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1 Introduction

We construct and study here structures imitating Cey, = (C, +, X, exp), the
complex numbers equipped with the field operations and the exponentiation.
The idea and the aims of the project were described in [Z1].

The version of the structures, the strongly exponentially-algebraically closed
fields with pseudo-exponentiation, we study here is very close to Ceyp, and
one of the main results is the statement that there is exactly one, up to
isomorphism, strongly exponentially-algebraically closed field with pseudo-
exponentiation of a given uncountable cardinality, and we give precise and
simple conditions under which Ce, is the one of cardinality continuum. In
fact the conditions can be interpreted as two conjectures about the complex
exponentiation: the first being the well known Schanuel conjecture, and the
second is the conjecture stating that certain systems of exponential equations
over complex numbers do have solutions in the complex numbers.

The definition of the above mentioned systems of exponential equations is
given in natural, albeit rather technical, terms (normality and freeness) which
roughly speaking amount to saying that the system is not overdetermined.
We prove that these definitions are first-order, in fact that certain properties
of exponential varieties are of finite character, which we hope to use for a
further analysis of the fields with pseudo-exponentiation.

We also prove an elimination-of-quantifiers result in L, ,, for the fields with
pseudo-exponentiation and give a, hopefully useful, criterion for elementary



extensions in the class.
I would like to express my sincere thanks to Dave Marker who carefully read
the paper and suggested many very valuable amendments and corrections.

2 Definitions and notation

We start with a class of structures F = (F, L) where F'is a field of character-
istic 0 in the language L consisting of a binary operation +, unary operations
%- , for every positive integer m, a binary relation F and a collection of n-ary
predicates V(z1,...,x,) for each algebraic subvariety V' C F", defined and
irreducible over Q;

These are interpreted in F as follows:

+ is the usual addition in the field F;

ﬁ multiplies the argument by the corresponding rational number;

n-ary predicates V' (z1,...,x,) correspond to algebraic subvarieties V' C F™;
the binary relation F(z,y) is the graph of a function ex : F' — F.

Definition We let £ to be the class of L-structures F defined by the (first-
order) axioms stating that F' is an algebraically closed field of characteristic
zero and E(x,y) the graph of a surjective map

ex: FF— F* = F\ {0}
satisfying the homomorphism condition
ex(z1 + x2) = ex(z1) - ex(xa).

Definition Let L~ be the language L without predicate E. Let sub& be the
class of L-structures A such that for some F' € £

(i) A C F as L™ -structures;

(i) B(4) C E(F);

(iii) the domain of the partial mapping ex4 is closed under addition and
multiplication by rationals.

The following lemma provides a description of sub€ in algebraic terms.



Lemma 2.1 Suppose A is a divisible subgroup of the additive group of an
algebraically closed field F, Ag C A a divisible subgroup and

exy : Ag — F*

a homomorphism into the multiplicative group such that ex(Ag) C A. Let E
be the graph of exs and let, for any L-name V' for an algebraic variety over
Q, interpret V on A as induced by the embedding A C F.

Suppose also that the ranks of the abelian groups satisfy the inequality rk Ag <
rk F.

Then A viewed as an L-structure is in sub€.

Proof By definition it is enough to be able to extend ex, to a surjective
homomorphism

ex: F — F*.
By standard theory of abelian groups
F>~ Ay x B and F* 2 ex(Ag) x B,

where B and B’ are divisible groups in, correspondingly, additive and mul-
tiplicative representations. Considering the ranks one gets easily from the

assumption that
tk B =1k B’ > N,.

Since B is torsion free, it follows that there is a surjective homomorphism
from B onto B’, and hence we can extend ex, in a surjective way.O

Notation We write X Cy;, Y to say that X is a finite subset of Y. We also
often write XY instead of X UY.
Notation For A € sub&,

Da={xe€A:Jyec AEy}
For X Cy; A

exa(X)={yeA:Ixe X E(x,y) };
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tr.d.(X) is the transcendence degree of X over Q and
lin.d.(X) the dimension of the vector space spanq (X ) generated by X over Q;

Definition The predimension of X Cy;, A, is
04(X) = tr.d.(spang X U exgspangX) — lin.d.(spangX).
Remark If X Cy;,, A C B € subf then obviously
d4(X) < dp(X).

We usually omit the subscript in §4(X) when A is fixed.
Definition For X, X' Cy;,, A
H(X/X") =0(XX") —§(X").

For infinite Z C A and k € Z §(X/Z) > k by definition means that for any
Y Cpin Z there is Y Cyyp, Y/ C Z such that 6(X/Y’) > k, and 6(X/Z) =k
means §(X/Z) > k and not 6(X/Z) > k + 1.

Remark Letting tr.d.(X/X’) = tr.d.(XX’) — tr.d.(X’) and
lin.d.(X/X’) = lin.d.(XX') — lin.d.(X’) and assuming X = spangX and
X' = spangp X’ we have

M(X/X") =tr.d (X UexX/X' UexX') — lin.d.(X/X").

Notation sub&® is the subclass of sub€ consisting of all A € sub€ satisfying
the condition:
(5A(X) Z 0 for all X gfm DA.
% = &N sub&’.
Notation For W an algebraic variety, b = (by,...,b) let

W(B) = {<xl+17' e 7xn+l> : <b17' . 7bl7xl+17' e 7xn+l> € W}



Lemma 2.2 If X = {zy,...2,} C A, == (x1,...2,), then: tr.d.(X) =
dim V, where V- C F"™ is the minimal algebraic variety over Q containing T;
lin.d.(X) = dim L, where L is the minimal linear subspace of F™ containing
Z and given by homogeneous linear equations over Q;

Proof Immediate from definitions.O

Lemma 2.3 Let A € subf. Then for and X Cygn A, Z C A there is an
Y Cyin Z, such that: if Y CY' C Z, then 6(X/Y') =6(X/Z).

Proof Choose Y Cy;, Z, such that
tr.d. (X UexX/Y UexY) = tr.d. (X UexX/Z UexZ) and lind.(X/Y) =
lin.d.(X/Z). This choice is possible, since tr.d.(X/Y), and lin.d.(X/Y") are

non-increasing functions of Y. O

Remark The condition lin.d.(X/Z) = lin.d.(X/Y) for Y C Z is satisfied iff
spang(X) N Z C Y. Correspondingly with the transcendence degree.

Definition For A, B € subf, we say that A is strongly embedded in B,
writing A < B, if A C B as L-structures and the following two conditions
hold:

(S1) 04(Y/Z) < 6p(Y/Z) for any Y, Z Cyp, D4, and

(82) 5B(X/DA) Z O, for all X Qfm DB.

Lemma 2.4 Condition (S1) is satisfied if the following condition holds:
(S1A) any algebraically independent subset of exp(A) \ A is algebraically
independent over A.

Proof The inequality in (S1) is equivalent by definitions to
tr.d.(Y UexaY/Z UexpZ) < tr.d.(Y UexgY/Z UexpZ).

W.lo.g. Z CY. We can equivalently replace on the right exgY by
exgY’ Uex,Y such that exgY’ C exgY \ A, exgY’ is a transcendence basis
of exgY \ A and exp(Y' N Z) is a basis of exgZ \ A. Then

tr.d.(YUexgY/ZUexpZ) = tr.d.(YUexgY'UexaY/ZUexp(Y'NZ)Uexp Z) =
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=tr.d.(Y UexaY/ZUexaZ) + |exp(Y'\ Z)|.

We also use a relativized notion of a strong embedding

Definition For subsets U C V C C and C' € subf, we say that U is strongly
embedded into V relative to C' writing

U<cV

meaning that 0c(X/U N D¢) > 0 for any X C V N De.

Notice, that this definition agrees with the absolute strong embedding when
U=AV =DBand A, BC C with the property that D4 = AN Dg¢.

Lemma 2.5 For any structure A of the class sub€ and X,Y,Z Cyy, A -
(i) If spang(X') = spang(X) then 0(X') = 0(X).

(ii) If spang(X'Y’) = spang(XY') then 6(X/Y) = 6(X'/Y).

(iii) If spang(Y') = spang(Y”) then §(X/Y) = 0(X/Y").

() 0(XY/)Z)=6(X/YZ)+6(Y/Z).

Proof Immediate from definitions.O

Lemma 2.6 (i) For A, B,C € sub€,

if A< B and B<C, then A <C.

(i1) For C' € sub€ and its subsets A C B C C,
if A<c B and B <¢ C, then A <¢ C.

Proof (i) Let X Cyy Do and let Z Cyyy, Dy be large enough so that
0c(X/Z) = 6c(X/Da). We need to prove that 6c(X/Z) > 0. Choose Y Cy;y, D
so that spang (Y Z) = DpNspang(XZ). Then lin.d.(X/Y Z) = lin.d.(X/Dp).
From the definition of d¢ it follows that dc(X/Y Z) > 6¢(X/Dg) > 0. Also
d0c(Y/Z) > 0p(Y/Z) > 0 by (S1) and (S2). Hence

0c(XY/Z) = 6c(X/YZ) + 6c(Y/Z) > 0. Now notice that dc(X/Z) =
dc(XY/Z) by definitions.

(ii) We may assume that A = spangA and B = spangB and then apply the
same arguments as in (i). O



Definition Let A € subf® and X Cy;, Dy. The dimension of X in A
is

94(X) =min{64(X") : X C X' Cpin X UD4}.

Lemma 2.7 Let A € sub&°.
(1) If X € X" Cyin, Da are such that 64(X') = 04(X), then X' <4 A.
(11) Given X Cygi, Dy there exists X' Cy Da satisfying (i).

Proof Immediately from definitions.O

Lemma 2.8 Let A, B € sub&é, A < B and X Cy;,, A. Then
Oa(X) = 9p(X).

Proof Let Y Cy;,, Dp be such that
Ip(XY) =0p(X).

Let Y, be a Q-linear basis of Y over A and X; Cy;, A a superset of X such
that
spang (X1) = spang (XY) N A.

Then lin.d.(Yy/A) = lin.d.(Yp/X1). On the other hand it is obvious that
tr.d.(Yo UexpYy/AUexpA) < tr.d.(Yo UexpYy/X; UexpXy). It follows
dp(Yo/X1) > 6p(Yy/A) > 0.
Also
spang (XY') = spang(X1Yp).

Hence
Ip(XY) =0p(X1Yy) = 05(X1) + d(Yo/X1).

By the above proved d5(XY) > d5(X;). By definitions d5(X1) > 04(X7)
and 04(X1) > 9a(X). Thus dp(X) > 04(X), and the converse is obvious.O



Lemma 2.9 Suppose A € subE®, B € subf,

A C B as L-structures, Dp = D4 + spang(X),
the condition (S1A) of Lemma 2.4 is satisfied and
6p(X'/Da) =0 for all X" Cyyy, spang X.

Then B € sub&® and A < B.

Proof We may assume that X is Q-linearly independent over Dy4. Let Z C
Dp, Z ={z,... 2.}, and z; = x; + y; for some z; € spangy(X), y; € Da.
Let {z1,... 2} be a Q-linear basis of {z1,...2,}. Then, using Lemma 2.5,
for § = i we have

Z)=0(xr+ Y1, T+ Yy Yiy1s - - -+ Yp)s fOr Yy, ...,y appropriate Q-
linear combinations of yy,...y,.
Rewrite

0(Z)=0{zr+uyr, - o+ U Wit Und) T 0(Whsts - - -5 Un)-

By assumptions 6(y, 1, ---,¥,) = 0. On the other hand

0{wr + 1wk 4yt Y500 }) 2 0@, .} /Da) 2 0

since

tr.d. (@1 tyn, - e ex(@14y1), - exX (@t Ye) Ve - Y X Whpa)s o ex(yy)) 2
>tr.d.({z1 + vy, 2k + yp,ex(z1 +y1), .. cex(zr + yr) }/Da Uexg A) >
> tr.d. ({1, ... 2k, ex(x1), ..., ex(xg)}/DaUexsA)
and
lind.({z1 + y1, .- @k + U}/ {Yhsrr - - - Yo }) = k= lind.({@1,... 24} /Da).

Thus
§(Z) > 0.

The same argument shows that
(Z/Da) > 0.

This proves (S2) of the definition of strong embedding. Lemma 2.4 completes
the proof. O



Definition Let A € sub€. Denote
kerjp = {a € A:ex(a) =1}
A is said to be with standard kernel if
kerjp =w-7Z
for some transcendental w € A.

A is said to be with full kernel if for ker = kerjy = {a € A : ex(a) = 1} the
group A/ ker is isomorphic to a multiplicative subgroup of an algebraically
closed field containing all torsion points of the field.

Proposition 2.10 There is an A € sub&® with standard full kernel.

Proof Let F' be an algebraically closed field and w € F' a transcendental
element. Consider the subgroup Ay = w - Q of the additive group F and
define H = Ay/ker for ker the standard kernel with generator w. Then H
considered as a multiplicative group is characterised by the property that
it is a torsion group such that any equations of the form x™ = h, for any
h, has exactly n solutions in the group. In other words H is isomorphic to
the torsion subgroup of the algebraically closed field F. Define ex4 as the
canonical homomorphism Ay — H C F* corresponding to this isomorphism
and A = Ag + spangH. Now we can view A as an L-structure from subf, by
Lemma 2.1.

Since w is transcendental, Ag NspangH =0, Dy = Ay and 6(X) = 0 for any
X Cyin Ap. It follows A € sub&®. O

Lemma 2.11 Suppose A € subE® and A is with full kernel. Then there is
F € &% and an embedding of A into F such that A < F and ker|p = ker|, .



Proof Choose an algebraically closed field F' of characteristic zero such that
A C F and tr.d.(F/A) > card A + Xy. We want to define ex : F' — F*
extending ex4 so that F € &°.

Fix a well-ordering of F. Let

DOIDA, eXU:eXA:DO—>AandA0:A.
Proceed by induction defining D,, A, and a homomorphism
exXq : Do — F* with Dy, = D, and ex,(D,) C A,

as follows:

If « is even choose the first element a € F'\ D, and define ex,,1(a) to be
any element in F* \ acl(A,). Put Doty = Dy + Q- a and extend ex,41 to
D,y as a group homomorphism.

If o is odd choose the first element b € F*\ ex,(D,) and an a € F'\ acl(A,),
put ex,i1(a) = b, Dor1 = Dy + Q- a and again extend ex,i1 to Dyrq as a
group homomorphism.

Define in both cases

Aa+1 = SpanQ(Aa U DaJrl U eXat1 (Donrl))

with E on the set defined by ex,;.

On any step it follows from Lemma 2.9 that A, € subf® and A, < Aqiq.
Also D, is divisible and, since A is with full kernel, in ex(A,41) any equa-
tion of the form 2™ = b has exactly n solutions.

Finally

ker|a,,, = ker|4,

a+1
since if ex(qa+a’) = 1 for a generating D, over D, as above, some rational
q =" and a’ € D,, then 0™ = g" for b = ex(a), g = ex(—a’). Since all the
roots of degree m of g™ are in ex(D,) it would contradict b ¢ ex(D,) unless
qg=10.0

Notation Let subfl be the subclass of sub&® consisting of the structures
with standard full kernel.
Let

EY = subES NE.
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3 Normality and freeness

In this section we consider the class of structures with standard kernel wZ,
which we denote just ker. We extend the language L by naming w.

Definition We say that an algebraic variety V C F?" is ex-defined over
some C' C F|if V' can be defined with parameters in the field Q(C' + ker +-exC').
We let C' = Q(C + ker +exC).

We say that the variety V' ex-definable over C' is ex-irreducible over C, if

the ideal of the polynomials in xq,...,%,,y1,...,y, Over C vanishing on V'
is prime.
Definition For an algebraic variety V' C F?" written in variables x1, . .., x,,

Y1, - .-, Yn, define pr,V to be the Zariski closure of the projection of V' onto
the first n coordinates. Correspondingly pr, V' is the Zariski closure of the
projection onto the last n coordinates.

Remark If the variety V is ex-definable and ex-irreducible over some C' C F',
then so are the projections.

Definition For V' C F?" ex-definable over C, we say that pr,V is free of
additive dependencies over C' if no a € pr, V' generic over C satisfies
my-a;+...+my,-a, =cforacée span@(C + ker) and a non-zero tuple of
integers mq, ..., Mmy,.

pr,V is said to be absolutely free of additive dependencies over C' if

pr,V is free of additive dependencies over acl(C').

We say that pr, V' is free of multiplicative dependencies over C if no be
pr, V' generic over C satisfies b}" -...-b™ = r for an r € ex(spang(C + ker)).
pr,V is said to be absolutely free of multiplicative dependencies over

C'if no b € pr,V generic over C satisfies b7 - ... - 0™ = r for an r € acl(C).

V' is said to be free if both pr,V is free of additive dependencies and pr,V/
is free of multiplicative dependencies over C.

Notation G, (F) = F™x (F*)" is an algebraic group, the product of n copies
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of the additive group F' and n copies of the multiplicative group F*.

Given m € Z denote [m] : G,(F) — G,(F) the homomorphism mapping
given by x +— mux, on the first n coordinates, and y — y™, on the last n ones.
More generally, given an integer (k X n)-matrix

M = {m;hi<i<k; 1<j<n;

we denote

[M] : Gn(F) — Gi(F)
the homomorphism mapping given by (xy,...,x,) — (2],...,x}), with 2} =
Mi 121+ . .+Mm; 2, on the first n coordinates, and (Y1, ..., Yn) — (Y1, Yp)
with o =y - ... -yn ", on the last n ones.

Definition V' C G, (F) is said to be ex-normal over C if in some exten-
sions of the field there are (aq,...,an,b1,...,b,) € V such that for any k <n
independent integer vectors m; = (m;1,...m;,), i =1,...,k, and

a,=mi1a; + ...+ Minay, b=0b"" b
the inequality holds:
tr.d.((d}, ..., d}, b, ..., b)/C) > k. (1)
Equivalently, the varieties
Vl’k = locusc(al, ..., ap, by, ..., b,),

satisfy the inequality
dimVy_, > k. 2)

Notice that the varieties V/ _; are just the images of V' under the correspond-
ing regular homomorphisms [M] : G, (F) — Gi(F). We denote the image of
the variety under [M] by VM.

If W = pr,V then we write WM for pry(VM ). Obviously, this W™ is
equal to the image of W under the above multiplicative homomorphism
(F*)" — (F*)* determined by M.

Definition Given an n-tuple a € F™ and a subset C' C F, we define the ex-
locus of @ over C to be the smallest algebraic variety V' C F?" ex-defined
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over C' and containing the 2n-tuple (ay, . ..a,, exay, . ..exa,).

Remark The ex-locus of a tuple over C is ex-irreducible over C.

Lemma 3.1 Let C C A, we C <4 Ac subf®, and let a = (ay,...a,) be a
linearly independent over C' string of elements of A and b; = exa; are defined
foralli=1,...,n. Then the ex-locus V of a over C is ex-normal and free.
If C is an algebraically closed subfiled of F, then V is absolutely free.

Proof The inequalities (1) in the definition of ex-normality under the as-
sumptions of the lemma are equivalent to

é(ay,...,a,/C) >0

and the latter follow from the fact that C' <4 A.

An additive dependence for pr,V would mean by the definition of V' a linear
dependence of a over C, which does not hold by the assumptions.

A multiplicative dependence for pr, V' is equivalent to exa being multiplica-
tively dependent over the subgroup generated by exC', which is equivalent
under the assumptions to a being linearly dependent over C. O

Theorem 3.2 Let V(xy,..., %0, Y1, Yn, 215+, 2k) C F?F be an alge-
braic variety over some C. Then the following sets are quantifier-free defin-
able in the language of fields:

{ay,...,ax) € F*:V(21, ..., Toy Y1y Un, a1, . ., ag) is irreducible }; (3)

{{ay,... ax) € F*: pr,V (Y1, Yn, 1, .- -, ax) is absolutely free

(4)

of multiplicative dependencies };

{ay,...,a1) € F* V(xy, ... % y1y s Yns Q1 - . ., ag) s ex-normal }. (5)
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Proof Throughout the proof we let W = pr, .V, the variety in the variables
Yls ooy Yns 21, - - 2k We let a = (aq, ..., a;) and denote W (a) the variety in
the variables vy, ..., y, obtained from W by letting z = a.

For (3) the fact is well known and widely used.

To prove the statement for (4) it is enough to prove that, for W = pr,V,
there is a finite set pu(W') of basic tori (algebraic subgroups of (F'*)" ) of
codimension 1 such that, given W (a) C F™ which is not free of multiplica-
tive dependencies, there are @ € (W) and an e € (F*)" with W(a) C Qe,
the shift of @ by e. This statement is a special case of Corollary 3 of [Z2].
For (5) we will need a stronger version of the same Corollary 3 which is ob-
tained by simply combining the former with the ’function field’ version of
Proposition 1 of [Z2]:

Fact.Let P C (F*)" be a basic torus and W(a) C P an algebaric variety.
Then there is a finite collection wp(W) of basic subtori of P (depending on
W but not on a) such that given a torus T C P, for any connected infinite
atypical component X of W(a) N'T, there exists Q € mp(W) and ¢ € P such
that X C @Q - ¢ and X is typical in W (a) N T with respect to Q - c.

Here a component X of W(a)NT is said to be atypical (with respect to P)
if

dim X > dim W (a) + dim 7 — dim P,
and typical if

dim X = dim W(a) + dim T — dim P.

The last statement shall be proved through the following sequence of lemmas.

Definition Given a basic torus 7" C (F'*)" there is a uniquely determined
algebraic (group) variety (F*)"/T and the corresponding regular surjective
homomorphism

(F7)" — (F7)"/T.
We write W (a)/T for the image of W (a) under the homomorphism. Also,

since T' is uniquely determined by any of its cosets, we use the notation also
when 7' is a non-basic torus, i.e. a coset of an algebraic subgroup of (F'*)".
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Let T'C P be tori, W(a) C P. We say that W (a)/T is an atypical image
with respect to P if

dim W (a)/T < min{dim P/T, dim W (a)}.

Easy dimension calculations show for irreducible W (a) C P with an atypical
image W (a)/T, that for any generic w € W (a) it holds

dimW(a)NTw >0 (6)

and
dim W(a) N Tw > dim W (a) — dim P/T. (7)

Proposition 3.3 ! Given W(a) C P = (F*)", an irreducible algebraic vari-
ety, for any basic torus T C P with atypical image W (a)/T with respect to
P, there is Q € mp(W) such that

dimW(a)/Q = dim W (a)/T —dimQ/(Q NT)

and
dimW(a)/T = dim W(a)/(QNT).

Proof Let w € W(a) be generic and X C W(a) NT - w be a component of
the intersection of maximal dimension. Then by additive formula

dimW(a)/T = dimW(a) — dim X (8)

and dim X = dimW(a) NT - w > 0. We may assume w € X. By the Fact
above there is @ € mp(W) such that (i) X C @ -w and (ii) X is a typical
component of the intersection (W (a) NQw)NTw with respect to Quw. By (i)
and the maximality of dim X, we have dim W (a)/T = dim W (a)/(Q NT).
And (ii) means that, given a connected component Y O X of the variety
W(a) N Quw, we have

dimX =dimY +dim@Q N7T — dim Q. 9)

'T am grateful to Kitty Holland for detecting a serious error in the formulation of the
Proposition in the previous version of the paper. The present version is quite similar to
her result in [Ho], the proof of which is based on the same Section 5 of [Z2]
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But Y is a component of a generic fiber of the mapping W (a) — W(a)/Q,
and by the classical theorem on dimension of fibers ([S], Chapter 1, s.6, Thm
7)

dimY = dim W(a) N Qw = dim W (a) — dim W (a)/Q. (10)

Combining (8), (9) and (10) we get the required equality on dim W (a)/Q.0

In case P = (F*)" we write (W) instead of wp(W).

Lemma 3.4 If the variety V(a) C F?" is not ez-normal then either dim V (a)
n, or, for W = pr,V, there is Q € n(W) defined by a matriz q onl = codim Q
independent integer n-rows as Q = {y € (F*)" : y? = 1} such that

dim V(a)? < L.

Proof Suppose dim V' (a) > n, and V(a) is not ex-normal, which is witnessed
by M, a matrix of k < n independent integer n-rows, as

dim V(a) < k. (11)

By definitions, on z-coordinates the mapping x — Mx is a linear surjective
mapping F" — F* and on y-coordinates y — y* is a surjective homomor-
phism (F>)" — (F*)*. Denote the kernel of the second one T, thus the latter
mapping in notations above is P — P/T and W (a)* = W (a)/T. Notice also
that the dimension of the kernel of [M] on z-coordinates is equal to dim 7T
since both are equal to the co-rank of the matrix M.

Claim 1. W(a)/T is an atypical image.

Suppose not. Then, in case dim P/T" < dimW(a), we have by defini-
tion that dim W (a)/T = dim P/T and dim P/T = k, a contradiction. In
case dimW(a) < dim P/T we have dim W (a)/T = dim W (a). It follows
that the mapping W(a) — W(a)™ is finite, thus the fibres of the map-
ping V(a) — V(a)” are at most of dimension dim 7, hence dimV (a)™ >
dimV(a) —dim7T > n — dim7T = dim P/T, which contradicts the assump-
tions again. Claim proved.

By Proposition 3.3 there is Q € w(W) with dim W (a)/Q = dim W (a)/T —
dimQ/(QNT) and dimW(a)/(QNT) = dim W(a)/T.



Claim 2. W.l.o.g. we may assume that () O 7.

Indeed, the basic torus Q N7 is given by a system of k' = codim Q NT > k
independent equations y™ = 1.

By definition M’ defines on x-coordinates a linear surjective mapping

[M'] : F* — F¥ with ker[M’] C ker[M], so [M] can be obtained as the
composition of [M'] with another linear mapping with fibres of dimension
k" — k. Thus, for any b € W (a), letting

V(b oa) ={ce F":c"be V(a)},
a variety on x-coordinates, we have after applying the mappings [M’] and
[M]
dim V(b~a)™ < dim V (0"a)™ + (K — k).
On the other hand, by the addition formula

dim V(a)™" = dim W(a)™ + min dim V (b"a)™".
beW (a)

Since dim W (a)™ = dimW(a)/(QNT) = dim W(a)/T = dim W (a)™, we

have

dim V() < dimW(a)M+an15?) dim V(b a)M4(k'—k) = dim V (a)M+k' -k < k.
€ a

In other words, we can replace T" by QNT, and so M by M’, and still witness
the failure of ex-normality. Claim proved.

Let now the above basic torus () 2 T be given by [ = codim @) < k equations
of the form y? = 1, and the matrix ¢ induce the surjective mapping

[q] : F™ x (F*)" — F' x (F*)".
Since Q O T we have

dim V' (b~a)? < dim V (b~ a)™,
while for y-coordinates we have

dim W (a)? = dim W (a)™ — (k — 1),

17



by the definition of Q.
Again, the addition formula with the two last formulas yield

dim V(a)? = dim W (a)? + br%}?)dim‘/(b“a)q <dimV(a)” +1 - k.
S a
It follows by (11)
dim V(a)? < .

|

End of the proof of the Theorem. The statement for (5) follows imme-
diately from the lemma, as the condition

dimV(a) >n & /\ dim V' (a)? > codim @
Qen(W)

is quantifier-free definable in L. O

Remark Theorem 3.2 will not be used in the proof of the main result of
this paper since the further constructions and proofs are carried out in L, .-
terms. Still we hope that with some extra work the theorem can provide a
finer description of the fields with pseudo-exponentiation.

4 Exponentially-algebraically closed structures

Definition Let V' C G, (F) be an algebraic subvariety ex-defined and ex-
irreducible over some C' C F. With any such V' we associate a sequence
{V% : 1 € N} of algebraic varieties which are ex-definable and ex-irreducible
over C' and satisfy the following:

V1 =V, and for any I,m € N the mapping [m] maps V= onto V1.

Such a sequence is said to be a sequence associated with V over C.
Also with any (aq,...an,b1,...b,) € V as above we associate a sequence

1
l

{{at, ..., an,b1,...by)7 : 1 € N}
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such that for any I,;m € N the mapping [m] maps (aq,...,an,b1,...b,)m

1

onto (ay, ..., an,by,...b,)7.

Let V! CV C G, (F) be varicties over C, V irreducible over C, {V1 : | € N}
a sequence associated with V. Then the pair

r=WV\V {Vi:leN})

is said to be an [almost finite] n-type over C. A finite n-type over C is
given by an algebraic set of the form V' \ V’, with V, V' C F?" ex-definable
algebraic varieties.

A tuple @ = (ay,...a,) € F™ is said to realize the type V' \ V' if

(ai,...an,,ex(ar),... ex(a,)) € V\ V'

The tuple a is said to realize the type 7 above if a realizes V' \ V' and

1 1 1 1
(=a1,...,=ap,ex(=a1),...,ex(=a,)) € Vi

l [ [ [
for all [ € N.

We say that a realizes 7 generically over C' if V' is the ex-locus of a over

C.

The complete ex-locus of @ over C is the type (V,{V7T : | € N}, where
VT are the ex-loci of (1a1,...,ta,) over C.

We say that C' C F'is finitary if there are n > 0, substructures Fy, ..., E, C
F, such that exE1, . .., exFE, are algebraically closed subfields of F, and a finite

set A, such that
C =spang(A)UE1U...UE,.

Below we use notation F for an L-structure on the field F.

A crucial tool for the study of types and their realizations in this section will
be the following reformulation of the main result of [Z3]
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Theorem 4.1 Let F € £°, C C F, V an algebraic variety in 2n variables
Tly ooy Ty Y1, - -, Yn, €r-defined, ex-irreducible over C' and free, and {V% :
n € N} a sequence associated with V' over C. Suppose also C' is finitary.
Then there exists a positive integer m such that for any | € N Vim is the
unique variety which is irreducible over C' and satisfies

(Vi) =V (2012 and y; — 4} ).

Proof This is based on Theorem 1 of [Z3].

We may assume that V' is ex-defined over finite A C C, w € A as in the
definition of finitary C. Obviously, for any m, the field of definition of Vm
is a subfield of acl(A UexA), which is of finite transcendence degree. Hence,
the statement of the theorem holds for C' if and only if it holds for Cj instead
of C, where

Co = C Nln(acl(A U exA)) = spang(A) UE{ U...UE,

and E? are substructures such that ex(E?) = L; are algebraically closed
subfields of F.

Let (aj,...,a,) be a generic over C point in pr,V and {ai,...,a,} = AU
{ai,...;a,} Uex(AU{ay,...,a,}).

Let P = Q(ay,...,a,\/1,Ly,. .., L,), the field generated by elements ay, . . . , a,,
all the roots of unity and subfields Ly, ..., L,. (The roots of unity can be
omitted if n > 0.)

Choose <61%, . ,bé) to be generic in pryV% over P and (bz’“%“)k = b?. It
follows from the freeness assumptions that by, ..., b, are multiplicatively in-
dependent over the group gp(aq, ..., a,) generated by the a;’s. The statement
of the theorem follows with these notation directly from Theorem 1 of [Z3].
O

Definition A structure F in £9 is said to be exponentially-algebraically
closed (e.a.c.) if for any F’ € £3, such that F < F’, any finite quantifier-free
type over F' which is realized in F’ has a realization in F.

The class of exponentially-algebraically closed structures is denoted ECg;.

Remark It follows from Lemma 2.11 that in the definition of £Cy we can
equivalently assume F’ ranges in sub&S.

20



Lemma 4.2 Suppose F € ECy, C C F 1s finitary and
7=V \V {VT:leN})

1s a type ex-definable over C. Assume also that V' is ex-normal over C and ab-
solutely free. Then there is an a in F realizing 7. Moreover in some extension
F' > F a can be chosen to realize T generically over C.

Proof Under the assumptions of the lemma, by Theorem 4.1, after the trans-
formation x; — %xz of variables, we may assume that 7 is just V' \ V'. Take
a”b in an algebraically closed extension F’ of the field F), generic in V' over
1
T

F. Choose in F” a sequence {(a~b)? : | € N} associated with a~b. This gives
1

us uniquely determined values of %ai and b for coordinates a; of a and b; of
b

Let A = F' + spang{(a~b)
F +spang(ay, . .. a,) as:

eXA(f + Z %CLZ) = ex(f) . H(bﬁ)mz?

i

o~

: 1 € N} and define ex, with domain Dy = D =

for any integers m;, | # 0 and element f € F. The definition is consistent
since pr,V is free of additive dependencies over F. Evidently the formula
defines a homomorphism, thus A € sub€.

The kernel of the homomorphism ex 4 coincides with that of ex on F) since
pr,V has no multiplicative dependencies over F. Thus A has a standard
full kernel. Notice that, by ex-normality, d(ma,...,mya/F) > 0 for any
independent integer vectors m; = (m;1,... M), i =1,... k.

Thus F C A satisfy the assumptions of Lemma 2.9 (with exa(F) \ F = ()
and hence A € subf%, F < A. By the choice of a the tuple realizes 7. Since

st

F € EC,; there is a realization of the type in F. O

Proposition 4.3 A structure F € EY is in ECy iff for any irreducible ex-
normal free V' over F' there is a realization of the finite type given by V in

F.

First we prove
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Lemma 4.4 Given an irreducible free ex-normal V. C F** and non-empty

V' C V there is a free ex-normal V* C F*" 2™ such that {ay, ..., an,b1,...,b,) €
F? realizes V \ V' iff there is {Gni1,- - Gnims Onits - - - s bngm) € F*™ such
that

(@1, oy Oy 1y oy s D1, oo by b1, o Do) Tealizes V™,

Proof Let g(z1,...,2,,v1,...,yn) be a polynomial in the annihilator of V",
but not zero on V. We may assume that for no positive integer k£ and a
non-zero integer tuple (mq,...,m,)

g(xl,...,xn,yl,...,yn)k-y}m-...-y;f”"

is constant on V, since otherwise g does not vanish on V’. Add new variables
Tnal, Yns1 together with the new identity

g(xla"‘7xn7y17"'ayn)'yn—f—l =1.

Denote the resulting variety in 22 by V9. By construction V9 is irreducible
and its projection onto the first 2n coordinates is equal to

V\{<$1,--~,$my17-~-;yn> :g(xlw'wmn?ylu"'?yn) :0}

By our assumptions V9 is free of multiplicative dependencies and obviously
free of additive dependencies. It is also ex-normal since we do not impose
any condition on .

Repeating the construction with all the polynomials in the basis of the an-
nihilator of V’ we come to V* as required.O

Proof of the Proposition. The left-to-right implication follows from Lemma 4.2.
Indeed, since the field F' is algebraically closed, V is absolutely free. On the
other hand we obviously can choose C' C F finite such that V' is ex-definable
over C.

To get the inverse assume a is a tuple in some F/ > F and we need to realize
an almost finite type (V \ V/,{VT : | € N}), where 7 = (V,{V71 : | € N}
is the ex-locus of a over F. It is enough to solve the problem for a QQ-linear
basis ag of a over F, so we may assume a is QQ-linearly independent over F.
Thus V is free ex-normal, by Lemma 3.1, and ex-irreducible, because F' is
algebraically closed. So we may assume 7 is a finite type. By Lemma 4.4 we
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reduce the type V' \ V' to a type of the form V' and V' is ex-normal and free.
By the assumptions of the Proposition the type is realized in F. O

Corollary 4.5 The structure Ceyp, on complex numbers is in ECy iff it sat-
isfies the Schanuel conjecture and for any ex-normal free algebraic variety
V C C*" there is a € C" such that a” exp(a) € V.

Proof By definitions Cey, € &Y iff the Schanuel conjecture holds. The rest
is Proposition 4.3

Corollary 4.6 There is a collection EC of first-order formulas, such that
for any F € &,
F = ECiff F € ECy.

Proof For each algebraic variety V C F?"** over Q in variables z, ..., z,,
Yiy -« s Yny 21, - -+, 2k by Theorem 3.2 there exists a first order quantifier-
free formula Wy (z,...,2;), in the language of fields, such that for any
ai,...,a € F

F = VUy(ay,...,a) iff V(a,...,a;) is irreducible, ex-normal and free.

It follows that the statement

for any ay,...,ax, if V(aq,...,ax) is irreducible, ex-normal and free, then
there is (1, ..., Tn, Y1, Yn) € V(ay,...,ax), such that ex(z1) = y1,...,
eX(xﬂ) = Yn

is first-order (in fact, an V3-sentence).

Since any variety over F' has the form V(ay, ..., a;) for some V and a4, . .., ay
as above, we can write down the condition given in Proposition 4.3 by an
infinite collection of first-order formulas.O

We are going to weaken the assumptions in Lemma 4.2. We assume below
that F c 5C5t.

Lemma 4.7 Let C be a finitary subset in ¥, a a finite string in some F' > F,
1
{V1:1&N}) be the complete ex-locus of a over C' and T the type
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(VA\V'.{V1 :1eN}) for V' some proper subvariety of V, ex-defined over C.
Then there is an m € N such that 7 is equivalent to a finite type
(VA V' AVT .1 <m}) and there is a realization of T in F.

Proof Passing to a linear basis of a over C'U {w} we may assume that a is
linearly independent over C'U {w}. Hence V' is free. By Theorem 4.1 the in-
finite part of 7, the system of equations saying that %f"ex(%f) € V%, leN,
is equivalent to a finite subsystem. Thus 7 is equivalent to a finite type. By
the assumption for F the finite type is realized in F.O

Proposition 4.8 Let C <p F be finitary and V' in coordinates x1, ..., Ty, Y1, . . -

s ex-definable irreducible over C' and ex-normal. Then for any sequence
1 .. . .
{Vi:leN} and V' SV over C there is in ¥ a realization a of the type

T=(V\V, {Vi:leN})
Moreover, in some extension F' > F there is a generic realization of T.

Proof If V is absolutely free, then we can apply Lemma 4.2 and get the
statement. So we assume V is not absolutely free and prove the statement
by induction on n.

For n =1, from the fact that ' is not absolutely free we get that dimpr,V =
0 or dimpr, V' = 0. Suppose that the first takes place. Then by ex-normality,
if a € pr,V and b ¢ acl(C'U{a}) then (a,b) € V. Choose any a in pr,V(F) C
acl(C). Then, since §(a/C) > 0 and a is additively independent of C, we
have that ex(a) is algebraically independent of C, thus (a, ex(a)) € V. By the

1

same reason (7a,ex(7a)) satisfies VT and (a,ex(a)) ¢ V',

The case pr, V' =0 can be dealt with symmetrically.

Consider now the general n assuming the statement holds for smaller values
of n and that pr,V is not absolutely free of additive dependencies.

Let F < F’ with F’ of infinite transcendence degree over F. Applying a
transformation [M] : G, (F') — G,(F’) induced by an appropriate rational
matrix to V' we may assume that for any a = (ay,...,a,) € pr,V in F’,
generic over C' the elements ay, ..., a; are linearly independent over acl(C)

and agy1, ..., a, € acl(C). Choose such a tuple a in F’. By genericity a ¢ V.
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coordinates. It follows from ex-normality and the fact that tr.d.(asi1, ..., a,/C) =
0, that dim Wiy, =n — k.
Since d(agi1,- .-, a,/C) > 0, we have

tr.d.(ex(app1), - - ., ex(an)/C) > lind.(agsy, ..., an/C) =n — k,

which implies that (agy1, ..., an, ex(ar+1), - .., ex(ay)) is generic in Vi p
over C. By the same reason

1 1 1 1 1
(7ak+1, ooy 0, ex(iakﬂ), . ,ex(jan» €Vl
Finally notice that the type 7(agy1,...,a,) over C U {agi1,...,a,}, corre-

sponding to the first k£ coordinates in 7 when the rest ones are substituted
by the highlighted elements, satisfies the assumptions of Lemma 4.2. Thus
it has a realization (ai,...,a;) in F. This completes the construction of a
realization (ay,...,a,) of 7.
The case when pr, V" is not absolutely free of multiplicative dependencies can
be treated symmetrically. O

Now we study the rank notion 0r for F' e.a.c..
Lemma 4.9 For F € ECy, given A Cpip F and ¥’ € & such that F < F,
Op(A) = O (A).

Proof This is just a special case of Lemma 2.8.0

Lemma 4.10 Given F € ECg, for any A Cy F and any a,b € F
(i) 0(A) < d(aA) <I(A)+ 1;

(i1) O(abA) = 0(aA) = I(A) implies I(bA) = O(A);

(111) 0(abA) = 0(aA)&I(A) < O(bA) implies I(abA) = O(bA);

(iv) O(aA) = O(A) = O(bA) implies O(abA) = I(A);

(v) O(aA) = O(A) implies O(bA) = J(abA).
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Proof (i) follows immediately from the definitions of ¢ and 0. (ii) and (iii)
are immediate from (i).

(iv) Let B’ 2 aA, B” 2 bA be such that 6(B’) = d(aA) and §(B”) = J(bA).
Let B = spang(B’) N spang(B”).

Notice that 6(B’U B”) < §(B"). Indeed by Lemma 2.5(iii)
d(B'UB")=6(B'"/B")+6(B") =

= [tr.d.(B' Uex(B’)/B" Uex(B")) — lin.d.(B'/B")] + §(B").

By the modularity of linear dimension lin.d.(B’/B") = lin.d.(B’/B). Also,
by properties of algebraic dependence

tr.d.(B' Uex(B')/B" Uex(B")) < tr.d.(B' Uex(B’)/B Uex(B)). Hence
§(B'/B") < §(B'/B). The latter is less or equal to zero by the choice of A,
B’ and B.

Now, since abA C B'UB" and §(B'UB") < §(B") = 0(A), we have 0(abA) =
d(A).

(v) is immediate from (iv).O

Notation For finite A C F
clp(A) ={be F :0(Ab) = 0(A)}.

For infinite A

cdp(4)= ] dp(X).

clp(A) will be called the 0-closure of A in F.
We usually omit the subscript F when no ambiguity can arise.

Proposition 4.11 The operator A — cl(A) in F € ECy is a closure opera-
tor, satisfying for any A C F':

(i)
cl(4) = U cl(X);
XCA, X finite
(i1)
if AC A’ CF, then cl(A) C cl(A');
(iii)

cl(cl(A)) = cl(A);
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(i)
a € cl(Ab) \ cl(A) = b € cl(Ab);

(v)
cl(A) < F;

(vi)  cl(A) is an existentially-algebraically closed substructure of F.

Proof (i) is immediate from definitions.

(i) and (iii) follow from Lemma 4.10.

(iv) follows from Lemma 4.10(iii).

(v). Assume first that A is finite. Then there is a finite A" O A, A" C F,
such that d(A) = §(A’) and so A’ <p F. Since for every a € A’ by definition
J0(Aa) = 0(A), we have A’ C cl(A). The same argument shows in the general
case that for any B Cy;, cl(A) there is a finite B’, B C B’ C cl(A), such that
B’ <p F. Notice also that cl(A) is closed under ex. It follows that cl(A) < F.
(vi) follows from Proposition 4.3. Indeed, we need to check that given a free
ex-normal V' in 2n variables ex-definable over cl(A) there is a realization of
V in cl(A). Notice that cl(A) N F' is algebraically closed in the field F.

We prove the existence of the realization by induction on n = lin.d.(a/cl(A)).
Let @ be a realization of V' in F with minimal d(a/cl(A)). This number is
non-negative since cl(4) < F. If §(a/cl(A)) = 0, then a is a tuple from
cl(A) by definitions and we are done. Suppose towards a contradiction that
d(a/cl(A)) > 0. If we apply a transformation induced by an integer matrix
M of rank k < n, then still §(Ma/cl(A)) > 0, since otherwise we see that
Ma is in cl(A) and the linear dimension of a over Ma, and so over cl(A),
is not bigger than n — k. We can also assume that a is linearly independent
over cl(A) and V' is the ex-locus of a over cl(A). Then V is ex-normal and
absolutely free.

Let C' <p cl(A) be finitary and such that V is ex-defined over C. It follows

from 6(a/C') > 0 that dim pr,V > 0, so we may also assume that a,, ¢ acl(C).
Then there exists a ¢, € acl(é) such that every component V' of the sub-
variety V' N {z,, = ¢,} is non-empty and has dimension equal to dim V" — 1.
Consider such an ex-definable irreducible variety V'’ over the finitary set
spang(Ccy). This is ex-normal. Indeed, consider a generic over Cec, tuple

(1, Cnybr, ... by €V and

a,=m;1c1 + ...+ Mincy, and by ="0,"" ... =1k
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for some k£ X n integer matrix
M={m;: 1<i<k 1<Ii<n}
of rank k£ < n. We can also write down in vector form
a=Ma and b =0bM,
We need to see that o
tr.d.(@"bt'/Cc,) > k.

It follows from the fact that the tuple was chosen to be generic, that the
required inequality is equivalent to

dim(V' )™ > k.
But dim V' = dim V — 1, thus dim(V") > dim V™ — 1, so
dim(VHYM" — k> dim VY — k — 1 = tr.d.(Ma"ex(a)M/C) — k — 1,

and the latter is non negative because d(Ma/cl(A)) > 0. The ex-normality
follows.

Now we use Proposition 4.8 to find a realization a’ for V’ in F, which by
definitions is of linear dimension at most n — 1 over cl(A), contradicting the
minimality.O

5 Strongly exponentially-algebraically closed
fields

Definition A structure F in &% is said to be strongly exponentially-
algebraically closed (s.c.a.c.) if F € ECy, and, for any ex-irreducible free
ex-normal V' in 2n variables ex-defined over a finite C' C F, with dimV = n,
there is a generic over C realization of V in F.

The class of strongly exponentially-algebraically closed structures is denoted

£c,.
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Remark The definition assumes a ’slight saturatedness’ of the exponentially-
algebraically closed structure.

Remark Corollary 4.5 can be obviously amended to a criterion for Cey, to
be s.a.e.c..

Definition We say that a structure F € £ has the countable closure
property (or c.c.p. for short) if, given a C C F and an algebraic variety
V C F?" of dimension n which is ex-definable, ex-irreducible, ex-normal and
free over (| the set of generic realization of V' over (' is at most countable.

We prove below (Lemma 5.12) that Cey, satisfies the c.c.p.

Our main goal in this final section of the paper is to prove that the class
of exponentially-algebraically closed structures with the countable closure
property has unique model in every uncountable cardinality. We show first
that the class is definable by an L,,, ,-sentence and the c.c.p. property (which
can be written as an L, ,(Q)-sentence in this case). Author’s paper [Z4]
lays out sufficient conditions under which such a class is categorical in all
uncountable cardinals. The main theorem of [Z4] is a contribution to the
theory of excellency developed by Shelah and adapted here for algebraic
applications. We present the result below with some simplifications sufficient
for the purposes of the present paper.

A class C of L-structures is said to be quasi-minimal excellent if the fol-
lowing three assumptions hold:

Assumption I [pregeometry|

There is an L,, ,-definable operator X — cl(X) acting on subsets of an
F € C and satisfying:

(i) cl(X) € C as a substructure of F;

(i) cl(Y) = H{cl(X): X CY, X finite};

(ili) X — cl(X) is a monotone idempotent operator.

Definition Let F, ¥’ € C and G C F, G C F’. Then a (partial) mapping,
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identical on G, ¢ : F — F’ is called a G-monomorphism if it preserves
quantifier-free formulas over G.

Assumption IT [w-homogeneity over a submodel] Let G CF, G C F/,
G eCor G=10. Then

(i) if X and X’ are cl-independent subsets over G in some F,F’ € C, corre-
spondingly, then any bijection ¢ : X — X’ is a G-monomorphism;

(i) if a partial ¢ : F — F’ is a G-monomorphism, Dom ¢ = X, with X finite,
then for any y € F there is an extension ¢’ of ¢ with Dom ¢ = X U {y}.
(iii) if ¢ : X U{y} — X' U{y'} is a monomorphism, then

y € cl(X) iff ' € cl(X').

Definition Given X,C C F we say that the type of X over C is de-
fined over Cj if any ¢ : X — F’ which is a Cy-monomorphism is also a
C-monomorphism.

Definition A subset C' C F will be called special if there is a cl-independent
ACF and Aq,... A, C A such that

C = Jel(A).

Assumption III Suppose C' C F is special and X is a finite subset of cl(C').
Then the type of X over C'is defined over a finite subset Cy C C.

Main Theorem of [Z4]. Let C be quasi-minimal excellent and C* be its sub-
class consisting of structures satisfying the countable closure property. Sup-
pose also that some F € C* contains an infinite cl-independent subset A.
Then for any uncountable k there is a unique, up to isomorphism, F, € C*
of cardinality k. Moreover, ¥ is prime over any mazimal cl-independent
subset (basis).

Now we proceed to check the Assumptions for C = £C. It is obvious that
Proposition 4.11 implies Assumption I. It remains to prove the other two.

Lemma 5.1 There is an Ly, ,-sentence EC?, such that given F € £°

F = EC, iff F € £C7,.
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Proof Follow the proof of Corollary 4.6 and observe that for every V' (a) we
can say by an L, ,-formula that Z~¢ is generic in V'(a) over a.O

It follows from Lemma 4.2

Proposition 5.2 For any F € &Y there is an F* € EC, such that F < F*.
Lemma 5.3 IfF € EC; and A C F, then cl(A) < F and cl(A) € EC,.

Proof By Proposition 4.11(v) cl(A) < F. By Proposition 4.11(vi) we have
cl(A) € ECy. Now given a free ex-normal V' over a finite C' <p cl(A) in 2n

variables with dim V' = n by definition there is a generic over C' realization
a of V in F. But then

d(a/C)=dimV —n=0

and thus a is in cl(A). So cl(A) € ECL.O

Definition Given F € £C and subsets B,C' C F, we say that B is cl-
independent over C if cl(B'C) # cl(BC) for any proper subset B’ C B.
We say that B is a cl-basis of F over C'if B is cl-independent over C' and
cl(BC) = F. If C = () then B is called just a cl-basis.

By the properties of cl any two bases of F are of the same cardinality. This
cardinality is called the cl-dimension of F.

Lemma 5.4 Suppose A <F and B Cy;, F' is cl-independent over A. Then
AB < F.

Proof We have by assumptions 0(B/A) = §(B/A) and hence 6(BD/A) >
d(B/A) for any finite D C F.O

Lemma 5.5 If F € ECL, then for every finite C C F for any ' > F and
finite A C clp/(C) there is an A" C clg(C) such that the quantifier-free types
of A and A" over C coincide.
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Proof Extend C to a finite ¢’ <p F. We may replace A by its linear basis
over (', thus we assume w.l.o.g. that A is linearly independent over C’. Since
A C cl(C"), there is a finite extension B O A in F’, of size n say, such that
d(B/C") = 0 and B is linearly independent over C’. Then the ex-locus V' of
B over (' is free, ex-normal and dimV = n. By Lemma 4.7 the complete
ex-locus is equivalent to its finite part and we may assume this is just V. By
definition it has a generic realization B’ in F, and the genericity implies that
the quantifier-free type of B’ over C’ coincides with that of B, §(B'/C") =0
and thus B’ C clg(C). O

Notation We now extend the language L to a language L* for structures
in £C;,. Let V' be a variety in 2(n + [) variables over Q. Given an (ordered)
subset X of size [ of a field with pseudo-exponentiation, let Vx be the variety
obtained by replacing 2 of the variables by X U ex(X). Thus Vx is an ex-
definable over X variety in 2n variables. For any such V' we introduce the
predicate Fy (X) in variables X saying that

“Vx is ex-irreducible, free over X and there exists a generic over X realiza-
tion of Vy in cl(X)”.

Obviously, this is an L, -definable expansion of the language, thus the no-
tions of L*- and L-isomorphisms coincide, which is not necessarily true for
monomorphisms, the bijections between subsets preserving the basic rela-
tions.

Lemma 5.6 Given C in F with 0(C) < m this fact is witnessed by the
L*-quantifier-free type of C' in the following sence:
If C" in F’ satisfies the same L*-quantifier-free type, then 0(C") < m.

Proof W.lo.g. we may assume that C' is linearly independent. Suppose
J(C) = my < m. We have by definition that, for some finite and linearly
independent over C finite set D C cl(C') of size, say [,

tr.d.(CDex(CD)) — (n+1) < myg, for n=|C|.

In other words, there is a an algebraic variety V in F'*"*2 irreducible over
Q, dimV <m+n+ [ and CDex(CD) is its generic point. Then

F ): Ev(O) and F, ): Ev(O,)
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and the fact on the right implies
tr.d.(C'D'ex(C'D")) — (n+1) < my,

for some D’ linearly independent over C’ (by genericity). Hence 0(C") < m.
O

It follows, in particular, that the fact that some B C cl(C) is witnessed by
L*-quantifier-free formulas as well.

Lemma 5.7 Suppose F € EC, C CF and Ca <p F. Then the L-quantifier-
free type of a over C' determines the L*-quantifier-free type of a over C, that
is any realization b of the L-quantifier-free type of a, with Cb <p F, has the
same L*-quantifier free type over C.

Proof We show that if for some V' F |= Ey(Ca) then F |= Ey(Cb). Indeed,
assuming the first holds, let 4 be a generic realization of Vi; in cl(Ca). Since
Ca <p F we can extend @ to a @’ such that §(u’/Ca) = 0. Without loss of
generality we consider the ex-locus of @’ over Ca instead of V; and we as-
sume that u = @’. It follows from the assumptions that Vg is ex-irreducible,
free, ex-normal, and also dim Vy; = n. The same is true for V3, as the
parameters of the variety are of the same algebraic type. Then V. has a
generic realization too. O

Lemma 5.8 Suppose F,F' € EC.. Then
F<F&FC,F

Proof = . Suppose F < F’ and let C' C F be finite. If F' £ Ey(C) let a
be a generic realization of V¢ in clg (C). By Lemma 5.5 there is @’ in clg(C)
realizing Vi generically. Thus F = Ey(C). If F E Ey(C) then F' £ Ey(C)
follows by definition.

< . Suppose F C F/ in L*. Consider A = clg/(F'). By Lemma 5.3 A < F’.
We want to show that F' < A, which by transitivity would imply F < F’.
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So suppose towards a contradiction that there is a finite @ in A such that
d(a/F) < 0. We may assume that a is linearly independent over F, and let
n be the length of the tuple. Then, letting Vx be the ex-locus of a over F),
some finite X <p F, we have that V is free and ex-irreducible over F' and

dimVy —n=4d(a/F) < 0.

Then F' = By (X) and thus F = Ey(X). But the latter implies that there is
a generic realization a’ of Vx in F. By definition é(a’/X) = dimV —n < 0.
This contradicts the fact that X <p F. O

Proposition 5.9 Let F1,Fy,G € £CL,, G < F;, G < Fy and G a finite-
cl-dimensional countable or G = (). Suppose also C C Fy, Cy C F, are finite

subsets and ¢ : C; — Cs is an L*-monomorphism over G.
Then

(i) For any by € cl(Ch) there is an L*-G-monomorphism ¢’ extending @, with
Dom QDI 2 Cl U {bl}

(i1) If ' : C1U{b1} — CoU{ba} is an L*-monomorphism extending ¢, then
bl € Cl(Ol) Zﬁ b2 € CI(CQ)

(#1i) Suppose some By C Fy, By C Fy are cl-independent over GCy and GCs,
correspondingly. Then, given a bijection g : By — Bs, the mapping ¢ U
1s an L*-G-monomorphism.

Proof Let ] be a cl-basis of C over GG in Fy, i.e. a cl-independent subset
such that C] C Cy C cl(GCY). We have then GC| < F, by Lemma 5.4.

The image C4 = ¢(C1) is a basis of Cy in Fy, since cl-dependence is witnessed
by basic formulas of L* (see Lemma 5.6).

Let C1by C CY <p, cl(GCY), CY finite. Then

0 < 6(CY/GCY) < 6(C1/GCY) =0,
that is 6(CY/GC?) = 0 and this property of C} is witnessed by V(Cy), the

ex-locus of C7 over GC}.
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The L*-quantifier-free formula stating the existence of a generic realization
of type V(C}) guarantees that the corresponding type V(Cs) over GCy has
a generic realization C§ in Fy. It follows that 6(CY/GCY%) = 0 and then
again 6(CYD/GCY) > o(CY/GCY), for every D, since we know already that
GOé S FQ. Thus GC’Q’ SFQ FQ.

This allows us to extend ¢ by letting ¢'(CY) = C. We have

C1 CGCY <p cl(GCY) <p Fi, Cy CGCY <p, cl(GCy) <p, Fo,

and ¢ preserves all the basic L-formulas. By Lemma 5.7 ¢’ is an L*-
monomorphism over G.

(ii) Immediate by Lemma 5.6.

(iii) By (i) we may assume that C; <p Fi, Cy <p, Fy and ¢ is an L-
monomorphism between C; and Cj.
Let

C} = spang(B; U Cy Uker) and Cf = spang (B, U C U ker).

With a slight abuse of notation we call ¢y the mapping which is the extension
of the initial 9 U ¢ onto the domain CY by linearity. Any L-quantifier-free
formula which holds for a finite subset of C? (I = 1,2) is a conjunction of
polynomial equalities and inequalities in B; U ex(B;) with coefficients in C,.
By independence only the inequalities are possible for the both values of I.
Thus

o : C) — G

is an L-monomorphism.
It is also obvious that CP <g F;, [ = 1,2, thus v is an L*-monomorphism.O]

Corollary 5.10 Let F be a s.e.a.c. structure and C a finite subset in F.
Then there are only countably many complete L, ,-n-types over C' realized
n F.

Proof Extend first C to a finite C' <y F. B
We claim that the number of complete n-types over C' realized in F is Ny,
which obviously implies the statement of the corollary.
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Let b be a finite n-tuple in F such that Cb <p F. By Proposition 5.9 and
Lemma 5.7 the automorphism type of b over C' is determined by its L-
quantifier-free type. On the other hand by definition there is an L-monomorphism
between two such tuples if and only if the complete ex-loci of the tuples over

C coincide. By Theorem 4.1 the complete ex-loci are principal types over C,
thus there are only countably many n-types over C. O

Now we discuss the countable closure property in the class of s.e.a.c. struc-
tures.

Lemma 5.11 For F exponentially-algebraically closed, F has the countable
closure property iff clg(C) is countable for any finite C C F.

Proof The right-to-left statement is obvious. We prove the statement on the
right assuming the countable closure property holds.

By Proposition 4.11(v) we may assume that C' <pg F. Then a € cl(C) iff
J(a/C) = 0 iff there is a tuple a extending a, such that é(a/C) = 0. We may
assume that a is linearly independent over C'. Then the ex-locus V' of a over
C' is of dimension equal to the length of @, ex-definable, ex-irreducible, ex-
normal and free over C. Thus by the assumption of the lemma there is at most
countably many choices for such an a. It follows that cl(C) is countable.O

Remark With the use of the quantifier Qx expressing the fact that 'there are
uncountably many x such that ... one can write down the obvious Ly, ,(Q)-

sentence, call it EC,; .., such that

F = EC*

st,ccp

iff F € £C;, and has the c.c.p.

Lemma 5.12 C.y, has the countable closure property.

Proof 2 We need to show that for any finite B C C and an algebraic variety
V C F* of dimension n, which is ex-definable, ex-irreducible, ex-normal
and free over B, the set of the generic realization of V' over B is at most
countable.

2Corrected in February 2006
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Consider the analytic set
S={zeC": 2" exp(z) € V}.
Claim. Any irreducible component of S is either a point or is a subset of
Smp =12 € C" :myz1 + ... + myx, = b}

for some m = (my,...,m,) € Z™\ {0},b € acl(B).

Suppose not. Consider the component S° of a positive dimension p and not

contained in any of S, .

Subclaim. There is a non-constant C'*°-mapping from the real unit interval
vt €10,1] > SO\ Shuar \ | {Sms : m € Z"\ {0},b € aclB}.

Indeed, there exists U C S° which is biholomorphic with the unit disc in

C". All its points are nonsingular in S° by definition. By our assumptions
dimc (U N S, p) < p, equivalently, in terms of the real space R?,

dlmR(U N Sm,b) S 2p —2= dlmR U.

Consider the projection prU of U on the 2p — 1 subspace of R?” along one
of the axis. The images of U N S,,; are of dimension at most 2p — 2,while
dimpr(U) = 2p — 1, so we have a point a € U such that pr(a) projects
outside the image of any of U N S,, ;. Now the interval ¢, C U of the line
going through a along the axis of the projection is the smooth real curve
nonintersecting with any of S,, ;. Subclaim proved.

We denote the mapping z;(t) coordinate-wise. Let y;(t) = exp(z;(t)). Then
the z;(t) and y;(t) can be considered as elements of a differential field of germs
of functions differentiable near 0, with the differentiation operator D f = %.
By definitions

Also, Z(t)"y(t) € V, and by the assumptions on V and a,

tr.d.(z(t)"§(t)/B) = n. (13)

Consider additive dependencies between the differentials dzy (), . .., dz,(%).
If there are some then by a suitable Q-linear transformation of variables we
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may assume that dzi(¢) = 0,...,dzk(t) = 0 and dwzgq(t),...,dz,(t) are
additively independent (in case there are no dependencies, k = 0). It follows
that x1(t) = ay,...,2x(t) = ar and y,(t) = exp(ay), ..., yx(t) = exp(ag), for
some aq, ..., a; € C. By the ex-normality of V' and the fact that a~ exp(a) is
generic in V,

tr.d.({aq, ..., ax, exp(ay),...,exp(ax)}/B) > k.

Hence, in the field of functions,

tr.d ({201 (1) - s 20 (E)s Y1 (D), - - s yn(1)}/C) <

<tr.d.(z(t)"y(t)/BUA{ay,...,ar exp(ar),...,exp(ag)}) =

tr.d.(z(t)"y(t)/B) — tr.d.({ay, ..., ag,exp(ay), ..., exp(ax)}/B) < n — k.
(14)
By the theorem of J.Ax ([Ax]) under (16) and (18) Dxg11(t), ..., Dz, (t) must
be additively dependent. The contradiction which proves the claim. Lemma
follows since any generic point belongs to S\ J Spp. O

Remark Any generic point is isolated in S since locally there are finitely
many components in any analytic set.

Remark The set S\ |J S is exactly the set of all generic points, if we
assume Schanuel’s conjecture.

Theorem 5.13 Let Fi and Fy be s.e.a.c. structures of infinite cl-dimensions.
Then the two structures are L, ,-equivalent, moreover,

Fi1CFo iff F1 < Fy iff F1 <1, Fo,

*
wi,w*

and any Ly, ,-definable subset of Iy is quantifier-free definable in L

Proof The first ’iff’ is Lemma 5.8. It follows that, given a finite C' C Fjy,
the identity embedding C' C Fj is an L*-monomorphism. Suppose now C' C
Cy C Fy, C C Cy C F, finite, p : ¢ — Cy is an L*-monomorphism fixing
C, and b; € F; for i = 1 or ¢ = 2. By the symmetry of what follows we may
assume w.l.o.g. that ¢ = 1.
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If by € cl(Cy), then by Proposition 5.9 we can extend the ¢ to Cy U {by}. If
by ¢ cl(Cy) then, using the fact that F5 is infinite dimensional, choose by €
Fy\ cl(Cy). By Proposition 5.9(iii) we can put ¢(b;) = by and again extend ¢
to C1U{b;1}. Thus by Ehrenfeucht-Fraisse criterion we obtain that F; and Fy
are L, ,-equivalent over C, for any finite C' C F. This by definition means

Fi<c.,. Fo.

On the other hand the same argument shows that once there is an L*-
monomorphism between C'; C F} and Cy C F}, we can play the Ehrenfeucht-
Fraisse game extending the monomorphism any finite number of steps, which
implies that

Cl ELul,w 02.

The latter means that the type of an n-tuple is equivalent to a quantifier-
free type (formula) in L7, . But there are only countably many complete
L, ,-n-formulas realized in F;, by the Lemma 5.10.

Since an L, ,-definable set in F; is the union of the subsets definable by
complete L, ,-formulas, there is a quantifier-free L7, -formula defining the

set. O

Lemma 5.14 Suppose A is a cl-independent subset of ¥, A1,... A C A and

C=J (4. (15)

1<i<k
Then C <p F.

Proof Notice first that A <p F, by definitions. We may assume that A is
finite and A =, A;.

Now, let ¢; € C, that is ¢; € cl(4;), for some i. By definition there is a
finite X such that 0(Xyc1/A4;) = 0. It follows that §(Xic;/A) = 0 and
Applying this observation we get for any finite {c1,...,¢,} C C finite
Xi,...,Xm € C such that 6(X;c;/A) =0 for each ¢ € {1,...,m} and hence
(XiU...UX,,U{cr,...,cn}/A) =0.
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It follows that
AUuXjU...UX,,U{ect, ... em} <p F,

thus for any finite subset C’ C C' there is a C” <p F, such that C' C C” C C.
This immediately implies that C' <p F. O

Proposition 5.15 Given F € EC,, ker <p C <p F, C finitary and a finite
A C cl(C), there is a finite subset Cy C C, such that the complete L, .,-type
tp(A/C) is isolated by the type tp(A/Co).

In other words any ¢ : A — F' € ECL, which is an L*-monomorphism over
Co, 1s also a monomorphism over C.

In particular the statement holds for C' satisfying (15) above.

Proof Replacing if needed A by its linear basis over C' we assume that A
is linearly independent over C. Since A C cl(C) there is a finite B, linearly
independent over C'A, such that §(AB/C) = 0.

Choose Cy <p C finite with the property §(AB/Cy) = 0 and containing a
generator of the cyclic group ker, the kernel of ex. We also may assume, by
Lemma 4.7, that the ex-locus of AB over C' is determined uniquely by an
irreducible variety Vy which is ex-defined over a finite Cjy and contains the
tuple ABexAexB as a generic element.

We claim that this Cj satisfies the requirements.

Indeed, let ¢ : A — F' be an L*-monomorphism over Cj.

The L, .-formula over Cj stating that “A’ = p(A) can be extended by a B’
so that A’B’exA’exB’ satisfies Vjy generically over Cy” holds in F’, by Theo-
rem 5.13. This implies §(A’'B’'/Cy) = 0 = 0(A'B’/C), and thus CA'B’ <p F’.
It follows also that any ex-definable V' over C satisfied by A’ B’exA’exB’ must
contain Vp, because otherwise 6(A’B’/C') < 0. In other words we have proved
that AB and A’B’ have the same L-quantifier-free types over C.

Suppose now Ey (¢) is a predicate in the language L* over ¢ € C'A satisfied
by Y, for some Y C clp(CA) = clp(CAB). We can without loss of generality
assume that Y is linearly independent over C'AB. By extending Y we can
also assume that §(Y/CAB) = 0. Let V* be the ex-locus of Y over CAB
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and suppose V* is ex-defined over C;AB for some finite C; C C such that
By Lemma 3.1 V* is free and ex-normal.

Let V' be the variety over C1A’B’ obtained from V* by replacing AB by
A’'B’. Since the property of being free and ex-normal is L-quantifier-free
definable, by the above proved V' is free and ex-normal, and by the same
reason dimV’' —n = 0, for n equal to the number of z-variables in V’,
equivalently, the number of elements in Y.

By Lemma 4.8 and the fact that F' € ECZ,, there is a generic realization
Y’ of V' in F'. By construction Y’ witnesses the validity of Ey((¢)) in F’.
This finally proves that ¢ preserves quantifier-free L*-formulas and thus, by
Theorem 5.13, all L, ,-formulas.O

The combined meaning of Propositions 4.11, 5.9 and 5.15 is that £C3, is
quasi-minimal excellent. By Proposition 5.2 there is an infinite-dimensional
member of this class of cardinality Ny, hence with the countable closure

property. Thus, we get

Theorem 5.16 (Categoricity Theorem) For any uncountable cardinal k
there is a unique, up to isomorphism, structure F € EC3, ., of cardinality .
Moreover, ¥ is prime over any basis.

In other words the Ly, .,(Q)-sentence EC,

st.ecp 18 categorical in all uncountable
cardinalities.
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