU�SRWHQWLDO�VKRXOG�EH�GHGXFHG�VROHO\�IURP�WKH�UDGLDWLRQ�ILHOG��2Q�WKH�DVVXPSWLRQ�WKDW�WKH�UHOD�
WLYLVWLF� FRUUHFWLRQ� WR� WKH� YHORFLW\� FRPSRQHQW� RI� YHFWRU� SRWHQWLDO� LQYROYHV� WKH� FDQFHOODWLRQ� RI� WKH
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IDFWRU� � �� ��� �b- �DULVLQJ�IURP�WKH�SURSDJDWLRQ�SDWK��WKLV�GHGXFWLYH�UHDVRQLQJ�OHDGV�WR�WKH�IROORZLQJ

IRUPV�RI�H[SUHVVLRQ�IRU�WKH�YHFWRU�SRWHQWLDO�
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,W�VXJJHVWV�WKDW�WKH�FRPSRQHQW�RI�WKH�YHORFLW\�SHUSHQGLFXODU�WR�Q�SOD\V�WKH�UROH�RI�DQ�HIIHFWLYH�YHORF�
LW\�LQ�WKH�HYDOXDWLRQ�RI�WKH�YHFWRU�SRWHQWLDO��:KHQ�ZH�YLHZ�LW�LQ�WKLV�ZD\��ZH�UHDOL]H�WKDW�WKH�FRPSR�
QHQW�RI�WKH�YHORFLW\�SDUDOOHO�WR�Q�KDV�EHHQ�LQFRUSRUDWHG�LQ�WKH�SURSDJDWLRQ�SDWK�RI�WKH�ILHOGV��7DNLQJ
LQWR�DFFRXQW�WKLV�JHRPHWULFDO�LPDJH�RI�WKH�YHORFLW\��LW�VHHPV�VHQVLEOH�WR�H[SHFW�WKDW�WKH�YHFWRU�SRWHQ�
WLDO�RI�(T�������H[SUHVVHV�DQ�HIIHFW�RFFXUULQJ�GXULQJ�LWV�SURSDJDWLRQ��0RUHRYHU��WKH�YHFWRU�SRWHQWLDO
GHVFULEHV�WKH�WUDQVYHUVH�ILHOG�LQ�WKH�LQWXLWLYH�IRUPV
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:KHQ�WKLV�LV�FRPSDUHG�WR�WKH�IDPLOLDU�UHVXOW�LQ�HOHFWURG\QDPLFV��D�IDFWRU�RI� ( )� b- ¼Q �LV�VPDOOHU

WKDQ�WKDW��+RZHYHU��WKH�JHQHUDO�IRUP�RI�WKH�SRZHU�LV�JLYHQ�E\�WKH�WLPH�LQWHJUDO�RI�UDGLDWLRQ�HPLWWHG
E\�WKH�FKDUJH�DW�WKH�UHWDUGHG�WLPH�DQG��LQ�WKH�WLPH�LQWHJUDWLRQ��WKH�UHODWLRQ�EHWZHHQ�WKH�UHWDUGHG�DQG
SUHVHQW�WLPHV� G GW W

UHW
= - ¼� b Q1 6 �KDV�EHHQ�XVHG�>��@��7KHUHIRUH��WKH�HOHFWULF�ILHOG�RI�(T�������OHDGV

WR� WKH�VDPH�IRUP�DV� WKH�JHQHUDO�H[SUHVVLRQ�IRU� WKH�HQHUJ\�GHWHFWHG�DW�DQ�REVHUYDWLRQ�SRLQW��$V�D
UHVXOW��LW�LV�VHHQ�WKDW�WKLV�GHGXFWLYH�VFKHPH�IRU�WKH�YHFWRU�SRWHQWLDO�OHQGV�LWVHOI�WR�LQFRUSRUDWLRQ�LQ�WKH
FODVVLFDO�WKHRU\�RI�UDGLDWLRQ�

6R�IDU�WKH�DEHUUDWLRQ�RI�UDGLDO�ILHOGV�KDV�EHHQ�GLVFXVVHG��QRWKLQJ�KDV�EHHQ�VDLG�DERXW�WKH�SK\VLFDO
VLJQLILFDQFH�RI�WKH�DEHUUDWLRQ�RI�XQLIRUP�ILHOGV��:H�QRZ�FRQVLGHU�WKH�PRWLRQ�RI�DQ�HOHFWURQ�SHUSHQ�
GLFXODU�WR�D�XQLIRUP�PDJQHWLF�ILHOG�+��%HFDXVH�WKH�PRWLRQ�RI�WKH�HOHFWURQ�LQIOXHQFHV�WKH�YHORFLW\�RI
SURSDJDWLRQ�RI�WKH�ILHOG��WKH�DSSDUHQW�GLUHFWLRQ�RI�WKH�ILHOG�DFWLQJ�RQ�WKH�HOHFWURQ�ZLOO�EH�WLOWHG�DW�DQ
DQJOH�RI�DEHUUDWLRQ�WRZDUG�WKH�GLUHFWLRQ�RI�PRWLRQ�RI�WKH�PRYLQJ�HOHFWURQ��7KXV�WKH�DQJOH�DW�WKH�ILHOG
SRLQW�EHWZHHQ�WKH�ILHOG�DQG�WKH�YHORFLW\�RI�WKH�HOHFWURQ�ZRXOG�EH�p���-�a��LQVWHDG�RI�EHLQJ�p����ZKHUH
a�LV�WKH�DQJOH�RI�DEHUUDWLRQ��%\�XVLQJ�WKH�UHODWLRQ�LQ�(T�������ZH�FDQ�REWDLQ�WKH�ZHOO�NQRZQ�H[SUHV�

VLRQ�IRU�WKH�F\FORWURQ�IUHTXHQF\� ( )( )
�
���H+ PF b- ��VKRZLQJ�D�QHZ�ZD\�RI�GHULYLQJ�DQG�XQGHU�

VWDQGLQJ�WKH�F\FORWURQ�IUHTXHQF\�
,QVLJKW�LQWR�WKH�DSSDUHQW�YHORFLW\�RI�FKDUJHG�SDUWLFOH�FDQ�QRZ�EH�SURYLGHG�E\�FRQVLGHULQJ�WKH

PHFKDQLVP�E\�ZKLFK� WKH� YHORFLW\� RI� WKH� SDUWLFOH� LV� GHWHUPLQHG��$Q� HOHFWURVWDWLF� VSHFWURJUDSK� WR
GHWHUPLQH� WKH� YHORFLW\� RI� DQ� HOHFWURQ� FRQVLVWV� LQ� EDODQFLQJ� WKH�PDJQHWLF� DQG� HOHFWULF� GHIOHFWLRQV
DJDLQVW�HDFK�RWKHU�>��@��7KH�HOHFWURQ�PRYLQJ�LQ�D�XQLIRUP�PDJQHWLF�ILHOG�+��SHUSHQGLFXODUO\�WR�+�
GHVFULEHV�D�FLUFXODU�SDWK�RI�UDGLXV�5+��,I�WKLV�HOHFWURQ�PRYHV�LQ�D�UDGLDO�HOHFWULF�ILHOG�(��LW�FDQ�GH�
VFULEH�D�FLUFXODU�SDWK�RI�UDGLXV�5(��7KH�HTXDWLRQ�RI�PRWLRQ�IRU�WKH�HOHFWURQ�PRYLQJ�LQ�WKH�ILHOGV�+
DQG�(�DSSOLHG�VLPXOWDQHRXVO\�LV�WKHQ�JLYHQ�E\�EDODQFLQJ�WKH�FHQWULIXJDO�IRUFH�DULVLQJ�IURP�WKH�PDJ�
QHWLF� GHIOHFWLRQ� DJDLQVW� WKH� FHQWULIXJDO� IRUFH� GXH� WR� WKH� HOHFWULF� GHIOHFWLRQ�� E\

�� � ��( +5 H F 5 PY= � =( Y + �� 7DNLQJ� LQWR� DFFRXQW� WKH� DEHUUDWLRQ� RFFXUULQJ� LQ� WKH� IRUP� RI� WKH

YHFWRU�GLIIHUHQFH�EHWZHHQ�Y�DQG�+��WKH�DQJOH�DW�WKH�ILHOG�SRLQW�EHWZHHQ�Y�DQG�+�ZRXOG�EH�p���-�a�
LQVWHDG�RI� EHLQJ�p����ZKHUH�a� LV� WKH� DQJOH� RI� DEHUUDWLRQ��7KXV�� WKH� HTXDWLRQ� RI�PRWLRQ� EHFRPHV

VLQ� � � ��( +F(5 Y+5 p a= - � IURP� ZKLFK� WKH� DSSDUHQW� YHORFLW\� RI� WKH� HOHFWURQ� LV� IRXQG� WR� EH
� �� �� �� � �( +F(5 +5 b- � LQVWHDG�RI� EHLQJ� �( +F(5 +5 ��ZKHUH� � �( +(5 +5b = �� ,Q� WKLV� UHJDUG�
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� �( +F(5 +5 � JHQHUDOO\� UHFRJQL]HG�DV� WKH�YHORFLW\�RI� WKH� HOHFWURQ�� LV� VHHQ� WR�EH� WKH�YHORFLW\� WKH

HOHFWURQ�ZRXOG�KDYH�LI�WKH�YHORFLW\�RI�SURSDJDWLRQ�RI�WKH�ILHOGV�ZHUH�LQILQLWH��WKHUHE\�QRW�VXIIHULQJ
DEHUUDWLRQ��,Q�IDFW��WKH�VSHHGV�RI�KLJK�HQHUJ\�SDUWLFOHV�RI�g�Y�DUH�IUHTXHQWO\�VXSHUOXPLQDO�SKHQRPH�
QRORJLFDOO\��,W�VKRXOG�EH�HPSKDVL]HG�WKDW�WKHVH�SDUWLFOHV¶�VSHHGV�DUH�DWWULEXWHG�QRW�WR�WKH�SKHQRPHQD
RI�WLPH�GLODWLRQ�EXW�WR�WKH�DSSDUHQW�YHORFLWLHV�RI�WKH�ILHOGV�DV�DIIHFWHG�E\�WKH�PRWLRQV�RI�SDUWLFOHV�
7KLV� FRQVLGHUDWLRQ� RQFH� DJDLQ� OHDGV� XV� WR� WKH� FRQFOXVLRQ� WKDW�� SKHQRPHQRORJLFDOO\�� WKH� SDUWLFOH
YHORFLW\�LWVHOI�ZRXOG�DSSHDU�GLODWHG�WR� WKH�REVHUYHU��NHHSLQJ� LWV� WLPH� LQWDFW��7KH�DEHUUDWLRQ�RI� WKH
XQLIRUP�PDJQHWLF�ILHOG�IXUQLVKHV�SK\VLFDO�VXSSRUW�IRU�WKDW�FRQFOXVLRQ��,W�LV�WKHQ�RQO\�QDWXUDO�WKDW�WKH
FRQFHSW�RI�WLPH�LV�WR�EH�UHFRYHUHG�

���&RYDULDQW�(TXDWLRQV�RI�0RWLRQ

2QH�PD\�DVN�ZKHWKHU�WKHUH�LV�D�FKDQJH�LQ�IRUP�RI�WKH�HTXDWLRQV�RI�PRWLRQ�GXH�WR�WKH�YHORFLW\�RI
SURSDJDWLRQ�RI� ILHOGV�� ,Q�SDVVLQJ�ZH� UHPDUN� WKH� FRYDULDQW� IRUPXODWLRQ�RI� ILHOG� HTXDWLRQ� UHVXOWLQJ
IURP�WKH�ILQLWH�YHORFLW\�RI�SURSDJDWLRQ�RI�ILHOG��:H�DUH�QRZ�JRLQJ�WR�H[DPLQH�WKH�HVVHQWLDO�FKDQJHV
LQ�SK\VLFDO�RXWORRN�GXH�WR�WKH�YHORFLW\�RI�SURSDJDWLRQ�RI�ILHOGV�

/HW�XV�FRQVLGHU�WZR�PRYLQJ�V\VWHPV��6�DQG�6¶�ZLWK�D�UHODWLYH�YHORFLW\�EHWZHHQ�WKHP��)URP�����
ZH�ILQG�WKDW�WKH�JUDYLWDWLRQDO�ILHOGV�DFWLQJ�RQ�WKH�UHVSHFWLYH�V\VWHPV�FDQ�EH�UHODWHG�WR�HDFK�RWKHU�E\
HTXDWLQJ�WKH�ILHOGV�RQ�WKH�OHIW�
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6LPLODUO\��IRU�WKH�HOHFWURPDJQHWLF�ILHOGV�
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7KH�IRUPXODWLRQV�VXJJHVW�DQ�REYLRXV�JHQHUDOL]DWLRQ�RI�WKH�HTXDWLRQV�RI�PRWLRQ�ZKHQ�WKH�YHORFLW\�RI
SURSDJDWLRQ�RI�ILHOGV�LV�WDNHQ�LQWR�DFFRXQW��7RJHWKHU�ZLWK�WKH�FRYDULDQW�HQHUJ\�PRPHQWXP�HTXDWLRQ
>7��F�±S�@6 >7

��F�±S�@6¶��WKH\�VKRZ�KRZ�SK\VLFDO�SKHQRPHQD�DSSHDU�WKH�VDPH�LQ�XQLIRUPO\�PRYLQJ
V\VWHPV��&RQVLGHULQJ�RQO\�WKH�PRWLRQ�RI�6¶�UHODWLYH�WR�6��(T�������JRHV�RYHU�LQWR�WKH�IRUP�RI������

,Q�PHFKDQLFV��WKH�/DJUDQJH�HTXDWLRQ�LV�GHULYHG�IURP�'¶$OHPEHUW¶V�SULQFLSOH��%XW�RQH�PD\�DOVR
DSSURDFK�WKH�/DJUDQJLDQ�IRUPXODWLRQ�E\�ZD\�RI�+DPLOWRQ¶V�SULQFLSOH�DQG�DWWHPSW�VLPSO\�WR�ILQG�D
IXQFWLRQ�/�IRU�ZKLFK�WKH�(XOHU�/DJUDQJH�HTXDWLRQV��DV�REWDLQHG�IURP�WKH�YDULDWLRQDO�SULQFLSOH��DJUHH
ZLWK�WKH�NQRZQ�UHODWLYLVWLF�HTXDWLRQV�RI�PRWLRQ��,W�LV�XVXDOO\�QRW�GLIILFXOW�WR�ILQG�D�IXQFWLRQ�VDWLVI\LQJ
WKHVH�UHTXLUHPHQWV��+RZHYHU��WKH�SUHVHQW�DSSURDFK�UHTXLUHV�LQ�DGGLWLRQ�WKDW�WKH�/DJUDQJH�HTXDWLRQ
VKRXOG�EH�ZULWWHQ�LQ�VXFK�D�ZD\�DV�WR�FRQIRUP�WR�WKH�IRUP�RI������RU�������$�FRYDULDQW�IRUPXODWLRQ�RI
WKH�/DJUDQJH�HTXDWLRQ�VKRXOG�WKHUHIRUH�KDYH�WKH�IRUP�
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$FFRUGLQJO\��+DPLOWRQ¶V�SULQFLSOH�LV�ZULWWHQ�FRYDULDQWO\�DV
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,I�ZH�IXUWKHU�DVN�IRU�WKH�FRYDULDQW�IRUPXODWLRQ�IRU�WKH�FDQRQLFDO�HTXDWLRQV�RI�+DPLOWRQ��ZH�FDQ
SUHGLFW�LQ�WKH�VDPH�PDQQHU
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7KH�ILUVW�KDOI�RI�+DPLOWRQ¶V�HTXDWLRQV� VHHPV� WR� UHSUHVHQW� WKH�FRYDULDQW� IRUPXODWLRQ�RI� WKH�YHFWRU
GLIIHUHQFH�EHWZHHQ�F�DQG�Y�IRU�WKH�YHORFLW\�RI�OLJKW�

&RQWLQXLQJ�DORQJ�WKHVH�OLQHV��LQ�WKH�0D[ZHOO�HTXDWLRQV��ZH�FRPH�WR�WKH�WUDQVIRUPDWLRQ�HTXDWLRQV
RI�HOHFWURPDJQHWLF�ILHOGV��$V�DQ�H[DPSOH��ZH�FRQVLGHU�WKH�ILHOGV�VHHQ�E\�DQ�REVHUYHU�LQ�WKH�V\VWHP�6
ZKHQ�D�SRLQW�FKDUJH�T�PRYHV�E\�LQ�D�VWUDLJKWOLQH�SDWK�DORQJ�WKH�[�GLUHFWLRQ�ZLWK�D�YHORFLW\�Y��/HW�6¶
EH�WKH�PRYLQJ�FRRUGLQDWH�V\VWHP�RI�T��7KH�FKDUJH�LV�DW�UHVW�LQ�WKLV�V\VWHP��%XW�ZKHQ�YLHZHG�IURP
WKH�ODERUDWRU\��WKH�FKDUJH�UHSUHVHQWV�D�FXUUHQW�- TY� LQ�WKH�[�GLUHFWLRQ��$PSHUH¶V�ODZ�FDQ�WKHQ�EH
ZULWWHQ�LQ�WKH�FRYDULDQW�IRUP
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7KH�\�DQG�]�FRPSRQHQWV�RI� �����DUH�KRPRJHQHRXV�HTXDWLRQV�� ,I�ZH�DSSO\� WR� WKHVH�KRPRJHQHRXV
HTXDWLRQV�WKH�/RUHQW]�WUDQVIRUPDWLRQ�HTXDWLRQV�RI�FRRUGLQDWHV�ZLWK�>�FW [�� �[ YW���\��]@6>FW��[��\��]@6¶�
ZH�REWDLQ�LQ�WKH�V\VWHP�6�WKH�HTXDWLRQV
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+HUH� WKH� WLPH�GHULYDWLYHV�VKRXOG�EH�XQGHUVWRRG�DV� WKH� IRUPDO�QRWDWLRQ�UHSUHVHQWLQJ� WKH�V\VWHP�WR
ZKLFK�WKH\�UHIHU�ZKLOH�NHHSLQJ�VLPXOWDQHLW\�RI�WKH�WZR�V\VWHPV�LQ�UHODWLYH�PRWLRQ�

7KH�FRYDULDQFH�RI�WKHVH�FRPSRQHQWV�RI�ILHOGV�XQGHU�WKH�/RUHQW]�WUDQVIRUPDWLRQ�ZDV�H[SOLFLWO\
VKRZQ�E\�/RUHQW]�DQG�(LQVWHLQ�>��@��%XW�LW�ZRXOG�VHHP�WKDW�WKH�FRYDULDQFH�RI�WKH�[�FRPSRQHQW�ZDV
DVVXPHG�LPSOLFLWO\��7KH�H[SOLFLW�WUDQVIRUPDWLRQ�RI�WKDW�FRPSRQHQW�FDQ�SURFHHG�DV�IROORZV��:H�PD\
ZULWH�WKH�[�FRPSRQHQW�RI�������XVLQJ�&RXORPE¶V�ODZ�¶¼( �p�T���DV
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%\�PXOWLSO\LQJ�WKLV�HTXDWLRQ�ZLWK�g��ZH�DUH�OHG�WR
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ZKHQ�ZH�WDNH�LQWR�DFFRXQW�WKH�LQYHUVH�/RUHQW]�WUDQVIRUPDWLRQ�RI�FRRUGLQDWHV��7KH�LQYHUVH�HTXDWLRQV
GLIIHU�IURP�WKH�/RUHQW]�WUDQVIRUPDWLRQ�HTXDWLRQV�RQO\�E\�D�FKDQJH�LQ�WKH�VLJQ�RI�Y��LQ�ZKLFK�g�IDFWRU
LV�V\PPHWULF�ZLWK�UHVSHFW�WR�WKH�WZR�V\VWHPV�LQ�UHODWLYH�PRWLRQ��,Q�WKH�DERYH�HTXDWLRQ��WKH�LQYHUVH
WUDQVIRUPDWLRQ�HTXDWLRQV�KDYH�EHHQ�XVHG�PHUHO\�DV�DQRWKHU�PDWKHPDWLFDO�FRQQHFWLRQ�EHWZHHQ� WKH
WZR�VHWV�RI�FRRUGLQDWHV�

)DUDGD\¶V� ODZ�DQG� ¶¼%  ��FDQ�EH�XVHG� HTXLYDOHQWO\� WR� REWDLQ� WKH� WUDQVIRUPDWLRQ� HTXDWLRQV�
&RQVHTXHQWO\��WKH�H[SOLFLW�HTXDWLRQV�RI�WUDQVIRUPDWLRQ�RI�HOHFWURPDJQHWLF�ILHOGV�DUH
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7KLV�FRPSOHWHV� WKH�GHPRQVWUDWLRQ�RI� WKH�FRYDULDQFH�RI�HOHFWURG\QDPLFV�� ,W� VKRXOG�EH�HPSKDVL]HG
WKDW� WKH� WUDQVIRUPDWLRQ� HTXDWLRQV� RI� HOHFWURPDJQHWLF� ILHOGV� FDQ� DOVR� EH� REWDLQHG� LQ� DQ� H[SOLFLWO\



3DJH���� $3(,521�9RO����1U�������-XO\�2FWREHU�����

FRYDULDQW� IRUP�GLUHFWO\� IURP� WKH�0D[ZHOO� HTXDWLRQV� WKHPVHOYHV�ZLWKRXW� XVLQJ� WKH� WUDQVIRUPDWLRQ
SURSHUWLHV�RI�WKH�ILHOG�VWUHQJWK�WHQVRU�RI�UDQN�WZR�

,W�LV�UHPDUNDEOH�WKDW�(T�������LV�LQ�DJUHHPHQW�ZLWK�WKH�UHODWLRQ�EHWZHHQ�ILHOGV�ZKLFK�ZDV�IRXQG
ZKHQ�IRUPXODWHG�)DUDGD\¶V�ODZ�RI�LQGXFWLRQ��,Q�SXWWLQJ�)DUDGD\¶V� ODZ�RI� LQGXFWLRQ� LQ�GLIIHUHQWLDO
IRUP��ZH�KDYH�IRXQG�WKDW�WKH�HOHFWULF�ILHOG�(
�LQ�D�FRRUGLQDWH�IUDPH�PRYLQJ�ZLWK�D�YHORFLW\�Y�UHODWLYH
WR�WKH�ODERUDWRU\�LV� 
 � �F= + �( ( Y % �ZKHUH�(�DQG�%�DUH�WKH�ILHOGV�LQ�WKH�ODERUDWRU\��7KLV�LV�H[DFWO\

LQ�DJUHHPHQW�ZLWK�ZKDW�(T�������GHVFULEHV�LQ�PDQLIHVWO\�FRYDULDQW�IRUP�EHWZHHQ�ILHOGV�LQ�WKH�ODER�
UDWRU\�DQG�WKH�PRYLQJ�FRRUGLQDWH�V\VWHP�RI�FLUFXLW�

���&RQFOXVLRQ

7KH�GLVFXVVLRQ�LQ�WKLV�SDSHU�VKRZV�WKDW�WKH�DEHUUDWLRQ�RI�VWDUOLJKW�LV�LQWHUSUHWHG�DV�H[SUHVVLQJ�WKH
FRYDULDQW�HTXDWLRQV�RI�PRWLRQ�OHDGLQJ�WR�WKH�SK\VLFV�RI�UHODWLYLVWLF�SKHQRPHQD��7KLV�VXJJHVWV�WKDW�WKH
RULJLQV� RI� UHODWLYLVWLF� SKHQRPHQD� OLH� LQ� WKH� SK\VLFV� RI� WKH� DEHUUDWLRQ� RI� VWDUOLJKW�� LQ� ZKLFK� WKH
*DOLOHDQ� FRQFHSWV� RI� WLPH� DQG� WKH� VSHHG� RI� OLJKW� DUH� QDWXUDO� IRU� GHVFULELQJ� WKH� SKHQRPHQD�� 7KH
SUHVHQW�LQWHUSUHWDWLRQ�VWDQGV�LQ�FRQWUDVW�ZLWK�WKH�UHODWLYLVWLF�H[SODQDWLRQ�ZLWK�UHJDUG�WR�WKH�FRQFHSWV
RI�WLPH�DQG�WKH�VSHHG�RI�OLJKW��:KLOH�WKH�UHODWLYLVWLF�H[SODQDWLRQ�LV�GHGXFHG�IURP�PDWKHPDWLFDO�IRU�
PDOLVP�� WKH�SUHVHQW� LQWHUSUHWDWLRQ� LV� LQGXFHG�E\�SK\VLFDO�SKHQRPHQRQ��7KH�SUHVHQW� LQWHUSUHWDWLRQ
OHDGV�XV�QDWXUDOO\� WR� DQ�XQGHUVWDQGLQJ�RI� UHODWLYLVWLF� SKHQRPHQD�XVLQJ� D�XQLILHG� FRQFHSW��7KLV� LV
REYLRXVO\�LQ�FRQWUDVW�ZLWK�WKH�FXUUHQW�H[SODQDWLRQ�WKDW�KDV�JLYHQ�ULVH�WR�PXFK�FRQWURYHUV\��,Q�FRQ�
WURYHUV\�� WKH� LQFRUUHFW� DUJXPHQW� LV� LQ�(LQVWHLQ¶V� WKHRU\� RI� UHODWLYLW\��ZKLFK� LV� IRXQGHG� XSRQ� WKH�
DOEHLW�PDWKHPDWLFDOO\�FRQVLVWHQW��SK\VLFDOO\�LQFRQVLVWHQW�FRQFHSWV�RI�WLPH�DQG�WKH�VSHHG�RI�OLJKW��QRW
LQ�RSSRQHQWV¶�PLQGV�SRLQWLQJ�WKHP�RXW��3DUDGR[LFDOO\��WKH�FRUUHFW�UHVXOWV�RI�WKH�WKHRU\�DJJUDYDWHG
WKH� VLWXDWLRQ�� VLQFH� WKH\� OHG�FRQWUDU\� WR�DFFHSW� WKH�SK\VLFDOO\� LQFRQVLVWHQW�FRQFHSWV� WKHUHLQ� DV� WKH
PRVW�FRQVLVWHQW�WRJHWKHU�ZLWK�WKH�FRUUHFW�PDWKHPDWLFDO�UHVXOWV��7KH�WKHRU\�RI�VSHFLDO�UHODWLYLW\�LV�D
UHVXOW�RI�FRQIXVLRQ�FRPLQJ�IURP�PL[LQJ�XS�WKH�QRWLRQV��FRQVLVWHQW�DQG�LQFRQVLVWHQW�

5HIHUHQFHV

>�@ )��7��-HQNLQV�DQG�+��(��:KLWH��)XQGDPHQWDOV�RI�2SWLFV��0F*UDZ�+LOO���������WK�HG���&KDS�����
>�@ -��:��6��5D\OHLJK��7KH�7KHRU\�RI�6RXQG��'RYHU���������9RO�����S������
>�@ +��$��/RUHQW]��$��(LQVWHLQ��+��0LQNRZVNL��DQG�+��:H\O��7KH�3ULQFLSOH�RI�5HODWLYLW\��'RYHU���������S�

���
>�@ 0��-DNREVRQ��$��6KXO]��DQG�-��6WHLQEHUJHU��3K\V��5HY������������������&��(��:LHJDQG��3K\V��5HY�����

������������
>�@ 5��3��'XUELQ��+��+��/RDU��DQG�:��:��+DYHQV��-U���3K\V��5HY�����������������
>�@ $�UHYLHZ�DUWLFOH�LQ�D�.RUHDQ�MRXUQDO��³4XDVDU¶V�MHW��)DVWHU�7KDQ�/LJKW"´�6FLHQFH��������
>�@ :��.��+��3DQRIVN\�DQG�0��3KLOOLSV��&ODVVLFDO�(OHFWULFLW\�DQG�0DJQHWLVP��$GGLVRQ�:HVOH\����������QG

HG���S������
>�@ +��*ROGVWHLQ��&ODVVLFDO�0HFKDQLFV��$GGLVRQ�:HVOH\���������S������
>�@ &��*��$GOHU��$P��-��3K\V������������������/��%��2NXQ��3K\VLFV�7RGD\�����-XQH�������
>��@ -��'��-DFNVRQ��&ODVVLFDO�(OHFWURG\QDPLFV��-RKQ�:LOH\�	�6RQV����������QG�HG���S������
>��@ 0��0��5RJHUV��$��:��0F5H\QROGV��DQG�)��7��5RJHUV��-U���3K\V��5HY�����������������
>��@ 5HIHUHQFH����S������S�����


