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This paper presents the Hamilton-Jacobi method for integrating the equations of motion of mechanical systems on time scales. We
give the criterion and four basic forms of canonical transformation on time scales. Also, various examples are given to illustrate the
role played by a generating function in the canonical transformation. By choosing an appropriate generating function, we construct
the Hamilton-Jacobi equation on time scales and prove the Jacobi theorem on time scales. An example for an Emden-Fowler type
equation is discussed to show the application of the method.

1. Introduction

As it is well known, the Hamilton-Jacobi equation [1-4],
that is an important nonlinear partial differential equation,
represents a reformulation of classical mechanics. In addi-
tion, the Hamilton-Jacobi method is very useful in integrat-
ing differential equations of motion for the holonomic
mechanical systems [5-9], the nonholonomic mechanical
systems [10, 11], and the nonconservative mechanical sys-
tems [12]. The differential equations that can be realized
by Hamilton formularization [13-15] can also be solved by
the Hamilton-Jacobi method [13, 14]. Moreover, the discrete
analogues of the Hamilton-Jacobi equation have been studied
by Elnatanov and Schift [16] and Lall and West [17]. Ohsawa
et al. [18] developed the discrete Hamilton-Jacobi theory
within the framework of discrete Hamiltonian mechanics.
Until now, the Hamilton-Jacobi theory is well understood
both from the continuous and discrete points of view, and
it has many important applications in optimal control prob-
lems, particle physics, fluid mechanics, quantum mechanics,
and cosmology. In this paper, the Hamilton-Jacobi method
for mechanical systems is studied in version of time scales.
A time scale is an arbitrary nonempty closed subset of the
real numbers. The calculus of time scales, which has recently
attracted a lot of attention, was introduced by Hilger [19]

in 1988 to unify continuous and discrete analysis. In terms
of a unique formalism, this theory can deal with not only
continuous and discrete analysis but also complex processes
such as the control systems, impulsive dynamical systems,
electromechanical systems, neural network, and economical
systems [20-24]. The calculus of variations on time scales
that was one of the popular topics has been well studied
[25-35]. Inspired by these works, the Euler-Lagrange equa-
tions, the Hamilton canonical equations [36-38], and the
Birkhoff’'s equations [39] were established for mechanical
systems on time scales. Besides, the Noether’s theorems
[37-42] were established in finding conserved quantities
for mechanical systems on time scales. However, it is worth
mentioning that the famous Hamilton-Jacobi method also
represents an important integration method. It is worth
and necessary to study the Hamilton-Jacobi method on
time scales.

The outline of this paper is as follows: we first present the
basic definitions and properties about the calculus of time
scales in Section 2. In Section 3, we give the Hamilton canon-
ical equations on time scales. Section 4 focuses on the canon-
ical transformation theory on time scales. In Section 5, we
construct the Hamilton-Jacobi equations on time scales and
prove the Jacobi theorem on time scales. Section 6 gives the
conclusions and future directions of research.
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2. Preliminaries on Time Scales

We begin by introducing the definitions and properties on
time scales needed in the sequel. More discussions and proofs
can be found in [21, 24].

A time scale T is an arbitrary nonempty closed subset of
the real numbers RR. For all ¢ € T, the forward jump operator
0:T—>T is defined by o(t) =inf {s€ T : s> t}, while the
backward jump operator p : T — T is defined by p(t) = sup
{s €T :s<t}, withinf ¢ =sup T and sup ¢ =inf T.

A point t €T is called right-dense, right-scattered, left-
dense, and left-scattered if o(t) =t, o(t)>t, p(t)=t and p
(t) < t, respectively. The graininess function g : T — [0, c0)
is defined by p(t) =o(t) —t. If T has a left-scattered maxi-
mum M, then we define T* = T — {M}, otherwise TF = T.

Let f: T — R be a function. Then the delta derivative
FA(t) of f at a point t € T* is defined to be the number with
the poverty that given any ¢ > 0, there exists a neighborhood
Uoft(ie, U=(t—6,t+08)NT) for some & > 0 such that

(o) =f(s) = fA(t)(o(t) - 5)| < e|o(t) 5|, forall s € U.
(1)

A function f: T — R is called rd-continuous if it is
continuous at right-dense points in T and its left-sided
limits exist (finite) at left-dense points in T. The set of
rd-continuous functions can be denoted by C.4. The set
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of differentiable functions with rd-continuous derivative
is denoted by Cl;.

A function F: T — R is called an antiderivative of f :
T — R provided FA(t) = f(t) holds for all t € T*. Then the
indefinite integral of f is defined by [f(7)Ar=F(t)+C,
where C is an arbitrary constant. The definite integral is
defined by fo(t)At =F(b)-F(a), foralla,beT.

For delta differentiable f and g, the next formulae hold

£ =£(8) + (O (1), 2)
(f9)"(t) = FA()g(t) + 17 ()" (1) 5
— B (Of(1) + 5 (OFA (1),
b
j £ (DAL= (f9)(b) - (f9)(a)
‘ b (4)
—Jf%t)y"(tmn

vb)

f(D)AL, (5)
v(a)
where we abbreviate f o o by f7, that is, f°(t) = f (o (t)).

Let f:A"=T, xT,x--xT,={t=(t;,ty,...,1,): L; €

T,;} = R be a function. The partial delta derivative of f
respect to t; € T is defined as the limit

jbf<v<t>>vA<r>At=j

a

lim Sttt 03(t) i oo ) = f(t by oo s b Si b -0 1) _ Of (£)
e oi(ti) =i A, (6)

Let the function f : T, x T, — R be o,-completely delta
differentiable at the point (¢°,s°). If the functions ¢ and y

have delta derivatives at the point &°, then the composite
function

F(§)=f(9(8), y(8)) for§ T (7)

has a delta derivative at that point which is expressed by the
formula

() - 00 g ), @) )

At

where (1,5°) = (¢(8"), (&), 0, (9(&")) = p(0(8")).
Remark 1. If T=R and F(§) =f(& y(&)), then (8) means
that
o af(g",sO) af(fo,so)
E <£ ) - At " 0Os

" (EO) (9)

Remark 2. If the function f : T, x T, — R be 0,-completely
delta differentiable at the point (% s°), if the functions
v and ¢ have delta derivatives at the point &, then the
composite function

F@) =f(w(8) 9(8)) for& e T (10)

has a delta derivative at that point which is expressed by the
formula

P () = L0y (o) LD o,

A;s At
(11)
where (s*,1%) = (y(£°), 9(&")), 0, (¥(€")) = (0 (8")).

The formulae (8) and (11) constitute a dual pair in which
the shift appears at two different places. This is a natural phe-
nomenon in the calculus on time scales such as the product
rule (3) has two forms.

Let a function f: T, x T, » R have the mixed delta
derivatives 0°f(t,s)/AtA,s and 0*f(t,s)/A,sAt in some
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neighborhood of the point (t°, s°) € TX x TX. If these deriva-
tives are continuous at the point (¢°, s°), then

O f(t,s) _ O°f(Ls) (12)
AtDys  AysAGt

3. Hamilton Canonical Equations on
Time Scales

In this section, we present the Hamilton canonical equations
on time scales that have been discussed in literatures [36-38].

Assuming that the configuration of a mechanical system
is determined by generalized coordinate g, the Lagrangian L
is L(t,q°(t),q"(t)), where teT, q:[a, bl >R, qeCl.
The Hamilton action is

b

Sla(-) = | £(t.4%%) A (13)
a
The Hamilton principle on time scales can be
expressed as
08=0, (14)
which satisfies the relationships
89" = (89)",
9" =(%q) (15)
89" = (6q)°,
and the boundary conditions
0ql;—q = 04l = 0. (16)
The generalized momentum and the Hamiltonian are
_ oL
og*’ (17)

H=H(p.q",t)=pq" - L.

The Hamilton canonical equations on time scales can be
derived from the principle above, that is,

0H
q' = op’
(18)
A__BH
ph= ra

4. Canonical Transformations on Time Scales

Now, we consider the transformation from the old variables
¢, p to the new variables Q, P

Q=Q(p.a1)
P=P(p, 1),

and suppose that (19) is invertible. Undergoing the transfor-
mation, the canonical equations (18) on time scales will be
transformed into other new equations. However, the new
equations may not have the canonical form in general.
Among the possible transformations, there is a class of

(19)

transformations called canonical transformations whose
properties are particularly useful in dynamics. That is, the
canonical equations (18) are transformed into the new
canonical equations

oOH*
A _ -
Q - aP >
(20)
A OH"
P
0Q°
where the new Hamiltonian H* (P, Q°, t) is
H*(P,Q°,t)=PQ" - L. (21)

The following criterion gives the condition under which
(19) is canonical on time scales.

Criterion 1. If (19) satisfies the condition

qu—PQA+H*—H=AA—I;, (22)

then it is a canonical transformation on time scales, where F
is delta differentiable.

Proof 1. Formula (22) can be written as
pAgq—PAQ+ (H" — H)At = AF, (23)

suppose that g and p exist with the isochronal variations dq
and &p. Then (23) becomes

pdq—PSQ=6F. (24)

Taking the delta derivative of (24) with respect to f,
we obtain

p"8q+p°(8q)" - P*8Q - P*(3Q)" = (8F)™. (25)
Taking the variation of (22), we have

q“8p + pdq”* — Q*SP - PSQ" + SH* —~SH=8F".  (26)
By using (15) and subtracting (25) from (26) yields

(4*0p - p*0q) — (Q*8P - P*5Q) + 6H*

~OH + (p-p)(8q)" - (P-P")(5Q)" =0. )
According to (3), (27) becomes
(4*0p - p*0q°) — (Q*6P - P*6Q”) + 6H* — 8H =0.
(28)
Taking note of (18), we obtain
(Q*6P - P*6Q") - S6H" =0. (29)

Therefore, (20) can be derived from (29).

In fact, (22) is also the necessary condition of the canon-
ical transformation on time scales. According to the Hamil-
ton principle on time scales, if both the new variables and
old variables satisfy



5Jb [PQ* - H*(P, Q% t)] At =0, (30)

a

6Jb [pg* —H(p, q°, t)] At =0, (31)

a

then (19) is canonical on time scales. From (30) and (31), the
two integrands should satisty the following relation

pa ~Hp.q%.1)] - [PQ*~H'(B,Q7 )] = 52, (32)

where F can be an arbitrary function with new variables, old
variables, and time.

Because the canonical transformation completely
depends on the choice of the arbitrary function F, the func-
tion F can be called the generating function. Clearly, F and
H* can be solved from (23), and the solution of the canon-
ical transformation problem on time scales is not unique.
In order to achieve the transformation between the two
groups of canonical variables, the generating function F
should contain both new variables and old variables [1].
With that case in mind, the four forms of the canonical
transformations on time scales are discussed below, and
some simple and important examples are given to illustrate
the effect of the canonical transformation on time scales
and the generating function.

Case 1. The generating function of the first kind has the form

F=F,(Qg1), (33)
we have
F,(Q, q, F (Q%q,
AQ Ayq (34)
+ OF (4% 1) At.
Ast
Substituting (34) into (23), we obtain
_<P+ aFl(Q’q’ t)>AQ+ (P_ aFl(Q ’q’ t)>Aq
+ (H* _y- R(@Y ’t))Atzo.
Ast
From (35), we can find
P:_aFl(Qaqat)
AQ 7
p: aFl(QU’ q’ t) (36)
Ayq ’
He =g+ Q&
At

Example 1. If the generating function has the form

Fy=4qQ (37)

then the corresponding canonical transformation gives
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p=Q°,
P=-q, (38)
H*=H.

The transformation (38) shows that the new generalized
coordinates depend on the old generalized momentum while
the new generalized momentum depends on the old general-
ized coordinates.

Case 2. The generating function of the second kind has the
form

F=F,(P,qt)- QP (39)

combining (39) and (23), we have
(Qg_ OF,(P,q, f>)Ap+ <p_ OF, (P, t))Aq

AP A,q
OF,(P°,q°, t
+ (H* ~H- M)Atzo.
At
(40)
From (40), we obtain
QU — aFZ(P’ q’ t)
AP
0
— aFZ(P ’q’t)’ (41)
Ayq
OF,(P°,q°,t
H* —H+ 2( q ) .
Ast

Example 2. If the generating function has the form
F, =Pq, (42)

then the corresponding canonical transformation gives

p=r,
Q' =g (43)
H* = H.

Case 3. The generating function of the third kind has the
form

F=Fy(Qp.t)+pq. (44)

Similarly, we have

b OFQp.0)
A

>

1Q
o_ O0F(Q%p.t)
SEEAS I ST 45
q Ap (45)
H*=H + aF3(Q’p’t)
Ast

Example 3. If the generating function has the form
Fy=-pQ (46)

then the corresponding canonical transformation gives
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qo‘ — Qo‘
P=p, (47)

H*=H.
The transformation (47) shows that the new generalized
coordinates and the new generalized momentum are the

same with the old ones. Hence, the generating function (46)
is corresponding to the identical transformation.

Case 4. The generating function of the fourth kind has
the form

F=F,(P,p,t)+pq-PQ. (48)

Similarly, we have

QD': aF4(P’p’ t)
AP
o OF,(Pp.t
q° =- 4(A p ), (49)
2P
H*=H+ aF4(P ’p ’t)
Ayt

Example 4. If the generating function has the form
F,=pP, (50)

then the corresponding canonical transformation gives

q" =P,
Q" =p, (51)
H* =H

Compared with (38), (51) is actually the same with (38).
Hence, different generating functions can correspond to the
same canonical transformation.

The canonical transformations expressed by the four
kinds of generating functions above are only part of the
canonical transformations on time scales. However, it is quite
extensive. If ¢ is not explicitly contained in F,, F,, F5,and F,,
then H* = H, (23) can be written as

pAq—PAQ = AF. (52)

This kind of transformation can be called contact transfor-
mation on time scales.

5. Hamilton-Jacobi Method on Time Scales

The form of Hamiltonian will be simpler if we choose an
appropriate generating function, such as H* =0. If H* =0,
(20) becomes

5
oH*
=55 =0
OH* (53)
A= =0.
0Q°
By integrating, we have
Q=a,
(54)

P=§,

where « and f3 are constants and a = a?, f=f5°.

In order to achieve the purpose above depends on the
generating function we choose. According to the relationship
between the new Hamiltonian and the old Hamiltonian

oF

H'=H+ —. 55
o (55)
Thus, the generating function should satisfy
oF
H+—=0. 56
* 4 (56)

If we choose F = F,(P, g, t) — QP and use symbol S take
the place of F,, then we can obtain the following equation

aS(P7, ¢°, 1)

=0. 57
N (57)

H(p,q°,t) +
Substituting P = 8 into S, we have

S=S(B, g 1). (58)

Obviously, f can be determined by initial conditions.
Hence, the transformation relation corresponding to the
function S = F, (P, g, t) can be written as

L S(Bat)
A B
(59)
po B0,
Ayq
Substituting p into (57), we obtain
H<as(ﬁ’ q’ t)’qo‘) t) + as(ﬁ’q ’t> =0. (60)
A,q At

Equation (60) can be called the Hamilton-Jacobi equa-
tion on time scales.

Theorem 1. If function S(f3,q,t) is a complete integral of
the Hamilton-Jacobi equation (60) on time scales, that is,
SeC2, B is the constant of integration, and

O*S(B. g t)
det <7A1[5’A2q ) #0, (61)

and it satisfies the Hamilton-Jacobi equation (60) on time
scales, then the first integrals of the canonical equations (18)
on time scales are determined by



6
_05(B.g: 1)
a= “Ap (62)
p= %2;“) (63)

Proof 2. First, we show that (62) is the first integral of the sys-
tem on time scales, namely,

2 2 o
PS(B.at) o PSBAY o)
A A A BAst
Taking note of (18) and (64), we have
O*S(B.q: 1) OH((S(B. 0. 1)/D9) ¢°:1) . O°S(B.g"-1) _
A BAq 9(S(B. g 1)/7,q) A BAt
(65)

Taking the partial delta derivative of (60) with respect to
B and noting (9), we have

OH((0S(B, 4, 1)/10,9), 4%, 1) 0°S(B, g t)
9(0S(B, g, 1)/A,q) AyqA B

IS(Ba’ 1) _,
AN B ’

(66)

Notice that (66) coincides with (65). Therefore, (64) is
an identity.

Similarly, we verify that (63) is also the first integral.
Actually, taking the delta derivative of (63) with respect to
t, we have

2 2 o
Azas(ﬁ’q’t) A+aS(ﬁ,q,t). (67)
A,qA0,q A,q° Azt
Then (67) becomes
o O*S(B. g, t) OH((S(B. 4 1)/1,9), 4°> )
8,989 O(S(B. 4 )/Asq) (68)

L OSBa ) _
AgeAt

p

Taking the partial delta derivative of (60) with respect to
q vields

OH((3S(B. g 1)/129), 4% t) 9*S(B. 4 t)
9(0S(B, g, 1)/ 8,q) AyqA5q
2 o
JOH PSR
0q° AstA,q°

(69)

Considering S € C}; and (18), we know that (69) coin-
cides with (68), that is, (68) is also an identity, completing
the proof.

Example 5. The Emden-Fowler type equations have signif-
icant applications in gas dynamics, fluid mechanics, rela-
tivistic mechanics, and nuclear physics and also play an
important role in the study of symmetries and dynamical
inverse problems.
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Different kinds of Emden-Fowler type equations in ver-
sion of time scales have been established and many achieve-
ments have been made [43-45].

Now, we investigate the integrals of an Emden-Fowler
type equation on time scales. Assume that the Hamiltonian
of the system on time scales has the following form

17, 1 a tm?

ma(t) ( a>2m+4

, (70)

where a and m are constant. The Hamilton canonical equa-
tions of system on time scales are

A_OH p
7% "o
oH tm+2 (71)
pAz_F S ( g‘)2m+3
q a(t)

When a=1, m=1, and T =R, the equations lead to the
classical Emden equation

tg+2q+tq =0. (72)
The Hamilton-Jacobi equation on time scales is given by

0S(B.q1) | 1

At 2

[ (aseany, e ]
t(t+h) Ayq m+2t+h'l '

(73)

Equation (73) is hard to solve by the method of vari-
able separation. Now, assume m=-3 and te€ T=HhZ, h>
0, then o(t) =t +h, u(t) = h. Thus, (73) becomes

3S(B, 4 1) 1 SBa)\* 2|
At +2t(t+h) {( Ayq ) ~eld) ]_0' 74

By using the method of variable separation, we set the
complete integral as

§=5,(1) + $5(a). (75)
Substituting (75) into (74), we have
2
26(t +h) 9, (t) —a(q) - (asz(Q)> - B. (76)
At Aq
By integrating (76), we obtain
Sl = —E N
2t

and



Complexity

OS(B. g, t 11 2 \"072)
az—(ﬁq )=—Z—§J(a(q+hqA) —ﬁ) Aygq,

12 (78)

p
Ayq Ayq

In this example, we gave an Emden-Fowler type of
equation (71) on time scales which was a specific case of
the general equation in [44]. By applying Theorem 1, we
found the integrals of (71) when T = hZ.

The Emden model on time scales contains not only
continuous and discrete cases but also other more general
cases. More potential applications for the Emden model on
time scales in symmetries, dynamical inverse problems and
oscillations, and control are worth looking forward to.

6. Conclusions

In this paper, we presented the Hamilton-Jacobi method for
mechanical systems on time scales. We started from the
canonical transformation theory on time scales. Four exam-
ples were given to show the role played by a generating func-
tion in the canonical transformation. Then we constructed
the Hamilton-Jacobi equation (60) on time scales and proved
the Jacobi theorem on time scales. We illustrated how this
method works for dynamical equations on time scales. The
results of this paper are more general. The continuous and
discrete analogues of the Hamilton-Jacobi method are special
cases of this paper. Moreover, this method can also be
applied to the constrained mechanical systems on time scales,
the symplectic dynamical systems on time scales, and the
impulsive dynamical systems on time scales.

From a geometrical point of view, the Hamilton-Jacobi
theory on time scales remains an interesting open question.
Further works about finding the integral of dynamical equa-
tions on time scales are still worth doing, for example, the
Poisson theory on time scales and the Lie symmetry theory
on time scales.
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